Department of Electrical and Computer Engineering
ECE 673 - Random Signal Analysis I

Reading

Shanmugan & Breipohl, Chapter 3.1, 3.2, 3.3, 3.5.

Homework 3

1. Problem 2.35
X ~N(0,0%).

(a) Y =g(X) = X?
If y < 0, there is no solution. Hence, fy(y) =0 for y < 0.
If y > 0, there are two solutions. z; = \/y and 2 = —/¥.

Thus, ¢'(z1) = 2\/y and ¢'(z2) = —2./y.
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(b) Y =g(X) = |X|
If y < 0, there is no solution. Hence, fy(y) =0 for y < 0.
If y > 0, there are two solutions. x1; =y and x5 = —y.
Thus, ¢'(z1) =1 and ¢'(z2) = —1.
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(c) ¥ =g(X) = 5(X +[X])
If y < 0, there is no solution. Hence, fy(y) =0 for y < 0.
If y > 0, there is one solution. x1 =y and ¢'(x1) = 1.
If y =0, Pr(Y = 0) = Pr(X <0) = 1. Hence, fy(y) = 34(y) for y = 0.
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Fory=—-1,Pr(Y = -1)=Pr(X < —ox) = Q(1).



Fory=1,Pr(Y =1)=Pr(X >0ox) = Q(1).
For -1 <y <1,Y = X means fy(y) = fx(x).

2. Problem 2.43

By partition, we have

Then,

3. Problem 3.1

0, y < —1
Q()(y+1), y=-1
y2
fy(y) = \/271rT§¢6 5,y <ox
0, y>1
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[X0)=2]X(0)=-1[X(0)=0[X(0)=1]X(0)=2]
X(2) =2 1/6 0 1/6 0 0
X(2) =1 0 1/6 0 0 0
X(2)=0 0 0 0 0 0
X2) =1 0 0 0 1/6 0
X(2) =2 0 0 1/6 0 1/6




4. Problem 3.13

5. Problem 3.14

1/6,
1/6,
n) < 1/3,
1/6,
1/6,

n= -2 1/3, n=-2
n=—1 1/6, n=-1
n=0 Pr(X(2) =n)<{0, n=>0
n=1 1/6, n=1
n=2 1/3, n=
E[X(0)] = 0
E[X(2)] = 0
E[X(0)X(2)] = 5/3

E[X(t)] =0, Rxx(r)=FE[X(t)X({t—-T1)
EYt)]=0, Ryy(r)=E[YQQ)Y(t—1)]

= E[Z(t)Z(t—7)]
= Ella+bX#t)+cY(#)(a+bX({t—7)+cY(t—1))
= a2+b2Rxx(T)+C2Ryy(7‘)

Rzz(T)

ElZzt)Z(t —7)]
El(aX ()Y (t))(aX(t — 7)Y (t — 7))]

= CLszx(T)Ryy(T)

Y(t) = X(t+a) — X(t—a)



Ryy(r) = E[Y(@)Y(t—r7)]
= E[(X(t+a)—Xt—a)(X{t—-—74+a)—X({t—7—a))]
= 2RX)((T)—Rxx(T—l—Qa)—Rxx(T—Qa)

Syy(f) = FlRyy(7)]
= F[2Rxx(7) — Rxx(T 4+ 2a) — Rxx (7 — 2a)]
= 25xx(f) — Sxx(f)e’™** — Sxx(f)e ™2/
= Sxx(f)sin?(2naf)

6. Problem 3.21

a. For any n, any {t1,...,t,}, it is obvious that Z(t1),..., Z(t,) is jointly Gaussian. Therefore, Z(t)
is a Gaussian random process.

b. The joint pdf is specified by mean ji and covariance matrix K:

— [Z(t1)]

. [E[Z(tm } { }

K - { E[Z(t1)Z(t1)] ElZ(t1)Z(t2)] } _ [ 1 cos[20007 (t1 — t2)]
E[Z(fg) ( )] E[Z(tg)Z(tg)] COS[20007T(t1—t2)] 1

c. Since Rzz(7) = cos[200077], the process is WSS.
d. If a Gaussian process is WSS, it is SSS.
e. E[Z(t2)|Z(t1)] = E[ E[Z(t2)|Z(t1) = 2] ] = 0.



