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ARTICLE INFO ABSTRACT

Communicated by Dmitry Pelinovsky We consider travelling internal waves in a two-layer fluid with linear shear currents from the viewpoint of
the extended Korteweg-de Vries (eKdV) equation derived from a strongly-nonlinear long-wave model. Using

Dedicated to the memory of Vladimir Zakharov . K R . R R
R an asymptotic Kodama-Fokas-Liu near-identity transformation, we map the eKdV equation to the Gardner

Keywords: equation. This improved Gardner equation has a different cubic nonlinearity coefficient and an additional
Internal wave transport term compared to the frequently used truncated Gardner equation. We then construct approximate
Extended kdV equation solitary and cnoidal wave solutions of the eKdV equation using this mapping and test validity and performance
Solitary wave of these approximations, as well as performance of the truncated and improved Gardner and eKdV equations,

Cnoidal wave by comparison with direct numerical simulations of the strongly-nonlinear two-layer long-wave parent system

in the absence of currents.

1. Introduction

A two-layer fluid serves as a convenient testing ground both for the reduced mathematical models and experimental studies of internal waves.
In the absence of an underlying current, the parameter space of the model includes the densities of the top and bottom layers, p, and p,, and their
unperturbed depths, /; and h,, respectively. In the shallow water configuration considered below, the ratio of the two depths, h,. = h;/h, is O(1).
For typical oceanic conditions, when the density difference is small, the ‘rigid 1id’ approximation filters out the surface wave (barotropic mode),
but has little effect on the internal wave (baroclinic mode). In what follows we consider the rigid-lid approximation.

Most of the initial theoretical progress has been made within the scope of the weakly-nonlinear long-wave models developed from the Euler
equations and applicable when both the amplitude parameter, ¢ = a/h,, and the wavelength parameter, § = h,/L, are small, with a and L being a
typical wave amplitude and a typical wavelength, respectively. The ‘maximal balance’ condition & = O(5%) (balancing the leading order nonlinear
and dispersive corrections at the same order) allows one to derive the Korteweg—de Vries (KdV) equation

Ar + aAA; + fAge: =0, with é=x—ct,T =&t 1

as a uni-directional model for the leading-order term A(T,¢) of the interfacial displacement as a function of the slow time variable T and the
characteristic variable & [1,2]. Here,

c= <g(l’2—/’1)h1h2>1/2 @)
pahy +pihy
is the linear long-wave speed, and the nonlinearity and dispersion coefficients are given by
3C(ch% - P]h%) chihy(pyhy + pr1hy) 3
= — I
20y hy(pyhy + pihy) 6(prhy + p1hy)

The KdV equation was also derived for an arbitrary stratification and arbitrary depth-dependent parallel shear flow and generalised to account for
a variable environment (see [3-6] and references therein).
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The extended KdV (eKdV) equation
Ap + 0AA; + PAsss + () AP Ag + 71 Algzr + 1A Age + Py Agzeee) = 0 )]

was introduced for a two-layer fluid to include higher-order nonlinear and dispersive effects [7] (see also [8-10] and references therein for other
settings). Later, it was also derived from the Euler equations for an arbitrary stratification and arbitrary depth-dependent parallel shear flow
(see [11] and references therein). However, computing the coefficients for a given density and current is not an easy task. The additional coefficients
for the two-layer configuration can be found in [12] (see also [9]). Most studies of internal waves were devoted to the truncated version of this
model, the Gardner equation (in what follows we will refer to this equation as the truncated Gardner equation):

A + @AA; + PAsz; + 20, APA; =0, 6]

which is particularly useful when the nonlinearity coefficient « is small or vanishing (e.g. [13-19]). In particular, in the “Gardner minus” equation
(with a; < 0, assuming that g > 0), solitons range from the small-amplitude KdV-type solitary waves to the moderate-amplitude table-top solitary
waves, in qualitative agreement with the waves observed in the oceanic and laboratory settings. We note that a different version of the extended
KdV equation, balancing the dispersive term of the KdV equation and the cubic term of the Gardner equation at the same order, was derived and
studied for the cases when the quadratic nonlinearity coefficient is small or vanishing in [20]. It was shown that this equation was asymptotically
equivalent to an extended Gardner-type equation containing the additional quartic and quintic nonlinear terms and coinciding with the truncated
Gardner equation to leading order, which indicated the significance of the truncated Gardner equation when the quadratic nonlinearity coefficient
was small or vanishing.

The strongly-nonlinear two-layer model was introduced in order to improve the quantitative agreement with the available observations and
numerical modelling of internal waves of large amplitude independently by Miyata [21], Maltseva [22] and Choi and Camassa [23]. In what follows
we will refer to this model as Miyata-Maltseva-Choi-Camassa (MMCC) model instead of the commonly used name ‘MCC model’, acknowledging
the previously unknown contribution by Maltseva [22]. The MMCC model was extended to the case of linear shear current in [24]. In the absence
of background currents, the eKdV equation was derived from the MMCC model in [23].

Alongside these developments, in different applied contexts there have been studies providing some evidence that the eKdV equation could also
be useful in generic situations when all coefficients of the leading-order KdV equation are non-vanishing, as a suitable model for the description of
waves of moderate amplitude (see [25-32] and references therein). In particular, in [31], we performed extensive long-time numerical experiments
for concentric water waves within the scope of the 2D Boussinesq system and showed that the extended concentric KdV (cKdV) model indeed
extended the range of validity of the weakly-nonlinear modelling to the waves of moderate amplitude, with the amplitude parameter ¢ ~ 0.5.

The aim of the present study is twofold. Firstly, we derive the eKdV equation from the strongly-nonlinear two-layer model with linear shear
currents [24] and derive its approximate solitary and cnoidal wave solutions with the help of a Kodama-Fokas-Liu near-identity transformation [33-
35] to the Gardner equation, extending the results in [27]. Secondly, we compare the performance of the reduced models with the results of direct
numerical simulations for the MMCC model in the absence of currents, illustrating their range of validity. The constructed approximate solutions
can be used to study the effects of linear shear currents on the waves of small and moderate amplitude.

The paper is organised as follows. In Section 2 we discuss the derivation of the eKdV equation from the strongly-nonlinear model developed
in [24]. In Section 3 we discuss the near-identity transformation to the Gardner equation and streamline the approach developed in [27] to
obtain the approximate solitary wave solution of the eKdV equation. In Section 4 we test the constructed approximation by performing numerical
simulations for the parent strongly-nonlinear system in the absence of currents. In Section 5 we use the same near-identity transformation to obtain
the approximate cnoidal wave solution of the eKdV equation. In Section 6 we test this approximation in numerical runs for the parent system in
the absence of currents. We conclude in Section 7.

2. Derivation of eKdV equation from strongly-nonlinear model

In this section, we derive the eKdV equation describing the time evolution of the interfacial displacement ¢(x, ¢) for internal waves in a two-layer
fluid with linear currents, see Fig. 1. Here, the top and bottom layers have constant undisturbed depths 4, , and constant densities p, ,, respectively.
Each layer has a linear shear current of strength @, , > 0 which represents constant vorticity of the background uniform shear. The velocities at
top and bottom boundaries can then be written as

Uy =8Q,h; >0, U, =-Q,h, <0. (6)
The thicknesses of the top and bottom layers are defined as
m=nh —¢, m=h+¢. @

We also introduce &, ,(x,) to denote the depth-averaged perturbation velocities to background linear shear currents in the top and bottom layers.
The full strongly-nonlinear model with background linear shear currents involved can be found in [24], and we write it here in its dimensional
form as

_ n
M+ (i), + Uy <l_h_1> =0, ®
1
— R - Px 1 3 — m 4
iy i, + 886+ Uiy =——+ — (n] |Gy + Uit | 1 — — +0(67), ()
p1 - 3m hy x
_ n
Mo + (aily) + Usiyy (1 - h_2> =0, (10)
2
— - - P_x 1 3 - m 4
iy + iyl + 80y + Usily, = —— + — | 1, |Gy + Usltg | 1 — = + 0("), an
Py 3m hy )1/«
where the auxiliary function G; is then defined as
Gi(x,1) = gy + Wyl — B 12)
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Fig. 1. Schematic of a two-layer fluid with linear shear currents.

Egs. (8) and (10) represent conservation of mass in the two layers, whereas (9) and (11) represent conservation of linear momentum. These
momentum equations have small error terms of order O(5*) that we will omit. Additionally, the momentum equations also have P(x,t) which
describes the pressure at the interface, and this is how the two layers are linked together. In order to derive the eKdV equation, we will begin
by eliminating P and &, to obtain two evolution equations for ¢ and @,. Afterwards, we shall nondimensionalise these two equations before using
multiple-scale expansions to derive the dimensionless eKdV equation.

Firstly, we can eliminate #; by adding Egs. (8) and (10), and rewriting

ni\ _ 7
i (1 - E) = ["i (1 - z—m)]x 1%

to obtain
ity +mity +U 1——'1] + U, 1——'12 =0 a4
nuy T My 1m 2h, 2M2 2h, )|, >

where we have used the fact that #; +#, = h; + h, = const. By integrating both sides, and assuming undisturbed conditions in the far-field (so that
i; > 0, ; > h; as x > ), we obtain

_ _ m m Uih +Uyhy
nyiy + myity + Uy <l—ﬁ>+Uzﬂ2 (1—2—}12>=T- (15)
From this, we deduce
U,hy +U,h
iy =g, 4 AL T2 22—U1<1—”—'>—U2”—2<1—£>. 16)
m 2m, 2h, ’71 2h,

Pressure P can be eliminated by introducing the dimensionless density ratio p, = p,/p, and subtracting (9) multiplied by p, from (11) to get

iy, — pyity, + iy, — ppityiyy + g(1 = p ) + Usity, — p Uyl

1 (5 _ m pr (5 _ n a7
=— G, +U 1- 2 - S (3G +Uu 1- 4 )
s (2o v (1-2)]) -2 (o s v (1-32)]).

Egs. (10) and (17) (with u; eliminated using (16)) are now our dimensional system for two unknowns ¢ and &,. In addition to 4, ,, we also introduce
a, A, and ¢, as the characteristic amplitude, wavelength, and speed of the internal wave, respectively. Here, we use ¢, = y/gh,(1 — p,). We introduce
the amplitude and wavelength parameters,

a hy
==, §=-—=, 18
T A (18)
respectively, and nondimensionalise the variables as follows:
x=Ax*, t= it*, i =ecoiiy, ¢=al*, U =cyU;. (19)
€0
In what follows, we omit the asterisks. Applying these scalings to (10) and (17) gives us the system
G+ (mity), — U5 LE, =0, (20)
(B =p,it)); + e(ipityy — pityityy) + & + (Unity — p, Uyt
82 (13 G2 = eUsiny] ) (n} [AG1 + €Uy Gyl 2D
3 m " hny '
where the dimensionless thicknesses of the layers #; are given by
n =h, — &g, m=1+el, (22)
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with h, = h; /h, being the depth ratio, and the dimensionless auxiliary functions G; here are
Gi(X, 1) = Ty, + €lllyy — €017 (23)

In this context, we must have p, < 1 for stable stratification, and the sign of #, — 1 determines whether we have waves of elevation or waves of
depression. We consider the KdV regime ¢ = 62, but aim to consider waves of greater amplitude.
Next, we seek solutions of system (20)—(21) in the form of asymptotic multiple-scale expansions

E=¢O 4 ee® 4 26@ 4 () 24
i, =UQ +eUD +20P 1+ 0(3) (25)

as e — 0, where all {®) and «” depend on the slow time variable T = &7, and on the characteristic variable & = x — vt. Here, v > 0 denotes
the characteristic speed of the right-propagating interfacial wave. Upon substituting these expansions into system (20)-(21), we can now consider
equations at each order of £ and derive the evolution equations for ¢ and «. At leading order, i.e. O(1), we obtain:

Ul -ve =0,

4
hUy + p, Uy — v(h, + p,) v 40, (26)
h, & T
which is a linear system for cjéo) and Uéo). Requiring that the determinant of this linear system is zero gives the linear long-wave speed
hUs + p, Uy +\/(h,Uy + p,U))? + 4h,(h, + p,)
v= , 27)

2h, +p,)

which is positive for right-propagating waves. For the left-propagating waves, the sign in front of the square root should be taken as minus instead.
Converting this speed back to its dimensional form agrees with that in [24]. From (26), assuming undisturbed conditions in the far-field, we find

U© = p¢©. (28)
Using this result, the system at O(e) is as follows:

1 1 0 0
U - v = g + Uy - 2000,

hUs +p, Uy = v +0,) ) 4o v(h, +p,) (O _ g r 00 _ v+ hrpr)C(O) 29
h, ¢ e - h, T 0 ¢ 3 eee
with
_ =hpUyUy = p, U} + 0Q@h,p,Uy + hyp,Uy +3p,Uy) + 0*(h7 = 3p, = 2h,p,) 30)
éy = .
h2
r

Adding the first equation in system (29) with the second one multiplied by v and dividing by —v?(h, + p,)/h, — 1 gives the following evolution
equation for ¢©:

40 + a0 + el =o, @b
where

_ —UR2+0Qh2 = U\ Uyh,p, = Ulp,) + pv* QU h, + Uph, +3U,) + 0*(h2 = 3p, — 2h,p,)

‘= 2+ 02, (h, + p,) : 32

Fi vh,(1+ h,.p,)

T 3h, +302(h, + )

From the first equation in (29), after substituting in for g;‘” term using the KdV Eq. (31) and assuming undisturbed conditions as & - oo, we obtain

A A 2 440
U =600 46,0© 63%}, (33)
with coefficients ¢, ,; given by

h, + V2 (h, + p,)

¢ = , 34
! 2U(hr + pr) - hrUZ - prUl
oo v? (h? +4h,p, + 3p,) — v (h2U, + 2h,p, U, + 2h,p,U, +3p,U\) + pU, (U, + U)) 35
2 2h,[20(h, + p,) — h,Us — p, U, ] ’
h 1+h
63 — v, rPr (36)

3 2U(hr + pr) - hrU2 - prUl .
The system at the next order, O(£2), gives two equations which are too cumbersome to write down, but by taking the same linear combination
between these equations as at O(e), we derive the eKdV model for the truncation ¢ = ¢©@ + ¢¢® in the form

&+ &fég + ﬁécggg + 5[&15255 +7 55555 + 37255555 + By 555555] =0, (37

where we have omitted any O(£?) terms. The coefficients in the O(¢) extension are listed in Appendix A.
We can take 2, — 0 in order to reduce to the eKdV equation without current which has been derived in [23] (albeit in dimensional form).
Alternatively to the £ limits, we can also take p, — 0 to obtain the eKdV for surface waves with an underlying current. Here, all h,,U; terms
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disappear, leaving us with coefficients depending only on U, that determines the strength of the underlying linear shear current. By applying the

limits U; , — 0, p, — 0 simultaneously, we reduce to the eKdV equation as derived from the Green-Naghdi equations for surface waves (see [31]).
The current-free reduction is obtained by taking £, , — 0 giving us the eKdV equation

ér+ aéécg + ﬂég.fg +e 0‘15255 + 7155555 + 725:555 + B fggggg} =0, (38)

where the coefficients a, # are reduced from &, § and are given by

h? - h.(1+h h
o= 2 . r — Pr . ﬁ — v . r( rpr)’ with v= r , (39)
2 h.(h.+p,) 6 h.+p, h.+p,
and the extension coefficients are

wo 30 K} +8h,p, + 14h2p, + 8hp, + p? g = h2(1 + h,p,)? “40)

1=—% " ’ L= 50 T a2
8 hX(h, + p,)? 24 (h+p)?

oL 5h2 —7p, —2h,p, +2h2p, + Th3p, — 5h,p? 1)
T2 (h, +p,)? '

o L 23h2 = 31p, — 8h,p, + 8h2p, + 3113 p, — 23h,p? (42)
T4 (h, + p,)?

The quadratic nonlinearity coefficient « vanishes under the condition p, = h2. This is known as the critical depth ratio (e.g. [23] and references
therein). This condition is important as this is when the KdV equation loses the ability to accurately describe the nonlinear effects as the wave
evolves. Under such a regime, we are motivated to look further to the next order and obtain the eKdV equation for internal waves incorporating
the nonlinear effects in this case. However, the eKdV equation is also useful in the generic case as a model for the waves of moderate amplitude,
which is shown in the subsequent sections.

3. Approximate solutions for solitary waves of eKdV equation

In this section we consider the eKdV Eq. (38) for the plane waves. In several physical contexts there have been developments in constructing
solitary wave solutions of the eKdV equation (see [9,10] and references therein). In particular, approximate solutions of the eKdV equation have
been constructed using the Kodama-Fokas-Liu near-identity transformations (NITs) [33-35]. Indeed, the generic eKdV equation can be mapped to
another equation of the same type by a nonlocal near-identity transformation

§=B—s<a32+b855+c35/Bd§+dBT§>, (43)

where q, b, ¢, d are arbitrary constants. Kodama used a transformation with ¢ = d = 0 to reduce the eKdV equation to the next member of the KdV
hierarchy, while Fokas and Liu used the full transformation to reduce it to the KdV equation itself, with the accuracy up to O(e?).

These and modified near-identity transformations for reducing the eKdV equation to the KdV equation have been successfully used to obtain
particular approximate solutions to the eKdV equation from the known solutions of the KdV equation (e.g., solitary wave solutions [25] and the
undular bore solution [26]). Once the solitary wave solution B is obtained in the reduced model, applying the inverse near-identity transformation
yields an approximate solution to the eKdV equation.

In [27], the near-identity transformations were used to map the eKdV equation to the Gardner equation instead of the KdV equation. We
streamline this approach by introducing the near-identity transformation for the function B(, T) in the form

g
{=B—¢|aB®+bB; + cB:(/ B, T) d¢' + f(T)> + dBTé] 44
%o

where the coefficients a, b, ¢, d must be chosen in a particular way depending on the coefficients of the eKdV equation («, 8, @}, 7;,7,, f;) in order
to reduce to a Gardner-type equation. In the transformation, f(7T') is an arbitrary function which will be determined later. The required choice of
coefficients in this transformation is

Saf; +3p(y, — 3y, — 4
a=0, b= apy B(ry 72), c= Br (Xﬂl’ d=—ﬂ. (45)
6ap 942 352
Hence, we deduce the Gardner-type equation as
By + aBB; + pBs; + €0y B2 B, — ec f'(T)B; =0, (46)
where
18a, % — 2a%p; — 3afy
ca 2 1 1 1
=a - <L tda® = , 47
H=a -3 a 1852 (47)
provided
e(—4apy + 3fy)laB(&y, )* +2f B, (&, DB, = 0. (48)
For solitary waves, we choose &, = —co to ensure that this remainder term vanishes. Reduction from (46) to the Gardner equation
BT+aBBE+ﬂB§§5+£aszBE=O (49)
is then possible by virtue of the transformation
E=¢tecf(T). 0
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The Gardner Eq. (49) in variables (£, T) admits a one-parameter family of solitary wave solutions in the form
~ M -
Bl)= ———, 0=¢-170T, (51)
© 1 + F cosh(G6) ¢

where M is a free parameter, and

\/1+£ ‘/ (52)

This means that the correspondlng solutlon to the Gardner-type Eq. (46) has the form

M
BO)= —————, 0=¢-0T T). 53
O = T Feosn(G) &= 0T +eef(T) 3
We note the phase correction compared to [27] (also to [36], where the same formulae as in [27] have been applied to internal waves in a two-layer
fluid). Here, in the limit as F - 0 (i.e. M - M* = —a/(ea,)), the Gardner solitary wave becomes wider with the top of the solitary wave being
flatter, i.e. it becomes a “table-top” soliton. Using this solution for B, we apply the near-identity transformation (44) and obtain an approximate
solution to (38):

¢ = M [ _ ebFG*(F cosh(2G6) — 2 cosh(GO) — 3F)
~ 1+ Fcosh(G6) 2(1 + F cosh(G#))?
€F sinh(G6) . 2cMa(6)
where

w(f) = arctanh [\/ i +£ t nh( CZH )] (55)

At this stage, for ¢ to be a travelling wave solution, it should only be a function of 6. This yields
Gef(T)— Gdioé =CO+ D (56)
for some constants C, D. Indeed, when we choose C = —Gdo and D = 0, the above relation simplifies (after using the definition of 9) as follows:
~2
Gef(T)— Gdoé = GOd*T — eGOcdif(T) - Gdoé << f(T)= LT. (57)
c(1 + edd)
The function f(T') is hence defined as a linear function of T and this choice ensures we obtain a travelling wave solution of the eKdV equation via
the near-identity transformation. Therefore, the approximate solution ¢ = ¢(9) of the eKdV Eq. (38) is given by
M 1 ebFG?(F cosh(2G9) — 2 cosh(G) — 3F)
1 + F cosh(G6) 2(1 + F cosh(G#))?
£ F sinh(GO) <—Gd~0 20Mw(0)> ],

1 + F cosh(G#6) Vi_F2

¢ =
(58)
with the accuracy up to O(e?).

4. Numerical modelling of solitary waves

In this section, we compare numerical simulations of the current-free MMCC model, the derived eKdV equation, and also two types of Gardner
equations: truncated, and improved, extending the preliminary comparisons developed in [36]. Here, the truncated Gardner equation is the
eKdV Eq. (38), but with y;, = ; = 0, whereas the improved Gardner equation is precisely (49) that we obtain by applying the near-identity
transformation.

To begin, Fig. 2 shows the comparison between velocities of c;, c;, and ¢ for fixed e = 0.15 and p, = 1.00571, but varying h,. Here, ¢ denotes
the speed of the MMCC solitary wave having maximum amplitude. This is given by Choi & Camassa [23] and we write its form in dimensionless
variables of this study as:

_\T+h,

¢t = . (59)
" 1+4/p,
Also, ¢} denotes the limiting speed of the eKdV solitary wave corresponding to M = M* (such that F(M*) = 0), which can be written as
2452
e = [cf +ev— EdU~ , (60)
L+ edd| propr+

where c; represents the linear long wave speed, which in our previous derivation we have denoted as v. The critical depth ratio h, = \/p_,, at
which the nonlinear coefficient of the KdV equation, «, vanishes, is indicated in this figure by the vertical dotted line. The purple dots represent
the parameter values where approximate eKdV solitary waves were chosen as initial conditions for the time simulations in this study. Two cases
were considered: h, = 1/2, which is relatively close to criticality (note that c; and c| are very close at this value, which we use as a definition
of ‘closeness to criticality’), and A, = 1/3, which is further away from the criticality, but is still roughly within the range of validity of the eKdV
equation since h, ~ O(1). The red diamonds correspond to the cnoidal waves considered in Section 6.

The Gardner solitary wave (51) has the property that in the limit F — 0 (or, equivalently, M — M*) it becomes table-top. The approximate
travelling-wave solutions (58) of the eKdV Eq. (38) are shown in Fig. 3 as M — M*. We observe that for smaller M (e.g. taking a few significant
figures of M*), the profile resembles a KdV-type solitary wave, and as we take more digits of M* the solitary wave becomes table-top at around
15 digits. Continuing this limit further reveals, as the table-top becomes wider, the emergence of horns at the boundaries of the table-top region.

These horns continue to grow in amplitude as F — 0, reaching well beyond the maximum amplitude of the MMCC solitary wave known from [23].
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Fig. 2. The velocity c; of the maximum amplitude MMCC soliton, the linear long wave velocity c;, and the maximum velocity ¢; of the eKdV soliton corresponding to M = M*
over h, when p, =1.0057'. Note that ¢} is plotted for & = 0.15. The vertical dotted line represents the critical depth ratio &, = ﬁ . The purple dots correspond to the parameter
values at which approximate eKdV solitary waves were selected as initial conditions for the time simulations in this study. The red diamonds correspond to the cnoidal waves
considered in Section 6, when £ =0.1 and p, = 1.0057!.

0
05+ 4 |/ 1s.t
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G 41 | —15sf.
i ——30s.f.
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V NN L MMCC
1.5+ 1 amplitude
2 w
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Fig. 3. Approximate solutions (58) of the eKdV equation for & = 0.15, h, = 0.5, and p, = 1.005~". Different curves represent different cases for how close M is to M*, with the
thinnest profile representing M* truncated to 1 significant figure (s.f.), and gradually and respectively increasing in width along with the number of significant figures chosen. The
widest profile corresponds to M equal to M* truncated to 50 s.f. with horns at the boundaries of the table-top reaching well beyond the limiting MMCC amplitude.

We now proceed to initiate the MMCC model with approximate solution profiles (58) of the eKdV equation under different M values. The
details of the numerical scheme applied here can be found in Appendix B. Firstly, we test two initial conditions shown in Fig. 4. Here, the MMCC
model is initialised with the eKdV approximate solution profile (58) corresponding to either M = —0.25 or M = —0.65 (note, for reference, that
M* ~ —1.307 in this case). The figure demonstrates that the initial condition sheds some mass in its time evolution of the MMCC model, but has its
shape largely unchanged, even over long time intervals. For comparison, the numerical solutions of the eKdV and Gardner models, as well as the
KdV model, are plotted, all initialised with the same initial profile. The results clearly show that the eKdV model approximates the MMCC model
very well, with noticeable improvement over both the KdV and the truncated Gardner models as the amplitude of the initial profile increases. The
results for the improved Gardner model are close to those of the eKdV model for small and moderate amplitude waves, suggesting that we can
use the improved Gardner model as a good approximation in this amplitude range. The analytical approximation (58) for the solitary wave (not
shown in the figure) is close to the numerical solution of the parent system.

As M is increased to a value close to M*, a table-top forms, and Fig. 5 shows the time evolution of the MMCC, Gardner, KdV and eKdV models.
For the regular KdV model, the initial condition leads to a highly oscillatory wave profile (a dispersive shock wave), showing, in comparison with
the MMCC model, the failure of the KdV approximation for the large-amplitude waves. On the contrary, in Fig. 5, we observe that for a considerable
time other numerical solutions show little evolution, and the approximate solitary wave solution of the eKdV equation is close to the numerical
solutions of other models. At T = 50, however, the initial condition evolves into a taller and narrower table-top solitary wave. The truncated
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g. 4. Initial (top panels) and final (middle panels) solution profiles (T = 0 and T = 200, respectively) of the MMCC, truncated Gardner, eKdV and KdV models for M = —0.25

(left panels) and M = —0.65 (right panels) when & = 0.15, h, = 0.5, and p, = 1.005"!. For reference, M* ~ —1.307. The bottom panels show the evolutions of the L® norms of the
differences between the solution profile obtained from the MMCC model and the solution profiles obtained from the eKdV and Gardner models, as indicated in the legends (note

that {yvices Cekavs 6, and o correspond to the solutions of the MMCC, eKdV, Gardner truncated and Gardner improved models).

Gardner equation better approximates the MMCC model than the improved Gardner equation, while the computed solution of the improved Gardner
equation remains almost unchanged and close to the analytical approximation of the solitary wave of the eKdV equation. We note that the truncated
Gardner solitary wave is slightly slower than the MMCC one as it lags behind, which results in a slight phase shift over a long fast-time period
(note that this figure displays slow time instead). It can be also observed that the truncated Gardner model underestimates the amplitude of the
MMCC solitary wave. Interestingly, the eKdV model behaves similarly to the truncated Gardner equation, showing that the range of validity of the
eKdV model is greater than that of the analytical approximation obtained using the near-identity transformation. The MMCC evolution also shows
that the initial solitary wave becomes thinner over time by shedding mass towards the left side of the simulation domain. The amplitude of the
MMCC solitary wave grows towards the maximum amplitude for this choice of parameters. Over long-time evolution, the amplitude approaches

this maximum level, with all trailing waves exiting the simulation domain.
Next, we examine the time evolution when the initial condition is a solitary wave approximation with horns. In particular, we consider the case
where M is the truncation of M* after 30 significant figures, resulting in horns that remain below the maximum MMCC amplitude. The evolution

under the MMCC model is shown in Fig. 6. This figure reveals that, during the evolution, the right-hand horn grows in both amplitude and width.
As this occurs, a significant amount of mass is then expelled towards the left-hand side of the simulation domain. Notably, the right-hand horn

grows to precisely match the maximum amplitude of the MMCC solitary waves. In the long-time behaviour, once all excited trailing waves exit
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Fig. 5. Initial (T = 0), intermediate (7 =5 and T = 10), and final (7" = 50) solution profiles of the MMCC, truncated Gardner, improved Gardner, eKdV and KdV models for the
M value corresponding to 10 significant figures of M* (for reference, M* ~ —1.307), when & = 0.15, h, = 0.5, and p, = 1.005"!. The bottom panel show the evolutions of the L®
norms of the differences between the solution profile obtained from the MMCC model and the solution profiles obtained from the eKdV and Gardner models, as indicated in the
legends (note that {yycc, Cekavs &, and G correspond to the solutions of the MMCC, eKdV, Gardner truncated and Gardner improved models). .

the simulation, the system stabilises into a noticeably narrower table-top solitary wave solution of the MMCC model, which retains its form as
it propagates further. To ensure the validity of the simulation, we check the energy of this simulation against the energy of the MMCC model, as
provided in [23]. For a flat-bottom topography and a rigid lid, the MMCC model conserves the dimensional energy € over time, where

2
= 1 2 2 135
£=3 /(Pz —prge + izZ]ﬂi(”iui 3% uix) dx. ©D

After applying the scalings for the dimensionless variables (19), we obtain

2
_ A 20 pey2 220002, L3 w3€2c o ‘
&= E/ﬂz(l - pga (") +[Z,P; (hzﬂ,-*g ()" + §h2('1f) 7(11?;*) dx*
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Fig. 6. Left panel demonstrates the time evolution of the current-free MMCC model (Egs. (20), (21)) when & = 0.15, h, = 0.5, and p, = 1.005~!. Here the computational domain is
&x 1 =[-50,50]%[0,4500]. The initial condition is (58) with M set as the truncation of M* at 30 significant figures (for reference, M* ~ —1.307). Velocity of the reference frame
is v+ év where v =0.03515. The right panel tracks the time evolution of the energy & of this numerical simulation.
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This leads us to the following definition of the dimensionless energy &:
2 _
=—¢ (63)
Aga(py = py)

2

_l *3\2 i * =2 5_2 3 =% \2 *
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= % / €Y+ p,(n}‘(ﬁ’{)z + §(n1‘>3<ﬁ*;x*)2> + <n§(ﬁ;)2 + §(n;>3(ﬁ;;*)2> dx*,

and this is precisely the quantity shown to be conserved in Fig. 6 towards the end of the simulation after all left-propagating waves leave the
computational domain (to be precise, the energy still slightly decays due to a low-pass filter applied to regularise the MMCC model, but it is
approximately conserved). Hence, in this case the approximate solution of the eKdV equation provided a good initial condition for the generation
of the table-top solitary wave of the MMCC model.

Fig. 7 shows what happens if we use the same values for M as before, but with a depth ratio 4, = 1/3 < 1/2. Here, for the case when M is
truncated at 30 significant figures of M*, the initial profile becomes much narrower, and the amplitudes of the horns are greater. This increases
the difficulty of the numerical simulation, as the wavenumber spectrum requires considerably more filtering in order to avoid the development of
instability in the MMCC runs. This figure shows that the emergence of the MMCC solitary wave takes longer than in the previous case, and the
table-top barely forms at 7" = 100. Nevertheless, the characteristics remain the same: the MMCC simulation eventually converges to its true solitary
wave solution. In comparison, the Gardner models perform worse at predicting the MMCC behaviour in this case. They tend to underestimate the
solitary wave amplitude and overestimate its width, and also exhibit a more significant phase shift. By comparing the results at smaller M values
(M = -0.25 and M = —0.65), it becomes clear that the eKdV model now has comparable performance to the improved Gardner model for the
waves of moderate amplitude and to the truncated Gardner model for the waves of large amplitude. The analytical approximations are close
to the solitary waves of the parent system for the waves of small and moderate amplitude, while they are closer to the numerical solution of
the improved Gardner equation for the waves of large amplitude. Numerical simulations with MMCC model at A, values below 1/3 presented
significant numerical challenges and have therefore been beyond the scope of the present study.

To summarise, the improved Gardner equation provides a good approximation to the MMCC solution for the waves of small and moderate
amplitude, while the truncated Gardner model can be considered a reasonable approximation for large amplitude waves, for both 4, = 1/2 and
h, =1/3. In all cases, the eKdV equation produces numerical results comparable to the best performing Gardner model.

5. Approximate solutions for cnoidal waves of eKdV equation

Following [37] for the discussion of the cnoidal wave solution of the Gardner equation, we consider the Gardner equation in canonical form,
ie.
R I IO
Brf+6BBé+B£££—6EB BE =0, (64)
which can be reduced, upon the introduction of a characteristic variable § = € — VT, to

B =e¢B* 2B - VB + B+, :=0(B), (65)

>
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Fig. 7. Comparison of MMCC, Gardner, and eKdV models under the parameters ¢ = 0.15, h, = 1/3, and p, = 1.005~!. Here the computational domain is & x 7 = [—40,40] x [0, 4500].
The initial condition for all models is (58) with M set as either —0.25 (top row), —0.65 (second row), or the truncation of M* at 8 decimal places (third row) or 30 decimal places
(bottom row). For reference, M x~ —1.288. The initial profiles are shown in the left panels. The middle panels in the first and second rows correspond to T' = 200, whereas in the
third and fourth rows the middle panel correspond to 7 = 50 and T = 100, respectively. The right panels in each row show the evolutions of the L* norms of the differences
between the solution profile obtained from the MMCC model and the solution profiles obtained from the eKdV and Gardner models, as indicated in the legends (note that {ycc,

Cekavs a, and {GW correspond to the solutions of the MMCC, eKdV, Gardner truncated and Gardner improved models).

where Q is quartic “potential” and &y, are arbitrary constants. We impose that O has four real roots
< B, (66)

o~
w

B <B, <

whereby three of these are independent, and the last one can be found by noting that the sum of roots must be 2/¢. This then fixes the constants

V,kq, &, as:

V =e(B By + B By + BB, + B,B; + B,B, + B; B,), (67)
&) = —&(B,B,B; + B, By B, + By B, B, + B, B, B,), (68)
B, B, By B (69)

&, =B,B,B,B,,
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in accordance with Vieta’s formulae. The cnoidal wave solution of (64) can then be written down as

< (By— By)en?(I'd,m)

B=B,+ < (70)
1= 5B n2(10, i)
By-B,
where cn, sn are Jacobi elliptic functions, and
. (By— B))(By - B)) B,—-B)B,-B
I= . m= B = BBy~ B) 3 Az)( i }). (71)
2 (B4 — By)(B; — By)

Using scalings, it is possible to convert (64) to (49) therefore obtaining the cnoidal wave solutions of (49). To do so, we use the following
change of variables:

3
p— %2 o @ [T% Y L )
=25 ¢ —ay | 68 & 4 ﬂ(‘“z 6p ) T 72

By using the substitution § = £ — VT, we can reduce (49) to the nonlinear equation of the form
2 6V

B2 = —g—;Q(B), O(B) :=¢B* + 223

B?+ kB +K,. 73)
a a

Then, from (70) combined with the transformation given by (50), the cnoidal wave solution of (46) can be written as

(B; — By)cn?(I'0, m)

B(0) = B, + ——— , 74
_B-B
1 BB, sn(I'0, m)
where
oV —€x(B3 — B|)(By — By)
0= —T T), I = , 75
&+ e I T ecf(T) \/ 245 (75)
B; — By))(B,— B
_ (B3~ B))(By — B) — i 76)
(B4 — By)(B; — By)
and
B, <B,<B3;<B, for —ay/a>0 77)
(with the opposite ordering otherwise) are the zeros of Q(B) with
V =¢&(B; By + BBy + BB, + B,B; + B, B, + B3 By), (78)
K = —&(B; B, By + B, By B, + By B, B, + B, B, B,), (79)
Kk, = €B; B, B3 B,. (80)
Solution (74) corresponds to periodic motions in the region B, < B < B;. Thus, we can vary B, ,; and write
2a
Bj=——-B,—-B,—-B 81
4 ca, 1~ b= B3 (81)
to examine periodic solutions numerically. Furthermore, the wavelength L of (70) is given as
i= 4K (rn) ’ (82)
\/€(Bs — B))(B, - By)
where K (/) is the complete elliptic integral of the first kind. After performing the appropriate scalings, we find the wavelength L of (74) as
_ 4K (m) |68 _ 2Km) 83)
e(B; — B))(B,— B,) | ~® r

Having the cnoidal wave solution (74) of Eq. (46), we choose B, = 0, and consider the periodic motions with the amplitude equal to B;
(positive for the waves of elevation and negative for the waves of depression). In what follows, we apply the near-identity transformation (44),
integrating from &, = 0. The remainder term (48) does not vanish exactly, but it is small, provided the waves are sufficiently long. We obtain an
approximate cnoidal wave solution of the eKdV Eq. (38):

B,B; — B,B,S? — B;B,C? B; — B,)(B, — B,)(B, — B
4o BB~ BBy 3B, +£( 3 — By)(By — B,)(By 3)A*, (84)
B,C2 + B;S? - B, 3(B,C? + B;S? — B,)
where A* is given by
A* = CDS(B,C? + ByS? — B,) [ {6cf(T)+ 6B, +dVay))

D H(ﬂ'],ﬂz,ﬂ'g)] P [ 2 )
+ 6¢(By — By))— ———— | —6bI'°C* | {3(B3; — B,)S“+ B, — B,}D
3 2 |C| H(H) 3 2 4 2

— mS?(ByC? + ByS? — By) ] —6bI* D*S?(B,C? + By S? — By),
and we have introduced the following shorthand notations for the Jacobi elliptic functions

S =sn(l'6,m), C=cn(I'0,m), D=dn(I'0,m). (85)
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Here, IT is the incomplete elliptic integral of the third kind with the parameters

B; — B,
ﬂ1=# 7r2=arcsin<\/m—1sc(F6,m)>, 7r3=L,

(m—l)(B4—B2)’ 1-m

and H is a function of an additional Jacobi function sc defined as follows:

H=H® = Vm—-1V1+ (1 - m)ysc2(I'0, m). (86)

To ensure this is a travelling wave, we may impose that

6cf(T) + (6¢B, + aydV)E = (6¢B, + md V)0 >  f(T) = 2V EeBat®dV) o 87)
¢ BT HAT)S = BB T h = 6c(6— eaydV — 6ecBy)

which leads to the travelling cnoidal wave solution in the form
B,B; — B,B,S? — ByB,C"? 4+ e (Bs— B)(By — B))(B, — By)

A(B) =
@ B,C2 + B;S? — B, 3(B,C2 + B;S? — B,)?

A*(0), (88)

where

A*(6) = CDS(B,C? + B,S” — By)|(6¢B, + dVayro + 6e(B, — B,y L 11773
2 3 4 2 2 3 2 |C| H(0)

— 6bI2C? [{3(33 - B,))S? + B, — B,} D* - mS?*(B,C* + B;S* - B4)]
— 6bI>D*S%(B,C? + ByS? — By). (89)

This cnoidal wave solution reduces to the previously obtained solitary wave solution in the limit m — 1. Let us therefore consider the limit
B, — B, with B, = 0. This allows us to obtain

B By Bysech®(I'9) B;B,
B, — Bytanh®(I'0) B, cosh?(I'6) — B, sinh?(I'6)
2B3B,
_ 2B B, _ By+B;
(B4 - B3) cosh(2I'6) + B, + B; 1+ B4—B;3 cosh(21°6) ’
By+B;

where we have used the identities

cosh(2I'9) + 1 cosh(2I'9) — 1

cosh?(I'6) = > ,  sinh®(I'9) = > (90)
As B, are restricted by a sum of roots condition, we can write
2a
B, =———B,, 91
4 cay, O 1D
and the solution takes the form
M
B=———" 0 =¢—0T +ecf(T), 92
1+ F cosh(GO) =0T +ecf(T) ©2)
where the choice
2B; B, B,—B V
et 22T goor, 5=-21 (93)
B, + B, B, + B, 6

identifies our cnoidal wave reduction with the previously obtained solution (53). This cnoidal wave reduction depends on a single parameter Bs,
and in order to identify this parameter with the old parameter M we can invert the above relation for M to obtain

a Edy M
By=——|1-4/1+ —M )= ——, 94
3 saz( a > 1+ F o9
—
=1-F

where the choice of the sign for the solution of a quadratic for B; is such that B; - 0 as M — 0.
6. Numerical modelling of cnoidal waves

The cnoidal wave solution (84) can be modelled numerically by imposing periodic boundary conditions. However, it is important to note that
the constructed solution is only approximately periodic: the amplitude grows indefinitely as one moves further away from the central peak. This
behaviour, illustrated in Fig. 8, introduces some ambiguity regarding the optimal truncation of the constructed analytical approximation, when
we use it as an initial-condition for our numerical runs. Here, we perform experiments by comparing the symmetric truncation at the minimum
value around the seven central peaks in Fig. 8 and one central peak in the left panels of Fig. 9. For these comparisons, we chose 4, = 2 and
B, = —0.001, B, = 0, B; = 1 (with B; = 6.896;m = 0.9991), which means we are close to the solitary wave regime, and internal waves are waves
of elevation. In these numerical simulations, we observe that the eKdV and improved Gardner models demonstrate very good agreement with the
MMCC model, noticeably outperforming the truncated Gardner model, which exhibits phase shifts and amplitude growth. The truncation around
a single central peak produces better results than truncation around seven peaks, with significantly fewer oscillations around the troughs of the
cnoidal wave. Remarkably, both the eKdV and improved Gardner models are shown to maintain excellent agreement with the MMCC model for
the long simulation times.
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as indicated in the legends (note that {yyce, Cekavs &g, and o correspond to the solutions of the MMCC, eKdV, Gardner truncated and Gardner improved models).

In the right panels of Fig. 9 we revisit the case h, = 1/2 considered in Section 4, and perform similar numerical runs using the approximate
cnoidal waves solution truncated around a single central peak, choosing B, = 0.001, B, = 0, B; = —1 (with B, = —-2.922;m = 0.9993; waves of
depression). In this case, the improvement offered by the eKdV and improved Gardner equations is marginal, when compared to the truncated
Gardner model, which indicates that this is a borderline case for the validity of both models. Indeed, in our problem formulation the variables
have been nondimensionalised using the depth of the bottom layer, and 4, = 1/2 means that the bottom layer is twice deeper than the top layer,
while A, = 2 means the opposite. Hence, although the value of ¢ is the same in all panels of Fig. 9, the ratio of the wave amplitude to the depth
of the shallower layer and the ratio of the depth of the bottom later to the wavelength are smaller in the left panels. We also note that all three
reduced models still produce very good approximations around the slow time value T = 10 in the right panels.

Next, for h, = 2 we test the approximation in the case which is further away from the solitary wave limit. For the previous simulation, the
elliptic modulus value was m =~ 0.9991. We now choose B, = —1, B, =0, B; = 1 (with B, = 7.895; m = 0.5633). The results for this case are shown in
Fig. 10 using a symmetric truncation at minimum values around the three central peaks. Here, we observe that a smaller elliptic modulus produces
a wave which does not have ‘flat’ troughs compared to the previous near- solitary wave case of m ~ 1. Nevertheless, the improved Gardner model
continues to perform remarkably well in approximating the numerical results for the MMCC model, with the eKdV equation also producing a good
approximation and significantly outperforming the truncated Gardner equation. Interestingly, we see a noticeable improvement in the evolution of
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Fig. 9. Comparison of numerical results from the MMCC, eKdV, and Gardner models. All have been initiated with the cnoidal wave (84) of elevation truncated with 1 peak.
The parameters are set as € = 0.10, p, = 1.0057!, h, = 2, and (B, B,, B;) = (-0.001,0,1) for the left panels (waves of elevation), or & = 0.10, p, = 1.0057!, h, = 1/2, and
(B, B,, B;) = (0.001,0,—1) for the right panels (waves of depression). The top row shows the initial conditions. The second that third rows correspond to 7" = 10 and 50,
respectively. The bottom panels show the evolution of the L® norms of the differences between the solution profile obtained from the MMCC model and the solution profiles
obtained from the eKdV and Gardner models, as indicated in the legends (note that {yycc, Cekavs $c, and Cm correspond to the solutions of the MMCC, eKdV, Gardner truncated
and Gardner improved models).

the wave over the seven-peak case in Fig. 8. Indeed, while the seven-peak truncation used in Fig. 8 develops small oscillations near the troughs of
the wave at T = 50, the three-peak truncation used in Fig. 10 does not have this feature at least up to the final simulation time of T = 50, leading
to a very good approximation to the cnoidal wave of the MMCC model. The simulation initiated using a truncation around a single peak produces
very similar results and is not shown here. As before, the analytical approximations (not shown in the figures) are close to the numerical solution of
the parent system for the waves of small and moderate amplitude, and they are closer to the numerical solution of the improved Gardner equation
for the waves of greater amplitude and smaller wavelength in the right panels of Fig. 9.

To summarise, the analytical approximation for cnoidal waves constructed in the previous section was used as an initial condition for all
reduced models and the parent system. The subsequent evolution was very close to the evolution of cnoidal waves of the MMCC system, provided
the initial condition was truncated around one central peak (as well as several peaks, as long as there was no noticeable amplitude growth within
this region).
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Fig. 10. Comparison of numerical results from the MMCC, Gardner, and eKdV models. All have been initiated with the cnoidal wave (84) truncated with 3 peaks. Top left panel
shows the initial condition, followed by top right panel showing the comparison at 7' = 10, and the bottom panel showing it at T = 50. Here, the parameters are set as & = 0.10,
p, = 1.0057', h, =2, and (B,, B,, B;) = (—1,0,1). The bottom panel shows the evolution of the L* norms of the differences between the solution profile obtained from the MMCC
model and the solution profiles obtained from the eKdV and Gardner models, as indicated in the legends (note that {yycc, Cekavs &g, and [ correspond to the solutions of the
MMCC, eKdV, Gardner truncated and Gardner improved models).

7. Conclusions

In this paper we have considered internal travelling waves in a two-layer fluid within the scope of a strongly-nonlinear model for a two-layer
fluid with the background linear shear currents [24]. Asymptotic multiple-scale expansions were used to derive the extended Korteweg - de Vries
(eKdV) equation. In the absence of shear flows, the derived equation coincides with the models derived in [23] for the two-layer case and in
e.g. [10] for the single-layer case. Simple analytical approximations to its solitary and cnoidal wave solutions were constructed by applying a
Kodama-Fokas-Liu near-identity transformation [33-35] to the derived eKdV equation and mapping it to a Gardner equation, extending the results
in [27]. This improved Gardner equation has a different cubic nonlinearity coefficient and an additional transport term compared to the truncated
Gardner equation.

In a case study, we tested performance of the reduced models by comparing their numerical solutions with the results of direct numerical
simulations for the parent (MMCC) system, which is known to be ill-posed due to the intrinsic short-wave Kelvin-Helmholtz (KH) instability [38,39].
Nevertheless, with a careful choice of a low-pass filter to suppress unstable short waves, we successfully conducted a limited number of
numerical experiments and compared the results. In particular, when the constructed analytical approximations were used as initial conditions
(pre-conditioners), they were found to evolve into the MMCC solitary wave and its cnoidal wave.
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Within the scope of the cases considered in our studies, it was found that the improved Gardner equation gives a better approximation for
the waves of small and moderate amplitude, while the truncated Gardner equation performs better for the waves of large amplitude, especially
near the criticality. The performance of the eKdV equation is consistently close to the best performing Gardner model, which suggests the use of
the eKdV equation as a reasonable universal model. In all cases, it can be concluded that the eKdV equation provides a good approximation to
the strongly-nonlinear MMCC model with a fraction of the computational cost, for the modelling of moderate amplitude waves. In this range, the
eKdV equation has a very clear advantage over the simpler KdV equation, particularly in the long-time evolution. The analytical approximations
constructed in the paper were also successfully used as initial conditions (pre-conditioners) for the generation of the large amplitude solitary waves
of the MMCC model.

It is important to note that for i, < 1/3 it was difficult to find a suitable filtering of the wavenumber spectra, and the simulations within
the parent system very quickly broke down, not allowing us to test the models in this range. It would be interesting to investigate the range of
validity of the constructed models and approximations further, perhaps using solvers developed for continuous stratification in order to avoid the KH
instability. In our simulations the range of validity of the eKdV equation turned out to be wider than that of the analytical approximations obtained
using the near-identity transformations, presumably, since the latter impose additional smallness requirements on the amplitude parameter. More
numerical tests are required to fully clarify the range of validity of the eKdV equation and analytical approximations for the description of internal
waves. Also, the eKdV equation considered in this paper is developed under the assumption that A, ~ O(1). It could be useful to develop models
for other regimes, for example, when 4, ~ O(e). Finally, the analytical approximations developed in our paper should be helpful in analysing the
dependence of solutions on parameters of the problem, for example, the strength and direction of currents, which goes beyond the scope of our
present study.
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Appendix A. Coefficients of the eKdV model with linear shear currents

The coefficients of the extended KdV model (37) are defined as:
. 1 Ey + G50+ 8607 + G0 + G0 + &y0°
T, T 20tk + 9 - (Us + p,Up)
& =3h%p, Uy (hUy + U(h,U, + p,Uy) (A.2)
&s = =3h2U3 + 20} p,U,U; = 15k} p,U U, — 2k} p, Uy — 6kt p, U3 — 6R2 p2U L — 62 p, U7
+3R2p2ULUS + 217 p, ULUS = 5h p, U\ U3 = 1217 p>U Uy — 913 p, U, U
+3R2p2UU, + h2p2URU, — 1512 p2UT — h2p?UTUZ = 3h2p, UTU;

(A.1)

+3h,p2U} = 20, p?U} — h,p2U}U, (A.3)
b = —202U3 + 9 Uy + 152 p, Uy — 10k} p, U U} + 8k p, U3 + 30k} p, U,y — 1202 p2U U,

— Bp,UlU, + 2413 02U, + 1813 p, Uy — 912 p*U U3 + 1902 p, U U + 10k p, U3

+12h2p2U, + 9h2 p, Uy — 6R2 02 U3 + R2p2U; — 15h2p>URU, + W2 p*U U,

+12h%p,UU, + 2Th2p2U, + 822U U} + 1212 p, U, U} — 18h,p U’

+ 14k, 02U} + 110, p*UU, + p2U} (A.9)
6y = 5h U2 — 63 = 30h?p, + 12h%p, U Uy — 1303 p, U} — 2412 o2 — 1812 p, + 90 p?U?

—203p,U? + 3313 p2U\ U, — 4202 p, U U, + 612 p2UZ — 4403 p, U3 — 1802 p2 = 1p}U?

+30R2p2UY — 1412 p2UE — 1212, U + 2412 92U U, — 2402 p2U, U, — 4802 p, U, U,

= 8h2pU3 — 121 p,U; +42h,p} U} = 52h,p>U} = 27h,p2U, U, (A5)
6g = —32U, — 3h*p, Uy + 21hp, U, — 2112 p2U, + 3612 p, U, — 1812 p*U, + 87h3p, U,

— 4812 02U, + 5102 p2U| +48h%p, U, — 12h%p U, + 27h2 p*U, + 48h%p, U,

—45h,p2U, +90h,p2U| + 18h,p2U, + 129U, (A.6)
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g = —6(h, + Dp,(h, + p,)(h,(3h, — 4p, +8) + p,) (A7)
¢10= 0" (b, +p,)" + 30k, (B, +p,) = hy(h,Uy + p,U)) (A8)
= U_2 E11 + G0 + 6307 + 8,07 (A.9)
3¢ 20(h, +p,) — (hUy +pU))
&y ==2htp, U3 = h}p Uy — h>p*U) — 21 p>U U3 = 212 p,U U} — b2 U,y — 202 p2U LU,
= h2p, U, +2h2p, U, U3 +2h,p2ULU, + 2h,p,UtU, +2p2U; (A.10)
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ez = —1Thp Uy — TR p*U, = 812 p,U| — T3 p*U, — 4h>p, U, — 5h°U, + 312 pU,
— 10R2p*U, = 3h%p, U, + 6R2p2U, + 13h%p, U, + 8h,p°U, + Th,p*U,
+ 10h,p,U; + 8h,p?U, + 10h,p,U, + 20p*U, (A.12)
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— 6h,p* — 14h,p, — 1497 (A.13)
. 2 G5+ 860 + 8707 + 6150
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Appendix B. Numerical methods

We numerically solve the MMCC model (20), (21) and the eKdV model (37). Both models are solved using techniques as described in [31] in
dimensionless variables. As the MMCC model is in the fixed reference frame, we can ensure evolution in the moving reference frame by making
the following change:

¢ & — (v+ov),, ity > iy, — (U + V)il (B.1)

where v denotes the linear long wave speed (as defined in (27)), and év represents the extra boost in velocity so that the frame travels with an
overall velocity of v + év. Likewise, the KdV-type models are defined in terms of ¢ and so these already travel in the moving reference frame of
velocity v. Hence, we make the change

ov
o8 — ?Cgv (B.2)
so that the overall frame velocity is v + év too. This means variables x, ¢ after this adjustment can be discretised in the same way. We discretise
the spatial domain x, & € [£;,, &nax] USing N points so that

& = Emin + U — 1DSE, 55=§'““*—]f"’i“, 0<j<N, (B.3)

denotes the jth node. Here, £y # &, because we impose periodic boundary conditions. The time domains for fast time ¢ € [t;,,7,,.,] and slow time
T = et are also discretised with time-steps 6t = 5 - 1072 and 6T = 1073, respectively. Throughout the numerics, we always initialise at ¢ = ,;, = 0.
Both MMCC and eKdV models are initialised with the same initial condition and in the subsequent time evolution, they shed some radiation
towards the boundaries. We use a type of sponge function to absorb the radiation at the boundaries at both the MMCC and eKdV level, and precise
details of this sponge layer can be found in [31].

Both models contain spatial derivatives which are handled using spectral methods, and time-stepping occurs via the Runge-Kutta 4th order
(RK4) scheme. Under a certain choice of parameters, it is necessary to filter high wavenumbers where energy grows in time evolution to prevent
the KH instability. This is implemented at the level of the RK4 algorithm, as every newly produced solution can have wavenumbers |k| > k* omitted
from its Fourier spectrum.
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