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Abstract — Recent studies show that a vector transducer which measures signal in acoustic
particle velocity channels can serve as a compact multichannel communication receiver. In this
paper, data transmission via underwater particle velocity channels using a vector transducer is
investigated. System and channel equations are derived and a method for signal modulation in
particle velocity channels is proposed. The signal is transmitted with opposite polarities, which
makes the received signal the convolution of the transmitted sighal and a particle velocity channel
response. System performance analysis demonstrates the feasibility and advantages of data

transmission using a vector transducer.

I. INTRODUCTION
Vector transducers are devices that measure or excite the vector components of the acoustic field such as
acoustic particle velocity. They have been extensively used for source localization, beamforming and
direction finding [1]-[9]. A vector transducer equalizer is proposed in [10] as a multichannel
communication receiver. Possible channel correlations in a vector transducer receiver are studied in [11],
and delay and Doppler spreads of particle velocity channels are investigated in [12]. Data reception and
equalization via underwater acoustic communication experiments have demonstrated the usefulness of
vector transducers as compact multichannel receivers [13]. In this paper data transmission using a vector
transducer is investigated. It is well known that particle velocity is the spatial gradient of the acoustic
pressure field [14]. On the other hand, a dipole composed of two closely-spaced scalar transducers is a
vector transducer that can measure particle velocity [14]. By modulating the signal on a dipole in a certain
way proposed in the paper, the received signal becomes the convolution of the transmit signal with particle
velocity channels. This can be considered as modulation in particle velocity channels. Therefore, as shown
in this paper, one can use a vector transducer as a small multichannel transmitter, to achieve transmit

diversity and improve system performance, by modulating the data over the vector and scalar components
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of the acoustic field. To demonstrate this, channel modeling aspects of vector transducer-based
communication systems are investigated in this paper, as well as signal modulation and system performance
analysis.

To explain the basic concepts, in Section Il first a system with a dipole transmitter and a vector
transducer receiver is developed. Then it is extended to a system with a vector transducer at the transmit
side. Some characteristics of the channels encountered in the proposed system are investigated in Section
111, whereas Section 1V includes analytical and simulation-based system performance results. Concluding
remarks are given in Section V, and proofs and detailed derivations are provided in appendices.

Notation: we use | for \/—_1 E[-]for mathematical expectation, T for transpose, * for complex conjugate,
" for complex conjugate transpose, ¢ for convolution, ® for Kronecker product and &(-) for the Dirac

delta function.

Il. SIGNALS AND CHANNELS IN THE PROPOSED SYSTEM

In the two-dimensional y-z (range-depth) plane, a vector transducer measures or stimulates three
components of the acoustic field: pressure as well as y and z components of the particle velocity. A scalar
transducer deals with the acoustic pressure. The y and z components of acoustic particle velocity, on the
other hand, can be measured or stimulated by two dipoles in y and z directions, respectively. This is because
particle velocity in a certain direction is the spatial derivative of the acoustic field in that direction. In Fig. 1
there is one vector transducer at the transmit side and one vector transducer at the receive side, where each
consists of three scalar transducers. The three scalar transducers at the Tx are labeled as 1, 2 and 3, with the
scalar pairs {2, 3} and {2, 1} acting as two dipoles in y and z directions, respectively. At the Rx, there are
two dipoles in y and z directions as well. They measure the y and z components of the acoustic particle
velocity at the point (y,,z,), whereas scalar transducer #2 measures the acoustic pressure at (y,,z,) -
Overall there are nine pressure channels in Fig.1, where p, stands for the channel from the scalar
transducer i at Tx to the scalar transducer q at Rx, i =1,2,3 and q=1,2,3. A list of all the channels defined
and used in the paper is provided in Table I.

According to the linearized equation for plane waves [14] at frequency f, , for each transducer at Tx we
define two particle velocity channels at Rx at (y,, z,) . More specifically, for Tx, there are v)* and lel , for
Tx, we have v, and v, and finally for Tx; we have v} and v} . These six channels are defined by the
following equations in (1), with L,, — 0, based on the fact that velocity is the spatial derivative of the

pressure.
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Here p, is the fluid density, w,=2nf, and L, is the small spacing between the transducers at the Rx

side.
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Fig. 1. The proposed vector transducer underwater acoustic communication system. There is one vector
transmitter and one vector receiver. Pressure channels from the third transducer are not shown, to keep the

figure easy to read.
A. Single Dipole Transmitter
To modulate a signal on the z velocity channel, we use the vertical dipole at the Tx side in Fig. 1. More
specifically, to transmit the symbol s, we modulate s/(jkL;) and —s/(jkL;) on Tx; and Tx,,
respectively, where L, denotes the spacing between the two transmit scalar transducers, k =2m/ X is the
wavenumber and X is the wavelength. Since z velocity is the spatial gradient of the pressure field in the z
direction, this transmission scheme means that the symbol s is modulated on the z velocity channel. This
can be better understood by writing the equation for the received signal at each scalar transducer at the Rx
side
L=((Pu—P)/ (IKLy) B8, 6, =((Pr — P) / (JKLr)) B8, 1 =((Pis — P) / (JKLy,)) DS (2)
As proved in Appendix I for small L. , each channel (p,, —p,,)/(jkL;) in (2), q=123, is a
pressure-equivalent z velocity channel with which the symbol s is convolved and measured at the point g.
Note that (p,, — P,,) / Ly, is the z velocity, i.e., the spatial gradient of the pressure. Upon normalizing it by
the scaling factor jk it becomes pressure-equivalent z velocity. This way all the channels in the proposed

system have the same pressure unit.



The z and y particle velocity signals at Rx are spatial gradients of the received signals r;, r,, and r,,

measured by the two receive dipoles as L., — 0

n, = _(jpowo)il(rl =)/ Ly, Ny = _(jpowo)il(rs —n)/ L. 3)
By combining (1), (2) and (3), the z and y velocity components at Rx can be written as
= (0 =) (kL)) @s, oy =((vy" —vy) [ (jkLy,) @ (4)

Now we convert velocity channels and signals to pressure-equivalent quantities. Corresponding to the six

Tx TX,
z v Mz o

particle velocity channels in (1), there are six pressure-equivalent particle velocity channels p
P, Py, Py and p)*, obtained by multiplying (1) by the negative of the acoustic impedance —p,c [10]
and using the fact that w, = ck, with ¢ as the sound speed

Tx1 _ T><1 _

F’oCVTX1 = (Jk)il(pn - plz)/ LRx’ p POCVTX1 = (Jk)il(pw - plz)/ I—va
TXZ = _POCVTX2 - (Jk) (p2l pzz)/ Lva ;xz __POCVTXZ - (Jk) (pzs pzz)/ LRx’ (5)

pjxg :_poCVTX3 = (Jk) (p31 - psz)/ LRxl p;XS __poCV;X3 = (Jk) (pss - psz)/ LRx'

Similarly, the pressure-equivalent z and y velocity signals at Rx are 7, and », multiplied by —p,c
I, =—p,Cn,, T, =—p,Cn,. (6)
By substituting (4) into (6) and upon using the channel definitions in (5) we obtain
L= = p ) (kL) @s, 1, =((py* —py®)/ (JKLy,)) @s. ()
To include the effect of noise, pressure-equivalent ambient velocity noise terms &, and &, should be
added to (7), whereas the ambient pressure noise &, needs to be added to the middle equation in (2). The
final set of noisy signals received at Rx is given by
r2=pz@s+§2, r,=p,®s+&, r,=p; s+, (8)
where p* = (jk) (P, — Pp)/ Ly, Py = (1K) (R, —py) /Ly, and pl = (jk) (P —pr*)/ Ly, @
pressure-equivalent impulse responses of the three channels in the system. Note that the superscript z
indicates that the transmitter is a dipole in the z direction, whereas the subscripts y and z mean that a

horizontal and a vertical dipole are used at the Rx side, respectively.

B.Vector Transmitter

Now we extend the vertical dipole transmitter to a vector transmitter which includes two dipoles in z
and y directions using the following method, three data streams can be modulated on the pressure,
z-velocity and y-velocity channels. Let the symbols modulated on the three scalar transducers 1, 2 and 3 at

Tx be s, +s, / (jkLy), s;/ (KLy, ) —s, / (jKL;,) and —s, / (KL, ), respectively. Since velocity is the spatial



gradient of the pressure, one can intuitively see that symbol s, is sent via the pressure channel, whereas

symbols s, and s, are transmitted via the z and y acoustic velocity channels, respectively.

TABLE |
A LI1ST OF CHANNELS AND THEIR PARAMETERS

piq

Pressure channel response from the transducer i at Tx to the transducer q at Rx,
i=123and q=12,3

T T
v," and v,

Vertical and horizontal components of particle velocity channels from Tx; to Rx,
=123

p,* and py*

Vertical and horizontal components of pressure-equivalent particle velocity channels
from Tx;to Rx, i =1,2,3

Pressure, as well as vertical and horizontal components of pressure-equivalent particle

p’, py, p;’ velocity channels from a transmit dipole to Rx,, d=z indicates a vertical transmit dipole
and d=y means a horizontal transmit dipole
d Pressure channel response from a dipole transmitter to the receive scalar transducer g,
prq q =1 2,3 and d=Z,y
d d d d —
Q°, QF, QF | Powers of the channels p®, pj and p; , d=zy
Q", QF, QF | Powers of the channels p,,, pj*and p;*

Py Py Py

Correlations among the channel pairs {p“, pJ}, {p“, p;} and {p{, p{}, d=zy

el pt p?

Correlations among the channel pairs {p”, p,,}, {p*, p,}yand {p*, p’}

Pr2r Pz Pas

Correlations among the channel pairs {p,,, P}, {Pp, P, tand {p,,, Ps,}

To show this analytically, similarly to (2) we write the received signal of each scalar transducer at Rx

By combining the channels p)¢ and p

L=p,Ds +((p11 - p21)/(jk|—Tx))@sz _((p3l - p21)/(kLTx)) DS;,
=P &8+ (P — P) / (KLyy)) ©S, — (P, — P2) / (KLy, ) DS, ©)
lL=P;D8 +((p13 - pza)/(jkl—Tx))@sz _((p33 - p23)/(kLTx)) DSs;.

T

, - from (5) with (9), i=12,3, the received z-velocity and

y-velocity signals at Rx can be written as

r,= (rl - rz)/(jkLRx) = pzTXl @51 +((p:X1 -

p.*) 1 (JkLy,)) @, — (P, — p,*) 1 (KLy,)) @5,

£, = (1 —15,)/ (Kl = PI* @5, + ((PI* — Pre) / (JKLyy)) @5, — ((PI — pr) / (KLyy)) S

Upon including the noise terms, the received pressure, y-velocity and z-velocity signals, respectively, can

be written as

r,=p,®s +p ds,— jp’ DS, +4,,
r,=p@s +p.®s,— jp) ®s, +&,, (11)

rz: pzﬁ®sl+pzz®sz_jp1y®s3+§z'

The three new channels in (11) are defined as p’ = (jK) (P, — P»)/ Ly, B =(iK) " (py — py%) / Ly,

and p) =(jk)*(p

X _ #T%
z z

y y

)/ Ly, . They represent the three pressure-equivalent impulse responses from the

y-oriented dipole at Tx to the Rx in the system.




I1l. CHANNEL TRANSFER FUNCTIONS IN THE VECTOR SYSTEM

A channel model for a vector communication receiver is developed in [11], where the channel transfer
functions for a system composed of a scalar transducer at the transmit side and a vector transducer at the
receive side are derived [11]. However, channel transfer functions in systems where both the transmitter
and receiver are equipped with vector transducers are unknown. In this section we derive time-invariant
wideband channel transfer functions from a vector transducer transmitter to a vector transducer receiver.
They will be used in the next section for system performance analysis.

In this paper, we consider an important underwater acoustic communication channel, i.e., the shallow
water, which is a multipath channel due to the multiple interactions of acoustic waves with the sea
boundaries. Shallow waters are bounded by the sea surface and the sea bottom. When the sea boundaries are
relatively smooth, channel transfer functions consist of the direct ray and multiple rays reflected from the
boundaries. On the other hand, when the sea boundaries are rough, channel transfer functions are composed
of scattered rays from the boundaries. We discuss these two different cases in Subsections I11.A and I11.B,

respectively. The results will be used in the next section for system performance assessment.

A.Geometrical Multipath Channel Transfer Functions

A model for the acoustic pressure channel transfer function in shallow waters with smooth boundaries
can be found in [15] and [16], where reflections from the bottom and surface are the dominant propagation
mechanisms. This model is based on the acoustic rays traveled from the scalar transmitter to the scalar
receiver, and the pressure channel transfer function is obtained by adding up the rays at the receive side. The
model has been used by many authors for simulating shallow waters to study the performance of a variety of
underwater communication systems. See, for example, [17] [18] [19] [20]. It is also extended to systems
with multiple transmit and receive scalar transducers [21]. In what follows we extend this model to derive
channel transfer functions from a transmit vector transducer to a receive vector transducer in shallow
waters, where an isovelocity profile is assumed.

In shallow underwater acoustic communication channels, a ray from transmitter may experience a few
times of bounces between the sea surface and bottom before it reaches the receiver. According to the first
bounce after leaving the transmitter and the last bounce before arriving the receiver, rays can be classified
into four groups [15][16]. As shown in Fig.2, these four groups are: first bounce at surface, last bounce at
bottom (SB), first bounce at bottom, last bounce at bottom (BB), first bounce at surface, last bounce at

surface (SS), and first bounce at bottom, last bounce at surface (BS). When the Rayleigh parameter is much
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Fig. 2. Four groups of rays in a shallow water multipath channel.

less than unity, boundaries act like reflectors with coherent specular reflection [22]. Let the water depth be
a constant value D, and D, be the transmission range, such that D,/ D, >2n+1 in the shallow water
channel, where n=1,2,------ numerates different paths from the transmitter to the receiver. For a ray from
the transmitter Tx, at (y,,z;) to the receiver Rx, at (y,,z,) in Fig.2, the path length is

D, + Ay, [15] [16], with A, - as the vertical projection of ¢, = for the n-th ray from the XW

Exw,n =



group, where X,W =S or B. The combined pressure loss for the n-th ray in each group, Ry, ,, is due to
multiple surface and bottom reflections, where the complex surface reflection coefficient is denoted as 3
and the bottom reflection coefficient is considered to be unity and negative[16]. Similarly to [16], the
analysis assumes [ to be real-valued and negative. For the n-th path from Tx, to Rx,, the angle of departure
(AOD) 6, , is measured with respect to the positive y axis in Fig. 2, counterclockwise. Let us define the
path length and AOD for the direct path from Tx; to Rx,as (, = \/AOZTDYZ and ¢, = —arctan(A, / D),
respectively, where A =z, —z,. Equations for ('s, R'sand &'s are provided in Appendix Il. Also let
N,,, ’s be the number of rays in each group. As shown in Fig. 2, each reflected ray from the dipole at the
transmit side to the receiver can be represented by a direct ray from the image of the dipole at the transmit
side to the receiver. Using the direct ray expressions derived in Appendix I, it is shown in Appendix Il that
the baseband pressure-equivalent channel transfer function from the dipole at the transmit side to the vector
transducer receiver can be written as the superposition of rays and their images. For example, P*(f), the
channel transfer function from the vertical dipole to the point Rx,can be written as (12) . Expressions for
the baseband pressure-equivalent channel transfer functions measured by a receive vertical dipole and a
receive horizontal dipole, P (f) and P, (f), respectively, are also derived in Appendix Il and provided in
(13) and (14) . Channel transfer functions from a horizontal transmit dipole are given in (54)-(56) in

Appendix 11 as well.

NSB
P*(£) =sin(6,)exp(— Ik )exp(—wly 16/ €y +Res, N0y , JeXP(— ik g, ) XP(— ol g, 1) Lo,
n=1
NBB
+Z RBB,nZ Sin(gBB,nz )exp(— jk¢ BB,nz)eXp(_jwc BB.N, eyl ﬂBB,nz
n,=1
NSS
+z Rss n, Sin(ess,n3)exp(_jkfss,na)exp(_j“fﬁss,n3 /C)/ﬁss,n3
n;=1
Ngs

+Z RBS,n4 Sin(eBS,n4 )eXp(— jkEBS,n4 )exp(—jwﬂ BS,n, /C) / EBS,n4' (12)

n,=1

NSB

P (f)= _Sin2(go)exp(_jkﬂo)exp(_ngo Ie)l i, — Z RSB,nl sinz(GSB,nl)exp(—jkﬁ ss,nl)exp(_jWK SB.n, eyl ﬁSB,nl
m=1

NBB

—I_Z RBB,nZ Sinz(eBB,nz)exp(_jkﬁBB,nz)exp(_jwe BB,n, /C) / fBB,nz
n,=1
Ngs

+ R, SIN* (Bss 0, ) EXP(— KL 5, Y eXP(—jwl s, 1€) [ L,
ny=1
Nes

_E RBS,n4 Sinz(ess,m)eXp(_jkﬁBs,nA)E)(p(_j“’ﬁas,n4 /C)/[}BS,nA' 13)

n,=1



NSB
P/ ()= —sin(6,) cos(d,) exp(— k(o) exp(—jwl, /) [ L~ Z Rsg.n, SIN(0ss.,,) €0S(0s ) €XP(— Tkl 5., ) eXp(—jwl g, 1€) [ L g,
n=1

NBB

_Z RBB,nz Sin(grss,n2 ) COS(HBB,nZ )exp(— jk¢ BB.N, )exp(—jwl BB.N, le)l [BB,nZ

n,=1
N SS

_Z Rss Sin(ess,n3 ) COS(st‘n3 )exp(—jk( SS,na) exp(—jwl 55,1, lc)l lssp,

nl
—i Res n, sin(GBSvnA)cos(estnA)exp(— jk( BSm)exp(—jwﬂ s, lc)/ Cs p,- 149
Regarding the powers of the transfer functions between a transmit dipole and a vector receiver, it is
shown in Appendix 1 that Q°=Qf +Qf . Here the powers are defined by Q°=E[|P’(f)[],
Qy =E[| P/ ()] and Q¢ =E[| P (f)[*], where d=z or y indicates a transmit dipole in z or y direction,
respectively. Using the derived channel transfer functions, various system parameters of interest can be
calculated. For example, in the system of Section Il.A with a dipole transmitter and a vector receiver, there
are three channels listed in (8). Expressions are derived in Appendix Il for powers and correlations of these
channels, in terms of range, water depth, reflection coefficient, etc. Let p; =E[P*(f){P/(f)}].
py = EP; (TP, (f)}] and pj = E[P*(f ){P; (f)}]. Then we have the following equations derived in
Appendix 11
O = Q) =[(A) + A")(1+] BI1)+(16D5 - AT = A B+ BINID A1 BE)'], (15)

Q) =[(Ay + AY)(L+| BT°) + (64Dg +48D5 (A7 + A?) —3A; —3A)( B +| BI)

+(T04D; — 48D2 (A? + A%) + 2A¢ + 2A(| B +| A/ [DS (| BF)F] e

p; = py ~[(A = K)(A-| BF)+(2A) —2A° = 24(A, - AD))( AT -1 BN D; (-1 BI)*1, (17)

py ~[(A + A)(L+| A1) +(16Dg = A = A°)( BF +1 BIN/ID; (A-1 BFY], (18)
where | S| is not very small and A=2D, —z;—2,. The above results are numerically very close to the
more complex expressions (57)-(62) derived in Appendix I1.

Now we consider a numerical example, where the parameters are D, =81m, D, =1000m, z; =25m,
z,=63m, L, =L, =024 and |#]=0.3162, chosen according to [16] with the carrier frequency
f, =12 kHz . The resulting correlation magnitudes of p; /\|Q'Q; , p, /Q.Q) and p; /,|Q°Q are
0.24, 0.24 and 1, respectively. The same correlation magnitudes are observed with L, =L, =0.14 and
L, =Lk =0.51. Plots of the normalized correlation magnitudes are provided in Fig. 3 versus z; and
| #.Fig. 3 shows that p; /\|Q*Q; and p,, /,/Q;Q; are insensitive to z; and decrease with | #|. On the

other hand, p; /,/Q°Q] is nearly independent of z, and | #|. The linear behavior of the two normalized

9



correlations p; and p; for | #|>0.4 in Fig. 3(b) motivated us to obtain the following Taylor expansion

around | =1

P ~ pl, QI ~ (VBA®— 6\BADZ +6+BAD2)(A-| )/ (24 D). (19)
According to Fig. 3(b), the linear approximation in (19) is very close to the nonlinear expressions in (14)

and (17) for | > 0.4.
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Fig. 3. Magnitudes of the normalized correlations between the three channels P*(f), P/(f)and P(f) in
Section I1L.A, (a) versus z;, with D, =81m, D, =1000m, z, =63m, | [=0.3126, f, =12kHz and
L, =L =0.24, and (b) versus | B[, with D, =81m, D, =1000m, zg =25m, z, =63m, f, =12kHz
andL, =L, =0.24.

B. Statistical Multipath Channel Transfer Functions

In this subsection, we consider the case where the sea boundaries are relatively rough, scattering is the
dominant mechanism and precise deterministic modeling is not feasible. A statistical channel model for a
vector transducer receiver is developed in [11], where amplitudes, phases and angle of arrivals (AOAs) of
rays are random variables. Here we extend the transfer functions of [11] to the scenarios where there is a
transmit vector transducer, in addition to a receive vector transducer. Let the transmitter-receiver distance
be large enough compared to the channel depth. Because of many times of scatterings of rays from surface
and bottom over a long range from the transmitter to the receiver, one can consider the AOD and AOA of
rays as independent random variables. Consider Fig. 4, where there is one scalar transmit transducer Tx; and
one scalar receive transducer Rx;. Denote the double-directional channel transfer function [23] [24] in
frequency domain from Tx; to Rx; by B, (f). Similarly, consider another scalar transducer Tx, and another

scalar transducer Rx,, and let P,,(f) denote the double-directional channel transfer function in frequency

10



domain from Tx, to Rx,. The locations of Tx, and Rx, are (y,,z,) and (y,,z,), respectively. By definition,
spatial correlation between P, (f) and P, (f) is Cp(Ly,, Ly Lacsr Lrey) = B[R (F)P,(F)]. Similarly
to Subsection Il1.A, in this double-directional channel there are four types of rays called Bb, Ss, Bs and Sb.
The first letter is capital and indicates that the ray from the transmitter first hits the “B”ottom or “S”urface,
whereas the second letter is small and specifies that the received ray’s last scattering is from “b”ottom or
“s”urface. Note that in [11] the focus is on the receive side, and therefore the received rays are divided into
two groups. Since in this paper the transmitter is taken into account as well, the transmit rays are divided
into two additional groups. Using the results of [11], the correlation in this double-directional channel can
be written as (20), the product of transmit and receive correlations. Here u, (6®) and ug (¢°) are the PDFs
of the AODs in Fig. 4 impinging the sea bottom and surface, respectively, and w, (»*) and w,(»*) are the
PDFs of the AOAs in Fig. 4 coming from the sea bottom and surface, respectively. AODs and AOAs are
denoted by @ and y, respectively, both measured with respect to the positive y axis, counterclockwise.
The impact of a rough sea floor is included to some extent, by considering random bottom-scattered angle
of departures and arrivals. The parameters 0< A, <1 and 1— A, show what proportions of received rays
are finally scattered from bottom and surface, respectively, whereas 0< A, <1 and 1- A indicate the
proportions of transmitted rays that first hit the bottom and surface, respectively. We also have
Ly, =Lysin(&,), L, =L,cos(&,), L

=L, sin(yg,) and L, , =Lg Ccos(yg), With 6, as the array

RX,Z Rx,y

direction at the transmit side and y,, as the array direction at the receive side, respectively.

Sea Surface

Fig. 4. Rays transmitted from two scalar transducers and received by two scalar transducers in a shallow

water multipath channel.

Since particle velocity is the spatial gradient of the pressure, taking the derivatives of (20) with respect

L L., . and L

TX,y ! Rx,z Rx,y !

toL

X,z !

channel powers and possible correlations between the channels in the

11



proposed systems in (11) are derived in Appendix I11. It is further shown in Appendix 111 that for the powers
of the transfer functions between a transmit dipole and a vector receiver we Q° :Q‘; +Q‘Zj .Hered=zory
indicates a vertical or horizontal transmit dipole.

Co(LreasLrny Lpnos Liy) = EIRL (PP (D] ={Ay [ Uy (6%)exp{ik Ly, SiN(0°) + Ly, , cOS(0°))}d0°

T Ag) [ ug(0%)exp{JK(Ly, , SIn(6°) + Ly, , 0S(0°)}d6%)
: (20)

Ay [ (7°) XD (L SINGY) + Ly COS(* )3
- A) [0 XL (L, SIN() + L, 087 )}

Now we use the Gaussian angular model [11]. More specifically, there are two AOD random variables
6® and 0°, hitting the bottom and surface with parameters (u,,o,) and (u,0,), respectively, where u
and o denote the mean and standard deviation of a Gaussian distribution, respectively. Similarly, there are
two AOA random variables ~” and ~° received from the bottom and surface, with parameters (1,,0,)
and (y,,0,), respectively. As shown in Appendix Ill, the following relations can be obtained for the
powers and possible correlations of the transfer functions between a transmit dipole and a receive dipole

Qf = Q{A, (Sin” (4,) + 07 008 (44,)) + (L=~ A, (SN’ (11,) + 7 €0S” (1, )}, -
Q= Q' {A, (c0s” (14,) + o sin? (44,)) + L~ A, )(€0s? (11,) + o2 sin? (44,)}-
Here for d = z and y, we have Q* = A, (sin® (1) + o7 c0s® (145)) + (L— Ag )(Sin®(x ) + o cos* (us)) and
QY = A, (Cos* (1) + o2 Sin*(145)) + (L— Ag )(cos’ (1 ) + o2 sin® (1)) , respectively. Moreover
Py = QA sin(u,) + (L—A,)sin(u,)},
Pl = QA (- o) cos(,)sin(u,) + (L- A, )L - o7) cos(u,)sin(,)}, (22)
Py = QA cos(s4,) + (1— A, ) cos(x,)}-
As a numerical example, magnitudes of normalized channel correlations p; / \|Q'Q; , p; /(€] and
o, /m for a transmit vertical dipole are , 0.28, 0.27 and 1, respectively. These are obtained for
L, =Ly, =024 ,  pu,=177/18 (A70°) , g =1927/180 (192°) , p,=n/18(10°)
s =3487/180 (348°) and Ay =A, =04.For L, =L, =0.11 and L, =L, =0.54, similar correlation
values are obtained. These correlations are relatively insensitive to small angle spreads, which we verified

numerically.

IV. SYSTEM PERFORMANCE ANALYSIS
Consider the proposed system with a vector transmitter and a vector receiver, whose input-output

equations are derived in (11). Suppose the maximum number of taps in each channel is M and there are K
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symbols to transmit from each transmitter. Then p*=[p*(0) ---p’(M -1)0---0]"
p; =[p;(0) --- p;(M —=1) 0 --- 0] and p;=[p;(0) --- p;(M -1) 0 --- 0]" are the taps of the three
channel impulse responses from the vertical transmit dipole to Rx, in (11), appended by K —1 zeros.
Similarly, p* =[p’(0) --- p*(M =) 0 --- 0", p} =[p;(0) --- p;(M —1) 0 --- O] and p} =[p;(0) ---

p’(M —1) 0 --- O]" are the taps of the three channel impulse responses in (11) from the horizontal transmit
dipole to Rx, appended by K-1 zeros. Also p,=[p,0)..p,(M-2)0---0]" |,
Py =[p;*(0) ... p;*(M —=1) 0 --- 0" and p}* =[p;*(0) ... p;*(M —1) 0 --- O]' are the taps of the three
channel impulse responses in (11) from Tx; to Rx,. Then the channel matrices from a z-dipole, a y-dipole
and a scalar pressure transmitter can be written as H* =[H," H,” H,"]", HY = j[H," H.," H,"]" and
HP =[H," H," H,']", respectively. Each matrix contains three submatrices because the receiver has a

scalar pressure transducer, as well as a y-dipole and a z-dipole, as shown in Fig.1. Also each H,,

1=12,---,9, is a circulant matrix of size (K+ M —1)x (K + M —1) which has following structure

h@© 0 - 0 h(M-1) - h()
H, = h':(l) h'fo) 0 O h'(:z),|:1, 2, 9, (23)
0 0 - hRM-1) i . K

where h = p’, h,=p; andh,=p;, h,=p’, hh=p), hy=p), h,=p,, h,=p;* and hy=p;* . Let
the noise vector associated with Rx, and y and z receive dipole signals in (11) be N=[N," N," N,'T’,
where

N,=[£0) @) - EK+M =2, (=2, 2,y. (24)
Since the vector transmitter has a scalar transducer and two dipoles, we use a space-time block code (STBC)
for three transmitters [25]. There are three K-symbol data streams, defined by
S, =[s(0)s@®s(2 ---s(K-1)0---0]",i=1,2, 3, each composed of K independent and identically
distributed symbols and M —1 zeros. Upon applying a rate % STBC [25] [26] to our vector transmitter, the

received data over four time intervals can be written as

R () 1zt ypt _ N (D
{F: Y {H }* —{H"} 0 5, |+ {tl } _ (25)
ROy | (Y 0 AR NOY
ROy o {H}Y HHY} L™ NOy

Here §i =QS,, 1 =1, 2, 3, is the orthogonal discrete Fourier transform (DFT) of S,, with Q as the DFT

matrix [26]. Additionally we have R™ = (I, ® Q)R™ and N™ =(I, ®Q)N™, m =1, 2, 3, 4, where I,
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is the 3x3 identity matrix. Note that R™ is the received signal vector during the m-th time interval,
m=1 2 3, 4, defined by R™ =[r"(0) --- ,"(K+M —2) r"(0) --- ™ (K+M —2) ri(0) ---
r™ (K +M —2)I", where r;™, r{™ and r(™ are the received pressure, y-velocity and z-velocity signals
in (11) during the m-th time interval. Similarly, N™ =[£™(0) --- &™ (K +M —2) &M (0) -
EMK+M=2) () -+ EM(K+M =2)", m =1, 2, 3, 4, denotes the receiver noise vector over the
m-th time interval. Additionally we have H*=[H H,) H,/T , H = j[H,” HS H/] and
H” =[H,” H,' H,'T" , where H, =QH,Q", 1=1,2,---,9. Note that H, is circulant and H, is diagonal.
Finally, 0 is all-zero matrix.

Assuming perfect channel estimate at the receiver, here we use a zero forcing equalizer to investigate

the feasibility of symbol detection in the proposed system in Fig. 1. Let us define

Al

F MR W
o= BT g Y AYY 0
{RO¥Y Hy o AR
_{§(4)}*_ 0 {Hy HHY
_ [ N® ]
S, -
- NV
S=|s,|, N= {': } : (26)
s Ny
3 _{ﬁ(@}*_

Then the received data vector in (25) can be written as R =F€S + N . The minimum variance unbiased
estimate of the transmitted symbol vector is [27]

S—HD I HD'R, 27)
where D =E[NNT] is the covariance matrix of the noise vector NV . The estimation error covariance
matrix [27] for the vector § can be written as

W=E[S-S)(S-9)1=(FH'D %) . (28)
Let X =E[N™{N™Y¥] be the covariance matrix of the 3(K + M —1)x1 noise vector N™, m=1,2,3,4.

Then we have £ = E[N™{N™}]= (1, ® Q)X(l, ®Q"). Additionally, D can be written as

¥ 0 0 O
0 X 0 O
D= i , (29)
0 0 ¥ o0
0 0 0 Y
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which results in

{H Y 'H®
+{H' Y 'HY)
+{H Y = HY

FPYEUE (YRR
~{AYER) -V ERYY

HYEH
wrrypoge YR
: S . L. ({Hp}f)‘:‘—al)*
{H'}Y '/’ (Y £ 'H e
YRy @iy Ry O YEX'H
+({HZ}T2—1HZ)*

{HZ}Ti—al
~qHPYE Ry

It is shown in Appendix IV that W is a block diagonal matrix. Furthermore, the following closed-form
expression is derived in Appendix IV for the estimation error covariance matrix of the data vector S, ,
i=1,2,3
W=E[S,-S)S,-S)'1={(HYZ W H{HY Y +HYZHY) " )
= A(HJH,+2H]H, + 2H!H, + H]H,+2H[H, + 2H{H, + HiH,+2H]H, + 2H{H,) "
For binary phase shift keying (BPSK) modulation and similarly to [28] and [29], the average bit error rate
(BER) for a block of size K, after the zero forcing equalization in (30) can be written as

%2(@(, 20, Tw,). (32)

Here Q_ = E[| s, (k) [’'1=1 is the average symbol power, i =1, 2, 3, w_, isthe x -th diagonal element of W
in (31) and Q(x) = (2m) *[."“exp(—x’ / 2)dx..

Channel Powers: Let h(z) be a channel impulse response, with H(f) as its Fourier transform.
According to the properties of Bello functions [30] [31], the power of this channel is
Q=" E[|h(z)Fldz=E[|H(f)[] . The powers of the channels in (11) are then given by
Q' =E[IP'(F)P1, & =E[R/(f)F], &' =E[R’(f)[F], d =y, z, as well as Q" =E[|R,(f)[],
Q' =E[ PTXl(f)l 1, and QO =E[|P"™ (f)[’]. As shown in Section Ill, we have Q' =Q +Qf , d =y, z.
Also according to [10] and [11], Q° =Q7 + Q.

Noise Powers: As shown in [10], for the isotropic noise model, the noise terms in (11) are uncorrelated,
that is, E[fsz;]zE[ng;]:E[§Z§;]=O. Moreover, for the powers of the noise terms in (11) we have
A=E[l& F] and A, =E[|&, [1=A, =E[|&, F]=A/2 [10].

Signal-to-Noise Ratios (SNRs): We notice that in the first time slot, t =1, data is modulated on p, y and

z channels by the transmit vector transducer and received by the p sensor of the receive vector transducer.
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So, the average received SNR for the p-receiver and the first time slot is (1) = (Q° + QY +Q*)/(3A) . For
t=1, the average received SNRs for the y and z sensors of the vector receiver are, respectively,
¢, =(Q)+Qy+Q7)/(3A,) and &, (1) =(Q) +Q; +Q;)/(3A,) . In the second time slot and for the
STBC used, data is modulated on p and z channels and received by p, y and z sensors. So, for t =2, average
received SNRs by p, y and z sensors are ¢(2)=(Q"+Q")/(2A), £,(2)=(Q) +Q})/(2A,) and
£, (2)=(QV +Q2)/(2A,), respectively. For t=3 and t=4 we similarly have £ (3)=(Q" +Q”)/(24),
S@=(@+ONI2A) . GE=@+QN/(2A) ,  and  @)=(@Q +Q)/(28) |
¢,@)=(Q)+Q))/(2A)) , ¢,(4)=() +Q;)/(24A,) . Since the vector receiver has three p, y and z
sensors, the average SNR per receive channel over the tth data block is
E(t)=(§(t)+§y(t)+g“z(t))/3, t=1,2,3,4. Using the derived channel power relations Q" =QP + Q7
QY =Q§+sz, QF =Q§+Q§, and the noise power relation A=A, =Al2, it can be shown that
CM)=(Q° +Q +Q")/(3A), C(2)=(Q° +QY)/(2A), C(R)=(Q"+QY)/(24), and
C(B)=(Q+Q")/(2A). Let us define the average SNR per channel per data block by
C=(CW+L@)+C @)+ (4) /4, which can be shown to be & =(QF +Q+Q)/(3A) . With
QY +OF =QP, ¢ for the proposed system with one vector transmitter and one vector receiver becomes
£ =20/ (3A).

Using (32) and with QP =3/2, average BER F_>e is plotted in Fig. 5 versus g:zllA for both channel
types of Section Ill, with K =200 symbols, at a rate of 2400 bits/sec. As a reference, average BER of a
system with three scalar transmitters and vector receiver is shown in Fig. 5 for both channels as well. The
average SNR in this system is defined by first representing the powers of the channels stimulated by the
three scalar transmitters Tx, Tx, and Tx, in Fig. 1 as Q" =E[|P,(f)[], Q™ =E[P,(f)[]
and Q™ =E[|P,(f)[], respectively. Then upon replacing ©’ and Q’ in the above relations by
Q™ and Q™ , respectively, and using these channel power relations for a scalar transmitter and a vector
receiver Q" =Q)+QF | Q™ =Q +Q and Q™ =Q* +Q* [10], it can be similarly shown that
C=(QP+Q™ +Q"™)/(3A). With Q™ =Q™ =QP /2 and QF =3/2, the average SNR per channel per
data block is ¢ =1/ A, used to plot the average BER of the reference system in Fig. 5.

According to Fig. 5, BER of the proposed vector transmitter system is lower than the BER of the system
with three scalar transmitters. When translated into SNR, the proposed system offers 2.5 dB and 0.5 dB
gains in channel B and channel A, respectively.

System Degrees of Freedom: Degree of freedom [32] is a measure of diversity and spectral efficiency

in multiple-input multiple-output (MIMO) systems. To understand the better performance of the proposed
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vector transmit system, in Appendix V we have derived expressions for the degrees of freedom of the vector
transmit system, ..., » and the system with three scalar transmitters, ... . As shown in Appendix V and
summarized in (33), we have ... > scaar -

Xvector — Xscalar = (:]'_/\B)GS2 + ABo-é + 2(1_AB)AB (7[_ HB)(,US - ﬂ-)

, ) (33)
+ Q= Ag)Ap[(g —7)° + (15 — )71 > 0.

The higher degrees of freedom in the vector transmit system justifies its better performance.

10° . . . .
—<— Three scalar Tx, channel A H
—%— Vector Tx, channel A [t
—S— Three scalar Tx, channel B |]
—&— Vector Tx, channel B
e
10
s Sy
TR =
ul \
[
s
5 10”7
5]
=
L\
10°
10*
-2 -1 [0} 1 2 3 4 5 6 7 8

Average SNR per channel per data block (dB)

Fig. 5. Performance of the proposed system with a vector transmitter and a vector receiver, compared to a
system with three scalar transmitters and a vector receiver, with L, =L, =0.22541. Parameters of channel
Aare z;=25m, z,=63m, D, =81m, D, =1000m, | #]=0.7 and a=0.08. Channel B parameters are
0y =0 =0, =0, =w/120 (1.5°), Ay =A, =0.1, p, =117 /12 (165°), pus =107/9 (200°),
=118 (10°) and y, = 3487 /180 (348°) .

V. CONCLUSION
In this paper, data transmission in particle velocity channels via acoustic vector transducers is proposed
and investigated. First, system equations in the proposed communication system with a transmit vector
transducer and a receive vector transducer are derived. Then two particle velocity channel transfer function
models are developed to analyze the proposed system performance under different propagation conditions.
Closed-form expressions are derived for possible channel correlations and system degrees of freedom.

These parameters relate the channel characteristics to the system performance. Analytical studies and

17



simulation results show that a vector transducer transmitter can provide better performance than scalar
transmitters. This can be attributed to the higher transmit diversity of the vector transmitter manifested in
the higher degrees of freedom of the proposed system. The proposed system can be generalized to multiple
transmit and receive vector transducers, frequency modulation methods [33], non-isotropic noise scenarios
[33] and three-dimensional propagation where in addition to the y and z components of particle velocity, its

x component can be utilized for signal transmission and reception as well.

APPENDIX |
CHARACTERIZATION OF CHANNELS IN THE PROPOSED SYSTEM FOR DIRECT PATHS

Consider Fig. 6, where there are three dipoles, one vertical at the transmit side and two at the receive
side. The sizes of transmit and receive dipoles are L, <\ and L, <\, respectively. Let the size of each
scalar transducer, a black circle, be much smaller than A . Then the baseband acoustic pressure produced by
a small spherical source of strength I', at the point Tx, and measured at the point Rx; is given by [34]

P = (jp,CKT, / (47(,))e . (34)

Here (, is the distance between the points Tx, and Rx,. Moreover, for (, between Tx; and Rx, we have

= \/(82 cosy — Ly, )? +(€,sinp)? ~(, — L, cosy, (35)
where the last expression is obtained because L, < (,. Also 0 <y <180° is the departure angle at the
transmit side of Fig. 6, measured with respect to the positive z axis, counterclockwise. Now let the two
small spherical sources of equal strength and a 180 degree phase difference be placed at the points Tx; and
Tx, i.e., I', and —I', respectively, as shown in Fig. 6. Then the acoustic pressure produced by this dipole
at the point Rx, and scaled by (jkL., )™ can be written as

Phe, = (KLy,) " ((ipoCkT, / (4mt,))e ™ —(jpockT, / (4L ,))e ')
= (jKL;,) @M [1— (L, [ £,)cosp] —1) x p

~ (jkLTX)—l(ejkLTXCO&p _1) % p
=COSp X P.

(36)

The third line in (36) is obtained because L,, < (,. The fourth line is obtained by simplifying the third line
using the fact that L, <<\, which gives cos(kL,, cos¢) =1 and sin(kL;, cos¢) ~ KL, cos¢. On the other
hand, using (35), (34) can be re-written as
P = (jp,CKT, / (47(,))e Hrttmeose), (37)
By taking the derivative of p in (37) in the z direction we obtain
Op 1 O(—L;,) = (—p,ck’T, / (47(,))e 2 cosy (38)
= jkcosp x p.

Comparison of the last lines of (36) and (38) shows
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Ph, = (1K) "0/ O(~Ly,). (39)
This result indicates that the pressure produced by a vertical transmit dipole upon I', / —I'; signaling is the
same as the remote vertical spatial gradient of the pressure that would have been produced by a single

transmitter of strength T", located at the point Tx; in Fig. 6.

Fig.6. Direct paths in the system with two transmit dipoles and two receive dipoles.

Now we investigate the signals produced by the transmit vertical dipole and measured by the receive
vertical dipole. An expression for the signal measured by the receive horizontal dipole is given in (46). The

distance between the points Tx,and Rx; in Fig. 6 can be written as

0= \/(82 cosp+ Ly )’ + (€,8inp)? ~(, + L, cose. (40)

Also similarly to (36), the acoustic pressure produced by the vertical dipole at the point Rx; and scaled by
(jkL;, )™ can be written as

Ph, = (ipoCKT, / (47L}))e " cos ', (41)

By subtracting (36) from (41) and since ¢’ ~ ¢, the spatial gradient measured by the receive vertical dipole

and scaled by (jkLg, )™ can be written as

(KLg) *(Pay, — Py ) ~ (JKLg,) *(ipoCkT, / (Am))cosipx (e X% 1 £y —e X2 [ ()
~ (JKLg,) *(ipoCKT, 1 (47l ,))e 2 cos p x (e w7 —1)
= —(jpockT, / (47 ,))e "2 cos?
=—C0s*p x p.

(42)
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The second line in (42) is obtained by replacing (/, using (40) and noticing that L, < (,.Since L, <\,
we have cos KL, cose ~1 and sin KL, cos¢ ~ KLy, cose . Thus, the second line in (42) simplifies to
the third line there. Using (34), the fourth line in (42) can be finally obtained.

On the other hand, upon using (40), p in (34) can be written as

p=(jp,CKL, / (47l ,))e /2 tecose) (43)
According to the definition of particle acceleration [35], second vertical spatial derivative of p in (43) gives
the particle acceleration at the point Rx,, produced by the pressure transmitter at the point Tx,
0°p/ O(—Lg,)?* = (jk)*cos® px p. (44)
Comparison of the last line of (42) and (44) results in
(IKLe) *(Ph, — Ph,) =—(1K) 0% P/ O(~Lg)*. (45)
This means the particle velocity produced by a dipole upon T', / —I', signaling and measured by a dipole at
the receiver is equivalent to the particle acceleration that would have been generated by a single transmitter
of strength I', located at the point Tx; in Fig. 6.

Equations (36) and (42) correspond to a scalar receiver and a vertical dipole receiver, respectively,
while the transmitter is a vertical dipole. These and equations for other configurations, i.e., vertical
transmit/horizontal receive dipoles, horizontal transmit dipole/scalar receiver, horizontal transmit/vertical
receive dipoles and horizontal transmit/horizontal receive dipoles are summarized in Table II. The last four

entries are derived in [36] similarly to (36) and (42).

TABLE Il
DIRECT PATH CHANNELS FOR VARIOUS TRANSMIT AND RECEIVE CONFIGURATIONS
Channel Definition Channel Equation
Acoustic pressure produced by the vertical dipole | p2 —cospx p (36)
at the point Rx, ’
Acoustic pressure gradient produced by the | (jkL. ) *(p:, — pi.)=—C0s?pxp (42)
vertical dipole and measured by the vertical receive ' ’
dipole
Acoustic pressure gradient produced by the | ( jkLRx)il(péxa — péxz ) =cospsing x p (46)

vertical dipole and measured by the horizontal
receive dipole

Acoustic pressure produced by the horizontal | p¥ —cosfxp (47)
dipole at the point Rx, ’
Acoustic pressure gradient produced by the (jKLg ) *(pL, — pl )= —cos@sindx p (48)
horizontal dipole and measured by the vertical ' ’
receive dipole

Acoustic pressure gradient produced by the | ( jkLRX)*l(pF{XS — pF{XZ):—coszex p (49)
horizontal dipole and measured by the horizontal
receive dipole
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For the last three entries in Table Il where the transmit dipole is horizontal, i.e., the pair {Tx,,Tx,} in

Fig. 6, the departure angle 90° <6 < 270° is measured with respect to the positive y axis, counterclockwise.

APPENDIX Il
GEOMETRICAL MULTIPATH CHANNEL TRANSFER FUNCTIONS AND THEIR PROPERTIES

For the channel model in Subsection I1.A, as shown in Fig. 2, A, . is given by (50) for the n-th ray
from the XW group, where X ,W =S or B. The combined pressure loss is given by (51) and for each path

from Tx, to Rx,, the angle of departure (AOD) 6, , is given in (52).

Ass,n :ZnDo +Z(:;_Zo' ABB,n :ZnDo _Zé — 2y,

(50)
A, =2(n—1)D, + 2y + 2,, Ass , = 2ND, — 7, + Z,,.
n n-1 n n
RSB,n z|ﬂ| ' RBB,n z_|ﬁ| ) Rss,n z_|ﬁ| ) RBS,n z|IB| . (51)
Osgn =7 +arctan(Ag , / D,), Ogg, = 7 —arctan(Ag , / D), 52)

Oss o = +arctan(A , / D), Ogs , =7 —arctan(Ag , / D).
Now let the transmitter be a vertical dipole, where the depths of the two transducers of the dipole, Tx,

and Tx, in Fig. 2, are z, +L,, and z,, respectively. Here L, < X and L, < ¢ for all n, X and W,

XW,n
where ¢, . is defined in Section I11.A as the n-th path length of the XW ray from Tx to Rx,. The image of
the transmit dipole, with the images of Tx; and Tx, labeled as fxl and 'I°x2 are shown in Fig. 2 for different
types of rays. The acoustic pressure produced by the vertical transmit dipole at the point Rx, through a path
of length ¢ and scaled by (jKkL,,)™ can be calculated by substituting (34) into (36). This gives

p*(r) = cospexp(— jkO)(*s(r -/ c), (53)
where the constant term jp,ckl’, / (4x) is not considered, to simplify the notation without loss of
generality, and (/c is the travel time. This resembles the baseband impulse response of a single path
wireless channel [37]. By taking the Fourier transform with respect to 7, the single-path baseband transfer
function of the dipole pressure-equivalent channel in frequency domain can be written as
P?(f) =cospexp(—jk¢) (" exp(—jwl/c), where @=27f .

For the vertical transmit dipole and with o, =6, —90°, the direct path pressure-equivalent dipole
transfer function in frequency domain becomes sin(6,)exp(— jk¢,)exp(—jewl, / c)(y . For an XW ray,
X,W =S or B, the baseband pressure-equivalent channel transfer function originated from the dipole
image  (Tx,Tx,) towards Rx, can be similarly written as Ry, ,COS(@yy )X

-1

exXp(—JKC yy 0 ) n EXP(=jol , 1 C), Where R incorporates the loss due to multiple interactions

XW ,n

with surface and bottom, as listed in (51). For BB and SS rays, this expression should be multiplied by a

negative sign. This is because in Fig. 6 the strength of the sources Tx, and Tx;, with Tx, above Tx;, are —I
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and T"_, respectively. However, since for SS and BB rays in Fig. 2 (c) and 2 (b), respectively, fxzwith
strength —I", is below fxl, the first line in (36) and the fourth line in (36) should be multiplied by a
negative sign. To proceed further, each ¢,,, , needs to be replaced by the AOD ¢,,, ., according to these
relations obtained from Fig. 2. g, =05, 90", @g, =270" =0, , ¥g,=270" -0y, and
©Pgs n = g5, —90°. Superposition of these components produced by the vertical dipole and its images

results in the baseband pressure-equivalent channel transfer function (12) at Rx,. Note that ¢ R

XW,n? XW ,n

and 0,,, , can be obtained from (50)-(52), respectively. Also Ny, Ngg, Ngand Ngg denote the number
of rays in each group such that Ngz =max{n, || R, o / {ss, 2@}, Ngg =max{n, [|Res, (o / lgg,, Z x|},
Ngs =max{n, | Ry (o / Lss o, 2@} and Ngg =max{n, || R, o/ lgs,, 2} , where 0<a<l is a
parameter such that rays with amplitudes less than 100a% of the amplitude of the direct path, 1/ ¢, will
not be considered in numerical simulations. Typically a <1. For « =0 usually all N’s become large.
Now consider the receive vertical dipole in Fig. 2, where the depth of the two transducers of the dipole,
Rx; and Rx,, are z, + L, and z,, respectively. The spatial gradient measured by this receive dipole which
isatadistance ¢ from the transmit dipole can be determined by substituting (34) into the fourth line in (42).
This gives (jkLg,)'(Ph, (2) - Ph, (7)) =—cos® pexp(—jkO)(*S(z—£/c) , where the constant term
i,k / (47) is not considered, to simplify the notation. This is the baseband impulse response of a
single path channel initiated by a vertical transmit dipole and seen by a vertical receive dipole. Fourier
transform of this with respect to r results in the single-path pressure-equivalent baseband channel transfer
function in frequency domain as P (f)= (jkLRX)‘l(PRZX1 (F) =P, (f)= —cos? px
exp(—jk0O) ¢ exp(— jol / c). Also for BB and SS rays, this expression should be multiplied by a negative
sign. Then we need to write ¢ interms of @ for different types of rays, as discussed previously, and also

replace ( with ¢, and ¢,,, .. Superposition of the resulting components provides (13) for the baseband

XW.n
pressure-equivalent channel transfer function between the vertical transmit dipole and the vertical receive
dipole.

The horizontal receive dipole in Fig. 2 includes the transducer Rxz at (y, + Lg,,Z,). By substituting
(34) into (46), an expression for the single-path baseband pressure-equivalent channel transfer function
between the transmit vertical dipole and receive horizontal dipole, ie.,
P/ (f)= (jkLRX)’l(PRZx3 (f)—Pg, (f)) can be obtained. Similarly to (13), superposition of such expressions
ultimately results in (14).

Now we consider a horizontal transmit dipole. Following the same approach that results in (12)-(14),

equations (47), (48) and (49) can be similarly used to obtain the following expressions. Equations (54)-(56)
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are the baseband pressure-equivalent channel transfer functions between a horizontal transmit dipole and a

scalar transducer and two dipoles at the receive side.

NSB
PY(f)=cos(6,)exp(—jk{,)exp(—jwl, I e)/ L, +Z R, COS(0sg,,, ) eXP(— KL g5, ) EXP(— jwl g, 1€) [ L,
n=1
NBB
+Z Regn, COS(QBB,nZ)eXp(_jkﬁBB,nz)eXp(_jWK BB.N, /C)/ﬁas,n2
n,=1
NSS
+Z Rss,n3 Cos(ess,n3)exp(_jkfss,na)exp(_j"‘)gss,n3 lc)/ ESS,n3
ny=1
Ngs
+Z RBS,n4 COS(QBS,H4)eXp(_jk€BS,n4)exp(_j“w BS,n, /C) / CBS,HA' (54)
n,=1

NSB

Py ()= —00(6,)Sin(fy)exp(— IKCs)exp(— il 1)/ £y — R, COS(6kq, )SiN(6ig XD~ KL ) XD~ ol /€)1 Lo,

n=1
NBB
_Z RBB,nz COS(QBB,nZ )Sin(ass,nz)e)(p(_ jkt BB.n, )exp(— jw( BB,1, lc)l KBB‘HZ
ny=1
NSS
—Z Rss o, cos(essyns)sm(essynﬁ)exp(— ke SSvns)exp(— Jwls, fc)le s,
=1
NBS
_Z Res n, Cos(ass,m)Sln(gss,nA)eXp(_ jkl BS,nA)eXp(_ Jwlgg, le)l Cagp,- (55)
n,=1
NSB

Pyy(f) = —cos’ (0p)exp(—jkl,)exp(—jwlylc) [ L, — Z Rss,n1 cos’ (933,n1)exp(_jkﬂss,nl)exp(_j"‘w SB,n, Ic)l CSB,nl
m=1

NBB

_Z Reg.n, cos’ (eBB,nZ )exp(—jkl BB.n, )exp(— jwl BB.n, Ieylt BB.n,

n,=1
NSS

_Z RSS,n3 cos’ (955,n3 )exp(— jkl SS,n )exp(— jwl S5, Iyl ﬁss,na

n;=1
N BS

—z:l Ras.n, €05 (Bgs n, )EXP(— JKL g, )EXP(—jwl gs, 1€)/ L., . (56)
A.Channel Powers

The path phases of the channels P*(f), P;(f) and P;(f) in (12)-(14), respectively, are given by
k(o =2rl,/ A and k(,, . =27, ./ A. These path phases change by 27 , when their path lengths vary
by a wavelength. Since there are large variations in these path lengths, path phases change over a wide
range. When reduced to module 27, they can be accurately modeled by uniform probability density
functions (PDFs) over [0,27) [38] [39]. Then, following the same method developed in [11], average

powers of P*(f), P/(f) and P/(f) can be written as
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Q" =E[| P*(f)[*]1=sin*(,)cos*(,) / D;

NSB NBB
+D | B sin? (O, ) COS* (055, ) | Dy + D | B 5in?(Oyg ., ) COS* (Ggg ) / D] (57)
n=1 n,=1
NSS NBS
+Z| BI™ Sinz(st,na)COSZ (GSS,na)/ Dy2+Z| BI™ Sinz(gss,nA)Cosz(‘ng,M)/ Df,
ny=1 n,=1

Q; =E[I P (f)[1=sin*(g,)cos*(6,) / Dy

Nsg Ngg
+> | B sin* (O, ) €OS* (Bsg ) I D + D | B sin (Gg, ) €O (G, ) / D (58)

n=1 n,=1

Ngs Nes
+> | B sin‘ (0., ) C0S” (Oss ) / DZ+>"| g™ SiN‘ (Bgs p, ) €057 (Bes o, ) / DY,

ng=1 n,=1

QF = E[| P} () P]=sin?(6,)cos*(6,) / D

NSB NBB
+> | B sin* (055, ) €0S* (Osg ) | Dy + D B 5in* (G, ) €OS* (G, ) | D (59)
n=1 n,=1

Ngg Nes
+Z| BI™ Sinz(Hss,na)COSA (GSS,na)/ Dy2+Z| B Sinz(ess,n4)0034 (933,n4)/ Df,

ny=1 n,=1

where R in (12)-(14) is written in terms of £ using (51). Moreover, using the definitions of ¢, ¢

XW,n XW,n1

0y, Oy nand the relations in (50), path lengths are expressed in terms of AODs, i.e., £/, =-D, /cos(6,)
and Cy, ,=-D, /cos(0y ), 6, Oy, €(/2,37/2). Inspection of (57)-(59) reveals that QO* =Qf +Q;
for the vertical transmit dipole. For the horizontal transmit dipole and using (54)-(56) it can be similarly

shown that Q¥ =QJ + Q.

B.Channel Correlations

Similarly to the previous subsection, average correlations between P*(f), P’(f) and P/(f) in

(12)-(14) can be written as

p! = E[P* (D){P:(1)¥ 1= —sin(8,)cos’ (6,) / D’

Nsg Ngs

= 18" sin®(0gg, ) €0* (Bg )/ Dy + Y | B 8in°(Byg, ) COS* (Bgg ) / D (60)
n=1 n,=1
Nss Nes

+> 1B sin*(0sg , ) €0S* (055, ) I D} = | B Sin° (B ,, ) €05% (Bgs o, ) | D
n;=1 n,=1

pl = E[P:(F){P?(f)¥ 1=sin*(6,)cos*(6,) / D?

NSB NBB
+Z| B sin® (B, ) €0S°(Ogg ) / DF — Z| B $in® (6., ) €05°(0gg ) / D (61)

n=1 n,=1
Nss Ngs

= | B sin®(0ss 5, ) €08 (Bss o, ) | D+ | 3™ $in®(Bgs 1, ) €08’ (0 o, )/ D,
ng=1 n,=1
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py = EIP*(F){P; (1)} ]=—sin*(,)cos’ (¢,) / D]

Nsg Ngg
= | B sin? (6., )€08° (0ss , ) / DF = | B 5in* (0., ) €OS° (Bgg, ) / D (62)
n=1 n,=1
Nss Nes
—> 18" sin® (s ,, ) €05” (055, ) / D} — S8 $in (0, ) €0S” (0, ) / D -
ng=1 n,=1

To obtain further insight, now we consider the case when | Z| is not very small. This way all the N’s in
(57)-(62) can be considered to be large. With D, /D, >2n+1, n=12,---, cos(¢) ~1 and sin(d) = & for

small 8, summations in (57)-(62) can be simplified to equations (15)-(18).

APPENDIX I11
STATISTICAL MULTIPATH CHANNEL TRANSFER FUNCTIONS AND THEIR PROPERTIES

Regarding the channel model in Subsection I11.B, first we derive some general expressions for a dipole
transmitter and a vector receiver. Based on the channel definitions after (8) and (11) and as L,, —0 we
have Pd(f):(jk)‘laP(f)laLTxvd. Here P(f) is the acoustic pressure measured by a scalar receiver,
located at the far field of a scalar transmitter, and d = z or y. Similarly, we can write

P () =(jk)2*P(f) /oL, 40L,,, and Py (f)=(jk)?0°P(f)/ oLy 40lg,, , Where Ol,, and Olg,,

correspond to derivatives at the receive side in z and y directions, respectively. By inserting these channel
representations into the definitions of channel powers, powers of the three channels P(f), P (f) and
Py"(f) , d =z ory, can be written in terms of the derivatives of the pressure channel correlation

Cp =E[R, (T)P, ()]

Q" =E[I P (f)[1=—k70°C, fdLi 4 |,

:LTx,y :LRx,z :LRx,y =0’

Q¢ =E[|PY(f)P1=k™d"C, 1012 4014, |y sty =L =L =07 (63)
ij = E[| Pyd (f) |2] = k7484CP /aL'zrx,daLsz,y |LTX‘Z:LTXVY:LRXVZ:LRM:O :
Based on (20) we obtain
Q; =Q (A E[sin® (#")]+ (L- A, )E[sin ()]), (64)

Qy = Q" (A,E[cos® (¥")]+ (1 - A, )E[cos (7°)]),
where for d = z, y, we have Q° =(ALE[sin*(8%)]+(—A,)E[sin*(8°)]) and Q' =(AzE[cos’(6°)]
+(1— Ag)E[cos?(6°)]), respectively. Using (64) it can be shown that Q* =Qj +Q.

Channel correlations between PY(f), P’(f) and Pyd(f) can be similarly calculated using the
following relations

p¢ =E[PU(F){PY (1)F 1= k6%, 102 yolo, | o vt o
P, =E[P (PP (F)Y 1=k “0°C, 1 0L2, 4oL, 0L

Rx,z~=Rx,y |LTx,z=LTx‘y=LRx‘z=LRx‘y=O’

py =E[P*(f R ()} 1= jk°5°C, /L2, 4oL

(65)

RX,y |LT><,Z=LT><‘y=LR><‘z=LR><‘y=O '
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For the Gaussian angular model (with small angle spreads) in shallow waters [11], we have the

following Taylor series for 6°
Cos(0°) ~ COS(115) —SiN(115)(0% — ft5),  SIN(O®) ~sin(pt) +COS(11 )(0° — 1) (66)

L,.,.,L

X,y ! —Rx,z?

C.(L L

TX,z2 ! Rx,y)

= [AB exp{jk(LTx,z Sin(MB) + I-Tx,y COS(MB ))}exp{—05aék2 (LTx,z COS(MB) - LTx,y Sin(NB ))2}
+(0— Ag)exp{jk(Ly,, sin(us) + Ly, , c0s(uis ) }exp{—0.50¢k* (Ly, , cos(pss) — Ly, , sin(us)) 3] (67)
><[‘/\b exp{jk(LRx,z Sin(ﬂb) + LRx,y COS(Mb))}EXp{_OBOksz (LRx,z Cos(lu‘b) - LRx,y Sln(ﬂ’b))z}

+(L— Ay ) exp{ K (Ley, Sin(us,) + Lpy., €0S(1t, ) 3eXp{=0.50ck* (Ley , €OS(12,) — L, , SiN(11,)) 3.

Similar relations can be obtained for the other three random variables 6°, v and +° . By substituting
these into (20) and using the characteristic function of a zero-mean Gaussian variable
[ @ro?) 2 exp[—x* 1 (20°)]exp( jsX)dx = exp(—os? / 2) [40], the pressure channel correlation in (20)
L

can be reduced to (67). ForL, , =L, =0, i.e., a single scalar transmitter and a vertical receive

X,y = Rx,y

dipole, (67) simplifies to (32) in [11]. Substitution of (67) into (63) and (65) results in (21) and (22).

APPENDIX IV
CLOSED-FORM EXPRESSION FOR SYMBOL ESTIMATION ERROR

For the isotropic noise model it can be shown that the noise terms in (11) are uncorrelated [10], i.e.,
ELE™ (MLE™ (MY 1= ELE™ (MAE™ (MY 1= ELE™ (W™ (MY 1=0, ¥m, m=1,2,3,4 and Vn, fi=0,
1,...K+M -2 . Additionally, for the noise powers we have [10] A=E[&™ ()]
A, =E[EM(MP1=A/2 and A, =E[|E™(n)P]=A/2, vm,n. The noise covariance matrices can

therefore be reduced to

A 0 0
L=2=|0 A/2 0 &l 1 (68)
0 0 AJ/2

where the property QQ" =1,,,, is used and I,,, , is the (K+M —1)x (K +M —1) identity matrix.

Now we compute the elements of the large matrix in (30). We start by the {1,1} sub-matrix, for which we

have
100 H,
{H’Y¥EX'H° =A"[H] H] H]][|0 2 0|®I,,,, || H, (69)
002 H,

=A"'(HIH,+2H{H, + 2H{H,) = A"'Q" (HiH, +2H]H, + 2H]H,)Q",
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* ok

H,

QY Y =] IO ROE |G || - G2, s2i)
A,

= A'Q" (H}H,+2HH, + 2H{H,)Q",
{HY T 'H) =A™ (HH,+2H}H, + 2H]H,) = A"'Q" (H/H,+2HH, + 2H[H,)Q".  (71)
The last expressions in (69)-(71) hold true because using H, =QH,Q", it is straightforward to verify that
HH, =Q"H/H,Q",1=12,...,9. Similar expressions can be obtained for {2,2} and {3,3} sub-matrices in

(30). The off-diagonal sub-matrices in (30) can be shown to be 0. As an example, for the {1,2} sub-matrix

we have
M H, 1)
LHPY 20— (Y SR =[0G B AT G | R R A 72)
H; H

3

= AMHIFS + 2K + 2F0HS — FIFE — 2FIKG - 2RIFD) =0,

9

The last identity in (72) holds true because HI is diagonal, 1=1,2,---,9 , which results in
HH;, =H.H =HIH; . Overall, the large matrix in (30) and therefore W there are block diagonal
matrices. This allows the estimation error covariance matrix of the data vector S, to be written as

W =E[(S, -5,)(8, ~$)'1= EIQ"' (5, - 5,)(5, ~5,){Q'¥'1= E[Q" ({L. Ty sub-matrix of W)Q], (73)
where we have used these properties of the Q matrix: Q™ =Q" and Q" =Q [26]. By inserting the sum of
the last equations of (69)-(71) into (73) and using (68), (31) can be obtained for the estimation error

covariance matrix of the data vector S,. The same result holds true for S, and S, .

APPENDIX V
DEGREES OF FREEDOM OF VECTOR AND SCALAR TRANSMITTERS

In the statistical channel model, the channel correlation has a separable Kronecker structure, as shown

in (20). Therefore the vector transmitter channel correlation matrix can be written as

1 p p
Cucor =|{P'Y @ {0} | (74)
'y ¥ o

With PY(f)= (jk)’laPzz(f)/aLTxvd , d=zory, elements of this matrix can be derived as follows

p’ =E[R,(F){P"(f)}]=(jk)"oC, /oL

TX,y

LTx‘y:LRx,z :LRx,y =0, I-T><,z =Ly !

P =E[R,(D{P*(H¥1=(jk)"oC, /oL

TX,z

(75)

LTx,y:LRx,y:LRx‘z :OlLTx‘z =Ly !

p? =E[P*(F){P’(f)¥]1=-k?0°C, I L, oL

TX,Z TX,y

LTx,y:LTx‘z:LRx,y:LRx,z =0
For the system with three scalar transmitters, the transmit channel correlation matrix is given by
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1 \J05p, +0.5p,
Cscalar = ‘lo'5{p12}’k 0.5 0'5/023 ' (76)
V0.5{p;} 0.5{p,} 0.5

where
P =E[P,(T)P,(f)]=C,
Pz = E[Hz(f)Paz(f)]ch

Pz = E[Pzz(f)%Z(f)]:Cp

I-T><,y :LRx,y:LRx‘z =0, LTx,z =Ln !

(77)

LRx‘y =LR><,1 =O’LTx‘y=7LT>< vLTx,z =Lg !

LTx,z =LRx‘y=LRx,z =0, I-T><‘y=7 Loy *

Using the definition of system degrees of freedom in [32] and based on the correlation function for C,
in (67), the following Taylor expansions can be obtained for channels with small angle spreads, as
Uy > and ug >’

2
o = Mo”1 4 0.8K212 )((1- A )07 + Ago?)
tr[CVEC[OFCVECtOF ] (78)

+(2+ kzL%x)(l_AB)AB(ﬂ_;UB)(;US _7[)+(1+0'5k2L$'x)(1_AB)AB[(:uB -m)’+ (78 - )%,
2
o = e ) 1 4 08KCLE (- Ay )0? + A0
tr[CscaIarCscalar ] (79)
+K2L2 (L— Ag)Ag (m — 1t5) (s — 77) +0.5K?L2, (1— Ag) Ag[(utg — 7)° + (s — 7)°].

In the above equations y is the system degrees of freedom and tr[-] is the trace operator. As shown in (33),

one can verify that ... — Zcaiar >0-
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