Department of Electrical and Computer Engineering
ECE 673 - Random Signal Analysis I

Reading

Shanmugan & Breipohl, Chapter 1, 2.

Homework 1

1. Problem 2.5

a)
P(AUBUC) = P(A) + P(B) + P(C) — P(AB) — P(AC)) — P(BC) + P(ABC).

ABC

AB

P(A|B) = P(A) & P(AB)/P(B) = P(A)
& P(AB) = P(A)P(B) < P(AB)/P(A) = P(B) & P(B|A) = P(B).

P(ABC) = P(C|AB)P(AB) = P(C|AB)P(B|A)P(A).



2. Problem 2.8

Denote closed switch X as X=1, open switch X as X=0. Then

BT

\Y

.

P(A—B) = P(A—B|X=1)P(X=1)+P(A— B|X #1)P(X #1)
= p + (1-p) P(A— BIX #1)
= p + (1—=p)[PA—=B|#1,YZ=1)P(YZ=1)+P(A— B|X £1,YZ 4 1)P(YZ #1)]
= p 4+ (1-p)p® + (1-p°) PLA—>BIX #1,YZ #1)]
= p + (A-pp* + A-p)(1-p°) PLA—B|IX £1,YZ #1)
= p + (1-p)p* +

(1-p)1-p) [PU=1L,W=1)+PV=1W=1)-PU=1V=1W=1)]
= p + (A-pp° + A-p1-p°) [p*+p°—p’
3. Problem 2.10
a)
{outcomes} =  {HHHH,HHHT,HHTH,HHTT HTHHHTHT HTTHHTTT,

THHH, THHT, THTH,THTT,TTHH, TTHT, TTTH,TTTT}

b) X is number of head. Binomial, n =4,p = 0.5.

4. Problem 2.17
a)

b)

n _ n' n—
k) = (k:)P’“(l—p)" f= mpk(l—p) ¥, ke{0,1,2,3.4}

k)l
P(X=0) = 1/16,
P(X=1) = 4/16,
P(X=2) = 6/16,
P(X=3) = 4/16,
P(X =4) 1/16.

PY=1X=1)=PY =1,X=1)/P(X =1) = (1/4) / (1/4) = 1

PX=1Y=1)=P(X=1Y=1)/P(Y=1)=(1/4) / (1/8+1/4) =2/3



px = E[X] =0, py = E[Y] =0,
0% = E[(X —ux)*] = 1/2, oy = E[(Y — uy)?] = 3/4,

El(X — pux)(Y — py)]
ox0y
E[XY]

_ — (23T = T

OXx0y

PXY =

. Problem 2.18

Ela+bX] = Ela] + E[bX] = a + bE[X]

FElaX +bY] = E[aX] + E[bY] = aE[X]| + bE[Y]

VAR[aX + bY] E[(aX +bY)?] — E[(aX + bY)]?
Ela?X? 4+ 2aXbY + b’Y?] — (E[aX]? + 2E[aX]|EbY] + E[bY]?)
(E[a’X?) — E[aX]?) 4+ (E[b*’Y?] — E[bY]?) + (E[2aXbY] — 2E[aX]|E[bY])

= VAR[aX] + VAR[Y] + 2abCOV[X, Y]

. Problem 2.23
If X is uniformly distributed in [a, b], then

1
_)a xé[a,b]
Fx(@) {0, otherwise
Then,
b 2
1 1 T a+b
Hx X /axb—ax b—a<2)a 2
, 2 3\ b 2 2
1 a+b 1 x a+b (b_a)
_ EX2 —EXQZ 2 dr — — - — =
ox [X~] [X] /axb—ax (2> b_a(3>a, (2> 12

. Problem 2.24
X ~N(2,9) (ie. px =2,0% =9). Let Y = (X —2)/3, then Y ~ N (0, 1).

P(-4< X <B5) =P(-4<3Y +2<5) =P(-2<Y <1)=Q(-2)— Q1) =1—-Q(2) — Q(1)



8. Problem 2.29

fx(x)

fr(y)

EX|Y =1 =

E[X|Y =0.5] =

Y,
2 ExummaaReesss
L xy) =12
y ik
S
0 X X
2 1 22
= fxy(z,y)de = 3 () = 5 VE [0,2]
0
Ixv(z,y)  1/2 1
—_ =, 0<z<y0<y<2
fy () y/2 y
fXY(l’,Z/) 1/2 1
= = , 0<2<y 0<y<2
Fx(@) 222 2-a U=y

1 22\ !
/fo\Y(ﬂy =1)dx = / r—dxr = <_) —05
o 1 2/,

0.5 1 ,’E2 0.5
/xfxw(ﬂy =0.5)dx = /O voedr =2 (7>0 =0.25

d) X, Y are not independent since fx|y(z|y) # fx ().
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oy = E[Yz]—u?/=/0 v fr (y)dy — u?/=/ yQ(%)dy—u?/=(y§>o—u?/=2/9

4\ 2
E[XY] = // Ty nyxyda:dy—/ / —yd:cdy— y—dy<‘7i6> =1

E[(X — px)(Y — py)]

PXYy =
OxXO0Oy
_ BXY]—pxpy 1-8/9
o OxXO0y o 2/9 o 1/2
9. Problem 2.32
VAR(Z) = E[(Z—pz)
= E[((X+Y —¢) = (ux +py —¢))?]
= E[((X — px)+ (Y = py))?]
= 0% +0% (due to independence of X and Y)
10. Problem 2.33
a)
uz = E[Z]=FE[(X+Y)/2]=0
pw = E[W]=E[(X —Y)/2] =0
07 = E[Z’)=E[(X+Y)?/4 = (c% +ov)/4
o = E[W?]=E[(X -Y)%/4] = (6% +0%)/4
_ E(Z — pz)(W — pw) _ E[ZW] — pzpw
P Oz70WwW A%
_ E(X +Y)(X -Y)/] _ (0%~ o})
ozoW (0% +0%)

_ 1 . -1 2=z’ W — pw 2_2P(Z_MZ)(M_NW)
fZW(Z,w)_Qﬂ'O'Zo’W\/l—f)Q Xp{2(1—02) [( 0z ) +< ow ) ozOwW ]}

b)
fz(z) =

\/;T_UQZ exp [_ (z — /;Z)T

207
2 2

¢) Z and W are independent if p = 0, i.e. 0% = 05..



