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Abstract—Empirical correlation matrix of asset returns has
its intrinsic noise component. Eigen decomposition, also called
Karhunen-Loeve Transform (KLT), is employed for noise ﬁltering
where an identiﬁed subset of eigenvalues replaced by zero. The
ﬁltered correlation matrix is utilized for calculation of portfolio
risk and rebalancing. We introduce Toeplitz approximation to
symmetric empirical correlation matrix by using auto-regressive order one, AR(1), signal model. It leads us to an analytical
framework where the corresponding eigenvalues and eigenvectors
are deﬁned in closed forms. Moreover, we show that discrete
cosine transform (DCT) with implementation advantages provides
comparable performance as a good approximation to KLT for
processing the empirical correlation matrix of a portfolio with
highly correlated assets. The energy packing of both transforms
degrade for lower values of correlation coefﬁcient. The theoretical
reasoning for such a performance is presented. It is concluded
that the proposed framework has a potential use for quantitative
ﬁnance applications.
Index Terms—Karhunen-Loeve transform, discrete cosine
transform, AR(1) model, empirical correlation matrix, portfolio
management, risk management.

I. INTRODUCTION
PORTFOLIO is comprised of multiple ﬁnancial assets.
The standard deviation of portfolio return is a widely used
risk metric in ﬁnance [1]. A desirable portfolio delivers maximum return on investment with minimum risk. Therefore, the
return of each asset is individually assessed, and also compared
against competing assets in the portfolio. Pair-wise correlations
of asset returns populate the empirical correlation matrix that reveals signiﬁcant information on portfolio risk and its variations
in time. A portfolio manager monitors these variations and rebalances portfolio in order to keep the risk within allowed range
for the desired return.
Severe non-stationarity with high level of intrinsic noise is
common in asset returns of a portfolio. Hence, empirical correlation matrix needs to be tamed accordingly. Eigen analysis,
also called principal component analysis (PCA) or KLT, has
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been successfully employed to ﬁlter out this undesirable noise
component from the measured correlations [2]. The caveat is
the computational cost of KLT operations. Therefore, we revisit DCT as an approximation to KLT, and compare their performance for noise cleaning of empirical correlation matrix of
asset returns. DCT is quite attractive over KLT due to its computational efﬁciency. The ﬁltered empirical correlation matrix
is represented by its eigenvectors and eigenvalues that lead us
to creation of eigenportfolios. Our goal is to compare performances of ﬁxed transform DCT and input dependent KLT for
empirical correlation matrices of various portfolios in order to
justify the use of the former as an efﬁcient replacement to the
latter in practice.
Mathematical preliminaries are given in Section II. We introduce the basics of orthogonal transforms and performance metrics to compare their merit. We brieﬂy discuss about modeling
of random signal sources and focus on auto-regressive model
of order one, AR(1). Its Toeplitz correlation matrix is deﬁned.
We also describe eigendecomposition of a matrix, and present
closed form expressions for eigenvalues and eigenvectors of an
AR(1) source. Moreover, we give the kernel of DCT in this section. In Section III, symmetric empirical correlation matrix is
approximated by employing AR(1) model with Toeplitz correlation matrix in two different ways. Namely, the ﬁrst one utilizes only one AR(1) model approximation for the entire empirical correlation matrix. In contrast, the second one uses one
AR(1) model per row (asset). The merit of these Toeplitz approximations and the use of DCT as a fast KLT implementation
in ﬁnance applications are highlighted [3], [4]. Then, we introduce portfolio risk and its calculations through KLT and DCT
based methods in Section IV. Our conclusions are presented in
Section V.
II. MATHEMATICAL PRELIMINARIES
In this section, we present theoretical foundations of orthogonal transforms that provide underlying mathematical steps utilized in many applications including ﬁnancial signal processing.
A. Orthogonal Transforms
A family of linearly independent
time sequences on the interval
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orthonormal discretesatisﬁes [5]
(1)
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Orthonormality may also be expressed on the unit circle of the
as follows
complex plane where

Energy preserving property of an orthonormal transform yields
the relationship between signal variance and variances of corresponding coefﬁcients

(2)
In matrix form,
are the rows of the transform matrix,
and they are also called as basis functions
(3)
(10)

with orthogonality
(4)
where
indicates conjugated and transposed version of a matrix. A signal vector is mapped into the orthonormal space
through forward transform operator
(5)
where is transform coefﬁcients vector. Similarly, the inverse
transform yields the signal vector
(6)

It is noted that the linear transformation of a stationary random
vector process results in a non-stationary random vector
process. In practice, the variance values of transform coefare desired to have smaller geometric mean in
ﬁcients
order to justify the transform domain processing of random
signals. KLT provides optimal geometric mean of coefﬁcient
with best
variances with a diagonal correlation matrix
possible repacking of signal vector energy into as few transform coefﬁcients as possible. The compaction efﬁciency of a
transform is deﬁned as
(11)

The vector is populated by a wide-sense stationary (WSS)
stochastic process that satisﬁes the properties

(7)
where
is the expectation operator. The correlation and covariance matrices of such a random vector process are deﬁned,
respectively,

This is an important metric to assess the efﬁciency of a transform
for the given signal type. The gain of transform coding over
unitary
pulse code modulation (PCM) performance of an
transform for a given input correlation is particularly signiﬁcant
and widely utilized in transform coding applications as deﬁned
[5]
(12)

..
.

..
.

..

..
.

.

Similarly, decorrelation efﬁciency of a transform is deﬁned as
(13)

(8)
where

..
.

..
.

..

.

..
.

Note that
for a zero mean WSS process where
. Hence, one can derive the covariance matrix of transform
coefﬁcients as follows

Note that
for KLT where transform coefﬁcients are perfectly decorrelated (pairwise), and signal energy is optimally
and transpacked as measured in (12) and (13) for the given
form size . Therefore, KLT is the optimal block transform for
a given input statistics offering the best possible performance
with high computational cost. Its basis set needs to be recalculated whenever signal statistics changes. In contrast, ﬁxed transform DCT with efﬁcient implementation is an attractive alternative to KLT particularly for highly correlated processes. We
highlight this point in the following section.
B. AR(1) Signal Model

(9)

Random signal sources are mathematically described by a variety of models including auto-regressive (AR), moving average
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(MA), and auto-regressive moving average (ARMA) types. AR
source models, also called all-pole models, have been successfully used in speech compression and recognition applications
for decades. AR source model with order one, AR(1), is a ﬁrst
approximation to many natural signals, and it has been widely
employed in various engineering applications. AR(1) signal is
generated through the regression formula as written [5]
(14)
is a white noise with zero mean. The ﬁrst order
where
, and the
correlation coefﬁcient is in the range of
as follows
noise variance is related to the variance of
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where
This results in the eigenpair set
for a single eigenvector. It is emphasized that if more than one
eigenvector share the same eigenvalue, those eigenvectors along
with the zero vector form a linear subspace of the vector space,
and it is called an eigenspace. Moreover, the eigenvectors with
different eigenvalues are linearly independent, and matrix
with size
is called defective if it does not have linearly
independent eigenvectors. For the case of diagonal matrix, its
eigenvectors are basis vectors and eigenvalues are its component values on the diagonal. Now, for a non-defective matrix
with distinct eigenvectors one can write the following eigenmatrix equation

(15)
(23)
Auto-correlation sequence of

is expressed as
(16)
is de-

The resulting Toeplitz correlation matrix of size
ﬁned as

, and kth column
where
matrix is the kth eigenvector
of with the correof
for the given signal
sponding eigenvalue . Note that
in (8). The eigenvalues for an AR(1) source
statistics as
model of (14) is calculated in closed form as follows [3]
(24)

..
.

..
.

..
.

..

.

..
.

(17)
where

AR(1) model is utilized to approximate empirical correlations
of asset returns in the following sections of the paper with the
purpose of developing an analytical framework, and also a fast
KLT approximation by using DCT as a replacement.

are the positive roots of the polynomial
(25)
of size

and the resulting matrix
calculated as

is

C. Eigen Decomposition of AR(1) Process
An eigenvalue and an eigenvector of a matrix
must satisfy the eigenvalue [5], [6]

with size

(18)
It is rewritten as
(19)
such that

is an invertible matrix. Namely,

(26)
. KLT is the signal dependent unique
where
transform with jointly optimal energy packing and perfect
. The computation of the
decorrelation features for a given
KLT transform is difﬁcult in practice. Therefore, ﬁxed transforms are preferred in many applications that are concerned
with the implementation cost of KLT. In contrast to input
dependent KLT, Discrete Cosine Transform (DCT) is a ﬁxed
transform and offers efﬁcient implementation algorithms. DCT
matrix of size is deﬁned as [7]

(20)
This determinant requirement leads us, in general, to the characteristic polynomial

(27)
where

and

(21)
where
(22)

It has been shown in the literature that the basis vectors of DCT
approach to the eigenvectors of AR(1) process as the correlation
coefﬁcient goes to one [4]. It was reported that the DCT basis
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functions are eigenvectors of a symmetric tridiagonal matrix as
deﬁned

..
.

(28)

..
.

Similarly, the covariance matrix of an AR(1) process with the
correlation coefﬁcient has the form

..
.

..
.
(29)
Fig. 1. (a)  (L) performance of KLT and DCT for various values of  and
N = 31, (b) G performance of KLT and DCT as a function of  for N = 31.

where

Therefore, it is shown that

Return of the kth asset of the portfolio at discrete-time
ﬁned as follows

is de-

(30)
This very nature of DCT has made it a popular transform that
is successfully employed for decomposition of highly correlated signal sources. In particular, image and video compression standards like JPEG and MPEG use DCT based 2-D transof KLT and DCT as deﬁned in
form coding. In Fig. 1(a)
(11) are displayed for various values of correlation coefﬁcient
and transform size
. Similarly, Fig. 1(b) depicts relative
performance of (12) for KLT and DCT as a function of
for
. This ﬁgure veriﬁes the use of DCT as a replacement to KLT in image and video processing applications where
signals are highly correlated. Moreover, it is noted that the energy packing performance of both transforms degrade for lower
values of correlation coefﬁcient. The readers of more interest on
the theory of signals and transforms are referred to [5].

where
is its price. The mean and variance of
are
with the ercalculated for a measurement window size of
godicity assumption as written

(31)
where
and
is called the volatility of the
kth asset at time that is a widely used risk metric in ﬁnance.
The return vector of all assets at time is written as
(32)

III. TOEPLITZ APPROXIMATION TO EMPIRICAL
CORRELATION MATRIX
In this section, we attempt to approximate empirical correlations of asset returns by utilizing AR(1) signal source model
as discussed earlier. The main motivation here is to incorporate the closed form expressions of eigenvalues and eigenvectors
of AR(1) sources as expressed in (24)–(26) that are utilized for
eigenﬁltering of empirical correlation matrix accordingly. This
procedure will be explained later in Section IV. Moreover, we
highlight potential use of DCT for noise ﬁltering of empirical
correlation matrix as a replacement to KLT where the former is
very efﬁcient to implement.
We consider 30 stocks of the index Dow Jones Industrial Average (DJIA) along with the exchange traded fund (ETF) called
Dow Jones Industrial Average (DIA) that mimics DJIA (total of
assets) for most experiments reported in this section.

The empirical correlation matrix of returns at time
as

..
.

..
.

..

.

is deﬁned

..
.
(33)

where

AKANSU AND TORUN: TOEPLITZ APPROXIMATION TO EMPIRICAL CORRELATION MATRIX OF ASSET RETURNS

R

= 16 : 00

Fig. 3. Variations of optimal correlation coefﬁcient and the resulting error of
AR(1) approximation, (35), as a function of time with 15 minute sliding intervals
days for 24 hour returns of 31-asset portfolio (DJIA & DIA) in
with W
.
the interval n

= 60

Fig. 2. (a) Rows of
matrix displayed in descending order, (b) KLT and
of DJIA & DIA EOD returns calculated at
DCT coefﬁcient variances for
time n
with N
.

R
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= 9 : 30 0 16 : 00

= 31

Accordingly, symmetric empirical correlation matrix is approximated by a Toeplitz matrix as
represents measured correlation between returns of kth and lth
samples. Note that
assets with a measurement window of
the returns are normalized to be zero mean and unit variance.
is real, symmetric and
The empirical correlation matrix
positive deﬁnite. Fig. 2(a) displays its elements for each row in
a descending order for 31 assets being considered in this section
days. The
and calculated at the end of day (EOD) for
kth sequence represents pairwise correlations of the kth asset
with all assets of the portfolio. For simplicity, we drop the time
variable in (33) and rewrite it as

..
.

..
.

..

.

..
.

(34)

is normalized such that
. Fig. 2(b) shows
variances of corresponding KLT and DCT coefﬁcients for the
of DJIA & DIA EOD returns
empirical correlation matrix
days as displayed graphically in Fig. 2(a). This
for
ﬁgure conﬁrms their similar behavior for ﬁnancial signals of this
type.
We consider two cases where AR(1) signal model with
Toeplitz correlation matrix is employed to approximate symmatrix as follows.
metric
A. AR(1) Approximation to Empirical Correlation Matrix

..
.

..
.

..

(36)

..
.

.

Therefore, one can calculate the resulting eigenvalues and
eigenvectors of AR(1) model according to (24) and (26) as
approximations to their measured values, respectively. Fig. 3
for 31 assets
displays variations of correlation coefﬁcient
of DJIA & DIA under consideration along with approximation
errors of (35). The returns are measured for 24 hour intervals
with sliding time intervals of 15 minutes and measurement
trading days for a trading day of 6.5 hours
window of
in this ﬁgure. The last sample corresponds to EOD return of an
asset. This ﬁgure shows highly correlated nature of EOD and
24 hour returns along with the merit of Toeplitz approximation
to empirical correlation matrix.

B. AR(1) Approximation to Each Row of Empirical Correlation
Matrix
In this method we approximate each row of empirical correlation matrix by the optimal correlation sequence of AR(1)
. Hence,
signal model with the correlation coefﬁcients
the rows are approximated as

We ﬁnd the optimal correlation coefﬁcient
of AR(1)
source as stated in (16) that minimizes the approximation error
(35)

..
.

..
.

..

.

..
.

(37)
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where the optimum
for the kth row of
(kth asset of a
portfolio) is obtained by minimizing the approximation error as
deﬁned

(38)
and,
is the element of matrix
located at the kth
row and lth column. Then, each row is AR(1) approximated
independently and we rewrite (37) as
(39)
where the selection matrix

is deﬁned as
(40)

and, the resulting

matrix is a Toeplitz matrix as expressed

..
.

..
.

..

.

..
.

. Similarly, we decompose each
for
eigenvectors individually as shown

Fig. 4. Variations of correlation coefﬁcients and the resulting errors of AR(1)
approximations as a function of time with 15 minute sliding intervals for 24 hour
days in the interval
returns of 31-asset portfolio (DJIA & DIA) with
.

n = 9 : 30 0 16 : 00

W = 60

(41)

to its

(42)
Therefore, we can rewrite the Toeplitz approximation of (39) as
(43)
where
and
are comprised of the kth set of eigenvectors and eigenvalues, respectively. Then, we calculate the
resulting eigenvalues and eigenvectors according to the closed
form expressions of (24) and (26) for the given set of AR(1) cor. Fig. 4 displays variations of correlation coefﬁcients
relation coefﬁcients and resulting approximation errors of this
method for 31 assets under consideration. Similarly, the returns
are for 24-hour intervals with 15 minute sliding windows for
a trading day of 6.5 hours in these ﬁgures. It is noted that the
approximation error of this method is lower than the ﬁrst one.
The trade-off is the increased computational cost of the multiple
Toeplitz approximations. The histogram for correlation coefﬁcients of Fig. 4 is shown in Fig. 5. The resulting mean and variance values are 0.8756 and 0.0125, respectively. These correlation coefﬁcient values coupled with the KLT and DCT performance comparisons displayed in Fig. 1 suggest the use of DCT
as fast KLT approximation for this type of signals.

Fig. 5. Histogram of correlation coefﬁcients displayed in Fig. 4.

and rebalancing [2], [8]. The return of an N-asset portfolio at
time is calculated as

(44)
where is the return vector, and
vector of the portfolio with

is the normalized investment
(45)

Therefore, we can calculate mean of portfolio return at time
as
(46)
Elements of vector are expected returns of assets in the portfolio. We can also calculate the variance of portfolio return at
time as

IV. PORTFOLIO RISK AND EIGENFILTERING OF EMPIRICAL
CORRELATION MATRIX
Eigen decomposition of empirical correlation matrix of asset
returns in a portfolio has been widely employed for risk analysis

(47)
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R

Fig. 6. (a) Portfolio risk for symmetric empirical correlation matrix
(n),
and its Toeplitz approximations ~ of (36), and ^ of (37) as a function of
= 60 trading
time with 15 minute sliding intervals for 24 hour returns and
days of 31-asset portfolio (DJIA & DIA) in the interval = 9 : 30 16 : 00,
(b) Portfolio risk calculated from (48) using two versions of ﬁltered empirical
correlation matrix
(n) for 5 factors as a function of time with 15 minute
sliding intervals and
= 60 trading days for 24 hour returns of DJIA & DIA
in the interval = 9 : 30 16 : 00.

R

n

R

W

R

n

W
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0

0

where
. Now, we introduce eigendecomas deﬁned in (23), and rewrite the portfolio variposition of
ance as follows

Fig. 7. (a) Compaction efﬁciencies of KLT and DCT for multiple intervals (frequencies) of 31-asset portfolio DJIA & DIA, (b) Compaction efﬁciencies of
KLT and DCT for multiple intervals of 100-asset portfolio NASDAQ100.

and with the remaining noise matrix

(51)
(48)

where one can write the equation
(52)

where
(49)
One may utilize Toeplitz approximation to symmetric matrix
as described in Section III. This provides an analytical framework for further studies. Moreover, it suggests to
reduce computational cost of eigen decomposition, particularly for large values of , by employing DCT as a fast KLT
approximation.
calculated from (48)
Fig. 6(a) displays portfolio risk
, and its Toeplitz apfor empirical correlation matrix
of (36), and
of (43) as a funcproximations
tion of time with 15 minute sliding intervals and a measurement
trading days for 24 hour returns of 31-asset
window of
portfolio DJIA & DIA.
Eigenﬁltering utilizes eigen decomposition where a subset of
most signiﬁcant eigenvalues,
, along with eigenvectors are kept to represent ﬁltered empirical correlation matrix as
expressed
(50)

In order to preserve the total energy in transform domain where
we introduce the diagonal matrix
as included in the modiﬁed version of
as
(53)
Fig. 6(b) compares portfolio risks of 24 hour returns of 31-asset
portfolio DJIA & DIA calculated from (48) employing KLT and
as a funcDCT ﬁltering methods with ﬁve factors
tion of time for 15 minute sliding intervals in a given 6.5 hour
long trading day. It is observed from the ﬁgure that their performances are very similar. Fig. 7 displays compaction efﬁciencies, (11), of KLT and DCT for three different empirical correlation matrices calculated for sampling (rebalancing) periods of
24 hours (EOD), 30 minutes, and 5 minutes, and for two different portfolios. Namely, they are of 31-asset DJIA & DIA and
100-asset NASDAQ100 portfolios. It is observed from these ﬁgures that KLT and DCT perform similarly for the ﬁltering of
empirical correlation matrices of asset returns experimented in
various frequencies [2], [8]–[11] and two portfolios. It is noted
that their energy compaction performance degrades when the
sampling interval is reduced where the value of correlation coefﬁcient drops due to the Epps Effect [12], [13].
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V. CONCLUSION
In this paper, we introduced two methods for Toeplitz
approximation to symmetric empirical correlation matrix of
asset returns in a portfolio with corresponding closed form
expressions for eigen decomposition. We showed the merit of
the proposed framework through two portfolios, DJIA & DIA
and NASDAQ100. Furthermore, we forwarded and veriﬁed the
use of DCT as a fast and effective KLT approximation for the
analysis of an empirical correlation matrix. It is concluded that
the proposed analytical framework and easy implementation
may be used in data-intensive ﬁnance applications.
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