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ECE 673 - Random Signal Analysis I

Reading

Shanmugan & Breipohl, Chapter 3.4, 3.6, 3.9.

Homework 4

1. Problem 3.4

Markove property is defined as

Pr[X(tk) ≤ xk|X(tk−1), . . . , X(t1)] = Pr[X(tk) ≤ xk|X(tk−1)]

⇔ FX(tk)|X(tk−1),...,X(t1)(xk|xk−1, . . . , x1) = FX(tk)|X(tk−1)(xk|xk−1)

⇔ fX(tk)|X(tk−1),...,X(t1)(xk|xk−1, . . . , x1) = fX(tk)|X(tk−1)(xk|xk−1)

Then,

E[X(tk)|X(tk−1), . . . , X(t1)] =

∫

xkfX(tk)|X(tk−1),...,X(t1)(xk|xk−1, . . . , x1) dxk

=

∫

xkfX(tk)|X(tk−1)(xk|xk−1) dxk

= E[X(tk)|X(tk−1)]

2. Problem 3.7

The PMF is given as

Pr[X(n) = m] =

(

n

k

) (

1

2

)n

, k = 0, 1, . . . , n; m = 2k − n

a. n = 2, m = 0, and k = 1, then

Pr[X(2) = 0] =

(

2

1

) (

1

2

)2

=
1

2
.

Alternatively,

Pr[X(2) = 0] = Pr[J1 + J2 = 0] = Pr[J1 = 1, J2 = −1] + Pr[J1 = −1, J2 = 1] =
1

2
.

b.

Pr[X(8) = 0|X(6) = 2] = Pr[X(8) − X(6) = −2|X(6) = 2]

= Pr[X(8) − X(6) = −2]

= Pr[J7 + J8 = −2] =

(

1

2

) (

1

2

)

=
1

4

1



c.

E[X(10)] = E[

10
∑

i=1

Ji] = 0

d.

E[X(10)|X(4) = 4] = E[

10
∑

i=1

Ji|

4
∑

i=1

Ji = 4] = E[

10
∑

i=5

Ji] + 4 = 4

3. Problem 3.10

First of all, N(t) is a Poisson random process with parameter λ, then (with notation 00 = 1), we can
write

Pr[N(t) = k] =
(λt)k

k!
exp(−λt), k = 0, 1, 2, . . .

In this case, the random telegraph signal X(t) can be written as

X(t) = (−1)N(t)+1 =

{

1, N(t) is odd

−1, N(t) is even

The probability mass function Pr[X(t) = ±1] can be written as

Pr[X(t) = 1] = Pr[N(t) is odd] =
∑

k odd

(λt)k

k!
exp(−λt) = exp(−λt) sinh(λt)

Pr[X(t) = −1] = Pr[N(t) is even] =
∑

k even

(λt)k

k!
exp(−λt) = exp(−λt) cosh(λt)

a. To show that X(t) is Markov, we can show that

Pr[X(tn+1)|X(tn), . . . , X(t1)] = Pr[(−1)N(tn+1)+1|X(tn), . . . , X(t1)]

= Pr[(−1)N(tn+1)−N(tn) X(tn)|X(tn), . . . , X(t1)]

= Pr[(−1)N(tn+1)−N(tn) X(tn)|X(tn)]

= Pr[X(tn+1)|X(tn)].

b.

µX(t) = E[X(t)] = (−1) exp(−λt) cosh(λt) + (1) exp(−λt) sinh(λt)

= − exp(−2λt)

RXX(t1, t2) = E[X(t1)X(t2)] =
∑

x1=±1

∑

x2=±1

(x1x2) Pr[X(t1) = x1, X(t2) = x2]

For the moment, assume t2 ≥ t1,

RXX(t1, t2) =
∑

x1=±1

∑

x2=±1

(x1x2) Pr[X(t1) = x1] Pr[X(t2) = x2|X(t1) = x1]
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Pr[X(t1) = x1] is given by the PMF at the beginning. We need to work out Pr[X(t2) = x2|X(t1) = x1],
which can be worked out similarly as the PMF

Pr[X(t2) = 1|X(t1) = 1] = Pr[X(t2) = −1|X(t1) = −1]

= Pr[N(t2) − N(t1) is even]

=
∑

k even

(λ(t2 − t1))
k

k!
exp(−λ(t2 − t1)) = exp(−λ(t2 − t1)) cosh(λ(t2 − t1))

Pr[X(t2) = −1|X(t1) = 1] = Pr[X(t2) = −1|X(t1) = 1]

= Pr[N(t2) − N(t1) is odd]

=
∑

k odd

(λ(t2 − t1))
k

k!
exp(−λ(t2 − t1)) = exp(−λ(t2 − t1)) sinh(λ(t2 − t1))

Then, substitute into RXX(t1, t2), we get

RXX(t1, t2) = exp(−λ(t2 − t1)), t2 ≥ t1.

Fort1 ≥ t2, we get similarly

RXX(t1, t2) = exp(−λ(t1 − t2)), t1 ≥ t2.

Thus,
RXX(t1, t2) = exp(−λ|t2 − t1|).

4. Problem 3.19

a.

RXX(m, n) = E[X(m)X(n)] =

{

1, m = n (unit variance)

1, m 6= n (i.i.d. sequence)

= δ(m − n)

SXX(f) = F [RXX(m, n)] = F [δ(m − n)] = 1.

b. Given that RXX(m) = exp(−α|m|),

SXX(f) = F [RXX(m)] = F [exp(−α|m|)] =
∑

m

exp(−α|m|) exp(−j2πmf)

=

∞
∑

m=0

exp(−(α + j2πf)m) +

0
∑

m=−∞

exp(−(−α + j2πf)m) − 1

=
1

1 − exp(−(α + j2πf))
+

1

1 − exp(−(α − j2πf))
− 1

=
1 − e−2α

1 + e−2α − 1
2e−α cos(2πf)

c. Given

RXX(m) =











1, m = 0

− 1
2 , m = ±1

0, otherwise
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Then,

SXX(f) = F [RXX(m)] = 1 −
1

2
exp(−j2πf) −

1

2
exp(+j2πf)

= 1 − cos(2πf)

5. Problem 3.20

a. The Power In DC term is

Pdc =

∫ 0+

0−

SXX(f)df = 100.

b.

P (−∞,∞) = E[X(t)2] =

∫

SXX(f)df = 10100.

c.

P [0, 100] =

∫ 100+

0−

SXX(f)df = 100 + 0.5 ∗ (10 + 9) ∗ 100 = 1050.

6. Problem 3.26

When Z(t) = X(t)Y (t),

RZZ(t1, t2) = E[Z(t1)Z(t2)] = E[X(t1)Y (t1)X(t2)Y (t2)]

= RXX(t1, t2) · RY Y (t1, t2)

Then,

SZZ(f) = F [RZZ(τ)] = SXX(f) ⊗ SY Y (f)

SZZ(0) = Aσ2
X

SXX(f)

BX-BX

A
SYY(f)

BY-BY

SZZ(f)
A X

2

-BY-BX BY+BX
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