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Stability of the shape of a surfactant-laden drop translating at low
Reynolds number

Robert A. Johnson and Ali Borhana)

Department of Chemical Engineering, The Pennsylvania State University, University Park,
Pennsylvania 16802-4400

~Received 15 July 1999; accepted 30 November 1999!

We examine the effect of surfactants on the evolution of the shape of an initially nonspherical drop
translating in an otherwise quiescent fluid at low Reynolds number. A combination of the
boundary-integral method and a finite-difference scheme is used to solve the coupled fluid dynamics
and surfactant transport problems, in conjunction with the Frumkin adsorption framework to
account for the effects of monolayer saturation and nonideal surfactant interactions. For sufficiently
small Bond numbers, the drop achieves a nonspherical steady shape. For large initial deformations
or Bond numbers, however, the drop deforms continuously, and eventually breaks up through either
the formation of an elongated tail or the development of a re-entrant cavity at the trailing end,
similar to the mechanisms of drop breakup reported by Koh and Leal@Phys. Fluids A1, 8 ~1989!#,
and Pozrikidis@J. Fluid Mech.210, 1 ~1990!#, for surfactant-free drops. Surfactants are found to
have a destabilizing effect on the shape of translating drops. The destabilizing effect is mitigated by
the presence of strongly-cohesive surfactant interactions, and by surfactant transport between the
bulk and the interface. ©2000 American Institute of Physics.@S1070-6631~00!02503-4#
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I. INTRODUCTION

The motion of a droplet translating through an u
bounded Newtonian fluid domain has been extensively s
ied in the past~cf. Clift et al.1!. Hadamard and Rybzynsk
independently analyzed the free rise/fall of a spherical dr
let in the creeping flow limit, and found the following ex
pression for the terminal velocity,UHR, of the droplet:

UHR5
2~l11!

3~3l12!
, ~1!

wherel is the ratio of the drop phase viscosity to the su
pending fluid viscosity. Taylor and Acrivos2 later showed
that a sphere is an exact solution for the steady drop shap
the zero Reynolds number limit, and that the introduction
small inertial effects causes the drop to deform into an ob
ellipsoid. Thestability of the shape of a spherical drop fal
ing freely in an unbounded domain was first examined
Kojima et al.3 who showed that, in the zero interfacial te
sion limit, the spherical shape is unstable to infinitesim
perturbations, with a growth rate for the instability whic
scales as (11l)21. The nonlinear stability of a translatin
drop to finite shape perturbations was subsequently stu
by Koh and Leal,4,5 and Pozrikidis.6 These authors found two
modes of instability for the buoyancy-driven translation
drops: the formation of a continuously elongating tail at t
rear stagnation point of drops that are initially perturbed i
a prolate ellipsoid, and the development of a growing
entrant cavity at the trailing end of initially-oblate drops.
summary of these stability results is provided in the revi
article by Stone.7

a!Author to whom correspondence should be addressed.
7731070-6631/2000/12(4)/773/12/$17.00
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The results of the aforementioned studies are applica
only to ‘clean’ two-phase systems~i.e., in the absence o
surface-active species!. Surfactants alter the mechanics
interfaces and, as such, their presence can have a prof
effect on the macroscale behavior of drops.8 For instance, it
is well known that the free rise/fall of drops can be signi
cantly hindered by the presence of surfactants in the b
phase. Surfactants adsorbed onto the interface near the
ing end of the drop are convected towards its trailing e
where they desorb from the interface and diffuse aw
through the bulk phase. In this process, a nonuniform sur
tant concentration profile is developed on the surface of
drop. If the only effect of surfactant is assumed to be a lo
reduction in the interfacial tension, the interface will b
pulled from the low tension~high surfactant concentration!
region at the rear pole to the high tension~low surfactant
concentration! region. The resulting tangential~Marangoni!
stress resists the surface flow, and eventually causes th
terface to behave like a no-slip surface, thereby increas
the drag on the drop and reducing its mobility.

When surface convection is the predominant mechan
for surfactant transport on the interface, and the surfac
flux from the bulk is extremely slow compared to the surfa
convective flux~i.e., in the limit of an insoluble surfactan
monolayer!, the interface is partitioned into a surfactant-fr
region near the leading end of the drop and a surfact
saturated region near the trailing end which behaves lik
stagnant cap. The stagnant cap regime was first examine
Savic,9 and has since been the subject of several ot
studies.10–16With the exception of the analysis of Heet al.,16

all of these studies assumed a linear dependence of the i
facial tension on surfactant concentration. Heet al.16 used
the ~nonlinear! Langmuir adsorption framework to show th
© 2000 American Institute of Physics
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the linear equation of state underestimates the size of
stagnant cap in the limit of sorption-controlled mass trans
for which the bulk-phase diffusive flux is much faster th
the sorptive flux at the interface.

In contrast to the insoluble surfactant limit, the surfa
concentration varies smoothly over the entire interface w
the surfactant flux from the bulk is comparable to the surf
convective flux. The induced Marangoni stresses then lea
uniform retardation of the surface velocity over the ent
interface. This limit was first studied by Levich17 who found
the reduction in the terminal velocity of a spherical dr
whose interfacial tension is slightly perturbed from
equilibrium value. The uniform retardation regime has a
been examined by other investigators for trace qua
ties of surfactants in the diffusion-controlled18–20 and
sorption-controlled20 mass transfer limits, using a linear a
sorption framework. Most recently, Chen and Stebe21 ana-
lyzed the effect of surfactants on drop mobility in the limit
high surface coverage with sorption-controlled mass trans
Using the Langmuir and Frumkin adsorption framewor
they showed that the linear framework fails at elevated s
face concentrations due to its inability to account for t
finite size of adsorbed surfactant molecules and the noni
interactions among them.

All of the aforementioned studies of the effect of surfa
tants on the buoyancy-driven motion of drops have focu
on the drop mobility, assuming a fixed spherical shape
the drop. In this study, we examine the influence of surf
tants on thestability of the shape of an axisymmetric dro
translating in an unbounded fluid at zero Reynolds numb
The Frumkin adsorption framework will be adopted to stu
surfactant effects at elevated surface concentrations, and
bulk-insoluble and soluble surfactants will be considered

II. PROBLEM FORMULATION

A. Fluid dynamics

Consider the buoyancy-driven motion of a drop of de
sity gr in a large reservoir of an otherwise quiescent fluid
densityr ~see Fig. 1!. Since the drop shape is unknowna
priori , the drop size is characterized by the radius,R, of a

FIG. 1. Definition sketch of a viscous droplet suspended in an otherw
quiescent immiscible fluid of infinite extent.
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spherical drop with equal volume. The exterior and inter
bulk phases~denoted byV andV8, respectively! are incom-
pressible and Newtonian with viscositiesm andlm, respec-
tively, and the entire system is assumed to be isotherm
The two-phase interface,Sd , is described by an interfacia
stress tensor that consists of only an isotropic~interfacial!
tension,s. In what follows, all lengths are made dimensio
less with R, all velocities with the characteristic velocit
Ub5(12g)rgR2/m , all stresses withmUb /R, and time
with R/Ub . The interfacial tension,s, is made dimension-
less by its reference value,seq, corresponding to an interfac
with uniform distribution of surfactant in the absence
flow.

In the low Reynolds number limit, the bulk flow in eac
phase is governed by the continuity and Stokes equat
given by

“•u50; “p5¹2u, for xPV, ~2!

“•u850; “p85l¹2u8 for xPV8, ~3!

whereu andp represent the velocity and the modified pre
sure, respectively, and all drop phase quantities are den
by a prime. The dimensionless boundary conditions can
written as

~u,p!→~Àu,0!, as uxu→`, ~4!

u„x…5u8„x…, for xPSd , ~5!

n•u8~x!5n•
dx

dt
, for xPSd , ~6!

n•~P82P!5
1

BoF S ds

dG D“sG2sn~“s•n!

2Bon~ez•x!G , for xPSd , ~7!

whereP is the Newtonian stress tensor,ez is the unit vector
in the axial direction,n is the unit normal vector on the
surface of the drop directed intoV, and“s5(IÀnn)•“ is
the surface gradient operator acting in the plane tangen
the interface. The Bond number, Bo5mUb /seq, is defined
based on the equilibrium value of the interfacial tension, a
represents the ratio of gravitational forces tending to defo
the drop to interfacial tension forces resisting deformati
The boundary conditions on the surface of the drop inclu
the continuity of velocity across the interface@Eq. ~5!#, the
kinematic condition@Eq. ~6!#, and the jump in the interfacia
traction vector due to interfacial tension gradients and s
face curvature@Eq. ~7!#.

The first term on the right hand side of Eq.~7! represents
the variations of interfacial tension due to gradients in
surface concentration,G, of any surface-active molecules ad
sorbed on the interface, whereds/dG is given by an appro-
priate surface equation of state,s5s(G), as shown in Sec
II C. In the absence of surfactants, there will not be a
interfacial tension gradients, and the above set of equat
represents a well-posed problem. In the presence of sur

e
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tants, these equations must be complemented with the ap
priate equations governing the surface concentration of
factant.

B. Surfactant transport

In the absence of bulk fluid motion, surfactant molecu
are free to adsorb and diffuse along the interface, and
establish a uniform concentration,Geq, which will be in
equilibrium with a bulk concentration,Ceq. The interfacial
forces that result from bulk fluid motion will tend to distur
this state of equilibrium, and a new balance between sur
convection and the competing fluxes due to diffusion a
adsorption/desorption will lead to a redistribution of surfa
tant molecules on the interface, represented by a nonequ
rium surface concentration,G ~made dimensionless with th
maximum concentration for monolayer adsorptionG`). This
quantity can also be thought of as a dimensionless sur
coverage or saturation since it can never exceed unity.
governing equation for the surface concentration is an
steady convective-diffusion equation which, in dimensio
less form, can be written as22,23

]G

]t
1“s•~Gus!2

1

Pes
“s

2G1GH~u•n!52n•q, for xPSd ,

~8!

whereus5(IÀnn)•u is the surface velocity vector, the su
factant flux,q, is made dimensionless withUbG` /R, and the
surface Peclet number Pes5UbR/Ds represents the relativ
importance of the convective to diffusive transport of surfa
tant on the interface, withDs being the surface diffusivity of
surfactant. The first three terms on the LHS of Eq.~8! rep-
resent the conventional accumulation, convection, and di
sion of surfactant, while the last term accounts for the va
tions in surfactant concentration resulting from loc
stretching and deformation of the interface. The term on
RHS of Eq. ~8! represents the dimensionless rate at wh
surfactant is supplied from the bulk to the interface.

The surfactant is assumed to be soluble only in the s
pending fluid phase~and not in the drop phase!. Furthermore,
convective transport of surfactant in the suspending fluid
assumed to be negligible so that surfactant transport betw
the interface and the bulk occurs through a combination
kinetic adsorption/desorption and molecular diffusion. T
latter assumption leads to a linear surfactant transport p
lem in the suspending fluid, and is strictly valid only in th
limit of a small bulk-phase Peclet number~defined as Pe
5UbR/D, where D is the bulk diffusivity of surfactant!.
Physically, this approximation implies a small diffusive tim
scale, as in the case of a surfactant with a large bulk-ph
diffusivity. The bulk-phase surfactant concentrationC ~made
dimensionless withCeq) is thus governed by Laplace’s equ
tion,

¹2C50, for xPV. ~9!

This equation is solved subject to the Dirichlet condition th
the surfactant concentration decays to its equilibrium va
far from the drop,

C51, for uxu→`, ~10!
Downloaded 19 Apr 2005 to 128.235.249.80. Redistribution subject to AIP
ro-
r-

s
ill

ce
d
-
ib-

ce
he
-

-

-

-
-

l
e
h

s-

is
en
f

e
b-

se

t
e

and the interface flux condition

n•¹C52ePe~n•q!, for xPSd , ~11!

wheree5G` /CeqR is a measure of the thickness of the su
factant depletion sublayer adjacent to the interface. The la
condition is obtained by requiring the diffusive flux of su
factant from the bulk to the sublayer to be equal to the
adsorptive flux of surfactant at the interface. Assuming
adsorption rate to be first order in both the bulk surfact
concentration at the interface and the available space on
interface ~analogous to second-order adsorption kinetic!,
and the desorption rate to be first order in the surface c
centrationG, the net adsorptive flux can be written in dime
sionless form as

2n•q5Bi@KC~12G!2G#, ~12!

where Bi is a Biot number, representing the ratio of the ch
acteristic sorption rate to the rate of interfacial convection
surfactant, andK is the equilibrium surfactant partition coe
ficient, representing the ratio of the characteristic adsorp
to desorption rate at the interface. Using Eq.~12!, the inter-
face flux condition@Eq. ~11!# can be rewritten as

n•¹C5Da@KC~12G!2G#, ~13!

where Da5e Pe Bi is a Damkohler number, representing t
ratio of the characteristic adsorptive to diffusive flux.

Depending on the value of the Damkohler number, s
eral mass transfer regimes can be identified for nonzero
ues of Bi. For small values of Da, the adsorption/desorpt
process between the sublayer and the interface is m
slower than bulk-phase diffusion, and surfactant mass tra
fer is sorption-controlled. In this regime, a uniform bulk con
centrationC.1 is maintained everywhere in the suspendi
fluid. On the other hand, for large values of Da, surfact
diffusion from the bulk to the sublayer is much slower th
the adsorption/desorption process, and surfactant mass t
fer is diffusion-controlled. In this regime, equilibrium be-
tween the sublayer and the interface is essentially establis
instantaneously, and the surfactant is partitioned betw
them according to an equilibrium adsorption isotherm~as
described in the next section!. In the limit Da→`, the flux of
surfactant from the bulk to the sublayer tends to zero and
mass transfer problem approaches that for an insoluble
factant.

C. Surfactant thermodynamics

Before a solution to the transport equations can be
tained, a surface equation of state describing the depend
of interfacial tensions on surfactant concentrationG must
be specified. The first step is the selection of an adsorp
framework. The Frumkin adsorption framework, which
most appropriate for nonionic surfactants, will be used in t
study. The Frumkin adsorption isotherm is a lattice-ty
model that accounts for both the finite size of surfactant m
ecules and the nonideal interactions among them. In dim
sionless form, it can be written as~cf. Chang and Franses24!

G5
KC

KC1exp~jG!
, ~14!
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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where the surface concentrationG is made dimensionles
with the maximum surface concentration for monolayer
sorption,G` , and the interaction parameterj is a measure of
the nonideality of mixing at the interface. The surface sa
ration concentrationG` is a theoretical limit that is impor-
tant, but normally will not be reached due to constraints
the maximum bulk concentration such as the critical mice
concentration or the solubility. The interaction parameterj is
negative for cohesive interactions and positive for repuls
interactions. When the interaction parameter becomes z
the Frumkin isotherm reduces to the Langmuir isotherm.
important feature of the Frumkin and Langmuir isotherms
their ability to account for surface saturation effects, i.e.,
dimensional surface concentration cannot exceed the su
saturation concentrationG` .

The appropriate surface equation of state correspon
to the selected adsorption framework is dictated by inte
cial thermodynamics. The dimensionless Gibbs adsorp
equation at constant temperature is

ds52EGd~ ln C!, ~15!

where the elasticity numberE5RTG` /seq is a measure of
the sensitivity of interfacial tension to variations in surfacta
concentration. Integration of Eq.~15! using the Frumkin ad-
sorption isotherm leads to the following surface equation
state:

s5sc1EF ln~12G!2
1

2
jG2G , ~16!

where sc is the interfacial tension of the clean interfa
made dimensionless withseq. The interfacial tension distri-
bution on the surface of the drop is then determined by
suming the surface equation of state to apply locally for n
uniform surfactant distributions. It should be noted thatsc

andK are not independent parameters, and can be calcu
from the equation of state and the adsorption isotherm,
spectively, according to

sc512EF ln~12Geq!2
1

2
jGeq

2 G ~17!

and

K5
Geqexp~jGeq!

12Geq
. ~18!

In the dilute limitGeq!1, Eq.~16! reduces to the more com
monly used linear equation of state. Because of its inab
to capture surface saturation effects that will be presen
elevated surfactant concentrations, the linear equation
state overpredicts the reduction in interfacial tension at h
surface coverages. Hence, it is strictly valid only in the lim
of very dilute surfactant concentrations.

Nonlinear effects can have a significant impact on
interfacial tension distribution. This is most clearly visua
ized by plotting the isotherms for different types of surfa
tants in the form of nondimensional surface pressure, defi
as P5(sc2s)/E, versus dimensionless surface covera
~shown in Fig. 2!. Physically, surface pressure represents
work per unit area required to compress the monolaye
Downloaded 19 Apr 2005 to 128.235.249.80. Redistribution subject to AIP
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add more surfactant to the interface. Thus, the surface p
sure is nearly zero for low surface coverages encountere
the dilute limit, while it diverges for surface coverages a
proaching monolayer saturation. For any surface coverag
is more difficult to add surfactant to the interface in the pr
ence of repulsive molecular interactions, compared to
ideal case of a Langmuir surfactant with no molecular int
actions, i.e., the surface pressure for positivej is larger than
that for j50 at any value ofG. On the other hand, surfac
tants which exhibit cohesive interactions~negativej) require
less energy to be added to the interface, and hence lea
smaller surface pressures, than Langmuir surfactants. Fj
524, corresponding to surfactants with strong cohesive
teractions, close inspection of Eq.~16! reveals that the sur
face pressure has a critical point at 50% surface cover
such that any stronger cohesion would result in a surf
phase change~cf. Ferri and Stebe25!. The existence of an
inflection point is also demonstrated by the plateau in
surface pressure isotherm for such a surfactant~shown in
Fig. 2!. This plateau can be thought of as a coexistence
gion between a surface expanded state at low surface sa
tion and a surface condensed~or aggregated! state at high
surface saturation, where surface pressure becomes e
tially independent of surface coverage.

III. SOLUTION PROCEDURE

In the absence of inertial and convective effects in
fluid dynamics and bulk surfactant transport problems,
spectively, the governing equations@Eqs. ~2!, ~3!, and ~9!#
are linear, and the boundary integral method provides a c
venient and efficient means of solving for the bulk surfact
concentration and the flow field. Following the standa
boundary integral formulation of the Stokes and Lapla

FIG. 2. The dependence of surface pressure on surface coverage bas
the Frumkin model for surfactants with cohesive interactions~negativej),
repulsive interactions~positive j), and no interactions~i.e., the Langmuir
model!.
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equations, and using boundary conditions~7! and ~13!, inte-
gral equations for the interfacial velocity and the subla
concentration distributions can be written as

u~x0!5
2

Bo~11l!
E

Sd

J•F S ds

dG D“sG2sn~“s•n!

2Bon~x•ez!GdS~x!

1
2~12l!

~11l!
E

Sd

K•u•ndS~x!, ~19!

Ĉ~x0!522E
Sd

$Ĉn•K c1Jc Da@K~12Ĉ!~12G~x!!

2G~x!#%dS~x!, ~20!

where Ĉ512C is the disturbance bulk concentration,x is
the integration variable, andx0 is a fixed point on the inter-
face. The fundamental solutions of the Stokes and Lap
equations appearing in these expressions are given by

K52
3

4p S x̂x̂x̂

r 5 D , ~21!

J5
1

8p S I

r
1

x̂x̂

r 3 D , ~22!

K c52
1

4p S x̂

r 3D , ~23!

Jc5
1

4pr
, ~24!

wherex̂5x02x and r 5ux̂u.
The coupled system of equations formed by the fl

dynamics and surfactant transport problems were solve
an iterative manner. A standard boundary collocation te
nique was used to solve Eqs.~19! and~20! for the interfacial
velocity and sublayer concentration distributions, while
Crank–Nicholson time-marching scheme along with
second-order accurate finite-difference approximation@on
the same grid as that used in the solution of Eqs.~19! and
~20!# was used to solve the surface convective-diffus
equation@Eq. ~8!#. Since only axisymmetric drop deforma
tions were considered, the surface integrals in Eqs.~19! and
~20! were reduced to line integrals by performing the a
muthal integrations analytically. The line integrals were th
evaluated numerically using a combination of an itera
Romberg method and Gauss–Legendre quadrature with
dratic variations ofu andĈ over each element on the inte
face. Details of the integration procedure are provid
elsewhere.26

In order to study the stability of a spherical drop to fin
perturbations in drop shape, the computations were initia
with either an oblate or a prolate ellipsoidal drop shape. F
lowing Koh and Leal,4 the initial shape perturbation wa
characterized by the deformation parameterD5 (L2B)/
(L1B) ~where L and B are defined in Fig. 1!, so that nega-
Downloaded 19 Apr 2005 to 128.235.249.80. Redistribution subject to AIP
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tive and positive values ofD correspond to oblate and pro
late initial deformations, respectively. A uniform surfacta
distribution corresponding to the equilibrium surface cov
ageG5Geq was used as the initial condition for the surfa
tant concentration on the surface of the drop. Starting w
the initial shape and surfactant concentration profile,
boundary integral equations were solved for the unkno
surface velocity and sublayer concentration distributio
Subsequently, the kinematic condition@Eq. ~6!# was inte-
grated using an explicit Euler method to update the d
shape, and a new surfactant distribution on the surface of
drop was obtained by solving the surface convecti
diffusion equation. After each time step, the collocati
points were redistributed over the new interface to maint
elements of equal size, and the drop volume was calcula
to estimate the truncation error. The iterations were carr
out until either steady-state was achieved or the drop
peared to be on the verge of breakup. Typically 40 eleme
were used to discretize the surface of the drop, but this n
ber was increased in the case of highly deformed drops w
regions of large curvature. All computations were perform
on IBM RS/6000 workstations.

IV. RESULTS AND DISCUSSION

In order to check the accuracy of the numerical schem
we compared the computed velocity of a spherical drop w
the corresponding prediction based on the Hadama
Rybzynski solution@given by Eq.~1!#. Figure 3 shows the
computed terminal velocity of a drop withl51 as a func-
tion of the number of collocation points used in the comp
tations. Clearly, forN>40, the computations converge to th
exact solution to within at least 0.05%. We also perform
mesh refinement studies to ensure sufficient resolution to
produce the computational results of Koh and Leal,4 and
Pozrikidis,6 for the evolution of the shape of clean drops. F
all of the computations reported in this section, the values
the viscosity ratio and the elasticity number were fixed al
51 andE50.4, respectively.

FIG. 3. the steady migration velocity~scaled by the Hadamard–Rybzyns
velocity, UHR) as a function of the number of collocation points,N, on the
surface of the drop.
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For sufficiently small Bond numbers, clean drops th
are initially perturbed into an ellipsoidal shape~either prolate
or oblate! revert to a spherical shape. For Bond numb
beyond a critical value, however, initially perturbed dr
shapes continuously deform until drop breakup occ
through one of the two mechanisms described by Koh
Leal,4 and Pozrikidis,6 depending on the nature of the initia
shape perturbation. In the case of initially-prolate dr
shapes~i.e., for positive values ofD), drop breakup occurs
through the formation of a tail at the trailing end of the dro
which continuously elongates in time and eventually pinc
off either at a single point near the main body of the drop
at multiple points along the tail due to the development
finite amplitude capillary wave instabilities@see Fig. 4~a!#.
For initially-oblate drop shapes~i.e., for negative values o
D), the breakup mechanism consists of the formation
growth of a re-entrant cavity at the trailing end of the dr
@see Fig. 4~b!#, which either collapses at the trailing end
the drop to form a separate drop of suspending fluid wit
the original drop, or completely penetrates through the d
to form a torus, similar to the behavior reported by Kojim
et al.3 for drops with zero interfacial tension (Bo→`). At
this point, it should be emphasized that the evolution of
drop shape could not be computed accurately near the p
of actual pinch-off. Computations were carried out until t
dimensionless thickness of any neck regions became sm
than a predetermined limit@typically O(1023)], at which
point drop breakup was considered to be imminent.

The stability behavior of a surfactant-laden translat
drop is qualitatively similar to that of a clean drop in that, f
any initial shape perturbation, there exists a critical value
the Bond number beyond which the drop becomes unsta
In contrast to the case of clean drops, however, stable d
in the presence of surfactants do not attain a spherical sh
This is demonstrated by the variations in surface curvatur
the steady drop shapes shown in Fig. 5~a! as a function of the
normalized arclengths8, wheres850 ands851 represent
the front and rear stagnation points on the drop profile,
spectively. The interfacial tension variation created acr
the surface of the drop by the nonuniform surface distri
tion of surfactants leads to a slightly oblate steady d

FIG. 4. The time-evolution of the shape of an initially ellipsoidal drop w
Bo525 in the absence of surfactants;~a! D50.3, ~b! D520.3.
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shape in the presence of surfactants. The associated
rangoni stresses at the interface retard the motion of the d
as a whole, as evidenced by the time-evolution of the mig
tion velocity of the drop shown in Fig. 5~b!. The increase in
surface curvature at the rear stagnation point of the drop
the reduction in its migration velocity become more pr
nounced as the cohesive interactions between surface
ecules become weaker, due to the larger interfacial ten
variations induced across the surface of the drop. Unsta
drops in the presence of surfactants eventually break
through one of the mechanisms described by Koh and Le4

and Pozrikidis,6 for the breakup of clean drops. The diffe
ence in the stability behavior of clean and surfactant-lad
drops lies in the critical conditions for the onset of dro
breakup, which are strongly affected by the time-evolution
the interfacial tension distribution on the surface of the dr
as will be discussed in the following sections.

FIG. 5. The steady-state surface curvature distribution~a! and the time-
evolution of the migration velocity~b! for stable surfactant-laden drops wit
Boc56.0, D520.3, and Pes510.
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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A. Insoluble surfactants

In this section, the effect of bulk-insoluble surfactants
the critical conditions for the onset of drop breakup is inv
tigated. In order to probe the effects of a surface ph
change in the case of strongly-cohesive surfactants, the e
librium surface coverage is fixed atGeq50.5 which corre-
sponds to the critical point of the surface pressure isoth
for surfactants withj524. Consider first the case of a dro
with D520.3 which corresponds to an initially oblate dro
shape. The nonlinear evolution of the drop shape is show
Fig. 6 for clean and surfactant-laden drops. In order to sh
the effect of surfactants on drop deformation, the behavio
the clean drop is compared to that of a surfactant-laden d
with the same value of Boc @see Figs. 6~a! and 6~b!#, where
Boc represents the Bond number based on the interfacial
sion of the clean interface. The behavior of surfactant-la
drops in Fig. 6 is presented at a fixed value of the Bo
number Bo~based on the equilibrium value of the interfac
tension! to identify the effect of nonideal interactions amon
surfactant molecules on drop deformation. The drop sha
are shown at equal intervals of 15 dimensionless time un
While all four drops break up through the formation of
re-entrant cavity at the rear stagnation point of the drop,
clear that the surfactant-laden drops are less stable than
clean drop in the sense that the cavity grows at a faster
in the presence of surfactants. Furthermore, surfactant-la
drops become more unstable with increasing values ofj ~i.e.,
as the cohesive interactions among surfactant molecules
weakened!. A better understanding of the drop break
mechanism can be obtained by examining the surface di
butions of surfactant and interfacial tension.

The interfacial velocity profiles corresponding to th
drop shapes att530 in Fig. 6 are shown in Fig. 7~a!. The
tangential component of velocity in a drop-fixed referen
frame is plotted as a function of the arclengths, wheres
50 corresponds to the front stagnation point of the dr
Clearly, the presence of surfactants leads to a reductio
the interface mobility over the convex portion of the dr

FIG. 6. The time-evolution of the shape of an initially-oblate drop withD
520.3 and Pes510; ~a! clean drop with Boc512.0, ~b! Langmuir surfac-
tant (j50) with Boc512.0 ~Bo515.3!, ~c! strongly-cohesive surfactan
with j524 and Bo515.3, ~d! strongly-repulsive surfactant withj514
and Bo515.3.
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surface, accompanied by a simultaneous increase in inte
cial velocity over the part of the drop surface comprising t
re-entrant cavity. The latter effect is consistent with the fas
growth rate observed for the cavity in the presence of s
factants. A comparison of the two surfactant-laden drops
Fig. 7~a! reveals that the deviations from the clean interfa
behavior are more pronounced for the strongly-repulsive s
factant. Forj514, the interface mobility is reduced to suc
an extent that stagnation rings develop in the high curva
region at the entrance of the re-entrant cavity. The ove
reduction in the migration velocity of the drop due to th
presence of surfactants is about the same for all three su
tants considered, as shown by the time-evolution of the
velocities in Fig. 7~b!.

The surface coverage and interfacial tension distri
tions corresponding to the drop shapes att530 in Fig. 6 are
shown in Fig. 8 as a function of the normalized arclength.
general, surfactants are accumulated near the trailing en

FIG. 7. The surface velocity profile~a! and the time-evolution of the migra
tion velocity ~b! for drops shown in Fig. 6 att530.
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the drop, and depleted at the leading end, relative to
equilibrium surface coverage ofGeq50.5. Even though sur
factant accumulation on the portion of the interface with
the cavity is larger for the strongly-cohesive surfactant@see
Fig. 8~a!#, Fig. 8~b! shows that the interfacial tension in th
unstable cavity is actually lower for the Langmuir an
strongly-repulsive surfactants. This counter-intuitive relat
between surfactant concentration and interfacial tension
be understood by referring to the surface pressure-sur
coverage isotherm shown in Fig. 2. For any given surf
coverage, the surface pressure is larger~i.e., the interfacial
tension is smaller! for surfactants with weaker cohesive in
teractions since it is energetically ‘‘easier’’ to pack surfa
tants with cohesive molecular interactions on the interfa
The lower interfacial tension in the cavity for the strongl
repulsive surfactant~relative to the strongly-cohesive surfa
tant! requires larger interfacial deformations in that region
satisfy the normal stress balance. This is a destabilizing

FIG. 8. The surface coverage~a! and interfacial tension~b! distributions for
drops shown in Fig. 6 att530.
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fect in that the region of the interface with lowered isotrop
tension will reach the critical conditions for drop breakup
a lower Bond number.

We now examine the shape evolution of initially-prola
drop shapes withD50.3, as shown in Fig. 9. Once again, th
destabilizing effect of surfactants is evident from a compa
son of the shapes of clean drops and surfactant-laden d
with j50 at a fixed value of Boc . In particular, the unstable
tail of surfactant-laden drops forms earlier and grows a
faster rate than the characteristic rate of (11l)21 predicted
by the linear stability analysis of Kojimaet al.3 for clean
drops. The surfactant-laden drops shown in Fig. 9 are
characterized by the same value of the Bond number ba
on the equilibrium value of the interfacial tension. The fas
growth of the unstable tail of surfactant-laden drops
larger values ofj indicates that, as in the case of initially
oblate drop shapes, drops are less stable in the presen
surfactants with stronger repulsive interactions. The surf
velocity profiles presented in Fig. 10~a! for the drop shapes
at t530 in Fig. 9 show trends that are qualitatively similar
those presented in Fig. 7~a! for initially oblate drops.
Namely, in the presence of surfactants, the interface mob
is retarded over the main body of the drop, with the red
tion in interface velocity being most pronounced in the ca
of strongly-repulsive surfactants. In the tail region, on t
other hand, interface velocities are larger when surfacta
are present. Overall, surfactants have a retarding effec
the mobility of the drop as a whole, as demonstrated by
time-evolution of the migration velocities in Fig. 10~b!. In
contrast to the initially-oblate drops, however, the reduct
in the migration velocity of initially-prolate drops is mor
pronounced for surfactants with stronger repulsive inter
tions. For the surfactant-laden drops in Fig. 9, surfactant c
centration in the tail region is much higher than that over
main body of the drop, with local accumulation of surfa
tants in the neck region joining the tail and the main body
the drop@see Fig. 11~a!#. As expected, the interfacial tensio
over the tail region is significantly lower for the strongly
repulsive surfactants compared to that for the strong

FIG. 9. The time-evolution of the shape of an initially-prolate drop w
D50.3 and Pes510; ~a! clean drop with Boc57.0, ~b! Langmuir surfactant
(j50) with Boc57.0 ~Bo58.9!, ~c! strongly-cohesive surfactant withj5
24 and Bo58.9,~d! strongly-repulsive surfactant withj514 and Bo58.9.
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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781Phys. Fluids, Vol. 12, No. 4, April 2000 Shape stability of surfactant-laden drop translating at low Re
cohesive surfactants, and experiences a local minimum in
neck region@see Fig. 11~b!#. This has a destabilizing effec
on the shape of the drop by accelerating the formation of
neck.

The presentation of results has heretofore focused on
effect of surfactants on the shape evolution of unstable dr
with fixed initial shape perturbation and Bond numbe
larger than the critical value for the onset of drop break
For clean drops, Koh and Leal4 showed that the stability o
the drop shape depends on both the magnitude of the in
shape perturbation and the Bond number. Specifically, t
found that as the extent of initial deformation decreases,
critical Bond number for the onset of breakup increases
the infinite Bond number~zero interfacial tension! limit,
drops are unstable to infinitesimal perturbations from
steady spherical shape, as predicted by the linear stab
analysis of Kojimaet al.3 The effect of bulk-insoluble sur
factants on the critical conditions for drop breakup is sho

FIG. 10. The surface velocity profile~a! and the time-evolution of the mi-
gration velocity~b! for drops shown in Fig. 9 att530.
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in Fig. 12 for Pes510. The curves in this figure represent th
marginal stability boundaries in the sense that conditions
the left of these curves result in steady drop shapes w
those to the right lead to drop breakup through one of
two mechanisms described earlier. Clearly, the trends
scribed earlier for fixed values ofD560.3 hold true for a
wide range of initial deformations. Namely, for the sam
initial deformation~either prolate or oblate!, clean drops are
more stable than those translating in the presence of su
tants. The effect of surfactants on the critical Bond num
becomes much more pronounced as the value of the inte
tion parameter increases~or, equivalently, as the cohesiv
interactions among surface molecules are weakened!. In fact,
the marginal stability curve for surfactants with strongl
cohesive interactions is nearly the same as that for cl
drops.

It is interesting to consider the effect of surface Pec

FIG. 11. The surface coverage~a! and interfacial tension~b! distributions
for drops shown in Fig. 9 att530.
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number on the marginal stability curves. Increasing the s
face Peclet number leads to an increase in surfactant a
mulation at the trailing end of the drop, accompanied b
reduction in the interfacial tension there, as shown in Fig.
for j524 and Bo52.0. The collapse of all three curves
Fig. 13~b! to s51 in the vicinity of s.0.5 is caused by the
plateau in the surface pressure isotherm forj524, over
which interfacial tension is essentially independent of surf
tant concentration. For Pes550, the trailing end of the drop
is almost fully saturated, causing the interfacial tension
drop to about 30% of its equilibrium value. The presence
such dramatic variations in interfacial tension on the surf
of the drop leads to nonspherical steady shapes for st
drops, as evidenced by the nonuniform distributions of s
face curvature shown in Fig. 13~c!. For sufficiently large
values of Pes , the interfacial tension becomes nearly ze
over a cap-like region at the trailing end of the drop. This c
have a significant impact on the stability of the drop sha
since, as was shown by Kojimaet al.,3 drops with zero in-
terfacial tension are unstable to infinitesimal shape pertu
tions. Hence, it is possible that for sufficiently large values
Pes , there is a finite value of Bocrit beyond which drops
become unstable to infinitesimal perturbations so that
stable drop shapes exist for Bo.Bocrit regardless of the value
of D. In terms of the marginal stability diagram shown
Fig. 12, this would imply that, for surface Peclet numbe
greater than a limiting value, the marginal stability curves
positive and negative values ofD would intersect each othe
at a finite value of Boc . For clean drops, on the other han
the marginal stability curves for positive and negative valu
of D asymptotically approach theD50 axis as the Bond
number tends to infinity. Unfortunately, we could not obta
accurate results for surface Peclet numbers much larger
50 because the surface pressure would diverge at su
coverages approaching unity, thereby leading to nega
values of interfacial tension at the trailing end of the drop

FIG. 12. The marginal stability diagram for drops translating in the prese
of bulk-insoluble surfactants at Pes510.
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B. Bulk-soluble surfactants

In this section, the effect of bulk-soluble surfactants
the stability of translating drops is examined, and the res

e

FIG. 13. The steady-state surface coverage~a!, interfacial tension~b!, and
surface curvature~c! distributions for stable surfactant-laden drops wi
Boc52.0, andj524.
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are compared with those presented in the previous sectio
bulk-insoluble surfactants. The dimensionless parameters
the bulk-phase surfactant transport problem are fixed at
50.1 and Bi51.0 so that surfactant mass transfer is neit
diffusion-controlled nor sorption-controlled. We first co
sider the behavior of drops with Boc,Bocrit , for which a
steady drop shape is achieved. The steady-state surfac
locity, surfactant concentration, and interfacial tension p
files for drops translating in the presence of a strong
cohesive surfactant (j524) with Pes550 are shown in Fig.
14. In the presence of insoluble surfactants, interface mo
ity is significantly retarded compared to the surfactant-f
case, and a stagnant cap region begins to develop a
trailing end of the drop@see Fig. 14~a!#. This result was also
predicted by Chen and Stebe21 for nondeforming drops set
tling in a surfactant solution. In general, bulk-solubility h
the effect of increasing the interfacial velocity to such
extent that the surfactant-free surface velocity profile is
trieved. The surfactant concentration profiles presented
Fig. 14~b! demonstrate that bulk solubility has the effect
restoring a more uniform surface distribution of surfacta
while simultaneously reducing the total amount of surfact
adsorbed at the interface. The amount of surfactant pre
on the surface of the drop is dictated by the equilibriu
partition coefficient,K, which depends on the equilibrium
surface coverage and the interaction parameter accordin
Eq. ~18!. The value of the partition coefficient correspondi
to the parameter values in Fig. 14~i.e., for 50% equilibrium
surface coverage of a strongly-cohesive surfactant withj5
24) is K50.135, indicating the rate of surfactant desorpti
to be larger than that of adsorption. Thus, compared to
insoluble surfactant case, surfactant is ‘‘bled’’ from the i
terface to the bulk. The resulting bulk concentration pro
at the interface follows the general trend of the surface c
erage profile, though its variations around the far field c
centration,C51, are very small. The bulk surfactant conce
tration at the interface remains nearly uniform because,
Da50.1, the diffusive flux of surfactant in the bulk phase
large enough to quickly eliminate any surfactant concen
tion gradients that may develop near the interface. Althou
this is generally the case forsorption-controlledmass trans-
fer, the Biot number is sufficiently large in this case to allo
rapid desorption of surfactants from the interface so that
surfactant flux is limited by neither bulk-phase diffusion n
interfacial desorption. The corresponding interfacial tens
distributions shown in Fig. 14~c! confirm that interfacial ten-
sion gradients~and hence Marangoni stresses! have been dra-
matically reduced for the case of the bulk-soluble surfacta

We conclude by showing the effect of bulk-solubility o
surfactants on the marginal stability diagram. Figure 15 p
sents the marginal stability curves for Langmuir (j50) and
strongly-cohesive (j524) surfactants, where the labe
‘‘I’’ and ‘‘S’’ are used to denote the bulk-insoluble and th
bulk-soluble surfactant cases, respectively. As in the cas
the insoluble surfactants, the marginal stability curves sp
fying the critical Bond number as a function of the initi
shape perturbation,D, are presented at a fixed value of Ps

510. It should be noted, however, that the Bond numbe
Fig. 15 is based on the equilibrium value of the interfac
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tension. In general, drops translating in the presence of b
soluble surfactants are more stable than those contamin
with insoluble surfactants in the sense that the critical Bo
numbers at fixed values ofD are smaller in the latter case

FIG. 14. The steady-state surface velocity~a!, surfactant concentration~b!,
and interfacial tension~c! distributions for stable surfactant-laden drops wi
Boc52.0, j524, Pes550, Bi51.0, and Da50.1.
 license or copyright, see http://pof.aip.org/pof/copyright.jsp



d

in
ro

su

ro
m

g

of

a

ity

.

us

a
T-

ing

v.

in

rops
s:

nts

ulk
oid

ule

nd

y
dif-

city
id

e-
e,’’

ics

the
and

hase
’ J.

9.

nc

784 Phys. Fluids, Vol. 12, No. 4, April 2000 R. A. Johnson and A. Borhan
except for highly-prolate initial deformations withD.0.4.
The stabilizing effect of bulk solubility is more pronounce
for initially-oblate deformations (D,0) than for initially-
prolate deformations (D.0). As in the case of insoluble
surfactants, strongly-cohesive interactions have a stabiliz
effect on the drop shape, although this effect is less p
nounced for bulk-soluble surfactants due to the smaller
face concentrations encountered.
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