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Abdtract -- To incorporate the effect of multipath fading in
sysem analyss and design, we need the probability densgty
function (PDF) of thereceived Sgnal envelope. I n thispaper, we
condder a general multipath fading channd with arbitrary
number of paths where the amplitudes of multipath
componentsarearbitrary correated pogtive random variables.
Since the integral-form of the envelope PDF in such a general
Siting is not easy to manipulate, we devdop a Laguerre series
for the PDF. A usful tight uniform bound on the truncation
error of theLaguerresriesisalso derived. ThisLaguerreseries
expresses the envdope PDF jud in terms of Smple polynomial-
exponential kernds Hence, it is particularly useful for
mathematical performance analyss of wirdess sysemsin those
multipath propagation environments, where the number of
drong multipath components is redativdy small. We
demongrate the utility of the Laguerre sries by deriving a
generic dosed-form expression for the average bit error rate of
an arbitrary modulation schemein multipath fading channds.

I. INTRODUCTION

When an unmodulated carrier is tranamitted in amultipath fading
channd, it bresks into severd multipath components. These
components add vectoridly, according to their amplitudes and
phases, and a fluctuating envelope is experienced by the recaiver. In
this paper, we dudy the envelope probability dendty function
(PDF), using the random vector modd, assuming that the number of
multipath components is an abitrary condant, phases ae
independent with uniform digributions, and the amplitudes are
corrdaed podtive random variables with arbitrary digributions.
Thissetting isgenerd enough to cover many cases of interest.

I1. A GENERAL MODEL FOR MULTIPATH FADING

In a multipath fading channdl, multipath components can be
divided into two independent groups: the firgt group condgs of a
sl number of strong multipath components which do not satisfy
the conditions of the central limit theorem (CLT), while the second
group contains a large number of wesk multipath components
which satify the CLT conditions. The firgt group generates a nor-
Gaussan random process with non-Rayleigh envelope PDF, while
the second group reaults in a Gaussan random process with the
Rayleigh enveope PDF.  Spedificdly, if the dgnd
8, (t') =cos2mf_t' is transmitted through the channd, where f_ is
the carrier frequency and t' isthetime, thentherecaved sgnd is
9,e(t) =9(t) +5(t), €)

where 8(t") and $(t") areindependent processes defined by:
9(t') =" A cos(2m 1 +®,), @

St)=Y " Acos(arf,t' +®,). &)
In the above formulas, N and N are the number of multipath
components in the first and the second groups, respectively, A's
and A 's represent the amplitudes of multipath components, while
o,'sand &, 'sstand for the phases of multipath components. In the
firgt group, N is an arbitrary congtant, A ’'s are dependent postive
random varigbles with arbitrary digtributions, independent of @, 's,
and @, 's are independent of each other with uniform digtributions
on [0,2m) . Thesgnd 9(t") generaed by the first group is anon-
Gaussian random process with a non-Rayleigh envelope In the
second group, N s large enough and the Statistical properties of
A’'sand &, 'saresuchthat based on CLT, §(t’) can be modeled as
aGaussian random process with the Rayleigh envelope.

Now we give a brief judtification for the Satistica properties of
®,’s, which were dated above. The phase of each multipath
component, with respect to an arbitrary but fixed reference, depends
on its path length. It changes by 21T as its associated path length
changes by a wavdength. If there are large variations among the
path lengths (which is usudly the case), the phases of multipath
components vary over a wide range as well. These phases, when
reduced to module 21T, can be accurady modeled by random
vaiables with uniform digtributions on [0,2) [1] [2]. Lage
vaiaions among the path lengths aso indicate that the phases of
mulltipath components can be reasonably consdered as independent
random variables. It is interesting to note that there is a cdose
relationship between uniform distribution of phases and the concept
of dationarity [3] [4].

To develop the random vector modd for our multipath fading
channdl, we note that the sums of cosinewavesin (2) and (3) can be
replaced by the following single cosne waves:

B(t") = Acos(2rf, t' + D), 4
S(t') = Acos(2rf, t' + D). (5)
These representations|ead to this representation for 9, (t') in(1):

9,.(t) = Rcos(2rf, t' + O). (6)

Clearly, the pairs (A, ® ) and (A, ® ) represent the envelopes and
the phases of dgnds from the firg and the second groups of
multipath components, repectively, while R and © are the
envelope and phase of the Sgnad composed of the two types of
multipath components. The interreationships among the random



vaidlesA, @, A, ®, R and © can be easily understood by
using the vector notation:

Aexp(j®) =" Aexp(j®,),

Aexp(j®) =" Aexp(j®,),
Rexp(j©) = Aexp(j®) + Aexp(j®), )
where j =+/-1.NowwedefineX, Y, X, Y ,V,andW

X =Acos®, Y=Asnd,
X =Acos®, Y =Asnd,
V =Rcos®, W =RsnoO, (8

which we need in the next section for deriving the PDF sof A, @,
A, ® ,RadO.

lIl. DISTRIBUTIONSOFA, @, A, ® R AND ©
A. PDFsofAand @

Based on (7) - (8), Xand Y arefunctionsof A 'sand @, ’s i.e:
Xx=>" Acos®, Y=Y"Asno,. ©)
So, the joint characteridtic function (CF) of X and Y, defined by
Wy (N,0) = Exy[exp(jnX + jCY)] , canbewritten as
Wi (N.Q) =By po,.0,[8xP(INX + Y],

=Ep a[Eopo [&Xp(inX + JTY)|A..AJ]. (10)
Since @, 'sareindependent of A 's, we can change the conditional
expectation in (10) to an ordinary expectation:
Wi (N,Q) =E, 4 [Eo, o [exp(INX + jCY)]].
Using (9) weobtain:
N
Wy (N,Q) = EA-"'A'*[Eml"'mN[l_ll exp(jnA cos®, + jCAsin®))]],(12)

which can be smplified based on the fact thet ®, ' s are independent
of each other:

Wiy (0,0) = By [[] 1o [EXP(iNA cOSD, + jZASIND,)]] . (13)

If we definethe polar varigbles A and w intermsof therectangular
varigblesn and  :

(11)

n=Acosw, {=Asnw, (14)
then the exponent in (13) can be smplified to:
NA cos®, + A sin®, = AX cos(P, —w). (15)

By ingerting (15) into (13) we obtain:
Vo0 =y [[] [ ep(ANCostg - ) T, (@)dg] . (26)

As mentioned earlier, @, 's have uniform distributions on [0, 21) ,
i.e f,(@)=12m. So, according to the integra form of J,(.) , the
zero order Bessd function:

35(2) = (2 [ ™ exp(jzcosE)dz, (17)
we can Smplify (16) to:
W (0,0) =By o [[] 1L d (AN = AR - (18)

According to the definition of the jointly sphericaly symmetric
random variables[5], we observethat X and Y arejointly sphericaly
symmetricas W, (n,¢) in(18) isonly afunctionof x =2+ .

Hence, based on Theorem 1 in[5], it can beinferred that A and @
areindependent variables with the following PDF' s

fa@=a[ " Ao (@AM = aH o, {AMN)}, (19)

fo (@) =1/2m. (20)
Obvioudy, A isanon-Rayleigh varidble In Eq. (19), H,{G(&)} is
the zero order Hankd transform of G(.) , defined by [6]:

Ho{GE)} = [ £3,(2)G(E)dE . (21)

This integrd transform has dso been referred to as the Fourier-
BessHl transform [7] [8]. Basad on the extendive tables in [9], one
can caculate the Hankel transform of alarge number of functions. It
should be mentioned that not only the PDF of A, but also the PDF of
an arbitrary positive random varigble P can be expressad in aform
dmilar to (19) [10], where for P we have A(A\) = E,[J,(PA)] . For
the random variable A, the corresponding A(A) isgivenin(18).

Eq. (19) was origindly presented in [11] and [12], with A 'sas
nonrandom congtants. The random walk problem associated with
(19) wes firg addressed in [13] and [14]. More ddails and
information about f,(a) in (19) canbefoundin[15].

B. PDF'sof A and ®

Assated in Section |1, we assumethat CLT holdsfor §(t)) in (3).
By this assumption we imply that N is a large congtant and the
satidicd propertiesof A’sand &’ saresuchthat X and Y ae
two independent zero-mean Gaussan random variables with the
same variance 62. In the sequel and without loss of generdity, let
62 =1, tosmplify thenotation. TheCFsof X and v ae
W, () =W, (n) =exp(-n?/2). (22)
Hence, thejoint CFof X and Y, .. (n,0) , canbeessily derived:
W (0,0 =exp(=A?/2) . (23)

We obsarve that X and Y are jointly sphericaly symmetric,
snce v, (n,2) in(23) isonly afunctionof A =/n?+2> . So, based
on Theorem 1 in [5], it can be condluded tha A and & are
independent random variables with the following PDF s

f;(8) = aexp(-&/2), (24)
f, (@) =1/2m. (25)
Clealy, A isaRayleigh variable with unit mode.
C. PDFsofRand ©
By combining (7) and (8) we obtain:
V=X+X, W=Y+Y. (26)

Since X and Y areindependent of X and v, thejoint CF of V and
W, ¥,,,(n,¢) , canbewritten as.

Yo (M) =Wy (N, W4, (0.0) - (27)
By subdtituting (18) and (23) into (27) we obtain:
Wy (N,0) = AA) exp(=7?/2) . (28)

Similar to the previous two cases, V and W arejaintly sphericdly

symmetric. So, Rand © areindependent with thefollowing PDF s
o A2 A?

fe(r) = fjo ?\Jo(r?\)eXP(-i)/\(?\)d?\ = rHm{eXID(-?)/\(?\)} (29)

f, () =Y2m. (30)
The PDF in (29) completely characterizes the Satisticd behavior
of the envelope in the multipath fading modd of Section II.



However, the integra-form of (29) is not convenient for anaytic
cdculations, which are essentid for mathematicd andyds of
wirdess communication sysems over multipath fading channels.
S0, in the next section we review other aternatives for representing
fr(r) , which may be more suitablefor anaytic Sudies

IV. REVIEW OF THE PREVIOUSRESULTSON f,(r)

For N =0 and according to (7) and (24), f,(r) reducesto
Rayleigh PDF which was firgt introduced in [16]. For N =1 and
A asacondant, f;(r) becomestheRice PDF[17]. When N =1
and A is arandom varigble distributed according to lognormd,
Nakagami, generdized Bessd, or K didribution, the corresponding
fe(r) is derived in [1], [18], [19], and [20], respectively. The
behavior of f(r) over smdl and largevaluesof r, for N =1 and
anarbitrary PDFfor A , isdiscussadin[1].

For N =2 and different presumptions on the didtributions of
A’s thefollowing methods are used for manipulating f.(r) :

1) Numerical calculation of theintegral in (29) [21]-[25],

2) Infinite epangion in terms of Fourier-Bessa series[26] [27],

3) Infinite epangion in terms of Laguerre series[24] [27]-[30],

4) Different analytic approximations [22]-[24] [31],

5) Infinite epangion in terms of the power series[27],

6) Infinite expangion using hypergeometric series[24] [32]{34],

7) Miscdlaneous[24].

Among the above methods, only those liged in 3), 5), 6), and 7)
provide exact solutions for f(r) . Method 6) is not suitsble for
numerica caculaions, while method 7) has been developed only
for N =2 . Hence, we focuson 3) and 5), which are exact and 0
gppropriate for both numerica and analytic caculaions.

In Section V we present two infinite seriesfor f,(r) , aLaguerre
seriesand apower series. Tight upper bounds on the truncation error
of the Laguerre series and the power series are derived in [35]. By
comparing the two truncation error results; it is shown in [35] that
for afixed number of terms, the truncated Laguerre series providesa
smdler truncation error. So, from this point of view, Laguerre series
is preferred to the power series for the envelope PDF. Note thet the
infinite series of other referencesligted in 3) and 5) are gpecid cases
of those reported here. Moreover, the truncation errors of Laguerre
and power seriesare not andyzed in other references.

V. SERIESEXPANSIONSOF f,(r)

Based on (7), the conditiond PDF (1 [@) isRician[1]:
faa(r [@) =rexp[-(r? +a%)/2]1y(ar) , (31)
where 1,(.) is the zero order modified Bessl function. After

averaging with respect to Awe obtain:

fo(r) =Eal fw\(r\a)] =rexp(-r?/2)E [exp(- A°/2)1,(Ar)] . (32)

Now we take this Laguerre polynomia generating function [36]:

exp(0)J,(210) =" L ()o"/nt, (33)
where L, (.) isthe Laguerre polynomid of order n. For 1 =-pr2/4
and o = A%/, (33) changesto:

l,(Ar) = exp(- A2/B)D " L, (-Br2/4)(A?/B)"/n!, B#0, (34)
whilefor 1= A?/B and o =-pr2/4 ,(33) modifiesto:

lo(Ar) =exp(Br2/4)) . L, (A*/B)(-Br2/4)"/n!, B # tw (35)

Formulas (34) and (35) may be considered as parametric expansons
for 1,(Ar) where the parameter 3 isared number, non-zero for
(34) and finite in (35). For B =+ in(34) and =0 in (35), we
obtain the Maclaurin seriesof 1,(.):

lo(Ar)=>"" (Ar/2)>/(n})? . (36)
To proceed further, we need to define the following function:
h,(2) = E\[exp(-2A%) A™], (37)

where zis a real number and the PDF of A is given in (19). This
functionisdiscussed in detailsin [35].

By replacing 1,(Ar) in (32) with (34) and (35), we obtain the
Laguerre and the power seriesfor f,(r) , repectively:

f( =2 W(B)g.(B.r), B#0, (38)
fe() =2 Va(B)d,(B,T), B # oo, (39)
inwhich:

w, (B) =h, (27 +p7)/(n!p") (40)
9,(B.r) =rexp(=r2/2)L(-Br?/4), (41)
Va(B) = E[exp(= A%/2)L,(A%/B)]/nt, (42)
d,(B.r) =rexp[-(3 - r?1(-Pr?/4)". (43)
In order to cdculae the coefficient w, (B) in (38), only

h,(27* +3™) isrequired. However, for computing the coefficient
v, (B) in(39), weneed h,(1/2), .., h,(1/2) , sincebased on [36]:

L(2) =D (D*nlZ[(n - K)!(Kk1)?], (44)
Eq. (42) can bewritten as
Vo(B) = X0 (D R 2) /(N - K)!(kH?B*] (45)

Application of the conditiona Rice PDF in (31) and replacement
of 1,(.) in(32) with an infinite seriesis aso discussed in [27] [29]
[30]. The advantage of this gpproach, in comparison with expanding

fe(r) directly intermsof aninfinite series, isthat it providesanon-
Rayleigh but perturbed-Rayleigh PDF. In other words, we usudly
expect a Rayleigh PDF for f,(r) ina multipath channd. In the
presence of severa strong multipath components that violate the
CLT, fg(r) deviates from Rayleigh PDF. The amount of this
deviation can be eadly quantified in terms of the Satidicd
properties of the amplitudes of these CLT-violating multipath
components, if we use the conditiona-Rice-PDF approach. This
idea will be further explored in the next section. The conditiond-
Rice-PDF method is similar to the common approach for expanding
non-Gaussian PDF susing Gram-Charlier type series[37] [38].

In previousworks, only fixed values have been considered for 3.
Specificaly, Eq. (38) is used in[27] [29] [30] with B =-2, while
Eq. (39) is employed in [27] assuming 3 =0. The advantage of
conddering 3 asavariable parameter lieson thefact thet 3 can be
optimized in such a way to minimize the truncation errors of (38)
and (39). In fatt, it is proved in [35] tha B=-4 and B=0
minimize the truncaion errors of (38) and (39), respectivey.
Moreover, it is shown that the convergence rate of the Laguerre
sriesis twice. Hence, based on these observations, we choose the
Laguerre seriesin (38) with B = -4 for the envelope PDF:

fo(r) =rexp(-r2/2)3 " h, WAL, (r?)/[(-4"n], r 20, (46)



where h,(1/4) can be computed usng any of the methods

discussad in [35]. The following tight uniform upper bound is dso

derivedin [35] on thetruncation error of (46) with n,, +1 terms

e=28K A2 > Jn(A%, /4" |L.(4n)exp(-2n)/n!, (47)
=N 1

where A, =YY A ., With A <« asthemaximum value of the

random variable A , and dso:

K =Tr%2A j:’ﬁ IAQV)|dA . (48)

inwhich A(A) isgivenin (18). Notice (47) is a uniform truncation
error, i.e, it holdsover theentirerangeof 0<r < oo,

VI. A NEWAPPROACH TO BIT ERROR RATE ANALYSIS

So far we have derived a non-Rayleigh but perturbed-Rayleigh
representation for the envelope PDF in- multipath fading channels,
The important “perturbed-Rayleigh” characteristic can be better
understood by rewriting (46) as.

fo(r) = hy (1/4)r exp(-1%/2)

+> R @AD" rexp(-r2/2)L,(r2)/(4'nl), 120, (49)
Noticethat [39)]:

j: rexp(-r2/2)L, (r2)dr = (-1)". (50)
Moreover, since f(r) integratesto 1, (46) yields
> @A)/ @rny =1. (51)

Hence, (49) represents the non-Rayleigh envelope PDF asamixture
(convex combination) of the Rayleigh PDF rexp(-r2/2) and the
unit-area kernels (-1)"r exp(-r2/2)L,(r2), n=1,2,.... Notice that
these kernds are not PDF since they take negative vauesfor somer,
however, it may be useful to consder them as pseudo PDF s since
they integrate to one. When there is no strong multipath component,
ie N=0, we have h(¥4)=1 ad h(/4)=h14=..=0,
whichinturnyidd f.(r) =rexp(-r2/2) . In the presence of at leest
one strong multipath component,i.e, N 21, weget 0<h,(1/4) <1
while h,(/4) >0 for at leest onenfromthe st {1,2,...} .

The show the ingghtful role of the mixture representation in (49)
for anaytic cdculaionsin non-Rayleigh multipath fading channels,
we consider the generd problem of computing the average bit error
rate (BER) of an arbitrary modulation scheme in such channels. Let

P,(R) denotethe BER of a particular modulation in the presence of
additive white Gaussian noise, conditioned on R. Asan example, for
differentid phase shift keying (DPSK) modulaion we have

R(R) =exp(-y,R?)/2 [40], where y, =E,/N, represents the
sgnd-to-noise raio (SNR) per bit, with E, as the transmitted
energy per bitand N, asthe noise power spectral dendity. Based on
(49), theaverage BER R, = E.[R, (R)] canbewrittenas

R =h@/AHR™" +3" [h(1/4)/(@4 )R, . (52)
where:
R™™" = ["R() rexp(-r?/2) dr, (53)

R,= j: R.()(=D)"r exp(-r2/2)L (r2)dr, n=0,1,2,....(54)

Note that R™°" = R,. Now we obsarve that the average BER in a
non-Rayleigh multipath fading channdl can be decomposed into two
different parts the Rayleigh average BER, r™<, obtained by

averaging R,(R) with repect to the Rayleigh PDF rexp(-r?/2),
and the pseudo average BER's, 7, , derived from averaging R, (R)
with respect to the pseudo PDF's (-1)"rexp(-r2/2) L,(r2). For
N=0 we have g=R™", while for N=1, R is a convex
combingtion of ™" and R, ’s with the weights determined by
the datigtical characteridtics of the amplitudes of srong multipath
components A . Notice that such a useful representation for 7
cannot be obtained by the application of f (r) in (29). Infact, for
the average BER it gives

R =[] RN I,(rA) drIAexp(-2?/2)AM)dA,  (55)

which cannot be further smplified and in contrast with (52),
provides no useful indight.

VII. A CAsE STUDY

In this section we condder a numerica example and gpply the
Laguerre series for caeulating the envelope PDF and the average
BER of DPSK. Condder a multipath fading channd where in
addition to the large number of wesk (CLT-satisfying) multipath
components, there are four srong (CLT-violaing) multipath
components A =05, A =A =15, and A =25. Suppose we
want to truncate the Laguerre sriesin (46) & n=n__ such that
€<10™. Noticethat A, =6, whilebasad on (18):

A = J3,(0.50)J,2(1.50) I, (2.5M) . (56)

Todetermine n,, using (47), weneed to calculate the vaue of Kin
(48), whichyidds K =1.13512 . Based on the numerica vaues of
Kand A, ,itisessy toveify that n, =31 isthe smalest integer
that satidfies € <10~ according to (47). Now we should compute

h,(/4) for n=0,1,...,31. We have used the définition of h,(.) in
(37). To check the accuracy of the vaduesof h, (1/4) , we observed:

31
> h(¥/4)/(4"n!) =1.00027 , (57)
which in comparison with the identity in (51), shows that our
numerica resultsarefairly accurate.
Thetruncated Laguerre seriesin (46) with 32 terms, given by:

thruncated (r) =r exp(_rZ/Z)ZiOm(]/ll) Ln (r 2)/[(—4)” nl] , (58)

isplotted in Fig. 1. Aswe expect, it is nonnegative for any r. On the
other hand, basad on (57), the area under (58) is 1.00027 , which is
quite acceptable. In Fig. 2 we have plotted the absolute difference
between the exact PDF in (29) and the approximate onein (58), i.e.
| fo(r)— fa""== (r)|. Ingpection of Fig. 2 revedsthat over the most
of the range of r, the truncation error islessthan 10™*. Some larger
truncation errors around r =3 may be attributed to the loss of
precison in numerica cdculations. Anyway, as we see in the
sequd, the truncation error over the wholerange r > 0 is o smdll
that we can get very accurate numericd results for atypica average
BER cdculationusing f"" (r) .

To dhow the utlity of the Laguerre series for andytic
manipulaions, we derive expressonsfor the average BER of DPSK
in our channd using the approximate and exact envelope PDF' s,
given in (58) and (29), respectively. For this purpose, firsd we
caculate the integrd in (54) and the inner integra in (55) with
R,(r) = exp(-y,r?)/2 accordingto[39]:

Iyt rentr 2L, () =oC 2R (s9)



[ $exp(=y,r )rd,(n)ar =exp[-A%/(4y,)]/(4y,) . (60)

The gpproximate and exact average BER's can be obtained by
subtituting (59) and (60) into (52) and (55), respectively:

F_%truncated - hO(]/4) + i hn(]/4) (1_ 2yb)n , (61)
21+2y,) 4= 4"n! 2(1+2y,)™
R =(v,) [ Aexp{-[L+ (2%,)21A%/3AM)AA,  (62)

where in pr=e only 32 terms are taken into account. Notice that
the first term in (61), 1/[2(1+2y,)], is the average BER of DPSK
for Rayleigh PDF with unit mode [40].

To check the numerica accuracy of g« in (61), we compared
itwith & in(62) over thewide SNRrangeof 0<y, <30 dB.We
observed that == and B match up to three sgnificant digits
This good match is not surprising, as we have dready shown the
high accuracy of ;"™ (r) in (58) over the entirerange r =0,
regardless of using afinite number of terms.

VIII. CONCLUSION

In this paper we have considered a generd modd for multipath
fading channds where in addition to a large number of wesk
multipath components, there are a limited number of strong
multipath components. According to a comprehensive literature
survey reported in this paper, our mode includes many available
modes as gpecid cases. First we have derived anintegra expression
for the envelope PDF. Then we have expressed the envelope PDF in
terms a Laguerre series, which is more convenient for mathematical
andysis. Furthermore, we have derived aformula by which one can
eadly determine the minimum number of terms in the infinite
Laguerre series, which guarantees a specified truncation error over
the entire range of the envelope vaues on thered line. A numerica
exampleisaso provided which supportsthe theoreticd resuts.

In the light of the Laguerre sries representaion, we have
expressed the non-Rayleigh envelope PDF as a mixture of a
Rayleigh PDF and non-Rayleigh unit-area kerndls (pseudo PDF s).
Such a decompostion dlows us to study the effects of weak and
strong multipath components on the performance of communication
systems, sparatdy. As an example, we have shown that the average
bit error rate (BER) of any modulation method in multipath fading
channels can be decomposed into two separate parts: the firgt part
represents the average BER due to Rayleigh fading, while the
second part shows the contribution of the few strong multipath
components. Such a representation provides a better understanding

of theimpact of multipath propagation.
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Fig.1. The envelope PDF in a fading channel with four strong
multipath components, calculated using the truncated Laguerre
series.
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Fig.2. The absolute difference between the exact and
approximate envelope PDF s for the fading channel with four strong
multipath components.



