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Abstract- In this paper, the circular ring model is proposed to model
the signal statistics of a wideband multiple-input multiple-output
(MIMO) channel. Based on the proposed model, a new space-time-
frequency cross-correlation function is derived for the MIMO channel,
in a compact mathematical form. The cross-correlation function
includes various parameters of interest such as the distance between the
base station and the user, spacing among antenna elements, user's speed
and direction, as well as the angle spread and delay spread. In addition,
the time of arrival probability density function and power delay profile
of the circular ring model are derived and compared with measured
data. The proposed model and the associated wideband space-time
cross-correlation provide a convenient unified framework for the
simulation of frequency selective mobile MIMO fading channels and
the design of proper space-time coding and signal processing techniques
over such channels.

1. INTRODUCTION

Multiple-input multiple-output (MIMO) wireless systems have
multiple antennas at both receiver and transmitter. Under the
condition of uncorrelated antenna elements and Rayleigh fading,
capacity of the system can be increased linearly with the number of
antennas. Most of the theoretical works in the past [1]-[3] assumed
that kind of simplified channel model, but in practice some
correlation among the antenna elements may exist that can reduce
the channel capacity.

Moreover, most papers in the past have focused on frequency-flat
fading channels, whereas frequency selective channels have
received significant attention due to the high demand for high-speed
communications [4] [5].

The geometric channel model with a ring of scatterers around the
user has been extensively used for a narrowband channel [6], mostly
due to its simplicity. In the sequel we show that this model is not
applicable to wideband channels due to unrealistic probability
density function (PDF) it provides for time of arrival (TOA). The
main contribution of this paper is a new geometric model that also
exhibits good match to different characteristics of wideband
measured channel data such as TOA PDF and power delay
spectrum (PDS), also known as power delay profile. In addition, the
proposed model is used to derive a closed-from space-time-
frequency (STF) cross-correlation function among the links of a
frequency selective MIMO mobile fading channel with multi-
element transmit and receive antennas. This is the wideband
extension of the narrowband correlation model of [7].

The rest of this paper is organized as follows. The circular ring
wideband geometric-stochastic model for MIMO channels is
mtroduced in Section II, whereas the new STF cross-correlation is
derived in Section III. Section IV is devoted to the derivation of
TOA PDF and PDS for the circular ring model. Comparison of the
model with published wideband measurements, in terms of the

TOA PDF and PDS is the topic of Section V. Concluding remarks
are given in Section VI.

II. THE CIRCULAR RING WIDEBAND MIMO MODEL

Consider the multi-element antenna system configuration, shown
in Fig. 1, where the base station (BS) and the user have n,; and n,,
omni-directional antenna elements in the horizontal plane,
respectively. Without loss of generality, the case of n,, =n, =2 (a
2X2 MIMO channel) has been considered. The convention for
numbering the antenna elements is such that 1</<m<n, and
1< p<g<ny. The BS receives the signal through the narrow
beamwidth 2A, while the user receives the signal from a large
number of surrounding local scatterers, impinging the user from
different directions. We assume that the waves are planar and
bounced only once. The i™ scatterer is represented by S,, R, is the
distance between the i™ scatterer and the user and D is the
distance between the BS and the user. All scatterers are located on
the circular ring, with the distance from the user within the range
R <SR <R,. Clearly, A, R,, and D are related through
tan(A)=R,/D.

Let us consider the downlink with no transmit beamforming. Let
s,(t) represent the complex envelope of the signal transmitted
from the p™ BS array element and 7,(¢) the complex envelope of
the signal received by the /™ user’s array element. The complex
lowpass equivalent time-variant channel response between BS,
and U, is given by h,(7,7). Based on the vector notations
s()=[s,(®)...s, O] and r(t) =[r@)..r, (O] ,with ()" asthe
transpose operator the complex lowpass equ1va1ent input-output
equation for the frequency selective MIMO fading channel can be
written as

r(t)= H(z,t)*s(t) + n(?) , (1

where H(z,t) is the n, Xn,, matrix, where the entries are the
input delay-spread functions, defined by Bello [8], such that
[H(z,1)], =h,(7,t), * denotes convolution and n(7) stands for
the complex envelope of the additive white Gaussian noise
(AWGN) with zero mean vector and the diagonal covariance
matrix, ie, E[n(t)n” (t)]= anln , where P 1is the noise
power at each receiver, I, is the n,Xn, identity matrix, and
()" denotes Hermitian transposmon The dependence of H(7,t)
on the delay 7 is a result of channel frequency selectivity (delay
spread), whereas the dependence on time ¢ is a result of user
mobility (Doppler spread). Besides the frequency and time
selectivity, we have also taken into account the effect of space
selectivity through the realistic assumptions of non-isotropic
scattering and non-uniform distribution of angle of arrival (AOA)
[9]. The effect of antenna spacing at both the base station and the
user is also included.



In the channel model depicted in Fig. 1, the local scatterers are
assumed to be fixed, independent of time, and the motion of the user
is characterized by its speed v and the direction of the motion ¥ .
These assumptions are necessary for obtaining a stationary space-
time-frequency correlation function. The same assumptions can be
found, for example, in [6] and [10] for the temporal correlation
model, and in [11] and [12] for the spatio-temporal correlation
model. Clearly, depending on the user’s speed, the STF correlation
function derived in the next section will be accurate only over a time
duration that is much smaller than R, /v .

Let us define the power transferred through the BS, —U, link as
Q, , where Q, = E[| 4,(¢,7) P]<1, under the assumption of the
unit total transmit power. The plane waves emitted from the array
element BS, travel over paths with different lengths and after being
scattered by the local scatterers around the mobile user, impinge the
array element U, from different directions. Since we consider the
Rayleigh fading channel, no line of sight (LOS) component exists.
Mathematical representation of this propagation mechanism, similar
to that of [ 18], results in the following expression

1 -n .
(0= lim 2.8 (6 exp{ ¥, ©

=27 (&, +&, )+ j2m fptoos(@! - 1)} Sz -7)

In the formula above, N is the number of independent scatterers S,

around the user, g, represents the amplitude of the wave scattered
by the i™ scatterer toward the user. ¥, denotes the phase shift
introduced by the i scatterer, &, and &, are the distances shown
in Fig. 1, which are functions of ¢V and R, . Strictly speaking, the
AOA depends on the antenna location at the user side. However, if
the scatterers are located far from the user, ie., d,, < R, this
dependence can be neglected and ¢” can be considered as the
AOA for all the antenna elements. Similarly, the term & -&,

related to the amplitude attenuation has been replaced with 4{ ‘R,
Note that, however, replacing &, (&) with ¢;(R,) in the exponent
is inappropriate. Further, the wavelength is denoted by 4, j2=-1,
f, =V/A is the maximum Doppler shift, » represents the path
loss exponent and finally 7, is the travel time of the wave scattered
by the i™ scatterer. Let assume that {g,}7, are independent and
identically distributed (i.i.d) random variables with E[g?]=1,
independent of {,}=, . It is reasonable to assume that {i,};, are
1.1.d. random variables with uniform distributions over [0,27) . One
can easily show that Q =lmN"'> " E[g']({R)".
According to the statistical propertiés”Sf the channel described
above, central limit theorem implies that 4, (7,¢) is a lowpass zero-
mean complex Gaussian process. Hence, for each 7, , the envelope
| b, (7,,2)| is a Rayleigh process.

III. THE NEW SPACE-TIME-FREQUENCY CROSS-CORRELATION

The time-varying frequency response T'( f,¢) is defined in [8] as
the Fourier transform of k(z,?), ie., T(f,t)=S_{h(z,t)} . For
the wideband communication link BS, —U, we have

. 1 N -n/2 .
];p(fﬁt)=llm_ g (&R expJ'¥,
Noe [N ; ( ) { 3)
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Now we define the normalized STF cross-correlation function
between the time-varying frequency responses of two arbitrary

communication links 7, (7,7) and 7, (7,f) as

Pipung (A M) = E[T, (f 0T, (f +8f 1+ At)]/\/Q/meq Q)

where (-)" denotes the complex conjugate operation. According to
the statistical properties of {g,}7, and {,}7, discussed earlier and
also Eq. (3), the cross-correlation function between 7, (7,¢) and
T  (7,t) canbe written as

mq
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where we are assuming €, =Q ~=€Q. For large N, the
contribution of the i scatterer, out of the total power le, is
proportional to E[g?1(¢,-R)™ / N, which is equal to the
infinitesimal power coming from the density of scatterers within
dRd ¢V with  the  probability f(@V,R), ie.,
E[g)(¢, RY" /N =({ (¢ .R)-R)" f(¢'.R)dRd§’ (the
reader may refer to [7] for the same type of argument for the
narrowband case). Note that f'(¢”,R) is the joint PDF of ¢V and
R . Now, Eq. (5) can be written as

R,z

P A8 =07 [ [ ({4, R)-RY”

exp {_j 2 (G, =Sy T =) (6)
—j27 fyAtcos(@ ~7)
+277 A (g + R} S (9, R0 dR.

where & w0, 1S the length of the path between the antenna element
BS, and the point on the ring of radius R , determined by ¢” , and
SO on.

Equation (6) gives the exact cross-correlation function which for a
given f(¢Y,R),needs to be calculated numerically. In order to use
some geometric properties, let us for a moment consider only
scatterers that are located on a ring with the radius R . Then, the
following relations can be derived using the law of cosines in
appropriate triangles

g(pzyl’ = é‘j‘i /4 + é;i - 5pq§¢L Cos(apq - ¢¢B£S)s
é:;(,'q = é‘;‘i /4 + ;;L/ + 6]"] é:p” Cos(apq - ¢;US)7
2, =d, [4+R*~d,Rcos(¢" - 3,,).

&y =dp [4+ R +d,Reos(¢” - B,,),

m

™

as well as the law of sines in the triangle O,S,0,,
sin(@” @)D =sin(g )R =sin(g" ). ®)

The reasonable assumption of D > R, > R, > max(d,,.d,,)
for many practical cases of interest, which also implies that A is
small, simplifies the equations drastically. This kind of assumption



is valid for a macrocells and some microcells. We use the
approximate relations /1+y =1+%/2, sin(y)=Y, and
cos() =1, when 7 is small. To begin with, the first equation in
(8) yields ¢;° ~Asin(¢”), as ¢ and A=R/D are small
Consequently, equations in (7) can be written as

£, =¢, 6, cos(a,,)+Asin(a,,)sin(g") | /2,

¢'p

S, =G+ J, [cos(apq )+ A sin(apq)sin(g)” )]/2,

&, =R-d,, cos¢” - B,)/2. ©)
£, =R+d,, 59" = B,)/2,

fwl, =D+ Rcos(¢”).

Substitution of (9) into (6) yields the approximate cross-correlation
function

Pyy (O A1) =— [ (DR) "exp| j2717'5, cos(ax,, )

1
Q

+j2mRe”Af (14 DR )} [ exp{j2ma [ 8, Asin(a, )sin(g")

-

+d,, cos(¢” B, |- j2x f,Atcos(¢” - y)
+j27Re” Af cos(9”)} £ (8" )d 9" f(R)dR,
(10)

where ¢ denotes the speed of light and we have assumed that ¢V
and R are  independent random  variables, e,
f(@Y,R)=f(¢V) f(R). We further use the von Mises PDF for
the AOA, as it fits very well the real data [13]

10" = (271,(0)) " exp| wcos(¢” —u) |, 9" el-mm), (1)

where /,(.) is the zero” order modified Bessel function,
Me[—m, ) accounts for the mean direction of AOA seen by the
user, and x>0 controls the width of AOA.

After substitution of (11) into (10) and calculating the inner
integral according to equation 3.338-4, p. 357 given in [14]

j exp(xsinz+ ycosz)dz = 271, (x> +*), (12)
we obtain our key result in equation (13),
D*n RZ
~ . . -1
p//),mq (Afﬂ At) - Q[O(K') 1}[' eXp|:ijq Cos(apq) + je(l + DR ):I

xI, ({Kz —a* —b}, &~ A’sin’ (@) +2ab,, cos(B,, — 7)
+2¢, Asin(a,, )| asin(y) - b, sin(3,,)]+2aecos(y)
—2b,,ecos(B,,)— j2k|acos(i—y)-b,, cos(u—f,,)

. . 1/2 .
—c,, Asin(e,, )sin(u) - ecos(,u)]} )R f(R)dR.

(13)
have defined a=27f,At,
=2zd, [, ¢, =270, /A, and e=27mRAf [c . For a given

To simplify notation, we
b

Im

f(R) , the cross-correlation function in (13) needs to be calculated,
numerically.

IV. TIME OF ARRIVAL PDF AND POWER DELAY SPECTRUM

In order to validate our model, we compare the TOA PDF and
PDS of the circular ring structure with measured data, in the next
section. For this purpose, we need to consider the single-input
single-output (SISO) version of the model, ie., d,, =&, =0 and
consequently b,, =c, =0 . The cross-correlation function in (13)

then simplifies significantly to

—n R,

j exp[je(l +DR™ )}

R

PS80 = s

xI, ({Kz —a’ —e* +2aecos(y) (14)

—j2xlacos(u—y)—ecos()]}’ Z)R‘" F(R)dR.

Before deriving the TOA PDF and PDS, recall that in Section [, it
was mentioned that the TOA PDF of the ring model does not agree
well with the decaying TOA PDF in typical outdoor channels [15].
Now we address this issue in detail. From the trigonometric relations
in (9) and Fig. 1, the travel time of a plane wave originated from the
BS, scattered from the scatterer located at R and ¢V, and received
by the user, is given by

T(¢U,R)=C’I(R+\/D2+R2+2DRCOS(¢U)) "
=c” (R+D+Rcos(¢” )),

Upon modeling the user AOA with the von Mises PDF in (11),
transformation of the random variable @ using the second
approximate equation of (15), which is valid for D > R, gives the
following equation for the PDF of the relative TOA, for a particular
radius R or, equivalently, the corresponding maximum relative
delay 7 =2R/c

exp[/((er/T,‘g‘“ - l)cos(,u)]
| (A

XCOSh[2K'\/(1—Tr/T;m)TV/TITHX sin(,u)},

where 7, =7-7,, is the relative delay, ie., 0<7, <7p™ and
7,5 = D/c . Furthermore, using the transformation 7, =7, / 79
such that 0<7, <1, we can express the PDF of the normalized

delay 7, by

B exp[&(27, —1)cos()] hi2 = .
f(zy) ”IO(K)\/TN =N cosh[2x\/7, (1—7, ) sin()].
(17)

Note that besides the singularity at 7,, =0, which also appears in
other geometrical models such as circular, elliptical, and Gaussian
scatter density [16], there is another singularity at 7,, =1, which is
not consistent with typical experimental observations. Therefore, the
ring model is not a suitable candidate for wideband channels.

(16)




A. TOA PDF of the circular ring model

In order to derive the TOA PDF of the circular ring model,
f(. |tp™) in (16) needs to be integrated over all possible
T =2R/c, or equivalently, all possible R . For the range
0<7, <2R /c,alltheringsaffect /(7,) and therefore integration
limits are 70™ =2R /¢ and 70 =2R,/c . On the other hand,
when 2R /c<7 <2R,/c, only those rings with
7, ST < 2R, /c affect f(z,) and therefore the integration runs
from 70 =7, to 70 =2R, /c

2R, /¢
@)= [ @) fado
2R /c
2Ry [c
[ f@ 1oy fa)dey™, 0<7,<2R /e,
2R [c
= 2R, [c

[ 1@ ey f@™)dey™, 2R [e<t,<2R,/c.

(18)

For a given f(zy*), this integral can be calculated numerically.
Note that there is only one singularity, at 7, = 0.

B. PDS of the circular ring model

The correlation function R, (Af,At) for the SISO channel can

be expressed as
R.(Af,A)=E[T(f,OT"(f +Af,t+A)]=Qp(Af,A1).  (19)

using equations (4) and (14).

The PDS F,(7) is the inverse Fourier transform of the frequency
correlation function R.(Af,At=0) [8], ie.,
B, (1) =3 {R,(Af,At=0)}. Substitution of (19) into the
definition of PDS gives equation (20) after certain manipulations
and Fourier transform calculations.

B (7)) =
T, cT.(, T, ) .
R exp{r{ R —ljcos(y)}:oshl:Zl( ﬁ(l—ﬁj sm(y):l
H ct, ( 1T j
2R\ 2R
T, LA AN
R exp[lr( R ljcos(y)}cosh[ZK ZR(I Zstm(y):l
)
2 2R\ 2R

R f(R)dR, os‘;"

<R,

(20)

In the above formula, A4 denotes a constant equal to
eD™"/(271,(k)) . Note that for the path loss exponent 7 =0 orno
path loss, all arrivals are coming with the equal strength and
equation (20) differs only in the constant term from the TOA PDF,
given by equations (18) and (16). In other words, under the
assumption of all arrivals having equal strength, power delay
spectrum is proportional to the TOA density function, i.e.
P, (7)< f(z,). The confirmation of such statement can be found
in Appendix I of [17].

R f(R)dR, R,s"—;‘st,

V. COMPARISON WITH MEASURED DATA

To calculate the PDS and TOA PDF in (20) and (18),
respectively, numerical integration should be carried out for any
f(R) . In the sequel, we assume that scatterers are located along the
radius R such that f(R)=2R/(R? - R?). Note that for this kind
of density function together with the special case of the uniform
distribution for angle of arrival f(¢V)=1/27 ,ie. k=0 in (11),
scatterers are distributed uniformly within the circular ring, ie.
[, y)=1[m(R?—R?)], R <\x*+)* <R,.

We have compared the PDS of the circular ring model in (20) to
the empirical curve given in Fig. 6 of [15], for the high antenna
position in Aarhus. Since the circular ring model produces a PDS
value of infinity at 7, =0, ie, 7=7,,, this point has been
excluded from computing the error. The value of R, is determined
from R, =c7,, /2=549m, where 7, =3.66usec is the
maximum relative delay [15]. The value of y =z was chosen to be
fixed in the calculations. Then, equation (20) has been calculated for
different values of x and R,. The theoretical and experimental
PDS curves are normalized such that the area under both is unity.
For this case and based on the measured root-mean-square (RMS)
delay spread of 0.4 usec [15], the parameters that show a
reasonable fit are x=1.3 and R, =0.1R, =54.9m (Fig. 2). The
path loss exponent n was chosen to be 4, which fits typical urban
environments with no LOS component. This is in accordance with
channel classification made in [15]. The value of parameter x=1.3
is also within the range of the values reported in the Table 1 of [13].

Furthermore in Fig. 3, the TOA PDF in (18) with the same set of
parameters is compared with the measured TOA PDF of a
wideband outdoor channel, taken from Fig. 11 of [15]. The close
agreement between the theory and empirical curve confirms the
utility of the proposed wideband model.

VI. CONCLUSION

In this paper we have proposed the circular ring model for
wideband MIMO mobile fading channels. This model provides a
generic space-time-frequency correlation, suitable for simulation of
frequency selective MIMO channels and efficient design of space-
time coding and detection techniques over such channels. The time
of arrival distribution and the power delay profile of the circular ring
model are also derived and compared with published data in the
literature. The close fit between the empirical data and theoretical
results demonstrates the utility of circular ring model for wideband
channels.

Directions for further work include comparison of AOA PDF and
power azimuth spectrum (PAS) seen at the base station with the
measured data given in [15]. Furthermore, a study of influence of
the given cross-correlation among antennas on the performance of
various types of MIMO systems might be of interest.
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Fig. 2. Comparison of the power delay spectrum of the circular ring model
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Fig. 3. Comparison of the TOA PDF of the circular ring model with
measurements.



