Department of Electrical and Computer Engineering
ECE 673 - Random Signal Analysis I

Reading

Shanmugan & Breipohl, Chapter 3.4, 3.6, 3.9.

Homework 4

1. Problem 3.4
Markove property is defined as

Pr{X (tk) < zp X (th-1), ..., X (t1)] = Pr[X (k) < zp] X (te-1)]
S EX )X (1) X (1) (@[ TR=1, - 1) = P X (6 1) (Tr|TR-1)

S XX 1) X ) (TR TR—1, - 21) = Fx )X (tr) (Tr]TR—1)

Then,

BIX ()| X (te-1), -, X(t1)] /kax(tknx(tk,l) ..... X)) (@rlzr_1,...,21) doy

/kaX(tk)|X(tk,1)(Ik|xk*1) dxy,
= E[X(r)| X (tk-1)]

2. Problem 3.7
The PMF is given as

Alternatively,

Pr[X (2) = 0] = PrlJy + Jo = 0] = PrlJs = 1,Jp = —1] + PrlJy = —1,J = 1] = %

Pr[X(8) =0/X(6)=2] = Prf
Pr|

(8) — X(6) = —2[X(6) = 2]

X
X(8) — X(6) = —2]



10
E[X(10)] = E[Y_Ji]=0

E[X(10)|X (4) ZJ|ZJ_4 ZJ

3. Problem 3.10
First of all, N(t) is a Poisson random process with parameter ), then (with notation 0° = 1), we can
write

(A"
!

In this case, the random telegraph signal X (t) can be written as

X(t) = (—1)NO+ = {17 N(t) is odd

Pr[N(t) = k] = exp(—At), k=0,1,2,...

—1, N(t)is even

The probability mass function Pr[X (¢) = £1] can be written as

. (A)¥ :
Pr[X(t) = 1] = Pr[N(¢) is odd] = Z o exp(—At) = exp(—At) sinh(At)

k odd
(A
k!

Pr(X(t) = —1] = Pr[N(t) is even] = )

k even

exp(—At) = exp(—At) cosh(At)

a. To show that X (t) is Markov, we can show that

Pr(X (tn1)[ X (tn), -, X (1)) = Pr((=1)NVE0H X (2,,) (t1)]
= Pr[(=1)NEr) =N X (1) X (t,), ..., X (t)]
= Pr[(=1)NOnr) =N X (1,)|X (t0)]
= PrX(tn1) X (tn)].

b.
px(t) = E[X(@)] = (-1)exp(—At) cosh(At) + (1) exp(—At) sinh(At)
= —exp(—2At)
Rxx(tl,tg) = E[X(tl)X(tg)]Z Z Z (,Tlxg)Pl”[X(tl):,Tl,X(tg):JJg]

Ilzﬂ:l :E2::|:1

For the moment, assume to > t1,

Rxx(ti,t2) = Y Y (2172) Pr[X(t1) = 2] Pr[X (t2) = 22| X (t1) = 1]
r1=+1 x2==%1



Pr[X (t1) = 1] is given by the PMF at the beginning. We need to work out Pr[X (t2) = 22| X (¢t1) = 21],
which can be worked out similarly as the PMF

PrX(t2) = 1[X(t1) =1] = Pr[X(t2) = —-1[X(t1) = -1
= Pr[N(t2) — N(t1) is even]

_ k
= > w exp(—A(ty — 1)) = exp(—A(ta — t1)) cosh(A(ty — t1))
k even ’
Pr[X(ty) = —1|X(t1) =1] = Pr[X(ty) = —1|X(t1) = 1]
= Pr[N(t2) — N(t1) is odd]

= Z ()\(152]{:;'161))]6 exp(—)\(tg — tl)) = exp(—)\(tg — tl)) Sinh()\(tg — tl))
k odd ’

Then, substitute into Rx x (t1,t2), we get

RXX(tl, tg) = eXp(—/\(tQ — tl)), to > tq.
Forty > to, we get similarly

Rxx(ti,t2) = exp(=A(t1 —t2)), t1 > to.

Thus,
Rxx(t1,t2) = exp(—=Alta — t1]).

4. Problem 3.19

Rax(mn) = LX) = {} 72 O,
= d0(m—n)
Sxx(f) = F[Rxx(m,n)]=F[o(m—n)]=1.

b. Given that Rxx(m) = exp(—a|m]|),

Sxx(f) = FlRxx(m)] = Flexp(=alm|)] =Y exp(—a|m|) exp(—j2rm )
00 0
= Y exp(—(a+g2rf)m)+ Y exp(—(—a+j2rf)m) -1
m=0 m=—o0
= ! + ! —1
~ 1-exp(—(a+j2nf))  1—exp(—(a—j2nf))
1— 67204

1+e20 — Le—acos(2mf)

c. Given
1, m =20
Rxx(m): —%, m = =+1
0, otherwise



Then,

Sxx(f) = FlRxx(m)] =1 5 exp(—j2nf) - 3 expl(+j2n/)
= 1—-cos(2nf)

. Problem 3.20

a. The Power In DC term is N
0

Pi= | Sxx(f)df = 100.
o

P(—00,00) = E[X(t)?] = /Sxx(f)df = 10100.

100F
P[O, 100] = / Sxx(f)df =100+ 0.5 (10 + 9) * 100 = 1050.

. Problem 3.26
When Z(t) = X ()Y (¢),

Rzz(t1,t2) E[Z(t1)Z(t2)] = E[X ()Y (t1) X (t2)Y (t2)]

= Rxx(t1,t2) - Ryv(t1,t2)
Then,

Szz(f) = FlRzz(1)] = Sxx(f) ® Syv(f)

Szz(O) AO’%C

Sxx(f) Syy(f) Sz(f)




