
Homework	Problems	for	Week	4-Solution	

	

1. Consider	the	equation	x!𝑦!! − 4𝑥𝑦! + 6𝑦 = 0	on	 −∞,∞ 	
a) Verify	that	𝑦! = x!	and	𝑦! = x !are	linearly	independent	

solutions	of	the	equation	on	the	interval	 −∞,∞ .	
Solution:	First	check	that	𝑦! = x!is	a	solution:	

𝑦! = x!	
𝑦! ′ = 3x!	

𝑦! !! = 3 ∙ 2 ∙ x = 6x	
x! 𝑦! !! − 4𝑥 𝑦! ! + 6𝑦! = 0  ↔		
x! ∙ 6𝑥 − 4𝑥 ∙ 3𝑥! + 6𝑥! = 0  	

So,	obviously	𝑦! = x!	solves	the	equation.	
	

𝑦! = x !   ↔   x!, 𝑖𝑓 𝑥 ≥ 0
−x!, 𝑖𝑓 𝑥 < 0

	

𝑦! ! =
3x!, 𝑖𝑓 𝑥 > 0
0, 𝑖𝑓 𝑥 = 0

−3x!, 𝑖𝑓 𝑥 < 0
	

𝑦! !! =
6x, 𝑖𝑓 𝑥 > 0
0, 𝑖𝑓 𝑥 = 0
−6x, 𝑖𝑓 𝑥 < 0

	

So,	obviously	𝑦! = x !	solves	the	equation	too.	
	

𝐶!𝑦! + 𝐶!𝑦! = 0	
	

𝐶!𝑥! + 𝐶!𝑥! = 0 ↔ 𝑥! 𝐶! + 𝐶! = 0 ↔ 𝐶! = −𝐶!

𝐶!𝑥! − 𝐶!𝑥! = 0 ↔ 𝑥! 𝐶! − 𝐶! = 0 ↔ 𝐶! = 𝐶!
	

𝑡ℎ𝑒𝑛 𝐶! = 𝐶! = 0 
𝑆𝑜 𝑦!, 𝑦! 𝑎𝑟𝑒 𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡.	



	
	
	

b) Show	that	𝑊 𝑦!, 𝑦! = 0	for	every	real	x.	Does	this	result	
violate	theorem	3.2.4?	Explain.	

𝑊 𝑦!, 𝑦! = 𝑥! ±𝑥!
3𝑥! ±3𝑥!

= ±3𝑥! − ±3𝑥! ≡ 0	

But	this	result	doesn’t	violate	the	theorem,	because	
	𝑃 𝑥 = − !

!
, 𝑎𝑛𝑑 𝑄 𝑥 = !

!!
	are	not	continuous	on	( −∞,∞ 	

c) Verify	that	𝑌! = x!	and	𝑌! = 𝑥!are	linearly	independent	
solutions	of	the	equation	on	the	interval	 −∞,∞ .	

𝑊 𝑌!,𝑌! = 𝑥! 𝑥!
2𝑥 3𝑥!

= 𝑥! ≠ 0, 𝑖𝑓 𝑥 ≠ 0,	

𝑠𝑜 𝑌!,𝑌!𝑎𝑟𝑒 𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡	
d) Both	combinations	𝐶!𝑦! + 𝐶!𝑦!	and	𝐵!𝑌! + 𝐵!𝑌!	are	solutions	

of	the	given	equation.	(Why?	Explain.	)	
𝐶!𝑦! + 𝐶!𝑦! 𝑎𝑛𝑑 𝐵!𝑌! + 𝐵!𝑌!	

 𝑎𝑟𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑏𝑦 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.2.2 (𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑆𝑢𝑝𝑒𝑟𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛)	
	Discuss	whether	one,	both	or	neither	of	these	combinations	is	
a	general	solution	of	the	equation	on	 −∞,∞ .	
Neither	of	these	combinations	is	a	general	solution	of	the	
equation	on	 −∞,∞ .	

2. Find	a	second	order	linear	equation	with	constant	coefficients	
that	has	a	solution	𝑦 = 𝑒!𝑐𝑜𝑠3𝑥	.	

𝑦 = 𝑒!𝑐𝑜𝑠3𝑥 𝑚𝑒𝑎𝑛𝑠 𝑡ℎ𝑎𝑡 𝐶.𝑃. ℎ𝑎𝑠 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠	
𝑟!,! = 1 ± 3𝑖	

And	can	be	factored	as	
𝑟 − (1 + 3𝑖) ∙ 𝑟 − (1 − 3𝑖) = 0	

r! − 2𝑟 + 10 = 0	
So,	the	corresponding	diff.equation	is	

𝑦!! − 2𝑦! + 10𝑦 = 0	



	


