Department of Electrical and Computer Engineering

ECE 673 - Random Signal Analysi

Reading

Shanmugan & Breipohl, Chapter 2.

Homework 2

1. Problem 2.30
a.

Y = X1 X5 X, =Y,
=
X, =Y1/Y,

The Jacobian is defined as
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dx1  Dxa T2 Ty
J(x1,22) = det = det =—x1 = —o
Oy Oya 1 0
axl axg
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(Wi, 92) = S =—, 0<y1 <y <1
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The range is determined by setting

0<z =9y <1
0<zo=wy1/y2<1
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c. Y1 and Y; are not independent because fy; v, (y1,y2) # fyvy (Y1) fyvs (y2).

=—In(y1), 0<y <1



. Problem 2.31
a.

1 -1 =\ (v 200z — pa)(y — py)
fX’Y(x7y):27mxay 1—p2€xp{2(1—/’2) l( Oz ) +( Oy ) - O0z0y ]}

and
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Similarly,
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Therefore, both X and Y are Gaussian distribution.
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b.
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Let t = pg—z (y — ty), we have
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Thus, E{X|Y =y} = p + pZ= (y — py), and VAR{X|Y =y} = 02 (1 — p?)
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3. Problem 2.37
a. Since X1 ~ N (0,02), X5 ~ N(0,0?) and they are independent. Then,

x%—i—x%)

202

le,X2($C17$2) = fx, (ivl)fxz(m) = # exp (—

Given
{R =X+ X3 - {X1 = Rcos(0)

6 =tan"[Xy/X] X2 = Rsin(©)

The Jacobian is given as

or or

dz1 O ZL
J(wr,we) =det| | =det| VFETE Vil 1
’ 26 90 — =i 5t 22+
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So,
Ix,.x,(rcos(6), rsin(6)) r r?
0) — 1,X2 _ _
fro(r,0) |J (21, 22)] o2 P 2
b.

2T r T2
fr(r) = fre(r,0) df = —3 exXP (——2) , 0<r

0
f@(9):/ fre(r,0) d?’:i, 0<6<2n.

c. Since fro(r,0) = fr(r)fe(d), R and O are indenpent.
4. Problem 2.38

_ fx(ATly)
Iy(y) = m =1/2.

The range is determined by setting

0<az1=(y1+y2)/2=<1
0<z2=(y1 —y2)/2< 1

by, =1, py, =0
oy, =1/3, o3,=1/3
E[(Yl _/’Lyl)(}/é _/'I’YQ)]

pY1,Y2 = - 0
UYIUY2

EY1|Y> =0.5] = /yl viva(y1,92 = 0.5) dy; = 1



5. Problem 2.41
Since X ~ unif[—7, 7] and Y = asin(X), then

x; =sin"(y/a), x3=sin"'(y/a)—7
J(x) = dy/dx = acos(z).

fx(@) | fx(x2) o 1w

= = , —lal <y < al.
fY(y) |J(I1)| |J(I2)| a2_y2 | | Yy | |
6. Problem 2.42
X ~ N(ux,Xx), where
6 1/2 1/4 1/3
pux =101, Yx=1|1/4 2 2/3
8 1/3 2/3 1
Given
Yl 1 —1 O X1
Yo | =] 1 1 =2 X5
Y3 1 0 1 X3
—_—————
A
Then,
py = E[Y]=E[AX]= AE[X] = Aux

Sy E[(Y = uy)(Y = py)"] = BIA(X — px)(X — px)" AT] = Anx AT

7. Problem 2.44

Sx = Bl(X—px)(X—pux)"] = VISxV = VIE[(X—ux)(X—px)"IV = B[ |[VT (X —px)|*] > 0.

8. Problem 2.47
a. Solve
det(Sx —A)=(3-X1)2?-1=0,

we get the two eigenvalues \; = 2, Ao = 4. Then, solve

Yx X1 =M X1, Xx Xo =M\ Xy,

we get the two eigenvectors X; = [—%, %]T, X, = [%, %]T Then,
1 1 2 0 11
S EEd

V2 V2 2 V2

b. Y = AX and we want Y be uncorrelated, then
E[YYT] = EJAXXTAT] = Axx AT = AUTAUAT = A.

Thus, AUT = I, which means A = U.



