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Abstract— In this paper, the second-order statistics such as channels, where all the subchanfelse independent and
the autocorrelation function and correlation coefficient of the jdentically distributed (i.i.d.) with the same temporalries

instantaneous mutual information (IMI) are studied, in 2 x 2
multiple-input multiple-output (MIMO) time-varying Rayleigh

flat fading channels, assuming generahon-isotropic scattering
environments. Exact closed-form expressions are derived, asel/

as asymptotic approximations in low- and high-SNR regimes.

Monte Carlo simulations are provided to verify the accuracy of
those derived analytical results.

lation coefficient, considering genenabn-isotropic scattering
propagation environments. Closed-form expressions and si
ple approximations are derived for the autocorrelatiorcfiom
(ACF) and correlation coefficients of MIMO IMI. Monte Carlo
simulations are provided to verify the accuracy of our olbse
form expressions and approximate results.

Notation: T is reserved for matrix Hermitiarf, for complex
conjugate for /—1, E[-] for mathematical expectatiod,,
for the m x m identity matrix,In(-) for the natural logarithm,

The increasing demand for wireless communication ovlyy || for the ::ro?enlus mlnrrrﬂ%[-] zl;nd%[-} fortt_hel rea;l and
time-varying channels has motivated further investigatid |fmag|n§r); parts of a complex number, respectively, Ang)
the channel dynamics and their statistical behavior. Theee or [f(=)]".

numerous studies on the temporal correlations of a vari{ety_ot-rh;3 resttr(])f thr:s pa;l)er 'Z Iorgagliﬁd IE;/TI foIIc:jws. Sec. |l
terrestrial [1]-[4] and satellite channels [5]. Introduces the channel modet an € random process

. . . in multiple-input multiple-output (MIMO) systems, as well
For such important quantity as thastantaneous mutual P P P put ) sy

. . L as angle-of-arrival (AoA) models. Sec. lll is devoted to
irtformetion (IMI), however, only the mean value, which is th e derivation of ACF and correlation coefficient of IMI in
ergodic capacity, has received much attention as well as € 9 MIMO channels. as well as their low- and high-SNR
outage probability [6](7]. Clearly, ergodic capacity anatage symptotic approximat,ions. Numerical results are preseint
probability do not show the dynamic temporal behavior, su%\

! o . ) ec. IV, and concluding remarks are given in Sec. V.
as correlations, of IMI in time-varying fading channels.
The IMI feedback is used for the rate scheduling in multi- [l. CHANNEL MODEL AND MIMO IMI

user communication environments to increas_e the SYStenEor simplicity, only2 x 2 MIMO time-varying Rayleigh flat
throughput [8], where only the perfect feedback is consider tading channels are considered in this paper, and we assume

I. INTRODUCTION

However, it is hard to obtain the per.fect feedback in prectica” 4 suchannels{h,,m(t)}(f,f:)lm:l) are i.i.d., with the same
and generally the feedbacked IMI is outdated. In this Cas@mporal correlation Coef}icient ie.

the correlation of IMI can be used to analyze the scheduling
performance with outdated IMI feedbacks. Moreover, the
correlation can also be used to improve the rate schedul
algorithm by exploring the correlation of IMI. or

To the best of our knowledge, correlation analysis of IMI
in single-input single-output (SISO) systems were repbite
[9]. For MIMO systems, only some simulation results regar
ing correlation analysis are given in [10], without anadgti
results, and in [11], lower and upper bounds on the corpeiati
coefficient in the high signal-to-noise ratio (SNR) regiras,
well as some approximations, are derived without exacttesu

In this paper, the second-order statistics such as the
tocorrelation function and correlation coefficient of IMtea 1, this paper, each subchannel represents the radio linkeeet each
studied in2 x 2 MIMO time-varying Rayleigh flat fading transmit/receive pair of antennas.

Elhmn () (t = T)] = m,pOn,qPn(T), @)

Where the Kronecker symbé}, , is 1 or 0 according asn = p

m # p, and pp,(7) is derived as follows and given by (7).

In flat Rayleigh fading channelsh,,,(t), a zero-mean
(fomplex Gaussian random process, can be represented as [4]

P (t) = h{nn(t) + ]h'ran(t) = Qpn(t) eXp[_J(I)mn(t)]a 2

where the zero-mean real Gaussian random procégse&)
and hQ, (t) are the real and imaginary parts &f,, (),

mn

éﬁgpectivelyamn(t) is the envelope Of,y,,, (t) and®,,,(t) is
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the phase oh,,,(t). At any timet, a,,,(¢t) has a Rayleigh the fading parameteH;. Therefore
distribution and®,,,,,(t) is distributed uniformly ovef—m, 7). T = Indet (1. + "ErE! - 9
Without loss of generality, we assume each subchannel has 1= et( 2t Dl l)’ =12, ©)
unit power, i.e.Ela,, ()] = 1. _ . is a discrete-time random process with the ergodic capasity
Using the empirically-verified [4] multiple von Mises prob-its mean. We study the second-order statistic§Zp§:°,, such

ability density function (PDF) [9, (4)] for the angle of ar@l  as autocorrelation and correlation coefficient, in thedfwlhg
(AoA) at the receiver imon-isotropic scattering environments section.

shown as Fig. 1 [9], the channel correlation coefficigptr)
of hpmn(t), Ym,n, is given by [9, (7)]

I1l. ACF AND CORRELATION COEFFICIENT OFMIMO [MI
In this section, first we concentrate on the ACF of MIMO

pn(T ) = E[hmn(t)hyp (t — 7)), IMI in (9), which is defined by
ZP Io(\/k2 — Ar2 f272 + jAmk, fpTcosO,) (1) r7(i)=E[L,T_i], (10)
= Io(rn) ’ :E[lndet (12 n ngHj)lndet (12 n ng_iHLiﬂ .
where I (2) = L [ e#<o5? cos(k6)dd is the k™ order modi- (11)

fied Bessel function of the first kind,, is the mean AoA of We assumer; and z, are two unordered eigenvalues of
the n™ cluster of scatterers;,, controls the width of thex™ H;H{, and y; and y, are two unordered eigenvalues of
cluster of scatterers?, represents the contribution of thd" HZ_ZHlT_z Moreover, 2 is randomly selected fromz; and
cluster of scatterers, such thal,)_, P, = 1,0 < P, <1, N 4, andy is randomly selected fromy, and y,. Therefore,
is the number of clusters of scatterers, gpds the maximum (11) reduces to

Doppler frequency. Wher,, = 0,Vn, which corresponds to

2 2
the isotropic scattering, (7) reduces ,(7) = Iy (327 fp7) = rz(i) =E n(1+ 2z, In(1+ ﬁyn
Jo(2m for) [9]. mZ: (1+520) ; (1+3n) (12)
Similar to the SISO systems considered in [6], we consider _ Ui Ui
a piecewise constant approximation for the continuoug-tim =4 [ln (1 * 7:5) In (1 + 53/)} '

fading channel coefficier(t), represented byH(IT)}/.,, To further simplify (12), we need the joint PDF afandy,
where 7; is the symbol duration and. is the number of which is given by (3) [13], where; = |pn(iT3)| < 1, i # 0,
samples. In the presence of additive white Gaussian noigg(r) is presented in (7). The marginal PDF ofis given by

if perfect channel state informatiofH(I7;) }l 1, is available 22

at the receiver only, the ergodic channel capacity is given b p(x) = (2 —x+ 1) e ",z >0, (13)

[71112] _ | . . -
C—F {ln det (12 " ﬁHzHD} 7 ) Flyz]mtegratlng (3) over the variablg, which is also given in

Combination (3) and (12), with the following Taylor series
nats/s/Hz, where) is the average SNR at the receiver side,
% g Of Io(t) [14, pp. 971, 8.447.1]

andH; denotesH(IT;).
In the above equation, at any given time indéx i

Indet (12 + ngHf) is a random variable as it depends on

k:O



simplifies (10) to the exact infinite-summation closed-forrwvhich is the same as the low-SNR approximationZefin
representation in (4), wher& is Meijer's G function [14, MIMO-OSTBC systems [16].

pp. 1096, 9.301] and With isotropic scattering, we havey, (i7;) = Jo (27 fpiTs),
1 the Clarke’'s correlation [1], this simplifies (23) to
A = T (15)  J2 (27 fpiTy).

With Z, = 322 _ In (1 + Za,,), the first moment off; is B. High-SNR Regime _
shown to be (5), and the second momentZpfs If 7 — oo, based on (14) and (21), after lengthy algebraic
n n n calculations, we have shown that the normalized ACF and the
E[I}]=2E {1112 (1+§a:1) +ln<1+§xl> ln(1+§1'2)} , (16) correlation coefficient are, respectively, given by

which reduces to (6) by using the marginal PDF in (13) and 2L, (02) — 02 + [2 In (l) i 1}2
the joint PDF ofx; and» [15, (2.22)] 71 (i) ~ I 27 L (24
14 [2In(Z)+1
p(x1,x2) = % (x1 — 9:2)2 67(I1+m2), x1,xe > 0. (17) 3 [ (h) }
and
Therefore the normalized ACF and correlation coefficient , 2Lis (07) — 0?
can be calculated according to pr(i) = . ’ (25)
5 () = rz(i) 18) Wherey =1.781072--- is the Euler-Mascheroni constant [14,
TIO) 57 ( ) . . . . . .
E[Z7] pp. xxx], andLiy(z) is the dilogarithm function, defined as
e ()~ {ET)? e
_rz(2) — ! Lisg(z) =) —, |z|<1L (26)
i) = , 19 2 2
o1 = Bz~ (B} (9 =
by plugging (4) and (6) into (18), and (4)-(6) into (19), With isotropic scattering, (25) reduces to
respectively. O Liol T2 (21 fri T — J2(27 i T,
In general, it seems difficult to further simplify (4). How- pz(i) ~ ol J5 ﬂfDi;)] 0 (27 i S). (27)
ever, we note that the integral 3T
o IV. NUMERICAL RESULTS AND DISCUSSION
Sk, w, Ai) = /O ere” M In(l+wa)de, k20, (20) i paper, the generalized power spectrum [9, (8)] isluse

to simulate Rayleigh flat fading channels witlon-isotropic
scattering, according to the spectral method [17]. To yerif
fooo wrktle=Nizdg w — 0, the accuracy of the derived formulas, we consider threestype
(1) of scattering environmentssotropic scattering,non-isotropic
scattering with three clusters of scatterers, and higidg-
usingIn(l + wz) =~ wz, w — 0, andIn(1 + wx) ~ In (wz), isotropic scattering with one cluster of scatterers £ 40,
w — 0o, respectively. 0= 13”). For thenon-isotropic scattering, parameters of three
In the following two subsections, we obtain asymptoticlusters,[P,,, xn,0,],n = 1,2, 3, are given by[P;, k1,01] =
closed-form expressions for the normalized AGK(i), and [0.45,2, 7], [Pz, ko, 02] = [0.2,20, X1, and [Ps, k3, 03] =

33z o

correlation coefficientpz (i), in low- and high-SNR regimes. [0.35, 3, %7 |, respectively. In addition, in all the simulations,
A. Low-S\R Regime mimsaeﬂgwnudrz Doppler frequencfp is set tol0Hz, and’7; =
. 20 )
If » — 0, based on (14) and (21), after some basic algebraitfn the following subsections, simulations are performed
manipulations, we proved that the normalized ACF and thg verify the ACF and correlation coefficient of IMI in the

can be approximated by

E(k, w, /\z) ~ {

JS ake i In(wr)de, w — oo,

correlation coefficient are, respectively, expressed as above three types of environments in both low- and high-SNR
o 4+ g2 regimes. For evaluating the approximation accuracy of ACF
(i)~ —= (22)  and the correlation coefficient, we set= —15 dB for low

and SNR, andn = 30 dB for high SNR.

pz(i) = o2, (23) A. Isotropic Scattering

Interestingly, the above results are the same as those in thdhis is the Clarke’s model, with uniform AoA. The simu-
2 x 2 MIMO with orthogonal space-time block code (OSTBC]ation results are shown in Fig. 1.
transmission in low-SNR regimes, as expected. In fact,ur lo g Non-isotropic Scattering

NR regim in n roxim ~ I1|H,|? . ) . o
S egimesZ, in (9) can be approximated ds ~ 3 |H [, This is a general case, with an arbitrary AoA distribution.

2The utility and accuracy of (21) is confirmed by Monte Carlo ditions Simulations are carried out, with the results presenteddn F

in Sec. IV.
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with isotropic scattering. with

C. Highly Non-isotropic Scattering

This is a case where MS receive the signal within a very
narrow beam. Simulation results are presented in Fig. 3.

In Figs. 1-3, The upper left and right figures show the
channel correlation coefficient and AoA distributions; the
lower left and right figures show the normalized approximate
ACF and the approximate correlation coefficient of the Iyl
respectively, in both low- and high-SNR regimes. In all feeggr
‘Simu.” means simulation, and “Theo.” means the channel co-
efficientpy, (7), the normalized ACF and correlation coefficient
in low- and high-SNR regimes are calculated according tp (7)
(22), (23), (24), and (25), respectively.

From Figs. 1-3, the following observations can be made.

e In both low- and high-SNR regimes, the asymptotic

Channel Correlation Coefficients AoA Distribution
19 0.4
Ofp, (T ] —Theo.

Normalized Autocorrelation Function of IMI Correlation Coefficient of IMI
= 1
> 3

0
Y0

o4 0.4
% Low SNR(Simu.)
---Low SNR(Theo.)

highly non-isotropic scattering.

results of the normalized ACF and correlation coefficient
derived in Sec. Il perfectly match the simulation results
in all the three scenarios we considered.

« The narrower of the angle spread at the receiver side,

the larger the correlation coefficient. It implies that the
instantaneous mutual information has less fluctuation
when the receiver takes the signal from a narrow angle,
which is the same as the results we obtained in the SISO
systems [9].

In all scenarios we considered, there are obvious gaps,
which can not be ignored, between low- and high-SNR
asymptotic approximations. Therefore, for not so small or
large SNRs, we need to resort to the exact formulas in (4)-
(6) for the accurate values of correlations. For example,
n = 15dB, the simulation and theoretical curves, as well
as low- and high-SNR approximations are shown in Fig.
4 for the correlation coefficient.

V. CONCLUSION

In this paper, closed-form expressions for the autocorrela
tion function and correlation coefficient of the instantane
mutual information (IMI) in time-varying Rayleigh flat fauatj
channels are derived, &1x 2 MIMO systems. The analytical
0 5 10 15 20 expressions, supported by Monte Carlo simulations, peovid
useful qualitative and quantitative information regagdithe
fluctuations of IMI.

ol . o Low SNR(Simu.) " .
08 LU P SR 08 0\\6 . Low SNR(Theo) .In this paper, we only cons!deredx 2 M!MO systems.
06 08\ ——High SNR(Theo.) It is our ongoing work to consider the spatially uncorretate

general MIMO system with\/ > 2 transmitters andV >
2 receivers, where all the subchannels are independent and

0.2 X ! 0.2 o8 . . - . .
- Han SR(sm) B et |dent!cally distributed, with the same temporal correlati
% 5 10 15 20 % 5 10 15 2 function.

Fig. 2. The channel correlation coefficient, AoA distrilautj as well as the
normalized ACF and correlation coefficient of IMI, in2ax 2 MIMO system [1
with non-isotropic scattering.
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