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Abstract— In this paper, some important second-order statis-
tics such as the correlation coefficient, level crossing rate, and
average fade duration of eigen-channels, are studied, in time-
varying Rayleigh multiple-input multiple-output (MIMO) chan-
nels, assuming a generalnon-isotropic scattering environment.
Exact closed-form expressions are derived and Monte Carlo
simulations are provided to verify the accuracy of the analytical
results. These results serve as useful tools for analysis and design
of MIMO systems in time-varying channels.

I. I NTRODUCTION

The utilization of antenna arrays at the base station (BS)
and the mobile station (MS) in a wireless communication
system increases the capacity linearly withmin(NT , NR),
where NT and NR are numbers of transmit and receive
antenna elements, respectively, provided that the environment
is sufficiently rich in multi-path components [1][2]. This is
due to the fact that a multiple-input multiple-output (MIMO)
channel can be decomposed to several parallel single-input
single-output (SISO) channels, calledeigen-channels oreigen-
modes, via the singular value decomposition (SVD) [2]–[9].

For a SISO channel, or any subchannel1 of a MIMO system,
there are numerous studies on key second-order statistics
such as correlation, level crossing rate (LCR), and average
fade duration (AFD) [10]–[14]. However, to the best of our
knowledge, no such study on theeigen-channels of a MIMO
system is reported in the literature, mainly due to the lack
of knowledge regarding the joint probability density function
(PDF) of eigen-channels. These statistics will provide useful
metrics for designing the adaptive transmission scheme over
eigen-channels.

In this paper, a number of second-order statistics such as the
autocorrelation function (ACF), correlation coefficient,LCR
and AFD ofeigen-channels are studied in MIMO time-varying
Rayleigh flat fading channels. We assume all the subchannels
are spatially independent and identically distributed (i.i.d.),
with the same temporal correlation coefficient, considering
general non-isotropic scattering propagation environments.
Closed-form expressions are derived, and Monte Carlo simu-
lations are provided to verify the accuracy of our closed-form
expressions.

1In this paper, each subchannel represents the radio link between each
transmit/receive pair of antennas.

Notation: ·† is reserved for matrix Hermitian,·⋆ for complex
conjugate, for

√
−1, E[·] for mathematical expectation,Im

for the m×m identity matrix,‖ · ‖F for the Frobenius norm,
ℜ[·] and ℑ[·] for the real and imaginary parts of a complex
number, respectively, andf2(x) for [f(x)]

2. Finally, t∈[m,n]
implies thatt, m andn are integers such thatm ≤ t ≤ n with
m ≤ n.

The rest of this paper is organized as follows. Sec. II intro-
duces the channel model, as well as the angle-of-arrival (AoA)
model. Eigen-channels of a MIMO system are discussed in
Sec. III. Sec. IV is devoted to the derivation of the normalized
ACF (NACF) and correlation coefficient theeigen-channels of
a 2 × 2 MIMO system, whereas Sec. V focuses on LCR and
AFD of the eigen-channels. Numerical results are presented
in Sec. VI, and concluding remarks are given in Sec. VII.

II. CHANNEL MODEL

In this paper, anNR × NT MIMO time-varying Rayleigh
flat fading channel is considered. Similar to [15], we consider
a piecewise constant approximation for the continuous-time
MIMO fading channel matrix coefficientH(t), represented by
{H(lTs)}L

l=1, whereTs is the symbol duration andL is the
number of samples. In thelth symbol duration, the matrix of
channel coefficients is given by

H(lTs) =







h1,1(lTs) · · · h1,NT
(lTs)

...
. . .

...
hNR,1(lTs) · · · hNR,NT

(lTs)






, l ∈ [1, L]. (1)

We assume all the NT NR subchannels
{hnr,nt

(lTs), l ∈ [1, L]}(NR,NT )
(nr=1,nt=1) are i.i.d., with the

same temporal correlation coefficient, i.e.,

E[hmn(lTs)h
⋆
pq((l − i)Ts)] = δmpδnqρh(iTs), (2)

where the Kronecker deltaδmp is 1 or 0 when m = p or
m 6= p, respectively, andρh(iTs) is derived at the end of this
section, eq. (6).

In flat Rayleigh fading channels, eachhnr,nt
(lTs), l ∈

[1, L], is a zero-mean complex Gaussian random process. In
the lth interval, hnr,nt

(lTs) can be represented as [13]

hnr,nt
(lTs) = hI

nr,nt
(lTs) + hQ

nr,nt
(lTs),

= αnr,nt
(lTs) exp[−Φnr,nt

(lTs)],
(3)
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where the zero-mean real Gaussian random processes
hI

nr,nt
(lTs) and hQ

nr,nt
(lTs) are the real and imaginary parts

of hnr,nt
(lTs), respectively.αnr,nt

(lTs) is the envelope of
hnr,nt

(lTs) and Φnr,nt
(lTs) is the phase ofhnr,nt

(lTs). For
eachl, αnr,nt

(lTs) has a Rayleigh distribution andΦnr,nt
(lTs)

is distributed uniformly over[−π, π). Without loss of gen-
erality, we assume each subchannel has unit power, i.e.,
E[α2

nr,nt
(lTs)] = 1.

Using the empirically-verified [13] multiple von Mises PDF
[16, (4)] for the AoA at the receiver innon-isotropic scattering
environments, shown as Fig. 1 of [16], the channel correlation
coefficient ofhnr,nt

(lTs), ∀nr, nt, is given by [16, (7)]

ρh(iTs) = E[hnr,nt
(lTs)h

⋆
nr,nt

((l − i)Ts)],

=
N

∑

n=1

Pn

I0

(

√

κ2
n − 4π2f2

Di2T 2
s + 4πκnfDiTs cos θn

)

I0(κn)
,

(6)

whereIk(z) = 1
π

∫ π

0
ez cos θ cos(kθ)dθ is the kth order modi-

fied Bessel function of the first kind.θn is the mean AoA of
the nth cluster of scatterers,κn controls the width of thenth

cluster of scatterers,Pn represents the contribution of thenth

cluster of scatterers such that
∑N

n=1 Pn = 1, 0 < Pn 6 1, N

is the number of clusters of scatterers, andfD is the maximum
Doppler frequency. Whenκn = 0,∀n, which corresponds to
isotropic scattering, (6) reduces toρh(iTs) = I0(2πfDiTs) =
J0(2πfDiTs) [16], which is the Clarke’s correlation model.

III. E IGEN-CHANNELS IN MIMO SYSTEMS

We set M = min (NT , NR) and N = max (NT , NR).
Based on singular value decomposition (SVD) [2]–[9],H(lTs)
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Fig. 1. (a) A MIMO channel withNT transmit andNR receive antennas;
(b) The equivalentM parallel SISO channels.

in (1) can be diagonalized in the following form

H(lTs) = U(lTs)S(lTs)V
†(lTs), (7)

where V(lTs), whose dimension isNT × M , satisfies
V

†(lTs)V(lTs) = IM , U(lTs), which is NR × M , satisfies
U

†(lTs)U(lTs) = IM , andS(lTs) is a diagonal matrix, given
by S(lTs) = diag [s1(lTs), · · · , sM (lTs)], in which sm(lTs),
m ∈ [1,M ] is themth non-zero singular value ofH(lTs).

We defineλm(lTs) = s2
m(lTs), ∀m. Thereforeλm(lTs) is

the mth non-zero eigenvalue ofH(lTs)H
†(lTs). We further

consider{λm(lTs)}M

m=1 as unordered non-zero eigenvalues
of H(lTs)H

†(lTs). Therefore the MIMO channelH(lTs) is
decomposed intoM identically distributed2 eigen-channels,
{λm(lTs), l ∈ [1, L]}M

m=1, by SVD, as shown in Fig. 1. For
M = 1, there is only oneeigen-channel, which corresponds
to the maximum ratio transmitter (MRT) ifNR = 1, or the
maximum ratio combiner (MRC) ifNT = 1. In each case we
haveN i.i.d complex Gaussian branches.

Since all theeigen-channels have identical statistics, we
only study one of them and denote it asλ(lTs), l ∈ [1, L].
To simplify the notation, we useX and Y to denoteλ(lTs)
andλ((l − i)Ts), respectively. The joint PDF ofX andY is
given in (4) [17], whereLα

n(x) = 1
n!e

xx−α dn

dxn (e−xxn+α) is
the associated Laguerre polynomial of ordern [18, pp. 1061,
8.970.1],ν = N − M , and̺i = |ρh(iTs)|, whereρh(iTs) is
given in (6). The joint PDF in (4) is very general and includes
many existing PDF’s as special cases.

• By integration overy, (4) reduces to the marginal PDF

p(x) =
1

M

M−1
∑

m=0

m!

(m + ν)!
[Lν

m(x)]
2
xνe−x, (8)

which is the same as the PDF presented in [2]. When
M = 1, (8) further reduces to

p(x) =
1

(N − 1)!
xN−1e−x, (9)

which is theχ2 distribution with2N degrees of freedom
[19, (2.32)], used for characterizing the PDF of outputs
of MRT or MRC.

• With M = 1, (4) reduces to

p(x, y) =
(xy)

N−1

2 exp
(

− x+y

1−̺2
i

)

IN−1

(

2̺i
√

xy

1−̺2
i

)

(N − 1)! (1−̺2
i ) ̺N−1

i

, (10)

2In general, the eigen-channels are correlated.



which is the joint PDF of outputs of MRT or MRC at
the lth and(l− i)th symbol durations [20]. Furthermore,
whenN = 1, i.e., a SISO channel, (10) simplifies to

p(x, y) =
1

1−̺2
i

exp

(

− x+y

1−̺2
i

)

I0

(

2̺i
√

xy

1−̺2
i

)

, (11)

which is identical to (8-103) [21, pp. 163] after a one-to-
one nonlinear mapping.

In the following sections, the normalized autocorrelation,
correlation coefficient, LCR and AFD of aneigen-channel
λ(lTs), l ∈ [1, L] are investigated for a2 × 2 MIMO system3,
where the joint PDF is given in (5), after pluggingM = 2
andν = 0 into (4).

IV. NACF AND CORRELATION COEFFICIENT OF AN

EIGEN-CHANNEL

In this section, first we concentrate on the ACF of aneigen-
channelλ(lTs), l ∈ [1, L]. The ACF is defined by

rλ(i) = E[λ(lTs)λ((l − i)Ts)],

=

∫ ∞

0

∫ ∞

0

xy p(x, y)dxdy,
(13)

wherep(x, y) is given by (5).
Combining (5) with the following Taylor series [18, pp. 971,

8.447.1]

I0(t) =
∞
∑

k=0

t2k

(k!)222k
, (14)

we simplify (13) to

rλ(i) =

{

8, i = 0,

4 + ̺2
i , i 6= 0,

(15)

where the second moment ofX, rλ(0), is calculated asE[X2]
directly, using the PDF ofX, which can be derived from (8)
by replacingM with 2

p(x) =

(

x2

2
− x + 1

)

e−x, x ≥ 0. (16)

From (15), we can easily get NACF as

r̃λ(i) =
rλ(i)

E[X2]
=

{

1, i = 0,
1
2 +

̺2
i

8 , i 6= 0.
(17)

With E[X] = 2, the mean ofX, which is easily calculated
using (16), the correlation coefficient is given by

ρλ(i) =
rλ(i) − {E[X]}2

E[X2] − {E[X]}2
=

{

1, i = 0,
̺2

i

4 , i 6= 0.
(18)

From (17) and (18), it is interesting to observe that NACF
and the correlation coefficient are not continuous ati = 0, as
r̃λ(1) and ρλ(1) do not converge tõrλ(0) = ρλ(0) = 1 as
Ts → 0.

3Other configurations can be handled via the same techniques developed
in this paper, and using the joint PDF in (4). The2 × 2 case is emphasized
in this paper to provide further insight, rather than lengthy equations.

With isotropic scattering, (17) and (18), respectively, reduce
to

r̃λ(i) =

{

1, i = 0,
1
2 +

J2
0 (2πfDiTs)

8 , i 6= 0,
(19)

and

ρλ(i) =

{

1, i = 0,
J2
0 (2πfDiTs)

4 , i 6= 0.
(20)

V. LCR AND AFD OF AN EIGEN-CHANNEL

A. LCR of an Eigen-Channel

Similar to the calculation of zero crossing rate in discrete
time [22, Ch. 4], we define the binary sequence{Zl}L

l=1, based
on theeigen-channel samples{λ(lTs)}L

l=1, as

Zl =

{

1, if λ(lTs) ≥ λth,

0, if λ(lTs) < λth,
(21)

where λth is a fixed threshold. The number of crossings of
{λ(lTs)}L

l=1 with λth, within the time intervalTs ≤ t ≤ LTs,
denoted byDλth, can be defined in terms of{Zl}L

l=1 [22, (4.1)]

Dλth =

L
∑

l=2

(Zl − Zl−1)
2
, (22)

which includes both up- and down-crossings.
After some simple manipulations, the expected crossing rate

at the levelλth can be written as

E[Dλth]

(L − 1)Ts

=
2Pr{Zl = 1} − 2Pr{Zl = 1, Zl−1 = 1}

Ts

. (23)

Therefore the expected down crossing rate atλth, denoted by
Nλ(λth), is half of (23), given by

Nλ(λth) =
Pr{Zl = 1} − Pr{Zl = 1, Zl−1 = 1}

Ts

. (24)

To simplify the notation, we useφ for Pr{Zl = 1} andϕ(̺1)
to denotePr{Zl = 1, Zl−1 = 1}, where ̺1 = |ρh(Ts)|,
defined before, i.e.,

̺1 =

∣

∣

∣
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∣
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∣

∣
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∣

. (25)

φ andϕ(̺1) can be calculated as follows

φ = Pr {X ≥ λth} =

∫ ∞

λth

(

x2

2
− x + 1

)

e−xdx,

= e−λth

(

1 +
λ2

th

2

)

,

(26)

and
ϕ(̺1) = Pr {X ≥ λth, Y ≥ λth} , (27)

which simplifies to (12), withΓ(a, z) =
∫ ∞

z
ta−1e−tdt [18,

pp. 949, 8.350.2] as the upper incomplete gamma function, by
applying (5) and (14) to (27).
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By plugging (26) and (27) into (24), we obtain the expected
crossing rate at the levelλth as

Nλ(λth) =
e−λth

(

1 +
λ2

th
2

)

− ϕ(̺1)

Ts

, (28)

whereϕ(̺1) is given in (12).

B. AFD of an Eigen-Channel

The cumulative distribution function (CDF) ofλ(lTs),∀l is
obtained as

Fλ(λth) = Pr {X ≤ λth} = 1−φ = 1−e−λth

(

1+
λ2

th

2

)

, (29)

whereφ comes from (26).
The AFD of aneigen-channel is therefore given by

tλ(λth) =
Fλ(λth)

Nλ(λth)
=

[

1−e−λth

(

1+
λ2

th
2

)]

Ts

e−λth

(

1+
λ2

th
2

)

− ϕ(̺1)
, (30)

whereϕ(̺1) is given in (12).

VI. N UMERICAL RESULTS AND DISCUSSION

In this paper, a generic power spectrum [16, (8)] is
used to simulate Rayleigh flat fading channels withnon-
isotropic scattering, according to the spectral method [23].
To verify the accuracy of the derived formulas, we consider
two types of scattering environments:isotropic scattering,
and non-isotropic scattering with three clusters of scatterers.
For the non-isotropic scattering, parameters of three clus-
ters, [Pn, κn, θn], n = 1, 2, 3, are given by[P1, κ1, θ1] =
[

0.45, 2, π
18

]

, [P2, κ2, θ2] =
[

0.2, 20, 11π
18

]

, and [P3, κ3, θ3] =
[

0.35, 3, 53π
36

]

, respectively. In addition, in all the simulations,
the maximum Doppler frequencyfD is set to1Hz, andTs =

1
20fD

seconds4.
In the following subsections, simulations are performed to

verify NACF, correlation coefficient, LCR and AFD of an
eigen-channel of a2 × 2 MIMO system, in the above two
propagation environments.

A. Isotropic Scattering

This is Clarke’s model [10], with uniform AoA. The simu-
lation results are shown in Fig. 2.

4Note that the value offD is has just a scaling effect,fD = 1 Hz is chosen
to make the simulations faster.
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Fig. 2. The channel correlation coefficient, AoA distribution, as well as
NACF and correlation coefficient of aneigen-channel, in a2 × 2 MIMO
system withisotropic scattering.

B. Non-isotropic Scattering

This is a general case, with an arbitrary AoA distribution.
Simulations are carried out, with the results shown in Fig. 3.

In Figs. 2-3, the upper left and right figures show the
channel correlation coefficient and AoA distributions, and
the lower left and right figures show NACF and correlation
coefficient of aneigen-channelλ(lTs), l ∈ [1, L], respectively.
In all the figures, “Simu.” means simulation, whereas “Theo.”
means the theoretical channel coefficient, NACF and corre-
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Fig. 3. The channel correlation coefficient, AoA distribution, as well as
NACF and correlation coefficient of aneigen-channel, in a2 × 2 MIMO
system withnon-isotropic scattering.
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Fig. 4. LCR and AFD of aneigen-channel, in a2× 2 MIMO system with
isotropic scattering.

lation coefficient, calculated according to (6), (17) and (18),
respectively.

In Figs. 4-5, the left and right figures show LCR and AFD,
respectively, where “Theo.” refers to the theoretical LCR and
AFD, calculated according to (28) and (30), respectively. From
Figs. 4-5, it is clear to see that both LCR and AFD are not
sensitive to the propagation environments. This is because
LCR and AFD only depend on̺1 (r.f. Eqs. (28) and (30)),
the amplitude of the channel correlation coefficient evaluated
at τ = Ts.

From Figs. 2-5, one can say that for both types of scattering,
the theoretical formulas perfectly match the simulation results.

VII. C ONCLUSION

In this paper, closed-form expressions for the autocorrela-
tion function, correlation coefficient, level crossing rate and
average fade duration of aneigen-channel are derived, for a
2 × 2 MIMO time-varying Rayleigh flat fading channel. The
analytical expressions, supported by Monte Carlo simulations,
provide useful qualitative and quantitative information regard-
ing the fluctuations of MIMO channels.

Although we only considered2 × 2 MIMO systems, it is
straightforward to use the techniques developed in this paper to
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Fig. 5. LCR and AFD of aneigen-channel, in a2× 2 MIMO system with
non-isotropic scattering.

deal with other MIMO systems withNT > 2 transmitters and
NR > 2 receivers, where all the subchannels are independent
and identically distributed, with the same temporal correlation
function.
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