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Estimation of the Rice factor from the I/Q Components
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Abstract — The relative strength of the line of sight
between the transmitter and receiver, measured by
the Ricean K factor, is an indication of the link qual-
ity which renders its estimation important in a variety
of applications in wireless communications. The esti-
mate of K from the received signal envelope has re-
ceived much attention in satellite channels, and more
recently in indoor wireless scenarios. In this paper
we study the estimation of the Rice factor from the
in-phase and quadrature-phase components of the re-
Statisti-

cal analysis and preliminary simulations reveal the

ceived signal, as opposed to the envelope.

potential performance improvements, compared with
envelope-based approaches.

I. INTRODUCTION AND MODEL

In wireless communications, when there is a line of sight
(LoS) between the transmitter and the receiver, the received
signal can be written as the sum of a complex exponential and
a narrowband Gaussian process, which are known as the ‘LoS
component’ and the ‘diffuse component’, respectively. The ra-
tio of the powers of the LoS component to the diffuse compo-
nent is the Ricean factor, which measures the relative strength
of the LoS, and hence is a measure of link quality. Consider
the communication scenario where an unmodulated carrier is
transmitted, and the receiver that is traveling with a veloc-
ity v receives the transmitted waveform through a LoS com-
ponent and many multipath components. The baseband in-
phase/quadrature-phase (I/Q) representation of the received
signal can be expressed as:

KQ  j2rfp cos(Bo)t+do) Q
= [ - 1
W=\ xgi1° Ve, @

——

A=
where K is the Ricean factor, 6y and ¢¢ are the angle of arrival
(AoA) and phase of the LoS respectively, and are assumed to
be deterministic parameters; the maximum Doppler frequency
fp is the ratio of the mobile velocity v and the wavelength;
h(t) is the diffuse component given by the sum of a large num-
ber of multipath components, constituting a complex Gaus-
sian process; the correlation function of h(t) can be expressed
as (see e.g., [16])

rn(7) == E[h(t)h* (t + 7)] = / pn(8) 2 DO gg (9)
where E[-] denotes expectation, * denotes conjugation, py (8) is
the AoA distribution of the diffuse component, which, when
uniform, yields the well-known Clarke’s correlation function
that is expressed in terms of the zeroth order Bessel function
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of the first kind: ryp(r) = Jo(2wfp7) [16]. Without loss of
generality, we are assuming E|h(t)|> = 1 which implies that
the power of the diffuse component in (1) is 0. Similarly, the
power of the LoS component is given by A2. Notice that A
and o in (1) are defined in such a way that the ratio A%/o?
yields the Ricean K factor, and the received signal power is
given by Elz(t)]? = A% 4+ ¢ = Q. In fact, it is often the
envelope R(t) := |z(t)| that is of interest, and its marginal
probability density function (pdf) can be expressed in terms

of Q and K as (see e.g., [16])
2
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where I,,(-) is the n'* order modified Bessel function of the first
kind. Notice that when K = 0, there is no LoS component, in
which case (3) reduces to the Rayleigh distribution.

The relative power of the LoS component, represented by
the K factor, is a useful measure of the communication link
quality. Therefore, estimation of K is important in a variety
of wireless scenarios, including channel characterization, link
budget calculations, adaptive modulation, and geolocation ap-
plications [7], [10].

Estimation of the Ricean factor has been tackled in quite
disparate contexts. In [13], Rastogi and Holt propose a
moment-based approach which utilizes the second and fourth
order moments of the envelope R(t), in order to estimate K
from the HF radio waves (see also [8]). In [18], the maximum
likelihood estimator (MLE) is derived, and is shown to re-
quire a cumbersome inversion of a nonlinear function of K. In
the same reference, a simpler estimator that utilizes the first
and second order moments of the received envelope, which
also requires the inversion of a nonlinear function of K is pro-
posed (this estimator was later rediscovered in [12]). In [1],
two moment-based estimators are compared using asymptotic
analysis and simulations. The distribution fitting approaches
for estimating K, proposed in [7], are robust, but are not
suited for online implementation due to their complexity and
hence might be more useful for testing whether the measured
envelope is Ricean distributed, rather than estimating K. An
expectation-maximization approach to finding the MLE for
a multidimensional Ricean distribution is proposed in [9], but
still not easy to calculate and use in a communication scenario.
In [6], the moment-based approach that uses the second and
fourth moments of the envelope (originally mentioned in [13])
is derived from a different perspective, assuming the LoS com-
ponent in (1) is time-invariant. A dynamic approach based on
the received uncoded bit error rate (BER) is recently proposed
in [17].



In most of these references, the received data is assumed to
be independent and identically distributed (iid). Neither the
effect of correlation nor the influence of the LoS AoA 6y on
the performance has been addressed in the literature. Perfor-
mance analysis of the aforementioned estimators have mainly
relied on simulations, and mostly estimation from the envelope
R(t) has been investigated. Moreover, the potential perfor-
mance improvements attainable by using the I/Q components
rather than the envelope have not been fully addressed. We
will fill these gaps in this paper. In what follows, we will
investigate the estimation of K from the I/Q components of
the received signal given in complex baseband form, which
are the real and imaginary parts of z(¢) (1). The I/Q compo-
nents are available in applications where a coherent estimate
of the channel is necessary. We will show that using the I/Q
components (which contain envelope and phase information of
the channel) improves the estimator performance, especially
for small values of K. Moreover, we will see that, unlike the
estimators that utilize the envelope, the performance analy-
sis of the estimators that utilize the I/Q components and the
corresponding CRB can be computed even when the samples
of z(t) are correlated. We will derive the rate of convergence
of the estimators that utilize the I/Q components, which will
require a novel approach because the samples of (2) are not
absolutely summable.

II. CRB FOR I/Q DATA

In this section we will derive the CRB for the variance of K es-
timators that use the I/Q data in (1). The resulting CRB will
be a lower bound on the variance of any unbiased estimator
for K obtained not only from the I/Q components in (1), but
also from the envelope. This is because any estimator that can
be constructed from the envelope can be constructed from (1).
We will see that unlike the derivation of the envelope CRB in
[18], we will not need to make the restrictive iid assumption
when deriving the I/Q CRB because of the tractability of the
multivariate Gaussian pdf (as opposed to the difficulty of ex-
pressing and working with the multivariate Ricean pdf that
emerges with correlated envelope samples). CRBs for fading
parameters for a differently parameterized radio transmission
channel can also be found in [4].

Let us define the Ts-spaced samples of (1) as z[n] :=
z(nTs), wo = 2w fp cos(bo)Ts and h[n] := h(nT,). We may
then express the sampled I/Q signal in terms of o and K as
follows:

z[n] = VKge!“onte0) 4 gp[n] . (4)

Suppose that we have a data record of N samples from (4).
We would like to compute the CRB for the parameter K. We
emphasize that the I/Q-CRB in this section is different from
the envelope-CRB, because the data from which they are de-
rived are different. We will calculate the I/Q-CRB for two
cases:

(i) All the parameters (except K) are known;

(it) All parameters in ¢ := [K ¢ wo ¢o wp] are unknown
and the channel correlations are given by rp[k] := 7, (kTs) =
Jo(wpk), where wp = 2w fpTs.

The first case, which appears rather unrealistic, is important
because it provides a lower bound on any estimator of K
whether any other parameter is known or not, and whether

the envelope or the I/Q components are used. Another reason
for considering case (i) is the resulting simplicity of the bound.
We shall consider case (i) first, and then we will address case
(ii).

Let x := [x[0] ... 2[N — 1])% be a length-N vector that con-
tains the available sampled I/Q components, and e(wo, o) :=
[exp(jwo0 + jo) . . . exp(jwo (N — 1) + jdo)]*. Then the mean
and covariance matrix of x are given by u(¢) = E[x] =
ov/Ke(wo,¢o), and T(¢) i= Bl(x — u(C))(x — u(¢))"] =
0’R(wp), where R(wp) denotes the normalized ! covariance
matrix of the I/Q components, and H denotes Hermittian.
When all parameters in ¢ except K are known (case (i)), us-
ing (22) in Appendix I, it is easy to show that

2K
ef (wo, ¢o) R~ (wp) e(wo, po) ’

which reduces to the simple 2K/N when z[n]’s are indepen-
dent (i.e., when R(wp) =1I).

Some remarks are now in order:
Remark 1: Note that if the correlations satisfy >, |rr[k]| <
oo, then we can use the standard results for the asymptotic
forms of Toeplitz matrices (see e.g., [5]) to conclude that the
asymptotic CRB defined as limy_, o NCRBi1q(K) converges
to 2K Sh(wo), for Si(wo) # 0, where Si(w) is the spectrum
of h[n]. The absolute summability of the covariances hold,
for example, when h(t) is modeled as an autoregressive pro-
cess. We see that, in this case, if Sp(wo) is large, the CRB
increases. However, the correlation function we have adopted
in (2), which is a more accurate correlation model for wire-
less communications, is not absolutely summable in general,
so we cannot easily establish the link between Sj,(w) and the
asymptotic CRB in case (i), as we did when ), |ra[k]] < oo
holds.
Remark 2: The CRB in (5) considers only K as an un-
known parameter, which yields a bound that is smaller than
the CRB when other parameters of the model in (4) are un-
known. Hence, (5) provides a lower bound to the variance
of any unbiased estimator of K, regardless of whether it is
constructed from the envelope or the I/Q components of the
signal, or whether any of the other parameters are known.
Remark 3: Unlike the envelope CRB which goes to infinity
as K gets smaller, the I/Q CRB in (5) goes to zero (see also
Fig. 1). Thisis also the case for the CRB for the more realistic
case (ii), where ¢ is unknown, which is derived in Appendix
I (see (24)). In Fig. 1, we show the CRB for the envelope
data model, CRB for case (i) in (5) where the parameters are
known, and the CRB for case (ii) in (24) where the param-
eters are unknown. We observe that CRBs for the I/Q data
become smaller as K gets smaller for both cases (i) and (ii),
which is also proved in the Appendix I for both cases. This
reinforces our intuition that the additional phase information
in the I/Q data, which is not present in the envelope data,
offers potential improvements in estimator performance, par-
ticularly for small K. This insight motivates us to search for
estimators of K from the I/Q components. We now propose
such an estimator.

CRBig(K) = (5)

ITI. ESTIMATION FROM THE I/(QQ COMPONENTS
In pursuit of finding an estimator for K from the I/Q com-
ponents, the first thing that comes to mind is the MLE con-

Iso that it has ones on the main diagonal
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structed from the I/Q data (which is different from the MLE
constructed from the envelope data). But an MLE from the
1/Q data will have to involve joint estimation of K, o, wo, ¢o,
and wp, which requires a multidimensional search and hence is
not practical. An alternative to the MLE is a nonlinear least-
squares approach of [15], which was proposed to estimate A,
wo, o, and ¢o, but not K. In what follows we provide a yet
simpler approach.

Let o = argmax,|N >SN\ g[n]e 77|,
the following statistics of z[n]:

Consider now

Xi(N) = S afnfeion | (6)
n=0

Xo(N) = % S felnll? = s 7)
n=0

Let us assume, for the moment, that & = wo. Recalling the
definition of z[n] = Ae?(“om+%0) 4 sh[n], and substituting it in
(6), we arrive at X1(N) = Aejd’o + Nt N1 hlnleiwon.
1), N~ E h[n] TIWOT opes to zero
in the mean-squared sense as N 1ncreases we see that for
sufficiently large N, |X1(IV)|®> = A%. On the other hand, ji»
in (7) converges to Q = A% + ¢>. This prompts us to propose
the following estimator for K that approximates A%/c?:

Since as seen from (1

X (V)

KM= 50 - mamp ®

Notice that (8) can be implemented with low-complexity FFT
processing. We will now derive the AsV of (8).

IV. ASYMPTOTIC VARIANCE OF K(N)

In this section, we calculate the asymptotic variance of K (N)
for the case when the samples z[n] are independent, and also
when they are correlated. To simplify the analysis we will
assume that wo = wo. Hence, our calculations will yield the
AsV when wo is known perfectly, which is a lower bound to
the AsV of (8). We will begin with the case where the samples
z[n] are independent. In order to derive the AsV of the esti-
mators proposed in this paper, we will be using the following

well-known result which is obtained by slightly adapting [11,
Theorem 3.16] to our problem.

Theorem: Suppose the two statistics X1(N) and Xo(N) con-
verge to x1 and Tz respectively in the mean squared sense,
and the estimator of interest is given as a function of these
statistics: K(N) = g¢(X1(N),X2(N)). Let d(N) denote
the rate of convergence of the vector [X1(N)X2(N)], so that
d(N)[(X1(N)—=z1) (X2(N)—x2)] converges to a random vec-
tor with mean zero, and covariance matriz whose (I, k) element
s given by

C = A}im d*(N)cov(Xi(N), Xx(N)), Lk=1,2. 9)
des}

Then the scaled estimator d(N)(g(X1(N), X2(N)) —g(z1,z2))

converges in distribution to a random variable with zero mean

and variance given by

3!](6117 az2) dg(a1,a2)

AV =3 e ) )
1=1 k=1 1=21,a2=02
Let d(N) = VN, g(a1,a2) = |ai*/(az — |a1]?) (cf (8)),

z1 = Ae’? and z2 = Q (because (6) converges to Ae??® and
(7) converges to Q). To calculate the ¢z, in (9) we will use the
following covariance expressions which are straightforward to
show [19]:

i = 02% k——XJ\;H (1 a %> Th[k]e_jw()k (11)
Q2 1 N-1 |k'|
var(X2) (K+ 1)2 N Z ( W)

—N+1

X

[|rh[k]| +2KRe (rh[k] e—iwo’c)] (12)

N-1
cov(Xy1, Xy) = Aej‘poaz% > (1 - %) rulk]e?“°®. (13)

k=—N+1

where ri[k] := ri(kTs), and Re(-) denotes real part, and we
have dropped the N dependence on the left hand side for con-
venience. Using (11)-(13) with r,[k] = 8[k] 2, we obtain c;; =
o2, c12 = ¢y = Ae??00? and c20 = Q?(2K +1) /(K +1)%. Dif-
ferentiating g(a1, az) we get 0g(ai,a2)/0a: = Ae™7%0Q/c?
dg(a1,a2)/0as = —A?/o* and substituting in (10), and sim-
plifying, we finally obtain

AsV(K) = K(K>+ K +1). (14)

We observe that this simple polynomial function of K suggests
that the estimator should be more accurate for smaller values
of K.

The more realistic, but challenging problem is calculat-
ing the asymptotic variance when the samples z[n] are cor-
related. If the correlations of z[n] are well-behaved enough
for -, |rn[k]| < oo to hold (as seen in exponentially-decaying
ARMA, or Gaussian shaped correlation functions) then (11)-
(13) are O(N™'), so the rate of convergence is the same as
the iid case 3. We will, however, adopt the model in (2) for
the correlation function, which is not absolutely summable,

2Kronecker’s delta function §[k] is used because the samples are
assumed uncorrelated.

3We will use the standard notation F(N)
that F(N)/G(N) is a bounded sequence.

= O(G(N)) to mean



but has the merits of being motivated by physical considera-
tions. Moreover, (2) does not constrain our results to isotropic
scattering, i.e, ps(0) does not have to be equal to 1/(27) in
—m < 0 < 7, which allows for directional receptions, and gen-
eralizes Clarke’s model [16]. To our knowledge, this is the first
time that (2) is used in performance analysis of estimators in
wireless communications.

Let us first characterize the asymptotic behavior of 74(7),
which will be central in the calculation of the asymptotic vari-
ance. Using the method of stationary phase, it can be shown
that (2) can be expressed as [3]:

() = (for) 7 pa(0) /CTPTE)
+ (for) P pa(m) eI CTIPTTD 4 O(r 7). (15)
Notice that when pp(f) is uniform, 7p(7) ~

(for)~ Y% cos(2r foT — w/4), which is a well-known asymp-
totic expansion of Jo(-). Hence, we reach the interesting
conclusion that under some regularity conditions on ps(6),
for large enough 7, the correlation function is the sum of a
sinusoid whose envelope goes to zero as 7~ '/2 and an error
term which goes to zero faster as 7~'. In our AsV derivation
for Kiq in (8), we will need the correlation function for the
sampled 1/Q components. Recalling that wp = 27 fpTs, the
sampled correlation function can be expressed, using (15) as

2T

1/2 ] .
ni = (2%) o een® (10

( 2 )1/2 —i(wpk—F) -1
— pr(m) e 7P L Ok ). (17)
wpk
Notice that the correlation in (17) are not absolutely
summable. The slow-decaying nature of the correlation func-
tion in (17) results in a slower convergence rate for Xi(IV)
and X2(N) as compared to the independent case. First let us
determine how fast the variances of X1 (IN) and X5 (V) in (6)
and (7) go to zero. We will then invoke the Theorem in this
section to determine the rate of convergence of K (N) which
is the goal in this subsection.

Using (17) and (11) we show in Appendix II the following:

O(NTY)
O(N~4)

if |wo| < wp

var(X1(V)) = { ) (18)

if |w0| =wpD

and similarly, using (17) and (13), we show in Appendix II
that

O(N~'log(N))
O(N" %)

if |wo| < wp (19)

var(Xz(N)) = { if Jwo| = wp
Comparing (11) and (13), it is apparent that var(X:(N)) and
cov(X1(N), X2(N)) converge at the same rate given by (18).

Recall that when the samples are independent (or more
generally when ), |rn[k]| < 00), the convergence rate of the
variances of both X;(N) and X»(N) is d"?(N) = N7'. It is
interesting that, for correlation functions of the form in (2),
the rate of convergence of both X1(N) and X2(IN) depends
on whether |wo| = wp. Physically, |wo| = wp when 6o = 0 in
(1), i.e., the LoS is in the same direction as the mobile. So,

4Notice that since wo = wp cos(p), |wo| < wp always holds, so
we do not consider the case wo > wp.

when |wo| < wp, X1(IN) converges faster than X»(N), and
when |wo| = wp, the variances of X1 (V) and X2 (N) converge
to zero at the same rate. Now we are ready to invoke the
Theorem.

The Theorem requires that both X (V) and X2(N) should
converge when scaled by the same sequence. So, when |wo| <
wp, the scaling sequence should be the slower of the X; (V)
and X3(N), so that the faster one will converge to zero (if
we were to scale with the rate of the faster one, the slower
statistic would go to infinity). Hence, when |wo| < wp, we
choose d(N) so that d”2(N) = N~ 'log(N). To calculate the
AsV, we need to substitute in (10), d(N) = 4/N/log(N), the
partial derivatives of g(ai,a2), which are given right before
(14), and ¢ which, using (9), (11)-(13), (18) and (19), are
given by ci1 = c1a = ¢a1 = 0, and co2 = [Q?/(K + 1)?] Cy,
where C; and the resulting AsV for |wo| < wp are given by

N-1
Yy — w2 |1 _ Ikl 2
AsV(K)=K Jim Toa (V) k:_ENH (1 N) |7 [K]| :| , (20)
0,

and the limit C;, which is independent of K, can be shown
to exist using (17). When |wo| = wp we have that both
X1(N) and X3(N) converge at the same rate. So we se-
lect d~2(N) = N~? and substitute in (10) d(N) = VN1/2,
the partial derivatives, and ¢k, which, using (9) and (11-19)
turn out to be c11 = QCs, c12 = ¢ = Ae??°02C,, and
c22 = Q°2K/(K + 1)® C2, where C» and the resulting AsV
are given by

AsV(K) = (K® + K) C» (21)

—1/2 kN:—_1N+1 (1 — %) rr[k] eiwok]

where Cs := [limN_,o0 N
is independent of K.
Hence, loosely speaking, we can say that when the data
are independent the AsV of K(N) is proportional to K(K? +
K + 1) when the estimator is scaled by d(N) = v/N; when
the data are correlated with correlation function given in (2),
we have the case |wo| < wp: the AsV of K(N) is proportional
to K2 when the estimator is scaled by d(N) = y/N/log(N);
and the case |wo| = wp: the AsV of K(N) is proportional to
K?® + K when the estimator is scaled by d(N) = vV N1/2,
Some conclusions that we can draw from this analysis are as
follows. Regardless of whether the data samples are correlated
or not, the K becomes more accurate if K is small. In fact,
our motivation for pursuing the estimation of K from the I/Q
components was precisely this reason: while all unbiased esti-
mators of K from the envelope yield an unbounded variance
as K gets smaller, the accuracy of K increases with smaller
K. It is also important to notice that the value of wo makes
a difference in the performance, so much so that it makes a
difference in the rate of convergence. In fact even for finite NV,
motivated by Remark 1 following (5), values of wo for which
Sh(wo) is small, yield better performance. If we adopt the
isotropic scattering model, corresponding to a uniform ps(6),
Sp(w) = opn 1 — (w/wp)?]"Y?,|w| < wp. Since Si(wp)
is infinite, when |wo| = wp the performance is worse as com-
pared to when |wo| < wp. This spectrum has a minimum at
0, hence, wo = 0 (implying 6y = 7/2) seems to be the best
AoA for the LoS component as far as the performance of Kiq
is concerned. Physically, this is a LoS that is perpendicular



to the direction of the mobile yielding a time-invariant LoS
component.

V. SIMULATIONS

To test the possible improvements attainable by using the
I/Q components in estimating K as compared to envelope-
based estimators, we compared the I/Q estimator of proposed
herein, with the envelope-based estimator that relies on the
first and second order moments which we term K 1,2 (see also
[1])- We chose N = 1,000 data points, and wp = 18.85 which
corresponds to a vehicle velocity of v = 100 km /hr, Ty = 0.01
sec., and a carrier frequency of 900 MHz. We observe from
Fig. 2 that the estimator that relies on the I/Q components
performs significantly better than kl,Q. Moreover, the I/Q
CRB provides a tight lower bound on the estimation error of
the I/Q estimator particularly for small values of K.

VI. CONCLUSIONS

Motivated by the fact that the envelope CRB increases with-
out bound as K gets smaller, we studied the estimation of K
from the I/Q data. We observed that the I/Q CRB goes to
zero as K gets smaller, a property also held by held by the
AsV of a novel I/Q-based estimator that we proposed. The
performance analysis for this estimator for correlated samples
yielded insights into the effect of 6y on the estimator perfor-
mance.

Appendix I: CRB for I/Q - Based Estimators

For 1/Q data which is complex Gaussian with mean p(¢) and
covariance matrix I'(¢), the elements of the FIM are given by

[20]
Bl = 2Re[<ag—c(ko)Hl”(<) (315_24))]

+ o[ ofr e e

where (i, denotes the k*" element of ¢, and tr(-) denotes the
trace of a matrix.

We now calculate the CRB for estimators of K that use
the I/Q components assuming that all the elements in ¢ are
unknown. For this, we need the partial derivatives of u(¢)
and I'(¢) with respect to {x, which are given below:

—agf}f) = oV Kez(wo, o) %ﬁg) = jVEKoe(wo, ¢o) (23)
MO mry PO

au(¢) _ AT(¢) _ dr(¢) _ ar(g)
awD 8K 6&10 8¢0

where es(wo, ¢o) := €7 (P0+7/D[geiwel (N — 1)elwoN-DT
[R'(wD)]kl = aJo(wD(k — l))/awD = —(k — l)J1(wD(k — l))
Using (23) and (22), all entries of the 5 x 5 FIM can be com-
puted, and the (1,1) element of the inverse FIM will be the
CRB of K estimators that utilize the I/Q components when
¢ is unknown. Let Ji1 := [J(¢)]11 for brevity. An impor-
tant point is that Ji; is proportional to 1/K and hence goes

=0

to infinity as K goes to zero. Also the submatrix [J(¢)]2:5,2:5
consisting of the second through fifth row, and second through
fifth column of [J(¢)], stays constant as K goes to zero. This
can be easily verified using (23) and (22). Furthermore, let
[J(€)]1,2:5 and [J(C)]2:5,1 be vectors consisting of the second
through fifth column of the first row and second through fifth
row of the first column, respectively. Then, as a consequence
of the matrix inversion lemma [14, pp. 512], the (1,1) element
of the inverse FIM (which is the CRB of interest) is given by
1

B ==—+C

T (24)

where C = [J(¢)]1,2:5 (JA [T (O)]2s5,2:5 — Ju[I()]2:5,1 [I()]n,2:5)

x [J(¢)]2:5,1- But as K goes to zero, Ji1 goes to infinity, and
C remains bounded, which shows that [J7'(¢)]11 in (24),
which is the CRB of interest, goes to zero as K goes to zero.

Appendix II: Rates of Convergence

In this appendix, we will derive (18) and (19). In order to show
(18) for |wo| < wp, we need to show that Nvar(X;(NN)) con-
verges to a finite constant. To show that Nvar(X:(N)) con-
verges, we need to establish > "3° (1 — |k|/N)rp[kle 7% <
oo for which it suffices to show that 3"p> __ ra[k]e 7% < oo
because of the Cesaro summability theorem [11, pp. 411].
Substituting (17) for r4[k] we can write r4[k]e 7% =~ a[k]b[K]
where

bjk] = pan(0) ej((wD—wo)k—%)_,_ph(ﬂ.) e—j((vaLwo)k—%)7

or \ /2
and the approximation is due to the O(k™") term in (17). We
can now apply Drichlet’s test [2, pp. 365] which states that
if a[k] converges monotonically to zero and the partial sums
of blk] are bounded, then ), a[k]b[k] converges. Since these
two conditions hold in our case (|wo| < wp), we conclude that
S5 rulkle™7“°* < oo, which is what we needed to show.

Let us now show that (18) for |wo| = wp holds. To do this,

we need to show that
k=—N+1

~ Ni ( —%> alk] b[k] = O(N'/?).

k=—N+1

alk] (25)

N-1

(26)

where a[k] and b[k] are obtained by substituting |wo| =
wp in (25) and are given by a[k] = [(27)/(wpk)]'/?,
bk = [pn(0) exp(—3%) + pa(r) exp—i((wp +wolk— 5],
which is the sum of a constant and an exponential. But

n_nipalk]blk] and N7'SONT 0 (klalk]b[k] add up to
(26), and they are both O(N'/?).
substituting for a[k] and b[k], and using the following:

;va__lN+1 k71/2 _ 0(N1/2), N—! Z;’cvz__lN+1 k1/2 _ 0(N1/2),
and Yoo_ty  k1/2e I (n w0k 1) = O(1), where the first
two equalities are obtained by integrating k~'/% and k'/? re-
spectively, and the third expression is obtained using Drich-
let’s theorem. This establishes the equality in (26) which is
what we wanted to show.

This can be seen after
5

5Since we are interested in asymptotic expressions for large N,
we are not concerned with the fact that k~1/2 is unbounded for
k=0



We will now show that (19) holds. For |wo| < wp, we need
to show that

N-1

Z (1 —|k|/N) [|rh[k]|2 + 2KRe (T'h[k‘]e_j‘”ok) ]

k=—N+1

= O(log(N)), (27)

which would establish that (13) is O(N~!log(N)). We know
from (18) that for |wo| < wp, 3, rrlkle’°* converges; hence,
we can do away with the second term in the square brackets
in (27), and see that establishing (27) amounts to showing

N-1 N-1

> ol - Y M = 0osvy . (28)

k=—N+1 k=—N+1

Using (17), it is straightforward to show that the first term
on the left hand side of (28) is

> mr o~ ()

k=—N+1

N-1

7.(0) + pi ()
Z (Ph : h

k=—N+1

Q

Cos (ka -7

) e

which is O(log(N)) + O(1), where the O(log(N)) term is ob-
tained by integrating k™!, and the O(1) term is obtained by
using Drichlet’s theorem. But the second term on the left
hand side of (28) is ;CV;}N+1(|k|/N)|rh[k]|2 = O(1), which
can be verified similar to (29). So (28) must be O(log(V)).
This establishes what we wanted to show.

Using a similar approach, it is not difficult to show that for
the case |wo| = wp, (27) is given by O(log(N)) + O(N?) =
O(N'/?), which completes the derivations of (18) and (19).

+  2pn(0)pn(r)

©,=18.85, =0, N=100, ¢,=0
25 T T T

20 1
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Figure 2: Comparison of envelope-based and I/Q-based
estimators and CRB
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