
Department of Electrical and Computer Engineering

ECE 673 - Random Signal Analysis I

Reading

Shanmugan & Breipohl, Chapter 5.1, 5.5, 5.4.

Homework 6

1. Problem 4.20

Given

S(t) = A sin(2πfct + Θ), Θ ∼ unif[−π, π]

X(t) = S(t) + N(t), SNN(f) =
η

2

H(f) =
1

1 + j(f/f0)

Y (t) = X(t) ⊗ h(t)

a. Find SY Y (f).

RSS(τ) = E[S(t)S(t + τ)] = E[A sin(2πfct + Θ) · A sin(2πfc(t + τ) + Θ)]

=
A2

2
E[cos(2πfcτ) − cos(2πfc(2t + τ) + 2Θ)]

=
A2

2
cos(2πfcτ)

SSS(f) = F [RSS(τ)] =
A2

4
[δ(f − fc) + δ(f + fc)]

SXX(f) = SSS(f) + SNN (f)

=
A2

4
[δ(f − fc) + δ(f + fc)] +

η

2

SY Y (f) = SXX(f)|H(f)|2

=
1

1 + (f/f0)2
{
A2

4
[δ(f − fc) + δ(f + fc)] +

η

2
}
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b. Find Signal-to-Noise Ratio.

S =

∫

∞

−∞

1

1 + (f/f0)2
A2

4
[δ(f − fc) + δ(f + fc)]df

=

[

1

1 + (fc/f0)2

]

A2

2

N =

∫

∞

−∞

1

1 + (f/f0)2
η

2
df

=
ηf0

2
tan−1(

f

f0
)|∞
−∞

=
ηf0π

2

S/N =
A2

ηπ[f0 + f2
c /f0]

c. What f0 will maximize SNR?

∂

∂f0
[f0 + f2

c /f0] = 0 ⇒ f0 = fc

2. Problem 5.56

a. Given Z(t) = A cos(2πfct)+N(t) and N(t) is zero-mean Gaussian random process centered around
fc, we can write (as in example 5.10)

Z(t) = A cos(2πfct) + N(t)

= A cos(2πfct) + Nc(t) cos(2πfct) + Ns(t) sin(2πfct)

=
√

[A + Nc(t)]2 + [Ns(t)]2 · cos

[

2πfct + tan−1

(

Ns(t)

A + Nc(t)

)]

Thus,
{

R(t) =
√

[A + Nc(t)]2 + [Ns(t)]2

Θ(t) = tan−1
(

Ns(t)
A+Nc(t)

) ⇔

{

Nc(t) = R(t) cos[Θ(t)] − A

Ns(t) = R(t) sin[Θ(t)]

Since fNc,Ns
(nc, ns) = 1

2πσ2 exp
(

−
n2

c
+n2

s

2σ2

)

, we can apply the Jacobian method

J(nc, ns) = det

∣

∣

∣

∣

∣

∣

∂r
∂nc

∂r
∂ns

∂θ
∂nc

∂θ
∂ns

∣

∣

∣

∣

∣

∣

= −
1

r

fR,Θ(r, θ) =
fNc,Ns

(nc, ns)

|J(nc, ns)|

=
r

2πσ2
exp

(

−
[r cos θ − A]2 + [r sin θ]2

2σ2

)

, 0 ≤ r < ∞, 0 ≤ θ < 2π

b.

fR(r) =

∫ 2π

0

fR,Θ(r, θ)dθ

=
r

σ2
exp

(

−
r2 + A2

2σ2

)
∫ 2π

0

1

2π
exp

(

−
Ar cos θ

σ2

)

dθ

=
r

σ2
exp

(

−
r2 + A2

2σ2

)

I0

(

Ar

σ2

)

c. R and Θ are not independent.
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3. Problem 5.57

Define X(t) = A cos(2πfct + Θ), then Y (t) = X(t) + N(t), where X(t) and N(t) are independent.

RXX(t, t + τ) = E[X(t)X(t + τ)] = A2E[cos(2πfct + Θ) cos(2πfc(t + τ) + Θ)]

=
A2

2
E[cos(2πfcτ) + cos(4πfct + 2πfcτ + Θ)]

=
A2

2
cos(2πfcτ)

Then

RY Y (t, t + τ) = E[Y (t)Y (t + τ)] = E[(X(t) + N(t))(X(t + τ) + N(t + τ))]

= E[X(t)X(t + τ)] + E[N(t)N(t + τ)] = RXX(t, t + τ) + RNN (t, t + τ)

SY Y (f) = SXX(f) + SNN (f)
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