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Abstract— In this paper, novel channel estimation schemes
using uncorrelated periodic complementary sets of unitary se-
quences are proposed for multiple-input multiple-output (MIMO)
frequency-selective fading channels. When the additive noise is
Gaussian, the proposed best linear unbiased estimator (BLUE)
achieves the minimum possible classical Craḿer-Rao lower
bound (CRLB), if the channel coefficients are regarded as
unknown deterministics. On the other hand, the proposed lin-
ear minimum mean square error (LMMSE) estimator attains
the minimum possible Bayesian CRLB, when the underlying
channel coefficients are Gaussian and independent of the ad-
ditive Gaussian noise. The proposed channel estimators can be
implemented with very low complexity via FFT, which makes
them very suitable for practical systems such as, but not limited
to, MIMO orthogonal frequency division multiplexing (MIMO-
OFDM) systems.

I. I NTRODUCTION

For successful deployment of multiple-input multiple-output
(MIMO) systems, one needs to obtain accurate estimates of the
channel. Two applicable approaches are blind estimation and
training-based estimation. For quasi-static or slowly-varying
fading channels, training-based estimation has been widely
used, because of its low complexity and better performance,
compared to the blind approach. Therefore, we insist on the
training-based approach in this paper. Of course it consumes
more bandwidth for transmitting the training symbols. How-
ever, this overhead is negligible if it is a small fraction of
transmitted frame.

Some information theoretical guidelines for training se-
quence design over MIMO frequency-selective fading chan-
nels are given in [1], where the optimal training sequences are
delta impulses. However, the sequences given in [1] may result
in high peak-to-average power ratios, which normally should
be avoided in practice. To bridge the gap between theory
and practice, a new low-complexity training-based channel
estimation scheme is proposed in [2][3], where the guard
period between data and training symbols are filled with zeros.

Nevertheless, the approach of [2][3] may not be appli-
cable to systems where the guard period is filled in with
the known symbols such as cyclic prefixes (CPs). In this
paper, uncorrelated periodic complementary sets of unitary
sequences with cyclic prefixes are used for estimating MIMO
frequency-selective fading channels. The theoretical analysis

and simulation results show that, in the presence of Gaussian
noise, when the channel is modeled as unknown deterministic,
the developed best linear unbiased estimator (BLUE) achieves
the minimum possible Craḿer-Rao lower bound (CRLB). Fur-
thermore, when the underlying channel is treated as a Rayleigh
fading channel and independent of the additive Gaussian noise,
the proposed linear minimum mean square error (LMMSE)
estimator attains the minimum possible Bayesian CRLB.

The rest of the paper is organized as follows. Definition
and construction of uncorrelated periodic complementary sets
of unitary sequences are given in Sec. II. MIMO system
and channel models and the construction of optimal training
sequences are addressed in Sec. III and IV, respectively. Fast
hardware implementation with low computational complexity
is presented in Sec. V, and the simulation results are provided
in Sec. VI. At the end, concluding remarks are summarized
in Sec. VII.

Notation: (·)⋆ is reserved for the complex conjugate,(·)′
for the matrix transpose,(·)† for the matrix Hermitian,
(·)−1 for the matrix inverse, tr[·] for the trace of a ma-
trix, diag(σ1, σ2, · · · , σn) denotes the diagonal matrix with
σ1, σ2, · · · , σn on main diagonal, dg(A) is a diagonal matrix
which contains the diagonal elements of matrixA, vec(·)
stacks all the columns of its matrix argument into one tall
column vector,[A]m,n is the(m,n)th element of the matrixA,
E(·) is the mathematical expectation,· is the sample average,
Im denotes them × m identity matrix, t ∈ [m,n] implies
that t is an integer such thatm 6 t 6 n, ⊗ represents the
Kronecker product,⊙ stands for the Hadamard product,⌈x⌉
is the smallest integer not less thanx, ⌊x⌋ is the largest integer
not greater thanx, ‖ · ‖F denotes the Frobenius norm,Πm is
the forward shift permutation matrix of orderm [4, p. 27], and
AΠl

m shifts the matrixA, who hasm columns, cyclically to
the right byl columns.

II. U NCORRELATEDPERIODIC COMPLEMENTARY

SETS OFSEQUENCES

Here, only a brief description of uncorrelated periodic
complementary sets of unitary sequences is given, and
more elaborate discussion can be found in [5]. Letai =
[ai,0, ai,1, · · · , ai,(N−1)] be a sequence of complex numbers
with unit amplitudes, andψai,ai

(k) =
∑N−1

j=0 ai,ja
⋆
i,(j+k), j+



k(mod N), |k| 6 N − 1, is the periodic autocorrelation of
the sequenceai. A set of unitary sequences{ai}p−1

i=0 , each
with N elements, is periodic complementary if and only if
∑p−1

i=0 ψai,ai
(k) = 0, k 6= 0 [5]. In this paper, only unitary

sequences of the periodN are considered. In this case,
∑p−1

i=0 ψai,ai
(0) = pN .

If another set of unitary sequences{bi}p−1
i=0 is periodic

complementary and
∑p−1

i=0 ψai,bi
(k) = 0, |k|6N−1, where

ψai,bi
(k) =

∑N−1
j=0 ai,jb

⋆
i,(j+k), j + k(mod N), |k| 6 N−1,

then we call{bi}p−1
i=0 a mate of{ai}p−1

i=0 , and vice versa.
A collection of periodic complementary sets of unitary

sequences{ai}p−1
i=0 , {bi}p−1

i=0 , · · · , {zi}p−1
i=0 are mutually un-

correlated if every two periodic complementary sets of unitary
sequences in the collection are mates of each other [6].

In this paper, we focus onp = 2. According to Theorem
11 in [7], if {a0,a1} is a pair of periodic complementary
unitary sequences, each withN elements, then{ã⋆

1,−ã⋆
0} is

its mate, wherẽb is the reverse of the sequenceb, i.e., b̃n =
bN−1−n, n ∈ [0, N − 1].

III. SYSTEM AND CHANNEL MODELS

We take the same channel model used in [2], i.e., the
frequency-selective block fading MIMO channel. LetH =
[H0,H1, · · · ,HL] be theL + 1 tap discrete-time channel
impulse response (CIR) of the MIMO frequency-selective
channel withNT transmitters andNR receivers, where

Hl =





h1,1(l) ··· h1,NT
(l)

...
...

...
hNR,1(l) ··· hNR,NT

(l)



, l ∈ [0, L]. (1)

A typical frame structure for a MIMO system is shown in
Fig. 1, wheresnt

is the training sequence transmitted by the
nth

t transmit antenna,CPnt
is the cyclic prefix ofsnt

, used to
separate the data and training symbols, and its length is setto
L in this paper, i.e.,CPnt

= [snt
(Ns −L), · · · , snt

(Ns − 1)].
The received training signal onNR receive antennas, after
discarding those polluted by the data due to the intersymbol
interference, can be written as

Y =

√

γ

NT
HS + E, (2)

whereS, theNT (L+ 1) ×Ns training matrix, is defined by

S =
[

s′, (sΠNs
)′, (sΠ2

Ns
)′, · · · , (sΠL

Ns
)′
]′
. (3)

In (3), s = [s′1, s
′
2, · · · , s′NT

]′, whose dimension isNT ×Ns,
snt

= [snt
(0), snt

(1), · · · , snt
(Ns−1)], is a1×Ns row vector,

ΠNs

1 is the forward shift permutation matrix of orderNs [4,
p. 27], andY = [y(0),y(1), · · · ,y(Ns−1)], wherey(n) =

1
sΠ

l
Ns

shifts the matrixs cyclically to the right byl columns.
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Fig. 1. A typical frame structure for thenth
t transmit antenna. Note thatL 0’s

may be added after the2nd data segment to avoid the interframe interference.

[y1(n), y2(n), · · · , yNR
(n)]′, n ∈ [0, Ns − 1]. The complex

noise matrix in (2) is defined asE=[e(0), e(1), · · · , e(Ns−
1)], wheree(n) = [e1(n), e2(n), · · · , eNR

(n)]′, n ∈ [0, Ns−1].
Note thatsnt

(n) is the training symbol transmitted by thenth
t

transmit antenna at timen, ynr
(n) is the signal received by

thenth
r receive antenna at timen, enr

(n) is the additive noise
component inynr

(n), and finallyγ is the expected signal-to-
noise ratio (SNR) on each receive antenna.

IV. OPTIMAL TRAINING SEQUENCES

For the channel estimation, we assume the elements of
the additive noise matrixE are independent with zero mean
and unit variance (not necessarily Gaussian). In addition,we
treat the channel matrixH in two different ways. In the first
approach,H is an unknown deterministic matrix. In the second
setup,H is random and independent of the additive noise
E, elements ofH are independent with zero mean, and each
subchannelhnr,nt

=[hnr,nt
(0), hnr,nt

(1), · · · , hnr,nt
(L)] has

unit power, i.e.,
∑L

l=0 E(|hnr,nt
(l)|2) = 1. Moreover, thelth

taps of all the subchannels have the same powerσl, i.e.,
E(|hnr,nt

(l)|2)=σl, l∈[0, L],∀nr, nt. Obviously
∑L

l=0σl =1.
We also defineCq = E(h′

nr,nt
h⋆

nr,nt
) as the covariance ma-

trix among theL+1 taps between thenth
t transmit andnth

r re-
ceive antennas, given byCq = diag(σ0, σ1, · · · , σL),∀nr, nt.

Following the terminology of [8], the best linear estimators
for deterministic and random channel representations are the
best linear unbiased estimator (BLUE) and the linear minimum
mean square error (LMMSE) estimator, respectively, which are
presented in the following proposition.

Proposition 1: For the system model in (2), the BLUE and
LMMSE estimator ofH are given by2

Ĥ =

√

NT

γ
YS†

(

SS†+α
NT

γ
C−1

q ⊗ INT

)−1

, (4)

with the following total mean square error (TMSE)

εα =
NRNT

γ
tr

[

(

SS†+α
NT

γ
C−1

q ⊗INT

)−1
]

, (5)

whereα = 0 and 1 correspond to the BLUE and LMMSE
estimator, respectively. Furthermore,ε0 andε1 are the classical
CRLB and Bayesian CRLB, respectively, whenE andH are
Gaussian and independent.

From (5), we can conclude that the TMSE depends on the
training symbol matrixS, when the number of transmit and
receive antennas, the SNR, and the fading covariance matrix
Cq are fixed. Under the transmit power constraint of training
symbols, the minimization ofεα throughS is presented by
the following proposition.

Proposition 2: Under the transmit power constraint
1

Ns(L+1) tr[SS†] 6 NT , the minimum of the TMSEεα is
achieved if and only if the training sequences satisfy

SS† = NsINT (L+1). (6)

2To obtain a meaningful estimate,NT (L + 1) 6 Ns should be satisfied.



TABLE I

ASSIGNMENT OFTRAINING SEQUENCES TOTRANSMIT ANTENNAS

Tx snt,A snt,B

1 ã
⋆
0 a1

2 ã
⋆
1 −a0

3 ã
⋆
0Π

(L+1)
N a1Π

(L+1)
N

4 ã
⋆
1Π

(L+1)
N −a0Π

(L+1)
N

...
...

...

ŇT − 1 ã
⋆
0Π

(ŇT/2−1)(L+1)
N a1Π

(ŇT/2−1)(L+1)
N

ŇT ã
⋆
1Π

(ŇT/2−1)(L+1)
N −a0Π

(ŇT/2−1)(L+1)
N

According to the proposition 1 and 2, whenH is deter-
ministic andE is Gaussian, (6) implies that (4) achieves the
minimum possible classical CRLBε0. On the other hand,
when both H and E are Gaussian and independent, (6)
indicates that̂H in (4) attains the minimum possible Bayesian
CRLB ε1.

From the definition ofS in (3), the condition given by (6)
implies that

• The autocorrelation of the training sequence from each
transmit antenna is zero withinL tap shifts, except for
the zero shift, i.e.,ψsnt

,snt
(k) = 0, 1 6 |k| 6 L,∀nt,

• The crosscorrelation of any two training sequences is zero
within L tap shifts,ψsnt

,sn′

t

(k) = 0, |k| 6 L,∀nt 6= n′t.

SinceS has a block-circulant structure, it is hard to find
such training sequences [9, p. 179] to satisfy (6). However,
based on the results of Sec. II, we can use two training
sequences3 shown in Fig. 2 to satisfy (6) by replacingNs

with 2N . The training symbols for all the transmit antennas
are given in Table I, where{ã⋆

0,a1} and {ã⋆
1,−a0} are

mutually uncorrelated,snt,A and snt,B are shown in Fig. 2,
and ŇT = 2⌈NT /2⌉.

For two training sequences of Fig. 2, (2) can be rewritten as
[YA,YB ] =

√

γ
NT

H[SA,SB ]+[EA,EB ]. Based on (3) and

Table I, we have shown12
∑

ν∈{A,B} SνS
†
ν = NINT (L+1),

which demonstrates the optimality of the training symbols of
Table I. Furthermore, the estimator in (4) simplifies to

Ĥ=





∑

ν∈{A,B}
YνS

†
ν









(

2N

√

γ

NT
IL+1+α

√

NT

γ
C−1

q

)−1

⊗ INT



,

whose elements are

ĥnr,nt
(l) =

σl

√
γNT

2γNσl + αNT





∑

ν∈{A,B}
YνS

†
ν





nr,lNT +nt

, (7)

3Now the condition in the footnote 2 can be written asNT (L+1) 6 2N .
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Fig. 2. The proposed training structure for thenth
t transmit antenna.

wherenr ∈ [1, NR], nt ∈ [1, NT ], and l ∈ [0, L].

V. FAST IMPLEMENTATION OF THE CHANNEL ESTIMATOR

From (7), it is clear that the computations for all theNR

receive antennas are identical. Therefore, in what followswe
focus on the fast implementation of the channel estimator on
thenth

r receive antenna. First we define two row vectorshnr,o

of lengthNo = ⌈NT/2⌉(L + 1), and hnr,e of lengthNe =
⌊NT/2⌋(L + 1). These row vectors include the CIRs of all
the subchannels between the odd- and even-numbered transmit
antennas and thenth

r receive antenna, respectively, as follows

hnr,o =
[

hnr,1 hnr,3 · · · hnr,2⌈NT/2⌉−1

]

,

hnr,e =
[

hnr,2 hnr,4 · · · hnr,2⌊NT/2⌋
]

,
(8)

wherehnr,nt
= [hnr,nt

(0) hnr,nt
(1) · · · hnr,nt

(L)], as de-
fined previously. Moreover, we define four circulant matrices

C0,A = circ(ã⋆
0, No), C1,A = circ(ã⋆

1, Ne),

C0,B = circ(a1, No), C1,B = circ(−a0, Ne),
(9)

with circ(c), c = [c0, c1, · · · , cn−1], as ann × n circulant
matrix, whose(j, k)th element isc(k−j) mod n, and circ(c,m)
includes the firstm rows of circ(c) such thatm 6 n. Based
on Table I and (7)-(9), estimators for the channel coefficients
specified in (8) can be written as

ĥnr,o =

(

∑

ν∈{A,B}
ynr,νC

†
0,ν

)

(

I⌈NT/2⌉ ⊗ Q
)

,

ĥnr,e =

(

∑

ν∈{A,B}
ynr,νC

†
1,ν

)

(

I⌊NT/2⌋ ⊗ Q
)

,

(10)

whereQ = diag(
σ0

√
γNT

2γNσ0+αNT
,

σ1

√
γNT

2γNσ1+αNT
· · · , σL

√
γNT

2γNσL+αNT
),

andynr,ν = [ynr,ν(0), ynr,ν(1), · · · , ynr,ν(N−1)], ν∈{A,B}.
For fast implementation of the vector-matrix products in (10),
we need the following result.

Proposition 3: [4, Chap. 3] If C is anN × N circulant
matrix, then it can be diagonalized by the Fourier matrixF

of orderN such that[F†]i,j = 1√
N
ω(i−1)(j−1) [4, (2.5.3)],

ω = exp( 2π
N ), and =

√
−1. Therefore

C = F†∆cF, (11)

where∆c =
√
Ndiag(cF†) andc is the first row ofC such

that C = circ(c).
Note that ynr,AC

†
0,A is the first No elements of

ynr,A[circ(ã⋆
0)]

†. Therefore, it can be calculated very effi-
ciently, according to Proposition 3, as follows

ynr,A[circ(ã⋆
0)]

† = ynr,A(F†∆ã⋆
0
F)†,

= [(ynr,AF†)∆†
ã⋆
0

]F,

=
√
NFFT(FFT(ã0)⊙IFFT(ynr,A)),

(12)

where FFT(x) = xF and IFFT(x) = xF†, with x as a1×N
vector. With the same reasoning we obtain

ynr,A[circ(ã⋆
1)]

† =
√

NFFT(FFT(ã1)⊙IFFT(ynr,A)), (13)

ynr,B [circ(a1)]
† =

√
NFFT(FFT(a⋆

1)⊙IFFT(ynr,B)), (14)

ynr,B [circ(−a0)]
† =

√
NFFT(FFT(−a

⋆
0)⊙IFFT(ynr,B)). (15)



Fig. 3. The FFT-based estimator on thenth
r receive antenna.

Based on (7), (10), and (12)-(15), we propose the structure
shown in Fig. 3, wherêhnr

=[ĥnr,1, ĥnr,2, · · · , ĥnr,NT
], the

number of points for each FFT and IFFT operation isN ,
“FFTo” only generates the firstNo values, “FFTe” generates
the firstNe values, “MUX” multiplexes inputs in groups of
L + 1 elements, with the first group coming from the upper
branch, the switch is open for the BLUE, closed for the
LMMSE estimator, and the factor 2γNσl

2γNσl+NT
is for the lth

tap ĥnr,nt
(l) of the subchannel̂hnr,nt

, when the LMMSE
estimator is activated.

Regarding the computational complexity per receive an-
tenna, there areN(3 log2N +4) complex multiplications and
6N log2N + NT (L + 1) complex additions4, as there are
6 FFT/IFFT blocks, each withN2 log2N multiplications and
N log2N additions [10], 4 “

⊗

” units, each withN multipli-
cations, and one “

⊕

” unit with NT (L+ 1) additions. On the
other hand, for each receive antenna, there are2NNT (L+ 1)
complex multiplications and(2N − 1)NT (L + 1) complex
additions, if (7) is directly implemented via matrix multipli-
cation. The proposed method offers significant computational
saving, specially when the number of unknowns per receive
antenna,NT (L + 1), is large. For example5, with NT = 8,
L = 15 andN = 64, the complexity can be reduced by 94%.

VI. SIMULATION RESULTS

In the simulation we takeL = 7, i.e., there are 8 taps in each
subchannelhnr,nt

,NT = 4,NR = 4, andN = 32, 64. For the
additive noise, we assume elements ofE are white complex
Gaussian with unit variance. For the underlying fading chan-
nel, elements ofH are independent complex Gaussian, and
each subchannel has the same exponential power delay profile
such thatσl = (1−e−1)e−l

1−e−L−1 , l ∈ [0, L]. Moreover,H and E are
independent. Fig. 4 shows the normalized theoretical minimum
classical CRLB and Bayesian CRLB for BLUE and LMMSE
estimator, given byNT (L+1)

2γN andNT

∑L
l=0

σl

2γNσl+NT
, respec-

tively, derived from (5) and (6) using the normalization factor
NTNR and SS† = 2NINT (L+1). The simulated normalized

TMSE of both estimators,
‖Ĥ−H‖2

F

‖H‖2

F

, are plotted as well, which

4The multiplication factors
σl

√
γNT

2γNσl+αNT
and
√

NT

4γN
are not considered.

Also FFT(a⋆
0), FFT(a⋆

1), FFT(ã0), and FFT(ã1) are not included as they
can be calculated once and stored for all theNR receive antennas.

5Note that the minimumN is given byN = ⌈NT (L + 1)/2⌉ = 64 for
this setup, refer to the footnote 3.
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Fig. 4. The normalized TMSE of the proposed estimators for different
number of training symbols. The minimumN is 16 for this setup, refer
to the footnote 3.

closely match the theory. Note that for low SNRs, LMMSE
estimator provides a better performance since it takes into
account the statistics of the fading channel.

From the simulation results, we conclude that the proposed
channel estimation scheme achieves the minimum CRLB.

VII. C ONCLUSION

In this paper we have shown how to construct optimal
training sequences using periodic complementary sets of uni-
tary sequences, for block-fading MIMO frequency-selective
fading channels. The BLUE estimator is optimal in the sense
that its variance achieves the minimum CRLB. Furthermore,
we also derived the LMMSE estimator based on the novel
training symbols, whose performance is better than the BLUE
estimator in terms of TMSE. Monte Carlo simulations are pro-
vided to demonstrate the performance of BLUE and LMMSE
estimators. FFT implementations of both estimators are also
presented, which makes it suitable for real-world applications.
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