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Abdract- Smulation of multiple-input multiple-output
(MIMO) fading channdls, with crosscorrdated subchannds, is of
paramount importance in performance evaluation of spacetime
technigues in multiantenna sysems. This paper focuses on four
methods to smulate several spatio-temporally crosscorrelated
dationary complex Gaussan processes the spectral
representation method, the sampling theorem method, the
random polynomial method, and the circulant embedding
method. The firg three methods are based on parametric
random representations, which consgt of the superpostion of
determinigtic functionswith random coefficientsand parameters,
whereas the fourth oneis built upon circulant embedding of the
covariance matrix and the use of fagt Fourier trandform (FFT),
to diagonalize a block circulant matrix . In this paper we provide
a comprehensve theoretical analyss of the computational
complexity of all the four methods. The performance of these
techniquesar e also assessed, via extengive smulations, in terms of
the quality of the generated samples. Our theor etical analysisand
smulation results show that for MIMO channe smulations, the
soectral method has much less computational complexity, with
the same smulation accuracy asother methods. Matlab© filesfor
all thefour methodsareavailableat http:/Aveb.njit.edu/~abdi.

|. INTRODUCTION

Recent fundamental information theoretic results have shown that
by exploiting antenna arrays at both the base gation (BS) and mohbile
dation (MS and under certan conditions, unprecedented
transmisson rates can be achieved over wireless channds [1] [2].
Two mgjor gpproaches to reach such high capecities are gpace-time
coding [3] and V-BLAST architecture [4], which have driven the
recent surge of numerous research and development activities for
very high speed trangmisson sysems In generd, multiantenna
sysems atempt to use both time- and space-domain channel
characteridtics, via gppropriate coding and detection schemes.
Needless to say, software smulation of multiple-input multiple-
output (MIMO) channels is essentia for evauating the performance
of different multiantenna space-time coding/processing techniques,
before expensive hardware experiments.

A useful MIMO smulator should be gble to generate multiple
croscorrelated processes. There are few papers, which address this
issue for recaive-only diversty schemes (see [5] and references
therein). To the best of our knowledge, only in [5] the smuletion of
MIMO channds is addressed properly (for the limitations of other
techniques, see [5]). However, only the vector autoregressive (AR)
samulation gpproach is discussad in [5], wheress there are other
techniques that could serve as efficient candidates for MIMO
samulation. In this paper we focus on four methods for smulating a
vector of corrdated complex Gaussian processes We a0 provide a
comprehensive theoretical andlysis of the computationa complexity
of al thefour methods, not considered in the past.

For computer implementation of these methods, one neads either
the crosscorreaions or the crossgpectra among the processes of
different subchannels. Here we use a recently proposed space-time
mecrocell modd [6], which provides closed-form expressions for
correlations and spectra of interest, and includes many key physicd
channd parametersin compact forms. Thismode is aso used in the
MIMO smulation study of [5]. One can use the micro and picocell
modd of [7] aswell.

The rest of this paper is organized as follows. In Sections |1, 111,
IV and V, four smulation techniques are discussed in detal. To
demondrate the accuracy of the dgorithm, theoretical and average
smulation results for the level crossing rate (LCR), different types of
corrdation functions, and the probability dengty function (PDF) are
compared. Section VI is devoted to the extensive comparison of the
computationd complexity of the dgorithms. Concluding remearks are
presented in Section VII.

Il. SPECTRAL REPRESENTATION METHOD

The first method employs the spectrd representation modd. This
modd works according to the spectrd representation theorem which
dates that a weskly dationary process can be viewed as a
superposition of harmonics with random amplitudes and phases [8]
[9]. Specificdly, it isbased on the discretization of the frequency band
of the process and the representation of the process by a sum of
complex exponentids. The probabiligic characteridics of the
generated samples functions converge to that of the target process as
the number of termsin the exponentia seriesincreases.

Foectral Representation Theorem: Let {Y(t),t >0} be a wide
sense dationary vector process with m complex-vaued components
of zero mean and covariance functions

Co(@ =El )Y t+n)], kl=1..m, (1)
and the asociated spectral densities
Si(f) =" e™"c, (nar, )

where i =+/-1 and k,I =1,2,...,m. Then there exists a unique
process Z(f) [9] suchthat

Y(t) = _[:oeiz”“dZ(f), ©)

where dZ(f) is a vector of m complex-vaued processes with
mean zero and the following covariance function [10]

E[0Z, (f)dZ, (£)] =S, (f)df, f =4,
=0, otherwise

where f and & arefrequency varidblesO

If the vector process Z(f) is Gaussan, Y(t) ddivered by the
spectrd representation formulais aso a Gaussan process [11]. Y (t)
is assumed to be band-limited in the frequency intervd
(— T aer Frc) - HOwever, if the process has power over the entire
frequency range, one can sdect a cutoff frequency f,, < such
that for dl kand|

(4)



[osi(ht = 5,(f)f . (5)

To obtain the discrete version of (3), let us divide the frequency
pband (-f.f.) Mo g nonoverlgpping intervals
(a,.,.a,), r=12,..,q,withlength df, =a, —a,_, =2f__, /q.A
discrete gpproximation of order q of Eg. (3) is given by the
following expression [11]

Y“(q) (t) = leAei 27f t (6)

where A isazero mean Gaussan vector with covariance
E[Aykﬁvl]:j:ﬁl(f)df =S, (f,)df,, if r=p,

:0, if r#zp,

r,p=1.. such thet f,is the midpoint of the interva
(a._.a), and df, |sthelengthofthe|ntervd (a,_,a).

Itisshownin [11] that the probabilistic characteristics of Y@ (t)
approachthoseof Y(t) as q — o . So, Eq. (6) can be used asagood
aoproximetion of Y(t) if q is sufficiently large. Note that the
process in (6) is periodic with period q/ f, ., a mentioned in [12].
So, to generate the process in [0,T], one should choose q large
enoughsuchthat T <q/ f_,

The simulation of the vector process Y@ (t) involvestwo steps
1- Generation of samples of the complex Gaussian vector A (the
Cholesky factorization-based agorithm of [11], Section 4.2, isused in
this paper).
2- Redlization of the processusing Eq. (6) inwhich A isreplaced by
itssamples generated in thefirgt sep.

Snulation: To smulate a2x2 MIMO channed using this method,
we use the MIMO correlaion modd given in Eq. (12) of [6] for the
autocorrdations and  croscorrdations  of  four  subchannds

hy, (1), h, (1), h,, (1), and h,(t)
Coyn (1) =15 ()] ™ explic,, cos(@,)] X
l,({«*-a*-b —c; A’sin’(a,,) +
28, COS(f3,, = ¥) + 26, Asin(@,q [asin(y) ~by, sSin(4,,)] -
i2k[acos(u — ) b, Cos(k = By) ~ Cpdsin(a ) Sin(u)1}?),
(7)
where |,(.) isthe zero order modified Bessd function, a = 277f 7,
b, =2md, /A, ¢, =21, /A, f isthe maximum Doppler
shift, d,,, denotesthe antennaspacing & the MS, J,,, isthe antenna
gacing a the BS, A isthe wavdength, 2A is the maximum angle
soreed a the BS, 1 accounts for the mean angle of arrivd (AOA)
sen by the MS, « controls the width of AOA a the MS
a,, and S, aetheangleswhich specify the orientetions of the BS
and MS arays, respectively, and findly Y is the direction of the
motion of MS. Notethat |,m, p,q=1,2 .7 All these parameters are
clearly depicted in Fg. 1 of [6]. The corresponding power spectrum
canbeshowntobe

Sy, (F) = explicy, cos(ar,)]/[1 (k) £ = 17]
xexp{-{x cos(y - 1) +i8](f /1,)}

xcosh{ [« sin(y = p) +id,ly1-(f/£.)°}, |f|< f,,

! Obvioudy theindices |, m, p, and q in (7) are different from
the previoudy-defined parameters such as the number of complex
processes m in the spectra representation theorem, the number of
frequency intervasqin (6), and so on.

where cosh(.) isthe hyperbolic cosne and
9, =Ry, cos(B,) cos(y) +[c Asin(a,) + R, Sin(B,)]sin(y),
J, =h, cos(B,,)sin(y) —[c,Asin(a,,) +1,, SIN(5,,)] cos(y).

For the parameters, we choose the same values usd in [9], i.e,
f,=005Hz, d,/A=05, J,/A=17, k=0 (isotropic
scatering), A=4°, a,, = 5, =90° (pardld arays),and y =180°.
For the number of nonoverlgpping frequency bins we have chosen
g =60, which gives a reasonable match between the smulated and
theoretica corrdations. With other parameters fixed, normdly the
qudity of smulation improves as q increases. We have generated 100
MIMO channd redizations, each redization condsts of four N-
sample complex Gaussan time series N =1000. The smulated
LCR of the enveope of h,(t), and the autocorreations,
croscorrdations, and  higograms  of the red parts (inphase
components), averaged over 100 redlizations, are plotted in Fig. 1,
Fig. 2, Fig. 3, ad Fig. 4, respectivey, dong with the theoretical
curves. For thetheoretical LCR of | h, (t) | we have used [13]

N, = \/TTmee_%@ ,
o

where R isthe level and o? is the variance of each inphase and
quadrature components. In thesmulationswe have o2 =1.

In this method, the Sze of the covariance matrix that needs
Cholesky factorization is NygNy,s X NNy, » Where ngg and ny,g ae
the number of BS and MS antenna dements, repectively. In our
paticular example, theszeis 4x4 as ny, = n,,s = 2. Notethat the
totd number of required Cholesky factorizationsis q, whichis60in
our example.

I1l. SAMPLING THEOREM METHOD

The second method is based on the sampling theorem for random
processes and its generdization to vector processes. It Smply dates
that aband limited process congigs of asuperpodtion of determinigtic
functions of time with random amplitudes. Condder a determinigtic
function @(.) such tha its Fourier trandform is zero outsde a
bounded frequency range (—f ... frm) s Frm < . According to
the sampling theorem[14]

6t)y=> . 6t +uT)a,(t-t,), ®)
inwhich
a, (t) = sin[7x(t - uT)/T]/[(t - uT)/T], 9

where T =1/(2f,,) and t, arered numbers Let Y(t) beazero-
mean dationary vector process with m complex -valued components
defined over the frequency band (—f ), with corrdation

max ? max

function C, (7) = E[Y, ()Y (t+7)], where k,1=12..m. A
parametric representation of the process Y (t) isgiven in[15]
YoM =20 Y8,0, nTsts(n+DT, (10)

in which n, =[t/T] denotes the largest integer smdler than t/T,
[(n,—n)T,(n +n+1T] represents a window where the podtive
integer n determines the size of the window, and Y,* =Y, (uT) are
vaues of the k-th component of the vector process Y(t) at equaly-
spaced time indants, referred to as nodd points. Note that for eech
value of t, thereis afixed number of nodd points whichis 2(n+1)
according to (10).

Itisshown in [15] that Y (t) has the same covariance function
as Y(t), as n - o . Therdfore, Y™ (t) can be used as a good
aoproximetion of Y (t) , if nislarge enough.



The smulation procedure described in [15] is as follows. Let
tO[nT,(n +)T]. The process Y™ (t) in (10) depends on the
nodd vaues {Y, ((n, —n)T),...,Y ((n, +n+DT)} . A redization of
the process Y. (t) can be obtaned for tO[nT, (n +1T] using
theses nodd values according to (10). To generate the samplesfor the
intervd tO[(n +DT,(n, +2)T], we need to generate the single
sample Y, ((n, +n+2)T) firg and then use Eq. (10). The single
sample Y, ((n, +n+2)T) depends on dl the previoudy generated
vauesof Y " (t) at thenodd points For smplicity, this dependence
can bereduced tothe pagt 2(n+1) nodd vaues[11].

Insummary the major stepsof thisagorithm are
1- Samples of the vector process Y (t) a the nodd points need to be
generated (the Cholesky factorizationbased dgorithm of [11],
Section 4.2, isused in this paper).

2- A redlization of Y(t) now can be congructed usng (10), dong
withincreesngt, sarting from t 0[O, T] .

Snulation: The sampling method is used to smulae the 2x2
MIMO Rayleigh fading channd of Section Il and the same
smulation results as those shown in Fig. 1 - Fig. 4 are obtained. The
paameer n is st to 30, as it exhibits a good match between the
dmulated and theoretical corrdations. With other parameters fixed,
normally the quality of Smulation improvesasn increases.

The dze of the covariance matrix that needs Cholesky
factorization is (2n+3)ngn,s X (2n+3)ngn,,s. which in our
example reduces to (60+3)4x(60+3)4 =252x252 . Note that
the Cholesky factorization should be carried out only once.

IV. RANDOM POLYNOMIAL METHOD

The third method is the random polynomia method thet is based
on the parametric representation of the process of interest in terms of
interpolation polynomias and spline functions.

Let {Y(t),t0O[a,b]} be a vector process with m complex
components. The gpproximetion of the k-th component of Y (t)
basad on linear gline functionsisgiven by

Y (1) =[1- £V + EOVR, (12)

for tO[a+pT,a+(p, +)T], where p, is the largest integer
smaller then (t-2)/T, &) = (t-a-pT)/T, T =(b-a)/p,p
isthe number of time subintervals and findly Y™ (t) 'sare valuesof
the kth component of Y(t) a time indants t=a+IT,
I =01,..., p, refarred to asnoda points. .

It is shown in [11] tha the covariance function of Y (t)
gpproaches the covariance function of Y(t), as p —» o . Hence,
Y{P(t) servesasagood gpproximation for largep.

Thissmulation technique involves two steps
1- Samples of the vector process congding of the vdues of Y (t) a
the noda points need to be generated (the Cholesky factorization-
basad dgorithm of [11], Section 4.2, isused inthis paper).

2- A redlizationof Y (t) should be caculated using (11).

Srulation: The random polynomia method is used to smulate
the 2x2 MIMO Rayleigh fading channd of Section Il, and the
dmulation results are exactly the same as Fig. 1 - Fg. 4. The
parameter p is st to 60 since it provides a good match between the
dmulated and theoretical corrdations. With other parameters fixed,
normaly the quality of smulaion improves asp increases.

The dze of the covariance matrix that needs Cholesky
factorization is (p+1)nggnys X (P +DNgny,s. Which is equa to
(60+1)4x% (60 +1)4 = 244 244 in our example. Note thet thereis
only one Cholesky factorization, Smilar to the sampling method.

V. CIRCULANT EMBEDDING METHOD

This gpproach is based on the observaion that any (block)
Toeplitz matrix can be embedded in a (block) circulant matrix [16].
The two main components of this method are (i) circulant
embedding of the block Toeplitz covariance metrix, and (i) the use of
the fast Fourier tranform (FFT), to diagondize the block circulant
matrix. Inwhat follows, we provide asummary of [16].

Let {Y(t),t >0} be a wide sense ddionary vector process
composed of m complex-vaued components with zero mean and the
covariance functions defined in (1). We want to generate N samples
of Yt) a t=0T,..,(N-DT,, over the intervd [O,T].
Obvioudy T, =T/(N-1). Let us define the mxm covariance
matrix C(j) such thet its (kl)-th element is given by C, (jT,),
i=01,...,N -1, with C,(.) defined in (1). Then we congtruct the
Nmx Nm  block Toeplitz covariance matrix C, with block elements
given by C(j)s Obvioudy the firg row of C is given by
[C(0)C(D)...C(N -1)] . The vector process Y(t) can be generaed
by embedding its block Toeplitz covariance metrix C into an
mr xmr circulant metrix G, where r determines the sze of the
embedding metrix G. Note that r should be chosen such that
r=2(N-1) and G is nonnegative definite. Choosing r as a power
of 2 can increese the efficiency of this method. If G is negative
definite, we have to increase r until G is nonnegetive definite. If one
cannot find r such that G is nonnegative definite or if r istoo large to
be practicd, the gpproximation described in [17] may be used.

We congtruct G according to G =circ([g(0)g(D)...g(r -1)]),
where each g(.) isan mxm matrix and circ(.) cyclicdly shiftsits
(block row) argument from left to right, to build G. Notethat g(.) s
should be chosen such that G is a Hermitian matrix with nested
block circulant gructure and C is a submatrix of G. These g(.)
metrices should be congtructed asfollows

C{l), o<l<r/2
a(l) ={_()

C(r-1), r/2<l<r-1,
Based on the congruction in (12), eech Nmx Nm submetrix of G,
down the diagond, is equd to C . Therefore, if G is nonnegative
definite, it can be considered as the covariance matrix of a sationary
vector process X (t) , ssmpled at therate of 1/ T, . Furthermore, any
N consecutive dementsof X (t) formaredizaionof Y(t) .

It is important to note that the circulant matrix G can be

decomposed as
G =(QO Idiag{ A(0), AD),..., Ar -DH(Q" O 1) ,

whereQisan r xr unitary matrix with the (k|l)-th dement given by
Q =r2exp(-i27kl /r), k,1 =0,1,..,r=1, O denotes the
Kronecker product of two matrices, | isan mxm identity matrix,
diag()) congructs a (block) diagona matrix of its arguments, " is
trangpose conjugate, and eech mxm  Hermitian matrix  A(l) ,
0<l<r-1,isdefined as

Al) =Y g(]) exp(-i2jl /7).

Upon eigen decomposition we get A(l) = R(IDA()R()" , where
R(I) isan mxm unitary metrix and A(l) isadiagond metrix with
eigenvauesof A(l) onitsdiagond. Each A(l) hasred eigenvaues
Z,(),...¢..(1) and it follows that G is nonnegative definite if and
only if

¢,(1)20, 1<jsmand 0<l<r-1.
If (13) holds, then we have

G'? =(QU I)diag{ A(0)"*, A)*%,..., Ar —1)"’})(Q" O'1),

(12)

(13)



as the unique nonnegative definite square root of G . Consequently,
T,—aced samples of the vector process X(t), i.e,
X(0), X(T,), .., X((r =DT,), can be smulated via GYaW , where
W is an mrx1 vector of independent standard Gaussian random
numbers. Any N consecutives dements of theses r samples eg.,
X (0), X(1),..., X (N -1 , isaredlization of the process Y (t) .

The smulation agorithm of the circulant embedding method can
be summarized asfollows
1- Compute thefirg block row of G (mrows), using (12).

2- Compute A(l), 0<l<r-1, with m(m+1)/2 gpplications of
FFT (FFT of thefirst block row of G).

3-Compute R(1) and A(l) suchthat A(l) = RHADRD" .

4- Smulate (Q" O 1)w directly, as described in [16], where Wisan
mr x1 vector of independent standard Gauissian random numbers.

5 Let a(l) = A()Y3(Q" O W = RIHA)? RN (Q" O 1)W .

6- Compute T, — gpaced samples of X (t) with m gpplications of
FFT,i.e, FFT of a(l) ,dnce (QO I)a(l) istheFT of a(l) .

7- Take N consecutive samplesof X (t) , toget aredizationof Y (t) .
Note that in addition to r =2(N -1) such that G is nonnegative
definite, r should be chosen suchthat r = 2% or 3¢, for some positive
integer k, to makethe FFT caculation fadt.

The circulant gructure of matrix G is the key to the speed and
efficiency of this method. All the rdevant caculdions can be
performed usng FFT.

Smulation: The circulant embedding method is used to smulate
the 2x2 MIMO Rayleigh fading channd of Section Il and the
dmulations are the same as those presented in Fig. 1 - Fig. 4. For
N =1000, we have chosen r = 2" = 2048, to get a good match
between smulated and theoretical corrdations.

In this method, the Sze of the matrix tha needs egen
decomposgition is Nggh,,s X NNy, » Which in our exampleis 4x 4.
Note that the totad number of required Eigen decompositions is r,
whichis 2048 in our example.

VI. COMPUTATIONAL COMPLEXITY

As dl the figures show, with proper sdlection of the control
parameters, very close agreement between avariety of theoretica and
smulated characterigtics of a vector complex Gaussian process, such
a LCR, corrdations, and hisograms, can be obtaned. So,
computationd complexity is the mgor factor in choosing between
these four methods. After careful examination of dl the operations,
which have to be carried out in eech method, in Table | we provide a
summary of the computational complexity of different Sepsin each
method.

In Table I, O() stands for the order, whereas the number of
operations shows the number of multiplications plus divisons (to
amplify the anadlyds, we condder red and complex operations the
same). Note that Egs (6), (10), and (11) represent the main
expresson for the gectrd, sampling, and polynomid methods
respectively, wheress steps 2 and 5 in the embedding method
condtitute the main expressons.

As an example, the number of operationsin al the four methods
aregivenin Tablell, for our 2x2 smulation, where n,,g =n,s =2,
=60, n=30, p=60, and N =1000, therefore r = 2** = 2048.
Clearly, spectra method is much superior to the others It is specidly
efficient when it comesto matrix decomposition.

VIl. CONCLUSION

Due to the high spectrd efficiency of multiantenna systems,
development of gpace-time coding/detection schemes has received a

great dedl of atention in recent years In this paper, the utility of four
different methods, i.e, spectrd, sampling, polynomid, and
embedding are sudied, for generating redizations of crosscorrelated
complex-vaued Gaussan proceses. Based on extensve Monte
Carlo amulations, it has been observed that with proper choices of
paamgers dl the methods provide very accurate redizations in
teems of the level crossng rate, corrdations, and histograms.
However, our theoreticd complexity analyss has reveded that the
gpectrd method requires much lower computationd effort, hence,
more suitable for smulaion of MIMO fading channels. Matlab© files

of dl the four mehods can be obtaned from
http:/Aveb.njit.edu/~abodi.
TABLEI
CoMPARISON OF THE COMPUTATIONAL COMPLEXITY
Spectral Sampling Polynomial Embedding
) Size: Size: Size:
Size:
Covariance | N, MysNes (2N +3),| NgsNys(P+1),| Nygnger,
matrix #operations. | #operations. | #operations:
. #operations:
delalm 50(nMSnBs)2q Gq nBSnMS Gq nMSnBS 60(nBSnMS)2§
(2n+3)? (p+D)*
i 1 time, 1 time,
imes, . ) i
Chol'esky o #?)per ations #operations. | #operations. | " IMeS
d .
e o(qré.re) | OMushes o(n,.n,. #operations:
decompasition s’ Bs 5 o(rnd.ny)
(2n+3)°) (p+11°) hee
1 time,
) q times, Size: 1 time, 1time
Generating ) )
independent | Size: gﬁsgas @n+2) | gize: Size:
whitevectors | ny,gNgs N times NusNes(P+D) | NygNagl
Size: n,n,
#operalions: | 4 onerations
Coloringthe | #operations: | [Muses #operations.
whitevectors | (Muses)’d | (2n+2))? [MsTes , (NysNgs)r
+N(n)? | (P
#operations:
Cﬁ'\gl::%':g {#operations: #operations. | #operations: | MusNes/2
expression nON+20N| 4(2n+3)N | 10N %(NysNgs + 3)
xrlog,r
TABLEII

NUMERICAL VALUES OF THE COMPUTATIONAL COMPLEXITY

Spectral Sampling Polynomial Embedding
Covariance... 48,000 3,810,240 3,572,160 983,040
Choleky ... 0(3,840) | 0O(16,003,008) | O(14,526,784) 0(131,072)
Genadting ... 240 4488 244 8192
Coloring ... 960 77,504 59,536 32,768
Calculating ... 360,000 252,000 10,000 315,392
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