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ABSTRACT 
The concept of progressive optimization is proposed 

for the design of hierarchical subband transforms. The 
time and frequency properties of the product filters in 
subband trees are discussed and evaluated. It is shown 
that the performance improvements in image coding 
are possible by using different PR-QMF banks at dif- 
ferent nodes of a subband tree. 

I. HIERARCHICAL FILTER BANKS 

A generic two-band filter bank structure is given 
in Fig. 1. It is used as the basic building block of 
a hierarchical spectral split in this paper because of 
its historical and practical significance. In general, it 
is possible to use any number of subbands with the 
desired bandwidths at any node of a tree. 

The hierarchical filter banks in the literature use the 
same two-band non-ideal prototype filter bank repet- 
itively in the tree without checking the time and fre- 
quency properties of the product subband filters. This 
is a practically significant point and the main topic of 
this study. 

Fig. 2(a) displays a two-stage, 4-band, regular hier- 
archical subband structure. The two-band filter banks 
used in the different stages of the tree, even at each 
node of the same tree level, can be different for the 
most general subband transform case. Whenever the 
same prototype filter bank is used in all the nodes, the 
conventional hierarchical subband tree structure is ob- 
tained [1][2]. 

All of the two-band filter banks employed in the 
tree are assumed to be PR-QMF in order to satisfy 
the unitary property of the hierarchical structure.The 
equivalent subband product filters for the regular tree 
displayed in Fig. 2 are easily found as 

H l ( 2 )  = H & ) H f ( 2 )  
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H z ( % )  = H&)H:'(%2) 

&(%) = H:(%)H;"(%2) 
&(%) = H:(z)H;"(%2) (1) 

where H i ( % ) ,  i = 1,2,3,4 are called the product sub- 
band filters. The equivalent product filters of the dyadic 
and irregular subband trees can be similarly obtained. 

The time and frequency propertiea of the second 
stage filters in Fig. 2(a) are not very critical. But, the 
properties of the product filters, Hi(%) , i = L,2,3,4 
along with the first level filters H i ( % )  and H { ( z ) ,  are 
important. Therefore, the intermediary filters of the 
second stage can be manipulated (since there itre infi- 
nite possible solutions) in order to achieve the desired 
time and frequency domain characteristics of the prod- 
uct filters. This leads to the concept of progressive 
optimization, which will be presented in the next sec- 
tion. 

The product subband filters in Eq.(l) are the spe- 
cial Cband PR-QMF solutions with the factorization 
properties. They provide the hierarchical as well as 
the direct split of the spectrum. 

Fig. 3 displays the time and frequency functions 
of two different hierarchical filter bank scenarios. Ta- 
ble l provides the time and frequency localizarions of 
the product subband filters of those hierarchic d filter 
banks [3]. Fig. 3 and Table 1 imply the ricbness of 
possible product function solutions with the different 
timefrequency properties in hierarchical filter banks. 
The design flexibilities of optimal hierarchical siibband 
transforms lead to performance improvements iii many 
signal processing applications such as image coding and 
spread spectrum communications. 

11. PROGRESSIVE OPTIMIZATION IN 
HIERARCHICAL SUBBAND 

TRANSFORMS AND A NOTE ON 
WAVELETS 

The progressive optimization of the product sub- 
band functions in hierarchical filter banks is proposed 
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in this section. As an example, let us consider a two- 
stage 4-band filter bank as displayed in Fig.2. First, an 
optimal 2-band PR-QMF solution for the first stage is 
searched based on the defined design criteria. Then an 
intermediary two-band PR-QMF solution which opti- 
mizes the product subband filters is searched. There- 
fore, the product subband filters of Eq.(l) are tuned to 
satisfy the desired criteria of optimality, e.g., time lo- 
calization, frequency localization or joint time-frequency 
localization. In this study the joint time-frequency 
spread and energy compaction measures are used sep- 
arately for the optimal search. The paraunitary con- 
dition and the zero-mean high-pass PR-QMF property 
are forced in the solutions [l]. 

Fig. 4 displays the frequency functions of the op- 
timal two- and progressively optimal four-band prod- 
uct subband filters. The optimalities in these examples 
are based on the joint time-frequency localization and 
energy compaction of the prototype low-pass filter of 
the two-band PR-QMF [l]. In the two-stage, 4-bandI 
progressively optimal hierarchical PR-QMFs, as seen 
in Fig. 4(b)-(d), the optimal first stage 2-band 6-tap 
PR-QMFs are designed. Then in the second stage, 4- 
tap, 2-band PR-QMF solutions are searched in order 
to achieve the optimal 12-tap product subband filters 
based on the design criteria. The detailed treatment of 
optimal designs is given in [I]. 

It is seen from this example that the optimal two- 
band PR-QMF solutions do not yield the optimal prod- 
uct subband filters in hierarchical subband trees. The 
progressive optimality is a viable approach for the fine 
tuning of the product subband filter functions. It re- 
quires the use of different two-band PR-QMF banks 
at the different levels, even the different nodes, of the 
subband tree. Therefore, the practical merits of the 
optimal wavelet designs based on a prototype two- or 
M-band optimal discrete-time filter banks are seriously 

analog signal onto the scaling space at the full reso- 
lution. The sampled data is assumed w the scaling 
coefficients of the wavelet transform theory in most of 
the applications reported in the literature. Therefore, 
they are doing exactly what a discrete-time filter bank 
does. The wavelet transform on discrete time signals 
implies an imperfect representation and it is theoreti- 
cally incomplete. The decomposition of discrete-time 
signals is properly realized by the discrete-time sub- 
band transforms. The wavelet transforn theory will 
find its meaningful applications in analol; signal pro- 
cessing [5]. 

The proposed progressive optimization in hierarchi- 
cal filter banks serves as a practical mathvmatical tool 
for the design of flexible linear transform bases. The 
design of irregular spectral decompositions, irregular in 
the frequency bandwidths as well as in the ;ime domain 
properties, can be monitored level by level in the sub- 
band tree. This approach allows the designer to tune 
the time and frequency properties of the ti d o r m  ba- 
sis to the constraints of the application ai, hand. The 
intermediary filters of a given node in the hubband tree 
define the time and frequency properties of the product 
subband functions for the given optimal lilters in the 
previous level. The repetitive use of an optimal filter 
bank cell does not yield the optimal prod ict subband 
functions in a hierarchical structure. 

The optimization problem of hierarchical filter banks 
can also be set in the direct form in order to obtain 
globally optimal solutions. The direct fo-m with the 
factorization properties has a much more difficult search 
procedure than the progressively optimized hierarchical 
case. The latter breaks the optimization problem into 
smaller subproblems. Our experience with the avail- 
able optimization software suggests that the use of the 
progressive approach is the more viable and better way 
of solving the problem. 

questioned. The infinite resolution products of the 
discrete-time inter-scale coefficient sequences of the wavelet 
and scaling bases merge with the analog wavelet and 
scaling functions in the Fourier domain as [4] 

III. EFFECTS OF FILTERS ON 
HIERARCHICAL SUBBAND IMAGE 

CODING PERFORMANCZ 

00 

k =2 

A dyadic, 10-band, separable 2-D subband trans- 
Q(Q) = H:(&'/2) H, ' (e jw/2k)  (2) form is employed to test the practical imFact of using 

different filter banks in different levels of the hierar- 
00 chical structures. The available bits are cptimally al- 

@(Q) = JJ H i ( W k )  (3) located among the subbands based on the r variances. 
k=l Then, the linear quantizers are employed ir the generic 

(4) subband image codec algorithm. The iriage coding 

where *(Q) and are Fourier transforms of the performance of several hierarchical filter bank scenarios 
wavelet and functions. The dyadic are tested. Fig. 5 displays the rate-distortim curves of 

different 10-band 2-D subband codecs for the test im- tree can serve as the fast wavelet transform algorithm 
if the transform process is properly initialized [4][1]. LENA and These also indi- 
The proper initialization step is the projection of the cate the filters employed in the considered hierarchical 
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subband coding experiment. The first index implies the 
filter used in the first level of the subband tree and the 
others follow similarly. The known PR-QMF families 
in the literature are used in theae experiments. It is ob- 
served from the figures that the different image coding 
performances are obtained with different subband filter 
banks. This result is due to different timefrequency 
properties of the product subband functions of filter 
banks employed in the coding experiments. More ex- 
perimental studies to find the best possible filter bank 
configurations for certain image families are topics of 
future research. Future studies should also focus on the 
subjective coding performance of the subband trans- 
form bases. 
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The hybrid subband/DCT image coding algorithm 
proposed in Ref. [S] implicitly use the proposed idea in 
this paper. The performance and design issues of hi- 
erarchical filter banks are addressed. A novel, progres- 
sively optimal design technique for the hierarchical fil- 
ter banks is propoaed. The significance of the proposed 
approach in the design of flexible linear transform bases 
is discussed. The practical assessment of using differ- 
ent filter banks at different nodes of a subband tree 
is made with some image coding experiments. The 
image compression performance of several filter bank 
configurations are shown to be different, as expected. 
It is observed from the coding experiments that the 
performance improvements are possible. The other ap- 
plications of linear transforms will also benefit from the 
proposed idea. 
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Figure 1: 2-band Filter Bank 
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Figure 2: (a) 2-stage, 4band hierarchical filter bank; 
(b) the equivalent direct form &band filter barik 

Table 1: Time and frequency localizations of hier- 
archical filter banks displayed in Fig. 3 and Fig. 4. 
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Figure 3: (a) Time and frequency functions of the prod- 
uct subband filters in a 2-level, 4band hierarchical fil- 
ter bank using an 8-tap Binomial QMF-Wavelet Filter 
Bank [1][4] repetitively at any node of the tree. 
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Figure 3: (b) Time and frequency functions of the 
product subband filters in a 2-levelI4-band hierarchical 
filter bank using 4-tap Binomial QMF-Wavelet Filter 
Bank [1][4] at the first stage, 16-tap version at the low, 
and P t a p  version at the high-pass node of the second 
stage. 

Figure 4 : The frequency functions of (a) 6-tap opti- 
mal 2-band PR-QMF. Optimality is based on the mini- 
mization of the joint time-frequency spread. (b) 12-tap 
product subband filters of progressively optimal 4-band 
PR-QMF. The optimality is based on the progressive 
optimization of the product filters with the minimiza- 
tion of the joint timefrequency spread. 
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Figure 4 : (c) 6-tap optimal 2-band PR-QMF. Opti- 
mality is based on the energy compaction m"aure. (d) 
12-tap product subband filters of progreshively opti- 
mal 4band PR-QMF. The optimality is based on the 
progressive optimization of the product filters with the 
energy compaction measure. 
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lOBAND SUBBAND CODER (TEST IMAGE : LENA) 
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IO-BAND SUBBAND CODER (TEST IMAGE : LFAA) 

Fig. 5 :(a) Ratedistortion curves of different filter com- 
binations for the test image LENA 

Fig. 5 :(b) Ratedistortion curves of different filter com- 
binations for the test image LENA 

l O U D  SUBBAND CODER (TEST IMAGE : BUILDING) 
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Fig. 5 : ( c )  Ratedistortion curves of different filter com- 
binations for the test image BUILDING 

Fig. 5 :(d) Rate-distortion curves of different filter com- 
binations for the test image BUILDING 
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