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    Abstract —Communication in acoustic particle velocity channel 
using vector sensors is recently proposed for the underwater 

medium. Due to the presence of multiple propagation paths, a 

mobile receiver collects the transmitted signal with different 

delays and Doppler shifts. This introduces certain delay and 

Doppler spreads in particle velocity communication channels. In 

this paper, these channel spreads are characterized using the zero 

crossing rates of channel responses in frequency and time domain. 

Useful expressions for delay and Doppler spreads are derived in 

terms of the key channel parameters, mean angle of arrivals and 

angle spreads. Closed-form expressions for the temporal 

correlations of underwater acoustic particle velocity channels are 

presented as well. These results are needed for design and 

performance predication of communication systems in 

time-varying and frequency-selective underwater particle velocity 

channels.  

I. INTRODUCTION 

A vector sensor can measure non-scalar components of the 

acoustic field such as the particle velocity, which cannot be 

sensed by a single scalar (pressure) sensor. They are mainly 

used for SONAR and target localization, and have recently been 

proposed [1][2] and used [3][4] for underwater acoustic 

communication. Characterization of particle velocity channels and 

their impact on vector sensor communication systems 

performance is therefore of interest. In multipath channels such 

as shallow waters, a vector sensor receives the signal through 

several paths and each path has a different delay (travel time). 

Motion of the transmitter or receiver in a multipath channel 

introduces different Doppler shifts as well. Knowledge of the 

delay and Doppler spreads in acoustic particle velocity channel 

is important for efficient design of underwater vector sensor 

communication system. 

 It is well known that delay and Doppler spreads are 

proportional to the zero crossing rates (ZCRs) of the channel in 

frequency [5][6] and time [7][8] domains, respectively.  On the 

other hand, to calculate the frequency and time domain ZCRs, 

one needs to obtain the second derivative of corresponding 

frequency and temporal channel correlations, respectively. So 

to calculate delay and Doppler spreads in particle velocity 

channels, expressions for frequency and temporal correlations 

of such channels should be derived first. 

The rest of the paper is organized as follows. Basic formulas 

and definitions for particle velocity channels are provided in 

Section II. A statistical model for particle velocity channels 
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sensed by a moving vector sensor array is developed and the 

frequency and temporal correlation functions are derived in 

Section III. Using those correlation functions, channel zero 

crossing rates (ZCRs) are calculated in Section IV. Numerical 

results are provided in Section V, and concluding remarks are 

given in Section VI. The Appendix at the end is devoted to the 

derivation of particle velocity temporal correlations. 

II. DEFINITION OF PARTICLE VELOCITY CHANNELS 

Vector sensors measure the pressure, as well as the 

components of the acoustic particle velocity, all in a single 

point in space. Considering a vector sensor receiver array in a 

two-dimensional y-z (range-depth) plane, shown as Fig. 1, there 

is one pressure sensor transmitter in far field, which is shown as 

a black sphere, and there are three vector sensor receivers, 

which are shown as black squares. Each vector sensor measures 

the pressure, as well as the y and z components of the particle 

velocity. This means that there are three pressure channels p, p1 

and p2, as well as six pressure-equivalent velocity channels yp , 
zp , 1

yp , 
1
zp , 

2

yp  and 
2
zp , all measured in Pascal 

( 2Newton/m ). In Fig. 1 pressure channels are represented by 

straight dashed lines, whereas pressure-equivalent velocity 

channels are shown by curved dashed lines. The velocity 

channels yv , zv , 1

yv , 1
zv , 2

yv  and 2
zv  are defined according to 

eq. (1) of [1]. Similarly, pressure-equivalent velocity channels 

are yp , zp , 1

yp , 1
zp , 2

yp  and 2
zp , where  0

y yp cvρ= − , 

0
z zp cvρ= − , 1 0 1

y yp cvρ= − , 1 0 1
z zp cvρ= − , 2 0 2

y yp cvρ= − , and  

2 0 2
z zp cvρ= −  [1]. Here 0ρ  is the density of the fluid  and c is 

the speed of sound. 

The received rays at the vector sensor array are shown in Fig. 

2, where 0D  is the water depth. Vector sensor 1 is located at 

/ 2yy L=  and ( / 2)zz D L= − , vector sensor 2 is at 

/ 2yy L= −  and ( / 2)zz D L= +  and vector sensor Rx is 

located at 0y =  and  z D= . Here, Ly and Lz are the 

projections of the array length L at y and z axis, respectively, 

such that 1/ 2( )y zL L L= + . All the angles are measured with 

respect to the positive direction of y, counterclockwise. We 

model the rough sea bottom and its surface as collections of b�  

and s�  scatterers, respectively, such that 1b� >>  and 

1s� >> . In this paper, the small letters b and s refer to the 

bottom and surface, respectively. In Fig. 2, for example, the i-th 

bottom scatterer is represented by b
iO , 1, 2,..., bi �= , whereas 

s
mO  denotes the m-th surface scatterer, 1, 2,..., .sm �=  Rays 

scattered from the bottom and the surface toward the vector 

sensors  are shown  by  solid  lines.  The rays scattered from b
iO  
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Fig. 1 A system with one pressure transmitter and three vector sensor 

receivers. Each vector sensor measures the pressure, and the y 
and z components of the acoustic particle velocity. 

hit 1Rx  and 2Rx  at the angle of arrivals (AOAs) ,1
b
iγ  and ,2

b
iγ , 

respectively. The traveled distances are labeled by ,1
b
iξ  and ,2

b
iξ

, respectively. Similarly, the scattered rays from s
mO  impinge 

1Rx  and 2Rx  at the AOAs ,1
s
mγ  and ,2

s
mγ , respectively, with 

,1
s
mξ  and ,2

s
mξ  as the traveled distances shown in Fig. 2. The 

vector sensor receivers move at the speed u, in the direction 

specified by φ in Fig. 2. 

III. THE CORRELATION FUNCTIONS 

To obtain the channel ZCRs, one needs to derive channel 

autocorrelations. Similar to [9], for the moving vector sensor 

array shown in Fig. 2, the pressure channel transfer functions 

for Rx1 and Rx2 can be written as 
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In (1) and (2), 0 and 0b s
i ma a> >  represent the amplitudes of 

the rays scattered from b
iO  and s

mO , respectively, whereas  
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Fig. 2 Received rays at the three vector sensors in a multipath 

shallow water channel. 

[0,2 ) and [0, 2 )b s
i mψ π ψ π∈ ∈  stand for the associated phases. 

The delays τ in (1) and (2) represent the travel times from the 

bottom and surface scatterers to the two vector sensors. For 

example, ,1
b
iτ  denotes the travel time from b

iO  to 1Rx . 

Moreover, the AOAs γ stand for the propagation directions of 

waves scattered from the bottom and surface towards the 

receivers. For instance, ,2
s
mγ  is the AOA of a ray at Rx2 which is 

coming from s
mO . The complex exponential of the form 

exp( [ cos( ) sin( )])jk y zγ γ+  in (1) and (2) represent a plane 

wave with the AOA γ at the point (y, z) , exp( 2 )j fπ τ−  

specifies that the plane wave’s travel time is τ [9], and 

exp( 2 cos( ) )Mj f tπ γ ϕ−   corresponds to its Doppler shift 

introduced by the motion of the receiver [10][11]. Here 

Mf u λ=  is the maximum Doppler shift. The terms 1/2( )b� −  

and 1/2( )s� −  are included in (1) and (2),  to scale the power. 

Moreover,  0 1b≤ Λ ≤  represents the amount of the 

contribution of the bottom scatterers, whereas the contribution 

of the surface scatterers is given by 1 b− Λ . 

 Based on the definition of the correlation function 

2 1
( , , , )

P P z y
C f t L L∆ ∆  = *

2 1[ ( , ) ( , )]E P f f t t P f t+ ∆ + ∆ , the 

channel representations in (1) and (2) and following the  same 

approach as [9] and [12], an integral expression can be obtained 

for the frequency-time-space pressure channel correlation as 
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Here, bγ and sγ  are the AOAs of rays coming from bottom 

and surface toward the array center, respectively. The terms

cos( )b
qγ , cos( )s

qγ , sin( )b
qγ  and sin( )s

qγ , q = 1, 2, represent the 

corresponding cosine and sine of bottom and surface AOAs for 

the vector sensors 1Rx  and 2Rx , respectively. Moreover, b
qτ  

and s
qτ , q = 1, 2 are travel times from the bottom and surface 

scatterers to Rx1 and Rx2, respectively. Finally, 

( ) and ( )b b s sw wγ γ  in (3) are the probability density functions 

(PDFs) of the AOAs of the waves coming from the sea bottom 

and surface, respectively, such that 0 bγ π< <  and 

2sπ γ π< < . Similar to [9], to obtain pressure-velocity and 

velocity-velocity channel correlations, one needs to take proper 

derivatives of the pressure channel correlation in (3). 

 Now, we focus on the vector sensor receiver Rx, to calculate 

the delay and Doppler spreads of particle velocity channels. 

With Lz = Ly = 0 in (3), it is straight forward to obtain the 

frequency-time autocorrelation of ( ),P f t , the time-varying 

transfer function of the pressure channel, at Rx in Fig. 2 
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  (4) 

Here 
0

( ) /
b

T D D c= − , the vertical travel time from bottom to 

Rx and /
s

T D c= , the vertical travel time from surface to Rx. 

Similar to [1] and [2], let us define the time-varying transfer 

functions for the pressure-equivalent velocity channels at the 

vector sensor Rx as 1( , ) ( ) ( , ) /zP f t jk P f t z−= ∂ ∂  and 
1( , ) ( ) ( , ) /yP f t jk P f t y−= ∂ ∂ . Then taking the second 

derivative of (4) at Lz = Ly = 0 provides the following 

frequency-time autocorrelations of ( , )zP f t  and ( , )yP f t  at 

Rx, respectively 
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(6) 

Upon setting 0f∆ = or 0t∆ =  in (4), (5) and (6),  one can 

obtain the temporal or frequency correlations, respectively. 

Results for spatial and frequency correlations can be found in 

[9] and [12], whereas temporal correlations are discussed in the 

Appendix. 

IV. ZCRS OF PARTICLE VELOCITY CHANNELS 

Let ( )tα  be a real random process with the temporal 

autocorrelation ( ) [ ( ) ( )]t E t t tα α αΓ ∆ = + ∆ . Then the ZCR of 

( )tα , the average number of times that ( )tα  crosses the 

threshold zero per unit time, can be calculated according to [13] 

0

1
( ) (0),t

t
n tα α απ ∆ =

′′= −Γ ∆ Γ                          (7) 

where double prime is the second derivative. Similarly, if 

( )fα  is a real random process is the frequency domain, then 

its ZCR, fnα , the average number of times that ( )fα  crosses 

the threshold zero per unit frequency, is given by  

0

1
( ) (0),f

f
n fα α απ ∆ =

′′= −Γ ∆ Γ                        (8) 

where ( ) [ ( ) ( )]f E f f fα α αΓ ∆ = + ∆  is the frequency 

autocorrelation of ( )fα . 

To study the delay and Doppler spreads of particle velocity 

channels, we need to calculate frequency and time domain 

ZCRs of the real parts of the complex channels ( , )zP f t  and 

( , )yP f t . To do this, first the autocorrelation of the real part of 

the pressure channel, { }Re ( , )P f t , should be determined. 

Using  (4) , it is straight forward to obtain 
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Similarly, the autocorrelation of the real part of the vertical 

particle velocity channel, { }Re ( , )zP f t , can be written as 
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And the autocorrelation of the real part of the horizontal 

velocity channel, { }Re ( , )yP f t , is given by 
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A.  Frequency Domain ZCRs 

Here we have 0t∆ = . By inserting (4) into (9), taking 

derivative with respect to f∆  twice and then replacing f∆  

with zero, for the pressure channel we obtain 
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Similarly, by inserting (5) into (10) (or (6) into (11)), 

differentiation with respect to f∆  twice and then replacing f∆  

with zero, for the vertical (or the horizontal) velocity channel 

we obtain 
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Moreover, by inserting  (4) ,(5) and (6)  into (9) ,(10) and (11), 

respectively, it is easy to verify 

Re{ }(0,0) 0.5,PΓ =                              (15) 

2 2
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To obtain 
Re{ }

f

Pn , 
Re{ }z

f

P
n  and 

Re{ }y

f

P
n , frequency domain ZCRs, 

one needs to simply divide (12), (13) and (14) by (15), (16) and 

(17), respectively. 

B. Time Domain ZCRs 

Now we have 0f∆ = . Similarly to the previous frequency 

domain derivations, we can obtain the following results in time 

domain 
2 2 2
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By dividing (18), (19) and (20) by (15), (16) and (17), 

respectively, time domain ZCRs Re{ }
t

Pn , 
Re{ }z

t

P
n  and 

Re{ }y

t

P
n  

will be obtained. 

V. NUMERICAL RESULTS 

Equations (12) - (20), which determine ZCR and therefore 

delay and Doppler spreads, are valid for any AOA distribution 

model. Here we use the Gaussian PDF, eq. (28) in [9], to model 

the AOAs. Gaussian PDFs are particularly useful when angle 

spreads are small. For large angle spreads, one can use the von 

Mises PDF [14]. 

For Gaussian AOA PDFs with small angle spreads, 

mathematical expectations in (12) - (20) can be calculated in 

closed-forms, using the Taylor series expansions of bγ  and sγ  

around mean AOA bµ  and sµ , respectively. For example 
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where csc( ) 1/ sin( )⋅ = ⋅  and cot( ) cos( ) / sin( )⋅ = ⋅ ⋅ . Other sin 

and cos terms in (12) - (20) can be represented by Taylor series 

as well. Clearly, similar results can be obtained for sγ , in terms 

of  sµ  and sσ . 

To obtain some insight, we consider a case where the bottom 

components are dominate, i.e., 1bΛ = . Then we provide 

closed-form frequency and time domain ZCRs in the following 

subsections. 

A. Frequency Domain ZCRs 

By inserting (12) - (17) into the ZCR formula in (8) and using  

the Taylor series, one can show that 
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Equations (22) - (24), normalized by bT , are plotted in Fig. 3. 

Simulation results are also included, which show the accuracy 

of derived formulas. 

Fig. 3 shows the dependence of frequency domain ZCRs on 

the angle spread. As expected, the ZCRs of y-velocity and 

pressure channels are very close. This is because the waves are 

coming through an almost horizontal direction ( 5bµ = ). 

Increase of ZCRs with the angle spread can be related to the 

fact that as the angle spread increases, more rays from different 

directions reach the receiver. This means larger delay spreads, 

which results in large ZCRs in the frequency domain. Since in 

the case considered in Fig. 3, most of the angle of arrivals are 

horizontal, the coming rays do not contribute much to the 

z-velocity channel. This explains the lower values of the 

frequency domain z-velocity ZCR. This can be better 

understood by comparing the impulse responses of particle 

velocity and pressure channels in Fig. 4. This figure is obtained 

by plotting the impulse response in eq. (6) of [9], and its 

derivatives with respect to y and z, for 5bµ °=  and 3bσ °= . 

Clearly the impulse response of the z channel is spread over a 

small range of delays in this example. These are consistent with 

the delay spread results in [12], obtained via a different 

approach. The advantage of the proposed velocity channel 

delay spread analysis here via frequency domain ZCR is that it 

provides analytical expressions such as (23) and (24). These 

types of expressions quantify the delay spreads of acoustic 

particle velocity and pressure channels in terms of key channel 

parameters such as mean angle of arrivals and angle spreads.  

 
Fig. 3 Frequency-domain zero crossing rates of particle velocity and 

pressure channels versus the angle spread 
bσ  ( 5

b
µ °= ).  
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Fig. 4 Normalized impulse responses of particle velocity and 

pressure channels. 

B. Time Domain ZCRs 

By inserting  (18) - (20) and (15) - (17) into the ZCR formula 

in (7), and using the Taylor series as well, the following results 

can be obtained 
1

2 2 2
Re{ } 2 cos ( ) cos(2 2 ) ,t

P M b b bn f µ ϕ µ ϕ σ= − + −        (25) 

Re{ }

1
2 2 2

2

1

2 2 2

cos ( )sin ( )

0.5(cos(2 ) 2cos(4 2 ) cos(2 2 ))
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P

b b

b b b b

M

b b b
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f

µ ϕ µ

µ µ ϕ µ ϕ σ

µ µ σ
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+

  

(26) 

Re{ }

1
2 2 2

2

1

2 2 2

cos ( ) cos ( )

0.5(cos(2 ) 2cos(4 2 ) cos(2 2 ))
2 .

[cos ( ) cos(2 ) ]

y

t

P

b b

b b b b

M

b b b

n

f

µ µ ϕ

µ µ ϕ µ ϕ σ

µ µ σ

=

− 
 − + − + − 

−

  

(27) 

Equations (25) - (27), normalized by 
M
f  are plotted in Fig. 5, 

along with simulation results, which demonstrate the accuracy 

of the analytical results. According to this figure, time domain 

ZCRs of particle velocity and pressure channels are about the 

same, and not dependent much on the angle spread, for the case 

considered. 

VI. CONCLUSION 

In this paper, the delay and Doppler spreads of particle 

velocity channels are studied. A zero crossing framework is 

developed to study delay and Doppler spreads in multipath 

underwater acoustic particle velocity and pressure channels. 

Using the channel correlation functions, delay and Doppler 

spreads are calculated by deriving closed-form expressions for 

channel zero-crossing rates in frequency and time, respectively. 

These expressions show how particle velocity channel delay 

and Doppler spreads  may depend on some  key  parameters of 

 

Fig. 5 Time-domain zero crossing rates of particle velocity and 
pressure channels versus the angle spread 

bσ  ( 5
b

µ °= ,
0ϕ °= ). 

the channel such as mean angle of arrival and angle spread. The 

results are useful for design and performance predication of 

vector sensor communication systems that operate in 

time-varying and frequency-selective acoustic particle velocity 

channels. 

APPENDIX. 

 TEMPORAL CORRELATIONS IN PARTICLE VELOCITY CHANNELS 

As discussed in Section III, with 0
y z

f L L∆ = = =  in eq. (3) 

or (4), one obtains the pressure channel temporal correlation at 

the point Rx in Fig. 2   
*
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0f∆ =  in (5) and (6) results in particle velocity temporal 

correlation at Rx in Fig. 2 
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Now we consider small AOA spreads, with Gaussian 

distributions and Taylor series for sin and cos [9].  Using the 

characteristic function of a Gaussian random variable utilized 

in [9] to calculate integrals similar to those in (28) - (30), the 

following closed-form temporal correlations can be obtained 

2 2 2 2 2

2 2 2 2 2

(0, ) exp[ 2 cos( )]

               exp[ 2 sin ( )]

            (1 )exp[ 2 cos( )]
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(33) 

Analytical temporal correlations in (31) - (33) are plotted in 

Fig. 6 for 0ϕ °= and 2.5 /u m s= . Simulation results are also 

provided to verify analytical expressions. Note that as 

discussed in [9], the average pressure channel power is equal to 

the sum of the average powers of z and y particle velocity 

channels. This can also be observed here by having 0t∆ =  in 

(28) - (30), or (31) - (33) or in Fig. 6.  
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