Department of Electrical and Computer Engineering
ECE 673 - Random Signal Analysis I

Reading

Shanmugan & Breipohl, Chapter 7.1, 7.2, 7.3.

Homework 10

1. Problem 7.2
Given X is an observation of signal S plus noise N, we have X = S + N, where S ~ N (1,1) and
N ~ N(0,1). Thus (X|S = s) ~ N(s,1). Also, since S and N are independent, X ~ N(1,2) Thus,
we can write
Ixis(z[s)fs(s)
fx ()
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Thus, we have (S|X = z) ~ N(ZL,1). The Bayes’ estimator is E[S|X = 2] = £, For X = 2, the
estimation is 3/2.

fsix(slz) =

2. Problem 7.5
Given Y = mX + N, where X and N are independent, we have

My = mpx +uN
012/ = m20§( + O'JQV
oxy = E[X —px)(Y - py)] =mox

Then, the best linear estimator is

X = a+bY
b o— UXY_ mog(
B o2 _m20§(+012\,
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a = px —buy =px — X (mpx + pn)
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3. Problem 7.6
Since X and Y are jointly normal, we can write the joint Gaussian random vector as V = [Y, X]T and

[z} %)
px || oxy o%



Then, applying (2.66.a), we get

g g
EY|X =a] = py + =5 (x — px) = py + p—(z — pix).
Ox ox

The MSE of the estimation is give as E[(Y —a — bX)?], applying (2.66.b), we get

. Problem 7.10
First since fx(z) =1/2,—1 < <1, we have E[X] =0, E[XQ] =1/3, E[X3] =0, E[X4] =1/5.

Applying the principle of orthogonality, we have

E[(S - 9)] =0 E[(X? = ho — hi X — haX?)] = T —ho—1iha=0
EB[(S-9X] =0 = (E(X?-ho—mX-hX)X] =0 = {-in=0
E[(S—58)X? =0 E[(X2 —ho—hiX —hyX?)X?] =0 1 Ihy—1Lhy=0

Therefore § = X2, and E[(S — 5)?] = 0.

. Problem 7.11
The innovation can be written as

Vx(1) = X(1)
Vx(2) = X(2)-p2X(1)
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The estimation based on innovation is So = hiVx (1) + haVx (2), where
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Plug in the corresponding Vx (1), Vx (2), h1, he into Sy, we can find Sy = ki X (1) 4 ko X (2). And it can

be shown that
= -1
@1 — 0'%(1 0X1X, 05X,
ho Ox, X, Ox, ho 05X,
This shows that the innovation estimator is optimal as Linear MMSE estimator.

. Problem 7.14
The innovation process can be written as

Vx(1) = X(1)
Vx(2) = X(2)- EX@Vx0)] = X(2) - Z320v()
Vx (1)
Vx(3) = X(3) - EX(3)[Vx(1), Vx(2)] = X(3) - 2eVxWy () - ZXaVx@ (9
v () Tvx(2)



Also, since Vx = IT'’X, we can write

Vx(1) = yiX(1)
Vx(2) = 721 X(1) +722X(2)
Vx(3) = 731 X(1) +732X(2) + 733X (3)

Compare the two sets of equation, we get 711 = 22 = y33 = 1 and

Y1 = —L(;VXO) =-0.5
Tvx(1)
UX3VX(2) 1—1/4
= - = — =-0.3
a2 @ 342/4—1
Y31 = e = —0.1
Thus,
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