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Abstract—In many engineering applications, specially in communication ejineering, one
usually encounters a bandpass non-Gaussian random process, wéhslowly varying envelope.
Among the available models for non-Gaussian random processes, spibally invariant random
processes (SIRP's) play an important role. These processe af interest mainly due to the fact
that they allow one to relax the assumption of Gaussianity, whilkeeping many of its useful
characteristics. In this paper, we have derived a simple and clked-form formula for the expected
number of maxima of a SIRP envelope. Since Gaussian random proses are special cases of
SIRP's, this formula holds for Gaussian random processes aslk In contrast with the available
complicated expression for the expected number of maxima ithe envelope of a Gaussian
random process, our simple result holds for an arbitrary powerspectrum. The key idea in
deriving this result is the application of the characteriic function, rather than the probability

density function, for calculating the expected level crossing rate of a ranth process.

Index Terms—Characteristic function, Envelope, Gaussian processes, Levealbssing problems,

Maxima of the envelope, Spherically invariant processes.
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|. INTRODUCTION

In many engineering applications, specially in communicatiomeregng, we usually encounter
a bandpass non-Gaussian random process. Such a random process belaussmsgpiike a single
frequency sine wave, with slowly varying envelope and phase. Althoughobdhe envelope and
phase carry useful information about the original random process, hoviegeenvelope usually
receives more attention. So, it is important to study theststal properties of the envelope of
bandpass non-Gaussian random processes. In this paper we focus on ttesl expeber of maxima
of the envelope, per unit time. In addition to the communication engigeehis topic is also of
interest of other fields, for example, mechanical and structural engigg#fi[2].

In order to calculate the expected number of maxima of the enygepenit time, we have to
consider a model for the underlying bandpass non-Gaussian randomssprAogong the available
models for non-Gaussian random processes, spherically invariant rgmndoesses (SIRP's) play an
important role. These processes are of interest mainly due facthhat they allow one to relax the
assumption of Gaussianity, while keeping many of its useful deaistcs [3]-[6]. Hence, it is not
surprising why SIRP's have found numerous applications, summariZ&gl iim what follows, we
assume that the underlying bandpass non-Gaussian random process is & [@iRfpaand focus on
the expected number of the envelope maxima per unit time. As willidoeissed later, Gaussian
random processes are special cases of SIRP’s. So, our resulppdicable to Gaussian random
processes as well.

According to the characterization theorem for SIRP’s [3] §ly SIRP can be represented by a
Gaussian random process, multiplied by an independent and positive-vahdmmraariable.

Therefore, the wide sense stationary (WSS), bandpass, zero-meaX 8)RRan be written as:
X(t)=CI(t), 1)
whereC is a positive random variable with the probabitignsity function (PDFp.(c), andI(t) is a

WSS, bandpass zero-mean Gaussian random procdspeient ofC. Using Rice's representation

[8] [9] [10], I(t) can be written as:

() = 1_(t) cos2rt, t — I (t)Sin2rt )
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where f_ is a representative midband frequency, &ft) andl (t) are two joint WSS, lowpass, and

zero-mean Gaussian random processes. Writing (®)lar form yields:
[(t) = R(t)coq2nf t +O(t)], 3)

whereR(t) and©(t) are the envelope and phasd (ff), respectively, defined by:

Rt)=/IZ(t) +12(t) , tanO(t) = 1(t)/1.(t). (4)

After replacingl (t) in (1) with (3), X(t) can be written as:
X(t) = CR(t)coq2nf t +O(t)], (5)

which shows thaC R(t)and ©(t) are the envelope and phase Xft), respectively. Based on this
representation foX(t) in (5), it becomes evident that the envelopeX@f) and I (t), i.e. CR(t) and
R(t), respectively, have the same expected number ginmaaper unit time. So, for calculating the
expected number of maxima of the envelope of a jpassl SIRP, we only need to calculate the
expected number of maxima of the corresponding Sangprocess envelope, per unit time. It should
be mentioned that such a shortcut approach fowvidgrihe statistical properties of SIRP's, based on
their characterization in terms of Gaussian rangwatesses, has already been used in [4] (see also
[11]), to determine the expected number of zerdSIBP's per unit time.

In the early days of statistical communication tiye®ice [8], Davenport and Root (see chap. 8
of [12]), and Middleton (see chap. 9 of [13]) dexvbasic statistical properties Bft). However, due
to the complicated multivariate PDF and charadierfanction (CF) ofR(t), only a limited number of
its statistical properties have been explored ditidigere are numerous unsolved problems regarding
R(t). One of these unsolved problems is the expectetbauof maxima oR(t) per unit time. In this
paper we show that a CF-based approach, insteddeofraditional PDF-based method, makes it
possible to derive a simple and closed-form exjas®r the expected number of maxima t),
per unit time, assuming an arbitrary power spectionmi (t) .

The remainder of this paper is organized as follawsSection I, the Rice’s result fod, the
expected number of maxima of the Gaussian progessape, per unit time, is presented. His result
has been derived for a power spectrum with evermstny. Then it is shown in Section Ill that for an

arbitrary power spectrum, PDF-based level crosfangiula results in a double-fold integral fbsk
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which should be solved numerically. Section IV pras a novel CF-based level crossing formula, by
which an exact and simple solution is derived Nprassuming an arbitrary-shaped power spectrum.
Section V gives the required result fbr, the expected number of maxima of the SIRP eneglppr

unit time, assuming an arbitrary power spectrunmé&aoncluding remarks are given in Section VI.

ll. RICE'SRESULT FOR THE MAXIMA OF R(t) WITHA SYMMETRIC SPECTRUM

Rice was the first person who studied the staéisfocoperties of the maxima d®(t) [8]. In
order to obtain a closed-form formula fidr, the expected number of maximak(t) per unit time, he
assumed that, (), the one-sided power spectrum Idt) defined for f =0, has even symmetry
around f_, to simplify the problem. Then he derived the duling formula using a PDF-based

approach [8] (the method of derivation is brieflytloned in [14]):

12
_ (-1 b =M(5+3%) 9,
N= "oy |y Zreeny ©)
(V) 0 n=0 (2 4)y
where:
n_ (1)(3 -1 — 2
6n :;(2)(2)k'(k 2) (n_k+1)bk, y2 - l:::)Ob24’ b: 3 2y , (7)

2

andb, is thenth central spectral moment oft), given by:
b, = (2" [ (f = f,)"w, (f)df . 8)

Note that (6) is valid only fow, (f) with even symmetry around , which results ing =b, =0.
Equation (6) has been used in pp. 162-163 of [bB]computing the mean distance between the
envelope fadings in a Rayleigh fading channel, eviml[16], it has been employed for estimating the
bandwidth of a Gaussian random process with a Gaushaped power spectrum. Some historical
remarks about Rice’s work on the maximaR{f) can be found in [17] and [18].

In the sequel, we discuss PDF and CF-based metbodslculatingN, assuming an arbitrary
shape forw, ( f), which indicates that the associatets are not necessarily zero for oddNote that
such a general assumption is not just of theoletterest, because in many practical cases, ssich a
wireless propagation channels where the scattéingnisotropic, the underlying random process has

a nonsymmetric power spectrum [19].
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[1l. PDF-B ASED METHODS FOR N ASSUMING AN ARBITRARY SPECTRUM

According to the celebrated Rice's formula for éxpected number times per unit time that a

stationary random proce¥%t) crosses the level [14], we have:

EINAYON = [ |Y]pw (6, Y)Y, 9)

where prime denotes differentiation with respectitoe t, and p,,.(y,y') is the joint PDF of the
random variable¥ =Y(t, mpndY' =Y'(t, ), with t, as an arbitrary instant of time.

It is clear that every maximum &(t) corresponds to a zero Ri(t) with negative slope. Sdy
is equal to the expected number of zerosRift) with negative slope, per unit time. Therefore,

according to (9), we can write the following eqoatfor N:
0
N =~[ r"pee Or"dr", (10)

where the random variabld® and R" are defined byR'(t, )and R'(t, ).} respectively. It has been

shown in [20] that for an arbitrary power spectrdghand R" are independent, simplifying (10) to:

0
N =~pg O)]_r"pe(r")dr". (11)

So, we need to derive an expression [r(r"). For an arbitrary power spectrump,.(r") can be
expressed in terms of a single-fold integral [208nce, as a general result, we conclude that aleloub
fold integral has to be calculated numericallyprder to determine the numerical valueMfin (11).
For even-symmetric power spectra, other double-iuieigrals are derived in [21] and [22] fr Of

course another alternative for even-symmetric papectra is eq. (6), as discussed before.

V. CF-BASED METHOD FOR N ASSUMING AN ARBITRARY SPECTRUM

The celebrated Rice's formula for the expected! lenassing rate of a stationary random process
Y(t) has originally been expressed in termspf(y,y'), and it is traditional to computE[Nf{Y(t)}
according to (9). However, there are many casesembe,. (w,,w,) = E[e'*"*1*" ], the joint CF of

the random variableg andY’ with j? = -1, can be derived more easily thap, (y, y'). For example,

LIt is shown in [20] that the random proceB4(t) does not exist in the mean square sense. Howiexists almost
everywhere (with probability one). Anyway, in thegsiel we will define and work with a process whiids the same
expected number of maxima &i(t) , but is also differentiable in the mean squaressgnp to the order that we need.
Therefore, still we will be able to use the morevenient concepts and tools of the mean squarbaastic calculus.

Page 5 of 21



in calculating the fading rate in diversity systeoperating over frequency selective fading chanrniels
is very straightforward to deriv®,,. (w,,w, rather thanp,..(y,y') [26]. So, we need to express (9)
in terms of ®,..(«,,«,). Such a formula apparently was first reported 4id] [and then rederived,

independently, in [26]:

1557 1do,,(o,w,)
EIN {Y(D)] = — WA ) iwdwdw, =
IN{Yoh=Z21] G & dade, =25 [ ] 2

_ "1 J‘ J‘ CDW'((‘)pwz)_CDY(wl)e_m(dmldwz-

(12)

The same results can be obtained using Hsu’s farfoulthe absolute moments of a random variable,
in terms of the associated CF, given in pp. 194@8&). This is due to the fact that (9) is essalfjia
first-order absolute moment, i.eE[N, {Y(t)}] = pY(f)I:|y'| P (Y] 0)dy . Note that because of the
presence ofw, in the denominator of the integrands in (12), botilegrals seem to be divergent in
some cases. However, in Appendix A it has been shbat both integrands are bounded at the origin
(w,w,) = (0,0), provided thatE[Y'?] is finite.

By symmetryN is equal to the half of the expected number ofetkieema ofR(t) per unit time.
In other wordsN is equal to the half of the expected number obzef R (t) per unit time. Therefore

we rewrite (10) as:

1 *© n n n 1
N =§j_m|r | Pere (O, ")dlr =EE[NO{R’(t)}].

Since R(t) has a Rayleigh PDF, i.ep.(r) =T eX|c(—r2/2bo)/bO for r >0 and zero otherwise [8], we
have Pr{R(t) < O} =0. So, we can conclude thaR'(t) and the auxiliary random process
A(t) = R(t)R (t) have the same number of zeros per unit time, Ng{R'(t)} = N {A(t)} . In this way,

the following useful relationship can be establéshe
N =/ 2)EIN,{ A} (13)

The utility of the auxiliary random proceggt), also used in [29], lies on the fact tl@f, (e, @, ), in
which A= A(t,) and A" = A'(t, )2 with t, as an arbitrary instant of time, can be calculateute

easily than®,, .. (w;,w,).

2 Since A'(t) = R2(t) + R(t)R'(t) , we see that the random proceSé) exists almost everywhere (with probability one), as
R(t) and R'(t) exist in the same sense [20]. However, note @) =1dR*(t)/dt and R*(t) is shown to be twice
differentiable in the mean square sense [20]. There A'(t) exists in the mean square sense.
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In Appendix B, the following simple closed-form egpsion has been derived for, , («,,0,):

1
D, (0,w,)= - )
AA( 1 2) 1+C110012 +020022— JZsza

where:

a, = bobz - blz’
o, =b,b, +3b,> —4bb,,
B =b,b,b, + 2bb,b, -b,’ —b,b,* —b,?b,.

According to the first equation in (12):

dw,dw, .

E[N,{A®)}] jj 1—dq’ (@, )

Integration with respect ta, yields (see p. 292 of [30]):

o L 1
D, (0, 0,)dw, = :
J-—oo AA 1 2 \/a—l \/1+a2w22 _ 128w23

After differentiation with respect ta,, (16) reduces to:

- j3Bw,

Tt\/_j (1+a2w2 - j2Bw,’ |

By introducing the new parametgr

dw, .

SRIOHE

-B _- bob2b4 - 2b1b2b3 + b23 + bob32 + b12b4
a,’ (bob, +30,> — 4p, |-

B:

and also using the new varialle= \/a,w,, (17) can be written as:

1+
”\/_I “(1+22 + j2p?)”

E[N,{A®}]

After writing 1+ j33¢ and1+* + j2B° in polar forms, it can be easily shown that:

TN (AN = [

al

where:
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_ eopr?)” )3 ( zrszgj
K(B)—J.0 (1+232+Z4+4I3216)3/4C0 tan™(3¢) 2tan L dc. (21)

Finally, substitution of (20) into (13) gives ouain result:

N =RE) o (22)
2t \ a,

Comparison of (22) with (6), and also the double-Himtegrals given in [21] and [22], reveals that
(22), which is not restricted to even-symmetric powpectra, is more convenient for both numerical
calculations and analytic manipulations.

It has been shown in Appendix C that for all passi (f)’s, the parametef varies over a

finite range:
~J3/9<B< s (23)

For 3 =0 we haveK(0) =1. The plot ofK(3), an even function with respect fic= 0, over the above

range off3 exhibits that:
10C0< K(B)<10¢-. (24)

Hence, instead of the complicated integral in (2K)Y3) may be accurately approximated by a
polynomial. For example, the following polynomial & good approximation with an absolute error

less than or equal to 0.0001:
K(B)=0.9999+ 0 0468|+ 25@F- 121+ 2B7 (25)

Interestingly, for even-symmetric power spectq3) of this paper is equal to the parametgR1],

defined in the caption of Fig. 6. In [21], whichshf@cused only on even-symmetric power spe&tis,
plotted versusx = (b,b, —b%)/b? in Fig. 6. Using (18), it is easy to verify thft=—x/(x+4)** for

even-symmetric power spectra.

Based on the definitions of,, a,, andp in (15) and (18), we see that they are functidniy, s,

and b,'s depend uporf_ via (8). This may mislead us to considérin (22) as a function off .

However, as has been discussed in [&(},) in (4) is independent of the midband frequerfgy So,
we expectN to be independent of, . To verify this fact, we need to consider thta noncentral

spectral moment off(t):
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Mo = @m)" [ F"w, ()df . (26)

Note thatu,'s are independent df . By expanding the terrpf — )" in (8) according to the binomial
expansion in p. 21 of [30], we obtain:

n

b, = n!;m_—i)m(—zmm)kun_k. (27)

After replacingb,'s ina,, a,, andf3 with p's according to (27), we obtain:

oy = HoH, — 1,

O, = HoH, +3U," = 4,1,

g = ~HoHaby ~ 24l P T P U L
(o, +31,% — ayu, )°

(28)

Hence,a,, a,, and are free off , makingN in (22) independent of . It may be worth reminding
that althoughf,, has no effect oiN, yet it may affect other properties of the envelopor example,
we obtain the optimum complex envelope (see pp-38&87of [10]), if we choosd , to be the center
of gravity ofw, (f), i.e. f, =p,/H,. Such a selection leads lio= 0, which in turn reduces the number
of terms ina,, a,, B, and consequently iN .

Some numerical examples are given in Table |, wheegeral w,(f)'s with different
mathematical forms have been listed, and the essold, ., 3, K(B), andN have been computed
according to (28), (21), and (22). Note that fommuical calculations, (28) is preferable to (153 an
(18), becausau,'s are independent of , and we do not need to specify a value fgr As the
noncentral moments of a PDF can be expressedmstef the Mellin transform of the PDF, discussed

in p. 74 of [32],u,'s can be written as the Mellin transformwf(f a9 well:
Mo = @ "M{w, (f),n+1}, (29)

where M{q(&),s} is the Mellin transform ofy(€), i.e. M{q(%),s} :J':Es‘lq(é)dé. As a result, for
many choices ofw, (f ,)closed-form expressions for,'s can be readily obtained from the extensive
available tables of the Mellin transform [33] [34].

For comparison purposes, it is instructive to ribtg thew, (f )s in the first and the fourth rows

of Table | have even symmetry arourig = @bd f_, = 1 respectively. So, if we compute via
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the Rice’s result in (6), for the abovk,'s, with b,'s calculated according to (27) based on jthés

given in Table |, we obtain the same resultsNolisted in Table I.

V. EXPECTED NUMBER OF MAXIMA OF THE SIRP ENVELOPE

As mentioned in Section I, the envelopes of theFSKt) and its associated Gaussian random
processl (t) in (1), i.e.CR(t) and R(t), respectively, have the same expected number winmaaper
unit time. Hence,N =N, where N is the expected number of maxima for the envetdpX (t) per
unit time andN is given by (22). In order to expregs in terms ofl’:)vn 's, the central spectral moments

of X(t), rather tharb,'s, we proceed as follows. By definition:
b, = (2n)”j:(f — £ )"w, (f)df . (30)

Since X(t) is related tol(t) through (1), we havaev, (f)=E[C*]w,( f), and thean = E[C?]b,.

Now, rewriting (22) in terms oan 's yields the final result:

Q)

5 = KB

2 31
o (31)

QI|

whered,, ., andﬁ are the same as, a,, andf in (15) and (18), witlp,'s replaced b)gn's.

VI. CONCLUSION

Spherically invariant random processes (which idelGaussian random processes as special
cases) play an important role in modeling non-Ganssandom processes. They allow us to relax the
assumption of Gaussianity, while keeping many sfuseful characteristics. In this paper we have
derived a simple, exact, and closed-form expresk&orthe expected number of maxima of a SIRP
envelope, per unit time, assuming an arbitrary-sdgmower spectrum for the underlying SIRP. We
have obtained this result using the characterfstnction-based level crossing formula, while the
traditional probability density function-based leemssing formula leads to a complicated doubld-fo
integral, which has to be solved via numericalgnaéion techniques. As an application, the inteest
reader may refer to [35], where the formula for éixpected number of maxima of the SIRP envelope,
derived in this paper, has been used for estim#ti@gelocity of a mobile vehicle in a Rayleigh ifagl

channel.
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TABLE |

NUMERICAL VALUES OFN FOR SEVERAL POWER SPECTRA

w, (f) W, /(em" a, a, B K(B) N
10<f <1 (n+1)" ~76.07
1 0f>1 n 3.290 | 51.95 E_3 | 1014 | 06410
f,0<f<1
! 1 -86.07
2 {le (n+2) 0.5483 | 6.494 =5 | 1016 | 0.5566
th0<f<1 - 9317
n+5)" '
3 {O,f>1 (n+5) 0.03133| 01767 | ~_. | 1.018 | 0.3848
o<t (2m -1) 1116
2l2m -1 -
4 [y2-hlste<2f —m o | 6580 | 2338 E-3 | 1023 | 0.9707
0f>2 (n+D(n+2)
-96.23
5 exp-f ) n! 39.48 | 187025| o 3 | 1.019 | 3530
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APPENDIX A

THE BEHAVIOR OF THE INTEGRANDS IN (12) AT THE ORIGIN
According to [36], p. 45, the Taylor expansion lo¢ joint CF of the random variabl&sandY’

in the neighborhood of the origin is given by:

TV tv, Vo

Vlw
Dy (0, 0,) =1+ > nvl,vz%m«w%wé)”), as (o, w,)- (0,0,

v +V,<2 1*Vor
wheren, , = E[Y*Y"*2] and for two functionsf, and f,, f, =O(f,) over a neighborhood means that

there exits a constanF, >0 such that|f, kF,|f, | over that neighborhood. By expanding the

summation we get:

. . n n -
q)W'(wl’wz) :1+n1,01w1+n 0] W, N 0 2_%(*)21_%(*)22"'0(((9214'(*)2)232)’ as (’0 w )—’ (070:

Let Y(t) be a stationary random process which is diffeadatdi in the mean square sense. This implies
that n,, = E[Y] =0. Furthermore,n,, =E[YY]=HYHY'| Y]] =0 as E[Y'|Y]=0 [37] [38]. The
above expansion now can be written as:

EYT iz - BT 2o+ )3, as @,0,)~ (0,0,

Dy (0, 0,) =1+ JE[Y]w, - > 1 >

in which E[Y], E[Y?], and E[Y'?] are finite. This expansion yields the followingsuéis for the
integrands in (12):

L J Py (0,09) g =-E[Y?],

0% de, (60,0,)=(0,0)

P, (0, w,)—D, () " __ E[Y'?] |
w,’ (w1,6,)=(0,0) 2

Obviously, as long ag&[Y'?] is finite, both the integrands in (12) are boundethe origin.
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APPENDIX B

DERIVATION OF THE JOINT CHARACTERISTIC FUNCTION OF A AND A’

A. Direct Method
Sincel (t) and1(t) in (2) are two joint Gaussian random processes; time derivatived !(t),
[/(t), 1](t), and1(t) are also joint Gaussian random processes. Forbatnaay but fixed instant of

time t,, the six dimensional random vectorV =[I_ 1. 1) 1 1. I with

T
S C S C S] ’

I.o=1.(t,), 1o=10(t), 12 =1.(t,), 1,=1.(t,), I.=1.(t,), 1. =1(t,) and T as the transpose

S S

operator, is a Gaussian random vector with zerameator and the following covariance-matrix [8]:

b, b -b, O 0 O
b, b -b,b 0 0 0
vz b0 0 0 A1)
0 0 0 b, -b -b
0O 0 0 -b b, b
0 0 0 -b, b b, |

whereb,'s are defined in (8).

Based on the definition d&(t) in (4), it can be shown that fok(t) = R(t)R'(t) we have:
At) = () 12(8) + 1 (1) 1(1),
A(L) = 110+ 121 + 1010 +15(0).
So, fort =t, we have:
D, (03, 0,) = E[@ialdestsibrios{iazaiZeniznz)y.

where A= A(t, ) and A'= A'(t, ). Note that the expression in the exponent is aligtia form. By

constructing the symmetric matrix as discussed in p. 264 of [39]:

0

0
w,/2

0
w,/2

0

0
002
0
0, /2
0
0

w,/2

0
0
0
0
0

0
/2
0
0
0
w,/2

w, /2
0

0
0
w,
0

07

0

0
w,/2

0

0

this quadratic form can be written &S DV . So:
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@, (0, 0,)=Ee" ] =0 1). (A.2)

vT DV (

It has been shown in p. 152 of [40] that fok &1 real Gaussian random vectdr with zero
mean-vector and covariance-mati#x the CF of the homogeneous quadratic faZhZ can be

expressed as:

k
1
D, (W)=[]——, A.3
e @) =[] 0 (A.3)
whereF is thek x k real symmetric matrix of the quadratic form, ant are the eigenvalues afF,

i.e. the roots of equatiotke!(ZF —Al) =0, with | as thek x k identity matrix. However, as is stated in

[41], (A.3) can be written as:

1
Jdet( — j265F )’

(DZTFZ (w) = (A4)

which is more appropriate for our purpose. Fordhge of a complex Gaussian random veZt@nd a
complex HermitiarF, the reader may refer to pp. 590-595 of [42].

Based on the above informatio®,,, (0,,w, N (A.2) can be written as:

_ 1
P (01,002) = Jdet( - j2mMD)

Using Mathematica software [43] for symbolic opemas, it can be shown that:
det( - j2MD) = (1+ 0,7 +0,w," - jZBoozg)z,

which in turn results in (14).

B. Indirect Method

Based on the definition of the derivative for adam proces¥(t) we have:

. (0, 0,) = E{"ﬂg exr{iww joo, Yﬂ
T T

whereY, =Y(t, + 1 ). Based on the bounded convergence theorem in8poflfd4], we can change the

order of lim ancdE to obtain:

P, (0,w,) :IirrgCDYY (wl—&&j (A.5)
L i T T

Page 14 of 21



So, ¥,,(w,,w,) can be derived by calculating the limit o@M(wl—wZ/T,wZ/T), with

A=At +1).

The joint CF ofA and A, can be written as:
P (W), 0,) = E[em(lclgﬂSI;)+jw2(|a|g1+|51|;1)] ,

in which 1 =1_(,+1), I,=1.(t,+1), I¢=1{t,+1), and I, =1, (t, +1) Obviously, the

expression in the exponent is a quadratic form.cBystructing the symmetric matr@ as follows

[39]:
[0 0 0 0 w 0 0 O]
0O 0 0 0 O w, 0 O
0O 0 0 0 O O w O
110 0 0 O O 0 0 w,
c=2 , (A.6)
2lo, 0 0 O O O 0 O
0O b, 0 0 0 O O O
0O 0 ww 0 O O O O
|0 0 0 w, 0O 0 0 O]
and also definingJ :[IC [ O I O D I I;[]T, this quadratic form can be written &5 CU .
Therefore we have:
D, (0, 0,) =E[eV V] =0, Q). (A.7)

The random vectolJ is an eight dimensional Gaussian random vectdr méto mean-vector and the

following covariance-matrix [45]:

bb g O h 0 ¢g b h
g b, -h 0 -g O h Db
0 -h b, g -b -h 0 g
L= h 0 g b -h -b -9 0o | A8)
0 -g -b, -h b, -g 0 -h
g 0 -h -b -§ b, h 0
b h 0 -g 0 h b -¢
'h b g 0 -h 0 -¢§ b, |

where dot denotes differentiation with respectrtog(t) = E[I,(t)I.(t + )] = E[I (t)I (t +T)] is the
autocorrelation function of both(t) and I (t )in (2), andh(t) = E[1_(t)I (t + T)] = —E[l ,(t)I . (t + T)]
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is the crosscorrelation function betwele(t) and 1 (t). According to [8],g(t) andh(t) can easily be

expressed in terms af, (f :)

g(1) = [ w, (f)cospr( f - f,)tldf ,

h(1) :j: w, (f)sin[2r(f - f,_)t]df .
Based on (A.4)®,, («,,w,) in (A.7) can be written a:%/det(l - j2LC) . After calculating the
limit of this expression according to (A.5) usin@iflematica, and based on the following relations:

9(0) =b,, §(0)=0, §(0)=-b,, §(0)=0, g“¥(0) =h,,
h(0) =0, h(0)=b,, h(0)=0, h(0)=-b,, h*(0) =0,

the accuracy of (14) can be verified.

C. Comparison with a Smple Known Result

It is stated in pp. 195-196 of [46] that the pradattwo independent random variables with
Rayleigh and Gaussian PDF's has the Laplace PDEe & and R’ have these properties as well [16]
[23]-[25], their product,A, has to be a Laplace random variable. &prF «« andw, =0 in (14), we

obtain the CF ofA:

1

P, (W)=, (w,0)= ,
(0)= 0 (0.0)= o

which is the CF of a Laplace random variable (se28pof [40]).
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APPENDIX C

THE RANGE OF THE PARAMETER f3
As shown in (28), the parametg does not depend upon the midband frequemfgcy For
f. =/, with . ’s defined in (26), we obtailh =0 and/ in (18) simplifies to:

_ bz3 + bob32 B bob2b4
lbob, +30,%

(A.9)

Based on the Schwarz inequality we have:

00 2 00 00
UO (-1 )Pw, (f)df} < 7= P ()t [(F = £, ) w, (e,
which can be written in terms @f s asb,” < b)b,. Sinceh, is non-negative, we obtain:

0<hb? <hpb,

Application of this inequality to (A.9) yields:

b,> —b,b,b,

(3+y?)** =P= (B+y?)* A1

with y defined in (7). Based on the Schwarz inequalitthanfollowing form:

|:J.0w(f - f. ) w, (f)df}2 sj;w, (f)df j:(f —f_)*w, (f)df

it can be concluded that” > . The maximum of the right-hand side of (A.10) ¢gal to1/8, which
occurs aty? = 1while for y? = 9 the left-hand side of (A.10) takes its minimumuelwhich is equal

to —\/1_%/ 9. Therefore, for an arbitrary-shaped power spative have:

-3 1
—sﬁsg.

9
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