Department of Electrical and Computer Engineering
ECE 776 - Information Theory

Reading

Cover and Thomas, Chapter 12.

Homework 8
1. Problem 12.1
(a) fi :N(O,af), i=1,2.
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(b) fi= e %2 >0,i=1,2.
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(¢) fi1 =unif[0,1], fo = uniffa,a+ 1], 0 < a < 1.
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In this case, D(f1]|f2) = oo means that the error exponent is co, which means for large number
of trial, we can certainly distinguish f; and fa, since the probability of x € [0,a] or € [1,a + 1]
is non-zero.

(d) fi1 =Bern(1/2), fo = Bern(1).

D(fillf2) = %n?%—% %

= o

The implication is the same as before (a tail indicates fair coin).



2. Problem 12.4
P, is define by the constraints {h;} and P, is define by the constraints {g;}. Hence, P; NPz is define
by the union of constraints {h;} and {g;}. @ is given with ¢(z) distribution.

Assuming that all constraints are active, we can solve the two minimization of D(p||q) and D(r||q) as

p*(z) arg min (rllg)
= ClQ(f) exp (Z )\ihi(x)> y
=1
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= cq(@)exp | Y Nihi(2) + > vigi(@) |,
i=1 j=1

where the constants are so chosen as to satisfy the constraints. Now we can project p* onto P; NPy
and get

**(r) = arg min D *

P (x) g min D(pllp”)

s
= c3p"(z)exp Zngi(l“) ,
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= aaq(@)exp | > Nhi(@) + Y vigi(x)
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Notice that »* and p** have the same form. Furthermore, since the constants are chosen to satisfy the
same constraints, r* = p**.

3. Problem 12.5
We wish to count the number of sequences satisfying a certain property. Instead of directly counting
the sequences, we will calculate the probabilities of the set under an uniform distribution. Since the
uniform distribution puts a probability of 1/m™ on every sequence of length n, we can count the
sequences by multiplying the probability of the set by m™.

The probability of the set can be calculated from Sanov’s theorem. Let @ be the uniform distribution,
and let E be the set of sequences of length n satisfying (1/n) > g(x;) > «. Then, by Sanov’s theorem,
we have

QM(E) = 9—nD(P* HQ)’

where P* is the type in E that is closest to . Since @ is the uniform distribution, D(P||Q) =
logm — H(P), and therefore P* is the type in F that has maximum entropy. Thus, if we let

*

= max
P:Y Pr(i)g(i) >

we have
Qn(E) - 27n(logme*)'

Multiplying this by m™ to find the number of sequences in this set, we get

|E‘ - 27n(logme*)mn _ 2nH*



4. Problem 12.8

(a) Given fo(z) = N(0,0) = \/21796_%7 therefore

f/ — _1 1 6_% + ﬁ 1 6_%
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Therefore, the Fisher information is

3fe(X)/39>2
fo(X)

1 1 22 xt
ERRPS N 7
402 20202 404
1
202

j6) = E (

(b) Given fp(x) = e~ x > 0, therefore In fy = In — fx and

dinf, 1
o 6 "

and

(c) For Cramer-Rao bound, var(T') > 1/.J(#). Thus, the bounds are 202 and 6 respectively.



