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Abstract— In this paper, the second-order statistics such as
the autocorrelation function and correlation coefficient of the
instantaneous mutual information (IMI) are studied, in 2 × 2

multiple-input multiple-output (MIMO) time-varying Rayleigh
flat fading channels, assuming generalnon-isotropic scattering
environments. Exact closed-form expressions are derived, as well
as asymptotic approximations in low- and high-SNR regimes.
Monte Carlo simulations are provided to verify the accuracy of
those derived analytical results.

I. I NTRODUCTION

The increasing demand for wireless communication over
time-varying channels has motivated further investigation of
the channel dynamics and their statistical behavior. Thereare
numerous studies on the temporal correlations of a variety of
terrestrial [1]–[4] and satellite channels [5].

For such important quantity as theinstantaneous mutual
information (IMI), however, only the mean value, which is the
ergodic capacity, has received much attention as well as the
outage probability [6][7]. Clearly, ergodic capacity and outage
probability do not show the dynamic temporal behavior, such
as correlations, of IMI in time-varying fading channels.

The IMI feedback is used for the rate scheduling in multi-
user communication environments to increase the system
throughput [8], where only the perfect feedback is considered.
However, it is hard to obtain the perfect feedback in practice,
and generally the feedbacked IMI is outdated. In this case,
the correlation of IMI can be used to analyze the scheduling
performance with outdated IMI feedbacks. Moreover, the
correlation can also be used to improve the rate scheduling
algorithm by exploring the correlation of IMI.

To the best of our knowledge, correlation analysis of IMI
in single-input single-output (SISO) systems were reported in
[9]. For MIMO systems, only some simulation results regard-
ing correlation analysis are given in [10], without analytical
results, and in [11], lower and upper bounds on the correlation
coefficient in the high signal-to-noise ratio (SNR) regime,as
well as some approximations, are derived without exact results.

In this paper, the second-order statistics such as the au-
tocorrelation function and correlation coefficient of IMI are
studied in 2 × 2 MIMO time-varying Rayleigh flat fading

channels, where all the subchannels1 are independent and
identically distributed (i.i.d.) with the same temporal corre-
lation coefficient, considering generalnon-isotropic scattering
propagation environments. Closed-form expressions and sim-
ple approximations are derived for the autocorrelation function
(ACF) and correlation coefficients of MIMO IMI. Monte Carlo
simulations are provided to verify the accuracy of our closed-
form expressions and approximate results.

Notation: † is reserved for matrix Hermitian,⋆ for complex
conjugate, for

√
−1, E[·] for mathematical expectation,Im

for them×m identity matrix,ln(·) for the natural logarithm,
‖ · ‖F for the Frobenius norm,ℜ[·] andℑ[·] for the real and
imaginary parts of a complex number, respectively, andf2(x)
for [f(x)]

2.
The rest of this paper is organized as follows. Sec. II

introduces the channel model and the IMI random process
in multiple-input multiple-output (MIMO) systems, as well
as angle-of-arrival (AoA) models. Sec. III is devoted to
the derivation of ACF and correlation coefficient of IMI in
2 × 2 MIMO channels, as well as their low- and high-SNR
asymptotic approximations. Numerical results are presented in
Sec. IV, and concluding remarks are given in Sec. V.

II. CHANNEL MODEL AND MIMO IMI

For simplicity, only2×2 MIMO time-varying Rayleigh flat
fading channels are considered in this paper, and we assume
all 4 suchannels,{hmn(t)}(2,2)

(m=1,n=1) are i.i.d., with the same
temporal correlation coefficient, i.e.,

E[hmn(t)h⋆
pq(t − τ)] = δm,pδn,qρh(τ), (1)

where the Kronecker symbolδm,p is 1 or 0 according asm = p

or m 6= p, andρh(τ) is derived as follows and given by (7).
In flat Rayleigh fading channels,hmn(t), a zero-mean

complex Gaussian random process, can be represented as [4]

hmn(t) = hI
mn(t) + hQ

mn(t) = αmn(t) exp[−Φmn(t)], (2)

where the zero-mean real Gaussian random processeshI
mn(t)

and hQ
mn(t) are the real and imaginary parts ofhmn(t),

respectively.αmn(t) is the envelope ofhmn(t) andΦmn(t) is

1In this paper, each subchannel represents the radio link between each
transmit/receive pair of antennas.
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the phase ofhmn(t). At any time t, αmn(t) has a Rayleigh
distribution andΦmn(t) is distributed uniformly over[−π, π).
Without loss of generality, we assume each subchannel has
unit power, i.e.,E[α2

mn(t)] = 1.
Using the empirically-verified [4] multiple von Mises prob-

ability density function (PDF) [9, (4)] for the angle of arrival
(AoA) at the receiver innon-isotropic scattering environments
shown as Fig. 1 [9], the channel correlation coefficientρh(τ)
of hmn(t), ∀m,n, is given by [9, (7)]

ρh(τ) = E[hmn(t)h∗
mn(t − τ)],

=

N
∑

n=1

Pn

I0(
√

κ2
n − 4π2f2

Dτ2 + j4πκnfDτ cos θn)

I0(κn)
,

(7)

whereIk(z) = 1
π

∫ π

0
ez cos θ cos(kθ)dθ is the kth order modi-

fied Bessel function of the first kind.θn is the mean AoA of
the nth cluster of scatterers,κn controls the width of thenth

cluster of scatterers,Pn represents the contribution of thenth

cluster of scatterers, such that
∑N

n=1 Pn = 1, 0 < Pn 6 1, N

is the number of clusters of scatterers, andfD is the maximum
Doppler frequency. Whenκn = 0,∀n, which corresponds to
the isotropic scattering, (7) reduces toρh(τ) = I0(2πfDτ) =
J0(2πfDτ) [9].

Similar to the SISO systems considered in [6], we consider
a piecewise constant approximation for the continuous-time
fading channel coefficientH(t), represented by{H(lTs)}L

l=1,
where Ts is the symbol duration andL is the number of
samples. In the presence of additive white Gaussian noise,
if perfect channel state information{H(lTs)}L

l=1, is available
at the receiver only, the ergodic channel capacity is given by
[7][12]
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[
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(

I2 +
η

2
HlH
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nats/s/Hz, whereη is the average SNR at the receiver side,
andHl denotesH(lTs).

In the above equation, at any given time indexl,
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the fading parameterHl. Therefore
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, l = 1, 2, · · · , (9)

is a discrete-time random process with the ergodic capacityas
its mean. We study the second-order statistics of{Il}∞l=1, such
as autocorrelation and correlation coefficient, in the following
section.

III. ACF AND CORRELATION COEFFICIENT OFMIMO IMI

In this section, first we concentrate on the ACF of MIMO
IMI in (9), which is defined by

rI(i)=E[IlIl−i], (10)
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We assumex1 and x2 are two unordered eigenvalues of
HlH

†
l , and y1 and y2 are two unordered eigenvalues of

Hl−iH
†
l−i. Moreover, x is randomly selected fromx1 and

x2, and y is randomly selected fromy1 and y2. Therefore,
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To further simplify (12), we need the joint PDF ofx andy,
which is given by (3) [13], where̺ i = |ρh(iTs)| < 1, i 6= 0,
ρh(τ) is presented in (7). The marginal PDF ofx is given by

p(x) =

(

x2

2
− x + 1

)

e−x, x ≥ 0, (13)

by integrating (3) over the variabley, which is also given in
[12].

Combination (3) and (12), with the following Taylor series
of I0(t) [14, pp. 971, 8.447.1]

I0(t) =
∞
∑

k=0

t2k

(k!)222k
, (14)



simplifies (10) to the exact infinite-summation closed-form
representation in (4), whereG is Meijer’s G function [14,
pp. 1096, 9.301] and

λi =
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i
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∑2

m=1 ln
(

1 + η
2xm

)

, the first moment ofIl is
shown to be (5), and the second moment ofIl is
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which reduces to (6) by using the marginal PDF in (13) and
the joint PDF ofx1 andx2 [15, (2.22)]

p(x1, x2) =
1

2
(x1 − x2)

2
e−(x1+x2), x1, x2 ≥ 0. (17)

Therefore the normalized ACF and correlation coefficient
can be calculated according to

r̃I(i) =
rI(i)

E[I2
l ]

, (18)

and

ρI(i) =
rI(i) − {E[Il]}2

E[I2
l ] − {E[Il]}2

, (19)

by plugging (4) and (6) into (18), and (4)-(6) into (19),
respectively.

In general, it seems difficult to further simplify (4). How-
ever, we note that the integral

Ξ(k, ω, λi) =

∫ ∞

0

xke−λix ln(1 + ωx)dx, k ≥ 0, (20)

can be approximated by

Ξ(k, ω, λi) ≈
{

∫ ∞

0
ωxk+1e−λixdx, ω → 0,

∫ ∞

0
xke−λix ln(ωx)dx, ω → ∞,

(21)

using ln(1 + ωx) ≈ ωx, ω → 0, and ln(1 + ωx) ≈ ln (ωx),
ω → ∞, respectively2.

In the following two subsections, we obtain asymptotic
closed-form expressions for the normalized ACF,r̃I(i), and
correlation coefficient,ρI(i), in low- and high-SNR regimes.

A. Low-SNR Regime

If η → 0, based on (14) and (21), after some basic algebraic
manipulations, we proved that the normalized ACF and the
correlation coefficient are, respectively, expressed as

r̃I(i) ≈ 4 + ̺2
i

5
, (22)

and
ρI(i) ≈ ̺2

i . (23)

Interestingly, the above results are the same as those in the
2×2 MIMO with orthogonal space-time block code (OSTBC)
transmission in low-SNR regimes, as expected. In fact, in low-
SNR regimes,Il in (9) can be approximated asIl ≈ η

2‖Hl‖2
F ,

2The utility and accuracy of (21) is confirmed by Monte Carlo simulations
in Sec. IV.

which is the same as the low-SNR approximation ofIl in
MIMO-OSTBC systems [16].

With isotropic scattering, we haveρh(iTs) = J0(2πfDiTs),
the Clarke’s correlation [1], this simplifies (23) to
J2

0 (2πfDiTs).

B. High-SNR Regime

If η → ∞, based on (14) and (21), after lengthy algebraic
calculations, we have shown that the normalized ACF and the
correlation coefficient are, respectively, given by

r̃I(i) ≈
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whereγ = 1.781072 · · · is the Euler-Mascheroni constant [14,
pp. xxx], andLi2(x) is the dilogarithm function, defined as

Li2(x) =

∞
∑

k=1

xk

k2
, |x| ≤ 1. (26)

With isotropic scattering, (25) reduces to

ρI(i) ≈ 2Li2
[

J2
0 (2πfDiTs)

]

− J2
0 (2πfDiTs)

π2

3 − 1
. (27)

IV. N UMERICAL RESULTS AND DISCUSSION

In this paper, the generalized power spectrum [9, (8)] is used
to simulate Rayleigh flat fading channels withnon-isotropic
scattering, according to the spectral method [17]. To verify
the accuracy of the derived formulas, we consider three types
of scattering environments:isotropic scattering,non-isotropic
scattering with three clusters of scatterers, and highlynon-
isotropic scattering with one cluster of scatterers (κ = 40,
θ = 10π

9 ). For thenon-isotropic scattering, parameters of three
clusters,[Pn, κn, θn], n = 1, 2, 3, are given by[P1, κ1, θ1] =
[

0.45, 2, π
18

]

, [P2, κ2, θ2] =
[

0.2, 20, 11π
18

]

, and [P3, κ3, θ3] =
[

0.35, 3, 53π
36

]

, respectively. In addition, in all the simulations,
the maximum Doppler frequencyfD is set to10Hz, andTs =

1
20fD

seconds.
In the following subsections, simulations are performed

to verify the ACF and correlation coefficient of IMI in the
above three types of environments in both low- and high-SNR
regimes. For evaluating the approximation accuracy of ACF
and the correlation coefficient, we setη = −15 dB for low
SNR, andη = 30 dB for high SNR.

A. Isotropic Scattering

This is the Clarke’s model, with uniform AoA. The simu-
lation results are shown in Fig. 1.

B. Non-isotropic Scattering

This is a general case, with an arbitrary AoA distribution.
Simulations are carried out, with the results presented in Fig.
2.
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Fig. 1. The channel correlation coefficient, AoA distribution, as well as the
normalized ACF and correlation coefficient of IMI, in a2× 2 MIMO system
with isotropic scattering.

C. Highly Non-isotropic Scattering

This is a case where MS receive the signal within a very
narrow beam. Simulation results are presented in Fig. 3.

In Figs. 1-3, The upper left and right figures show the
channel correlation coefficient and AoA distributions; the
lower left and right figures show the normalized approximate
ACF and the approximate correlation coefficient of the IMIIl,
respectively, in both low- and high-SNR regimes. In all figures,
‘Simu.” means simulation, and “Theo.” means the channel co-
efficientρh(τ), the normalized ACF and correlation coefficient
in low- and high-SNR regimes are calculated according to (7),
(22), (23), (24), and (25), respectively.

From Figs. 1-3, the following observations can be made.

• In both low- and high-SNR regimes, the asymptotic
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Fig. 2. The channel correlation coefficient, AoA distribution, as well as the
normalized ACF and correlation coefficient of IMI, in a2× 2 MIMO system
with non-isotropic scattering.
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Fig. 3. The channel correlation coefficient, AoA distribution, as well as the
normalized ACF and correlation coefficient of IMI, in a2× 2 MIMO system
with highly non-isotropic scattering.

results of the normalized ACF and correlation coefficient
derived in Sec. III perfectly match the simulation results
in all the three scenarios we considered.

• The narrower of the angle spread at the receiver side,
the larger the correlation coefficient. It implies that the
instantaneous mutual information has less fluctuation
when the receiver takes the signal from a narrow angle,
which is the same as the results we obtained in the SISO
systems [9].

• In all scenarios we considered, there are obvious gaps,
which can not be ignored, between low- and high-SNR
asymptotic approximations. Therefore, for not so small or
large SNRs, we need to resort to the exact formulas in (4)-
(6) for the accurate values of correlations. For example,
η = 15dB, the simulation and theoretical curves, as well
as low- and high-SNR approximations are shown in Fig.
4 for the correlation coefficient.

V. CONCLUSION

In this paper, closed-form expressions for the autocorrela-
tion function and correlation coefficient of the instantaneous
mutual information (IMI) in time-varying Rayleigh flat fading
channels are derived, in2× 2 MIMO systems. The analytical
expressions, supported by Monte Carlo simulations, provide
useful qualitative and quantitative information regarding the
fluctuations of IMI.

In this paper, we only considered2 × 2 MIMO systems.
It is our ongoing work to consider the spatially uncorrelated
general MIMO system withM ≥ 2 transmitters andN ≥
2 receivers, where all the subchannels are independent and
identically distributed, with the same temporal correlation
function.
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