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Abstract: The paper introduces algorithms that 
map single and multiple multilevel structures onto 
the hypercube. For the case of the pyramid, which 
is a special multilevel structure, it is shown that a 
new algorithm is a compromise among existing 
algorithms with regard to cost and performance. 
Comparative analysis of the algorithms is carried 
out using analytical techniques and simulation 
results. 

1 Introduction 

The hypercube topology has been widely used in parallel 
computing because of its small diameter, high degree of 
fault tolerance, and rich interconnection structure 11, 21. 
Because of these properties, the hypercube can efficiently 
emulate a large variety of topologies, such as rectangular 
meshes, trees, pyramids, etc. 12, 31. The k-dimensional 
hypercube H ,  contains 2' nodes. If unique k-bit addresses 
are assigned to its nodes, an edge connects two nodes if, 
and only if, their addresses differ by a single bit. 

The pyramid topology is composed of successive 
layers of mesh-connected two-dimensional arrays, where 
the size of the arrays decreases with the increase of the 
level number (the base is level 0). Each node, except for 
nodes at the lowest level, is directly connected to four 
children at the immediately lower level and the size of 
each array is 1/4 the size of the array at the immediately 
lower level [4]. The pyramid P ,  with 2" x 2" nodes at its 
base comprises n + 1 levels. The pyramid is appropriate 
for low- and intermediate-level computer vision 14-61, 
Multilevel structures are more general than pyramids. 
The reductions between pairs of neighboring levels are 
2" x 2", where m is a natural number, and the reductions 
between different pairs of neighboring levels may differ 
C6, 71. 

This paper proposes algorithms that map single and 
multiple multilevel structures onto the hypercube. These 
algorithms yield high performance through high uti- 
lisation of PES (i.e. processing elements composed of a 
processor and local memory). For the special case of the 
pyramid, the performance of an algorithm proposed here 
is compared with the performance of algorithms present- 
ed by Stout [SI, and Lai and White 181. Only pyramid 
mappings have been proposed in the literature. 
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2 Mapping single pyramids 

The cost of graph mappings can be evaluated through 
the incorporation of three performance measures, namely 
expansion, dilation, and congestion [SI. Let the function 
h :  G + G' represent a one-to-one or many-to-one 
mapping of the graph G onto the graph G'. The three 
measures are defined as follows: 

Expansion: The expansion of h is the ratio of the size 
of V(G') to the size of V ( C )  (i.e. I V(G)l / l  V(G)I), where 
V(G)  and V(G')  are the vertex sets of G and G', respec- 
tively. When I V(G')  1 > I V ( C )  I, the expansion measures 
how much of G' is not directly used in the mapping of G. 

Dilation: The dilation of an edge in G is the length of 
the corresponding path in G'. Large dilation results in 
large communication times owing to longer paths. 

Congestion: The congestion is the number of edges in 
G that share the same edge in G'. Large congestion 
results in large communication times caused by waiting 
queues in intermediate nodes. 

The remainder of this Section discusses briefly three 
existing algorithms that map a pyramid onto a hyper- 
cube. The first algorithm, which was proposed by Stout, 
maps the P ,  pyramid onto the H , ,  hypercube [5]. As the 
pyramid with base 2" x 2" contains L22'""'/3j nodes, the 
expansion is less than 1. Nodes from the base of the 
pyramid are mapped onto PES of the hypercube as 
follows. The n-bit reflected Gray code is used to encode 
separately the rows and columns. The binary addresses of 
hypercube PES are found by concatenating the bits of the 
encoded row and column numbers. This yields perfect 
mapping for the base (i.e. all three measures of cost are 
optimal). Each node at the next level of the pyramid has 
four children at the base; therefore one PE from each 
square of four PES is chosen to emulate the parent node. 
Squares marked with 1 in Fig. 1 represent level 1 PES for 
the P ,  pyramid and the H ,  hypercube. PES which have 
the least-significant bit of their encoded row and column 
numbers equal to 0 are chosen to represent level 1 nodes 
of the pyramid. In general, PES which have the lower k 
bits of their encoded row and column numbers equal to 0 
emulate nodes from level k of the pyramid. Dilations cor- 
responding to lateral connections are equal to 1 for all 
levels. The maximum dilation is equal to 2 and corre- 
sponds to pairs of parents and some children. As a single 
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Fig. 1 M a p p i n g  P ,  pvramids ~ n t o  the H ,  hypercube 

PE may emulate a number of pyramid nodes from differ- 
ent levels (for example, the PE with row number 0 and 
column number 0 emulates nodes from all levels of the 
pyramid), the hypercube is not capable of emulating 
multiple levels of the pyramid simultaneously. This 
mapping is efficient if the pyramid algorithm proceeds 
level by level. However, algorithms that keep multiple 
levels of the pyramid active simultaneously are often very 
important [9]. 

Two mapping algorithms of high complexity were sug- 
gested by Lai and White [8]. They map distinct nodes of 
the pyramid onto distinct PES of the hypercube and 
maintain minimal expansion. They require an H Z n + ,  
hypercube for the mapping of the P ,  pyramid. The first 
algorithm has maximum congestion 2 and maximum 
dilation 3 while the second algorithm has maximum dila- 
tion 2 and maximum congestion 3. 

In contrast to Stout's algorithm, the latter two algo- 
rithms allow all levels of the pyramid to be active simul- 
taneously. Nevertheless, they need double the number of 
PES required by Stout's algorithm (i.e. 2'"+' compared 
with 2'"). In addition, the maximum dilations are 3 and 2 
compared to 2 in Stout's algorithm, and the maximum 
congestions are 2 and 3, respectively, compared to 2 in 
Stout's algorithm. Even though Stout did not refer to the 
maximum congestion, it is equal to 2 because some edges 
are used for communications between siblings and also 
between parents and children. Owing to increased dila- 
tion or congestion, the communication delay in Lai- 
White's algorithms may be higher when compared to 
Stout's algorithm. 

3 Mapping single/multiple multilevel s t ructures  

This Section proposes algorithms that map single and 
multiple multilevel structures with bases 2" x 2" onto the 
H , ,  hypercube. Thus, the expansion in all these cases is 
less than 1. As already discussed in the Introduction, the 
pyramid is a special case of a multilevel structure 161. 
Two algorithms are proposed for the mapping of a single 
multilevel structure. For reduction 2" x 2" between 
levels 0 and 1, the first algorithm maps level 1 nodes simi- 
larly to Stout's algorithm for level rn nodes of the 
pyramid. Generally, for a multilevel structure with 
reductions 2"' x 2"' between levels i - 1 and i, the 
mapping of level j nodes is identical to that for level 
xi=, m, nodes of the pyramid. The maximum dilation for 
the pair of levels i - 1 and i is equal to 2171,. Like Stout's 
algorithm, this mapping algorithm does not support the 
concurrent emulation of multiple levels. 

The second algorithm maps a single multilevel struc- 
ture with base 2" x 2" onto the H , ,  hypercube so that as 
many levels as possible are active simultaneously. We 
first present its application for pyramids. For perfect 
mapping of the base, the binary reflected Gray code is 
used as in Stout's algorithm to encode rows and columns. 
PES of the hypercube chosen to emulate parents of these 
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nodes correspond to encoded column and row numbers 
which have their least-significant bits equal to 0 (as in 
Stout's algorithm). For each set of four PES that rep- 
resent siblings at level 1 with common parent, the PE 
chosen to serve as the parent is neighbour to one of these 
PES, and all parent PES form mirror images in squares 
outlined by the children. This procedure is repeated until 
the apex of the pyramid is reached. PES marked with I,  2 
and 3 in Fig. 1 emulate nodes from levels 1, 2 and 3, 
respectively, of the P ,  pyramid. As these PES are distinct, 
multiple levels of the pyramid, not including the base, can 
be active at the same time. The maximum dilation of the 
mapping for pairs of PES from levels 0 and 1 is 2 and the 
maximum congestion is 2 (similar to Stout's algorithm). 
The maximum dilation and maximum congestion for 
higher levels are 3 and 2, respectively. Thus, this algo- 
rithm is a compromise between Stout's algorithm and 
Lai-White's algorithms with respect to cost and per- 
formance for algorithms that activate multiple levels of 
the pyramid simultaneously. The remainder of the paper 
analyses only the second of the two proposed algorithms, 
because it is the one that differs from the other existing 
algorithms in the case of pyramid mapping. 

The extension of the latter algorithm for a multilevel 
structure with reductions 2"' x 2"' between levels i - 1 
and i suggests that for the mapping of level j nodes a 
subset of PES that emulate level j nodes of the pyramid 
be used. These PES will be as far apart as possible in the 
2" x 2" array. The maximum dilation for parents and 
children at levels i and i ~ I ,  respectively, is equal to 2rn, 
+ 1 if i > I ,  and 2m, if i = 1. The maximum congestion 
is still 2. 

According to Stout's mapping algorithm, one of the 
four PES in each square at the base represents a parent of 
the immediately higher level. The remaining three PES in 
each square could be used to concurrently emulate three 
more pyramids with the same base and dilation. In con- 
trast, the new algorithm can emulate only two such pyr- 
amids simultaneously. PES marked with prime numbers 
in Fig. 1 emulate the second pyramid. 

4 Simulation results 

The following times expressed in machine cycles are 
assumed. The time it takes to load the values of pixels 
into the corresponding PES at the base is equal to 2. 
Each PE receives one pixel. The addition of two values 
takes 1 time unit, whereas the multiplication of two 
values takes 2 time units. Finally, the transmission time 
for a single value is equal to 2 while the setup time to 
receive or transmit a single value is equal to I .  

Table 1 shows simulation results for an algorithm that 
finds the perimeter of an object in an image. It assumes 
that the boundary pixels are known. A bottom-up 
process is applied to count the total number of boundary 
pixels. The results show that Lai-White's algorithms 
perform the same as the new algorithm for the perimeter 
counting problem, with respect to the total execution 
time, if only one level of the pyramid is active at a time. 
The same table also contains results for pipelining, where 
there is a need for all levels of the pyramid to be active at 
the same time to find the perimeter of multiple objects. 
The new algorithm performs a little poorer than Lai- 
White's algorithms in the latter case because the base is 
not allowed to be active by the new algorithm during 
concurrent multilevel operations. However, the average 
utilisation of PES is higher for the new algorithm because 
Lai-White's algorithms d o  not use all of the PES. 
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Table 1 : Perimeter counting 

Lai-White’s algorithm 1, H , ” - ,  

One level active Multiple levels active n PES 

Ex time Utilisation 1 IthrouahDut Utilisation 
~~ 

Avg Max Avg Max 

40 8 1 4  1 5 0 0  13 2506 4 6 1 5  3 128 
53 6 2 6  11 32 13 2550 4 6 1 5  4 512 
66 5 0 8  9 0 9  13 2578 4 6 1 5  5 2048 
79 4 2 1  7 5 9  13 2580 4 6 1 5  6 8192 
92 3 6 2  6 5 2  13 2581 4 6 1 5  7 32768 

Lai-White s algorithm 2 H , n A 3  

40 7 4 0  1 5 0 0  13 2277 4 6 1 5  3 128 
53 5 6 4  11 32 13 2303 4 6 1 5  4 512 
66 4 5 4  9 0 9  13 2305 4 6 1 5  5 2048 
79 3 8 0  7 5 9  13 2307 4 6 1 5  6 8192 
92 3 2 6  6 5 2  13 2307 4 6 1 5  7 32768 

Stout’s alqorithm, H-,, 

28 14.12 21.43 
37 10.78 16.22 
46 8.69 13.04 
55 7.27 10.90 
64 6.25 9.37 

3 64 
4 256 
5 1024 
6 4096 
7 16384 

New algorithm H,, 

40 9 8 8  1 5 0 0  14 2823 4 2 8 5  3 64 
53 7 5 2  11 32 14 2848 4 2 8 5  4 256 
66 6 0 6  9 0 9  14 2855 4 2 8 5  5 1024 
79 5 0 6  7 5 9  14 2856 4 2 8 5  6 4096 
92 4 3 5  6 5 2  14 2857 4 2 8 5  7 16384 

Table 2 shows simulation results for an algorithm that 
applies two-dimensional convolution. The window sizes 
for the convolution are 3 x 3,  5 x 5 and 8 x 8, and the 
numbers of levels in the pyramids are 3, 4 and 4, respec- 
tively. The convolution algorithm involves sequences of 
lateral communications, internal PE operations, bottom- 

Table 2:  Convolution 

Lai-White’s alaorithm 1 ,  H,. , 

One level active Multiple levels active window 

Ex time Utilisation llthroughput Utilisation 

Avg Max Avg Max 

352 808  1 2 1 0  235 1 2 7 8  1 9 1 5  3 x 3  
976 7 6 4  1 2 8 0  651 1 1 4 5  1 9 2 0  5 x 5  

2497 7 4 9  1 2 8 2  1665 1 1 2 3  1 9 2 2  8 x 8  

Lai-White s algorithm 2 H,,  + l  

352 9 0 7  1 3 5 9  235 1 2 7 8  1 9 1 5  3 x 3  
976 7 6 1  1 2 8 0  651 1142 1 9 2 0  5 x 5  

2497 7 4 9  1 2 8 2  1665 1121 1 9 2 2  8 x 8  

Stout’s algorithm, H,, 

244 1511 1 8 4 4  3 x 3  
679 1 4 3 0  1 8 5 5  5 x 5  

1729 1411 1 8 5 0  8 x 8  

New alaorithm. H,. 

244 1511 1 8 4 4  163 2262 2760 3 x 3 
679 1 4 3 0  1 8 5 5  451 21 53 2793 5 x 5 

1729 1411 1 8 5 0  1153 2116 2774 8 x 8  

up communications and top-down communications. 
Several operations can be pipelined. For the convolution 
problem, the new algorithm performs better than Stout’s 
algorithm when multiple levels of the pyramid are active 
at the same time. This is because, in contrast to Stout’s 
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algorithm, multiple levels may be active simultaneously 
for the new algorithm. Thus, when the execution times at  
each level of the pyramid are large enough to take advan- 
tage of the parallel execution, the new algorithm will 
perform better than Stout’s algorithm at  the same cost. 
Similarly to the results for the perimeter counting 
problem, the utilisation of PES is higher for the new algo- 
rithm when compared to the other algorithms. 

Table 3 shows simulation results for an image segmen- 
tation algorithm that applies a cooperative, iterative 

Table 3: Segmentation 

Lai-White’s algorithm 1 ; H,,,, 

One level active Multiple levels active n PES 

Ex time Utilisation 1 throuahwt Utilisation 

Avg Max Avg Max 

1451 1 6 2 9  2619 700 3377 5429 3 128 
2181 1 0 8 4  1 7 4 2  700 3377 5429 4 512 
2911 8 5 1  1 3 0 5  700 3539 5429 5 2048 
3641 6 8 9  1 0 4 4  700 3581 5429 6 8192 
4371 5 7 5  8 6 9  700 3 5 9 2  5429 7 32768 

Lai-White s algorithm 2 H,,,, 

1291 1 5 8 5  2943 620 3301 61 29 3 128 
1941 1 0 8 2  1 9 5 8  620 3386 61 29 4 512 
2591 8 3 5  1467 620 3488 61 29 5 2048 
3241 6 72 11 72 620 3513 61 29 6 8192 
3891 5 6 1  9 7 7  620 35 19 61 29 7 32768 

Stout s algorithm H?” 

1451 2447 3 7 2 2  
2181 15  55 24 76 
2911 11 78 1 8 5 5  
3641 9 4 5  1 4 8 3  
4371 7 39 1 2 3 5  

3 64 
4 256 
5 1024 
6 4096 
7 16384 

New alaorithm. H,. 

1451 2447 37 22 710 5 0 0 0  7 6 0 6  3 64 
2181 15  54 24 76 710 4 8 4 5  7 6 0 6  4 256 
2911 11 78 1 8 5 5  710 4831 7 6 0 6  5 1024 
3641 9 4 5  1 4 8 3  710 4 7 7 4  7 6 0 6  6 4096 
4371 7 39 1 2 3 5  710 4 5 4 8  7 6 0 6  7 16384 

approach to segmentation [IO]. The algorithm applies 
sequences of bottom-up and top-down processes for 
approximately a dozen iterations. Like the other two 
problems, the new mapping algorithm performs better 
than Stout’s algorithm and reasonably well when com- 
pared to Lai-White’s algorithms when multiple levels of 
the pyramid are active at the same time. 

5 Conclusions 

Algorithms have been proposed in this paper that map 
single and multiple multilevel structures onto hypercubes. 
As the pyramid is a special case of a multilevel structure, 
these algorithms are also applicable to pyramid map- 
pings. For single pyramid mappings, a new algorithm is a 
compromise between Lai-White’s algorithms and Stout’s 
algorithm with respect to cost and performance. Like 
Stout’s algorithm, the new algorithm requires an H , ,  
hypercube for the mapping of the P ,  pyramid, while Lai- 
White’s algorithms require an H , , ,  hypercube. Lai- 
White’s algorithms may perform slightly better than the 
proposed algorithm when all levels of the pyramid are 
active at a time. However, the new algorithm performs 
better than Stout’s algorithm for concurrent multilevel 
tasks because it allows for simultaneous execution at 
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multiple levels, while in Stout’s algorithm only a single 
level may be active at a time. 
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