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Abstract. In many still-image and video processing applications, the
time-frequency localization properties of the decomposition technique
are an important consideration. While bandwidth compression of the im-
age requires operators with good localization in frequency, spatial fea-
tures such as. edge preservation demand a high degree of localization
in time (or the spatial variable). These requirements compete with each
other and one is secured at the expense of the other. The classical
“uncertainty” principle in the continuous-time domain provides the back
drop for this trade-off. Qur purpose is to review recent extensions of this
principle to the discrete-time case and to develop optimum wave forms.
We review common features of block transforms, subband filter banks,
and wavelets, and demonstrate how the discrete uncertainty can be
used to evaluate these decomposition methods. In particular, we eval-
uate the trade-off between localization in time and in frequency for sav-
eral proposed signal decomposition structures.

Subject terms: visual communication; time-frequency localization; block trans-
forms; lapped orthogonal transforms; subband decomposition; wavelet transforms.
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1 Time-Frequency Distributions and Optimum
Signal Shaping

1.1 Classical Uncertainty

A basic objective in signal analysis is to devise an operator
capable of extracting local features of a signal in both the
time and frequency domains. This requires a basis function,

or kernel, whose spread or extent is simultaneously narrow -

in both domains. This in turn suggests that the transformation
kernel &(#) and its Fourier transform ®(€)) should have nar-
row spreads around selected points #,, and (. .

But the classical uncertainty principle asserts that for any
function ¢(f), (with \/7 d(r)—0, as t—» + o), 13

UTUQBE > H

where o and o, are the rms spread of ¢(¢) and ®({}) around
the center values. That is,
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where E is the energy in the signal.

E= f Gl dr=— f (DY 40 (3)
e 21} _e

and T and () refer to the center of mass of these kernels,

f tlb(nf? dr
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The product a7, is called the resolution cell. The equal
sign holds in Eq. (i) if and only if &(¢) (and consequently,
its Fourier transform) is Gaussian of the form exp(— as?).
The derivation of this result can be found in Papoulis.?

The short-time Fourier transform (STFT) has been used
to extract frequency characteristics of a signal over some
selected interval in time. The STFT positions a window g(f)
at some point T on the time axis and calculates the Fourier
transform of the signal contained within the spread or extent
of that window,

FRm= f FOgt—) exp(jBo) dt . 5)

When the window g(f) is Gaussian, the STFT is called a
Gabor transform.>~> The basis functions are generated by
modulation and translation of the window function by pa-

OPTICAL ENGINEERING / July 1893/ Vol. 32 No. 7 / 1411




ramceiers (3 and 7, respectively. Note that when 7 increases,
the kernel simply translates in time while keeping the spread
of the window fixed.

Let () +>G({2) be a Fourier wransform pair, and as-
sume that 7 =0 and Q =0. Then the translated, modulated
kernel pair are given by

8-p() =8(t—) exp(j B> G, (D)
=exp[~j (@ ByIGOQ-B) . . ®

This two-parameter family is centered at 7, in the time-
frequency plane, i.e.,

fe = )
Q.5=B .

Now it is readily shown that the spread of this shifted, mod-
ulated kernel is constant in both domains, i.e.,

10" - :
| _@-pic.y@P w0

2 —
00ee) = E

=0'Q y

2w = f (=g g(OF dt=07% (8)

where o, and o are the rms spreads of the unmodulated,
untranslated kernels. This implies that the resolution cell
070 has a constant shape as well as a constant area in the
time-frequency plane, as shown in Fig. 1. For the Gaussian
window, o,0n="Y2. The wavelet transform introduced in
Sec. 5 has a variable shape but a constant product.

1.2 Discrete-Time Uncertainty

The discrete-time version is as follows: Let f(n)e
Flexp(j )] be a discrete-time Fourier transform pair,

Flexp(jow)l= 2. f(n) exp(—jnw) e f(n)

ne= —co

. 1 ™
- f Flexp(jo)] exp(jnw) dw . (9)
T —m

P~ the Parseval’s theorem, the energy is

=

E= X |f<n)lz=ﬁ f | Flexp(jo)IP dw . (10)

n= —co —

We define the mean (analogous to the center of mass of a
distribution) by®-8:

1 i3
= f ol Flexp(io)? do
- - , (11

22 anlfm?
=“——E—'—~ . (12)

€l

B}

The spread of a function in time and in frequency is
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Fig. 1 Time-frequency plane showing resolution cells for STFT.

> n=ARF

o, = B )
1 j " (0 —®)* Flexp(jw)]? do
2w)

o= Z . (13)

For any real signal w =0, and without loss of generality, we
can also shift the time origin to make n = 0. For this case, in
Sec. 7.1 we show that the time-frequency product o0, or
resolution cell is given by :

1 p
7,0,= *—2—"

s |Flexplo)lu=n* |F(=DP
E E '

(14)

In the analog version, F(+)=0 and the lower limit is sim-
ply Y. In the discrete-time case F(— 1) need not be zero.
Note that in our notation, F[exp(jw)] at w =0 and w = are
denoted by F(1) and F(— 1), respectively.

Remark. The frequency measure in Eq. (13) is not suitable
for bandpass signals with peak frequency responses centered

at = @. To obtain a measure of the spread about @, we need
to define o2 on the interval [0,7], rather than [~ m,m]. In
this case we use

+[ olFrexptoF a0

b=— , (15)
il : 2
m jo|F[exp(Jw)]l do

1 f " (@6 Flexp(jw)]l? do
mio

6= , (16)
=] FexptjunP dw
o

and o2 remains unchanged. It easily follows that

§i=0l— (@

and

A 1 n

G307 =7 (1-w?*~ (@)%07 - (17
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Equation (17) demonstrates the reduction in the time-
frequency product when using the [0,7] interval for bandpass
signals. An alternative derivation similar to Sec. 7 shows that
this product can be expressed as

. 1
=-1-p/|,
6,0, 2| W'l
& |FOP o\ [F(=DP
I=-—-—— — e 18
K w E 1 ™ E (18)

For bandpass signals with zero dc gain, F(1)=0, Eq. (18)
reduces to

(&) [FC=DP
v 1 E )
Additionally, if we have F(—1)=0, then ' =0 and

5 =
G,0,=

S R

In the sequel, we concentrate on low-pass filters such that
Flexp(jw)],ax Occurs at =0, and Egs. (13) and (14) are
'sed. In this case, there are two classes of filters or signals:

class I: F(~1)=0-0,0,== (19)

2 ’

1—p

class II: F(—l)#O—)cncrwB—z— . 20)

The bound on the time-frequency product in the first case is
the same as that for the continuous-time case (in which F
(£ ) =0). In the analog case, we know that the equality in
the lower bound is achieved when Q F () is proportional to
dF/dQ, or F(Q)=K exp(—bQ%2), a Gaussian. In the
discrete-time formulation in Sec. 7, we have the same form
of integral resulting in the differential equation,

dF
— = —KoF* j
. o F*[exp(jw)] ,

whose solution is a Gaussian exp(— Kw?/2). This Gaussian
function satisfies the differential equation but cannot satisfy
. the class I boundary condition Fexp(jw)]=0. In this case,
we conclude that the lower bound cannot be attained and the
strict inequality holds, o,0,> Y-

We show that the binomial function is a finite impulse
response (FIR) approximation to the Gaussian that matches
the zero boundary condition at o =r.

For the class II set of functions, the Gaussian can satisfy
both the differential equation and the boundary condition
resulting in the equality 0,0, = V2|1 — /.

1.3 Gaussian and Binomial Distributions
-For the class II signals, the Gaussian is

[Flexp(jw)]? =K exp(—w?%20?), loj < @1)

(@
gerf(m/o)

The constant X is chosen to normalize the energy E to unity
over { —m,m]. In Sec. 7.2, we show that

0.0) = G(l - P*)l/z s (22)
2

p= |F(;T)| =K exp(m¥/20?) ,

and, hence,
. 1—- V2

0'“,0',,‘—"11—2—“! ,—>O’n=£——5:)— . (23)

For the narrow-band case, c<m/4, p <1073, and F(—1)
~0, resulting in 02 ~ 07, 0,0, ~ ¥/2. The corresponding time
function is found to be approximately Gaussian:

fn) = o(®Im"? exp(—a?n?) . (24)

Examples of these narrow-band Gaussian functions are
shown in Fig. 2. Again note that the time-frequency product
is very close to /2 in these cases.

For the wide-band case, with o= 37/8, we must use the
more exact expansions in Egs. (22) and (23). For example,
for o=m/2, we calculate w=0.22625, ¢, ,=1.382,
0,0, =0.3869, and o, = 0.28 time samples. In this case, there
is no simple approximation for f(n) that must be computed
numerically from the inversion formula, Eq. (9). These are
shown in Fig. 3 in which the very short duration of f(n) is
duly noted.

The binomial sequences are a family generated by suc-
cessive differences of the binomial kernel,” as summarized
in Table 1.

The kernel is the binomial sequence (2’) that looks similar
to a sampled truncated Gaussian in time, and the frequency
response resembles the Gaussian exp(— w?%/20?). To dem-
onstrate this, let us compare f(w)=/[cos(w/2)}", with
g(w) =exp( — w¥4c?). Taking logarithms,

-

o’
In[ g(w)]= Tt

2 4
) 1w l{ow
In{ f{w)]= —Nlog cosE—N[—5<5> —E<5> } .

Matching quadratic terms, N=2/g? in these expansions re-
sults in a normalized error that is

$W ) _(who)  w_,
g{w) 48N T

The localization features of the binomial kernel are as fol-
lows: X(1) =0, so that o,0,> ¥2. From Sec. 7.3,

, :
N [1.3.5..2N-1)] :
E= =oAL o 25
k§0<k > (24.6..2N) @3
A=N/2 , (26)
N

T —— . 27
T 2aN- 1) @D
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Fig. 2 (a) Time and (b) frequency plots for narrow-band Gaussian functions: (1) o, =n/4, ¢,=0.637
samples and (2) o, =/8, o,=1.274 sampies.
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Fig. 3 (a) Time and (b) frequency plots for the wideband Gaussian case: o, =m/2 and ¢,,0,=0.3869.

Table 1 The binomial family: H/{k) are discrete Hermite polynomiais.

Time Function +—— | Transform
N -1\N
:co(k)=(k), 0<k<N Xo(z)=(1+2z71)
| Xo(e?)] = 2M(cos )V
m,(k) =T N; r ) X,.(z) - (1 + z-1)N—r(1 - z—l)r
2.(k) = H.(k) ( N ) X, (6)] = 2¥(cos $)¥ " (sin 3
L
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Fig. 4 Time-frequency plots of binomial sequences: (a) N=4(c, =0.665, ¢,=0.756, and o,0,=
0.50274) and (b} N=12(c,=0.4, 6,=1.25, and ¢,0,=0.5002).
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Fig. 5 Binomial and Gaussian (@) time and (b) frequency plots for N=12 and o= 1/A/, respectively.

It can also be shown that

g2 HA+B)

@ E
= 2N>(—1)N"*

A = —_—, 28
k=o<k (N—k? @9

Sample binomial time-frequency responses are displayed in
Fig. 4. Note that these approximate the Gaussian very well,
and the time-frequency products are, respectively, 0.50274
and 0.5002, for N=4.12.

Figure 5 shows binomial and Gaussian responses on the
same axes for N= 12 and o =\/2/N = 1/\/6. Both time and

frequency plots are almost indistinguishable. We conclude
that the binomial filter provides a simple yet excellent FIR
approximation to the optimum Gaussian wave form in the
time and frequency domains.

1.4 Band-Pass Filters

The binomial family can also provide good approximations
to Gaussian bandpass filters. The r’th member X (z) has a
magnitude square response of the form

2r AN 1)
. W o)

sin= |} | cos— .
2 2

For N large, this response is approximately even symmetric
around ®~2 sin"' (/)" and approximately Gaussian. A
major advantage of these binomial filters is that they can be
synthesized using only add, subtract, and delay operators.’

OPTICAL ENGINEERING / July 19393 / Vol. 32 No. 7/ 1415



A second class of bandpass filters can ge obtained by
modulating the low-pass binomial. Let A(n) = xy(n), and let

g(n)= Lh(n) coswgn > G [exp( jw)]

V2

= ‘%(H{CXP[J‘ (0~ wg)]} + H{explj (w + wg)l}) - (29)

Now if &@=w,>>0=2/\/N, the leakage of the tail of
H{explj (w+ 0y)]} into the frequency band near w =y is
negligible, and over [0,7],

1
Glexp(jw)] =—=H{explJj (&~ wy)]}

V2

=%Xo{expmw~mon} . 30)

In this case, it is easy to show that the spread in time and
frequency domains is the same as for the low-pass binomial
prototype window.

2. Time-Frequency Properties of Block
Transforms

2.1 Orthonormal Sequences and Block Transforms

Consider a set of N sequences {d,(k)}, r=0, 1, ..., N—1 on
the interval [0, N —1]. These are orthonormal if

N—1

> b, mdEm=5,_, . (31)
n=0

Then, any sequence f(n) on [0, N — 1] can be represented by
the orthonormal expansion

N—1
f=> 0,0,k , 0<sksN—-1,
r=0
where
N—1
= > fRO¥K) , O0sr<N-1 (32)
k=0

: the spectral coefficients.
From the foregoing, one can show that the Parseval’s
theorem holds,

E= E lf o= E .17 . (33)

The orthogonality is also demonstrated in the frequency do-
main via

S dkdxk) =
k

2‘1—,” f B ﬂ‘br[exp(jw)l(bi'< [exp(jo)] dw=3,_, . (34)

To express the foregoing in the format of block transforms,
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let the data set, { s, f;» ... fx— 1}» and the spectral coefficients,
{84, ;s ..., Oy_,}, be designated by row vectors £7 and 07,
respectively. Furthermore, let [, (k), 0sk=N—1] be the
r’th row of the matrix @ =[(k)]. Then Egs. (32) and (33)
take the form

0=>d* |

f=®70 , (35)
and

0To*x=fTf* . (36)

A matrix with the property ®*®7=1 is said to be unitary.

The spectral coefficient vector 8 can be encoded, quan-
tized, and transmitted as suggested by Fig. 6(a). In the
absence of quantization and transmission errors, f=f. These
spectral coefficients can also be generated by the serial feed
filter bank structure of Fig. 6(b). The analysis bank of FIR
filters has impulse responses #4,(n) that are time-reversed and
translated basis sequences ¢* (N — 1 — n). The downsampling
of every N cycles generates the coefficient vector 8 from the
previous batch of N data samples.

In the synthesis section, the coefficients {6} are interlaced
with zeros by the upsampler and filtered by a bank of
FIR synthesis/interpolation filters with impulse responses
g,(n)=d,(n). In the absence of quantization and transmis-
sion errors, f(n) is simply a delayed version, f[n—(N—1)],
of the input sequence.

Yet another view is possible if we convert the serial feed
of Fig. 6(b) into a parallel feed (as by a buffer) as shown in
Fig. 6(c), and replace the filter bank by the unitary matrix
®*. Hence, we have three equivalent representations of block
transforms, each providing insight into the transformations
and the multirate filter banks.

2.2 Time-Frequency Behavior

We can examine the time-frequency localization of estab-
lished block transforms by analyzing the time-frequency
products of each synthesis filter. Figure 7 shows the time-
frequency wave forms of the 8 X 8 discrete cosine transform
(DCT) and Walsh-Hadamard Transform (WHT) basis func-
tions. The time-frequency spreads for the DCT and WHT are
given in Table 2. The trade-offs in @, and o as a function
of filter length are obvious from this table. To sharpen the
frequency response, the transform size or filter lengths are
increased. As seen in Table 2, the frequency spread o2 is
decreased significantly but at an appreciable increase in o2,
owing to the longer filter lengths or basis sequences. The
time-frequency products or resolution cells also increase with
filter length, i.e., with size of transform.

The representations in Fig. 6 show that for block trans-
forms, the filter lengths are equal to the number of filters that
correspond to the size of the transforms. There is a very
limited flexibility. For compression purposes, narrow fre-
quency bands are desirable, and we are led to consider a
broader structure, the M-band filter bank, where the length
of each analysis and synthesis filter is not constrained by the
number of filters. These extended length or overlapping basis
filters also provide additional degrees of freedom for opti-
mizing other aspects of system performance.
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Fig. 6 Unitary transforms represented by (a) block feed structure, (b) serial feed filter bank realization,
and {(c) alternate interpretation of block transforms.
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Fig. 7 The basis functions of (a) 8 x 8 DCT and (b) 8 x 8 WHT in time and frequency domains.
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Table 2 Time-frequency localizations of DCT and WHT bases for
two-, four-, and eight-band cases.®

2 2 2z

. w n afj s | ol X s
2x2DCT | - 005012899 | 0.2500 | 0.3225
and WHT | x| 0.50 | 1.2899 | 0.2500 | 0.3225
§x4DCT | 0] 150 | 06787 | 1.2500 | 1.2234

1.27 | 1.50 | 0.3809 | 1.9570 | 0.7454

1.85 | 1.50 | 0.2424 | 1.2500 | 0.3030

7 | 1.50 | 0.4896 | 0.5428 | 0.2657

£x4 WHT | 015006787 |1.2500 | 0.8484
1.29 | 1.50 | 0.2424 | 1.2500 | 0.3030

1.85 | 1.50 | 0.2424 | 1.2500 | 0.3030

7| 1.50 | 0.6787 | 1.2500 | 0.8484

§x8DCT | 0350 0.3447 | 52500 | 18097
0.74 | 3.50 | 0.3021 | 8.4054 | 2.5393

1.02 [ 3.50 | 0.2413 | 5.9572 | 1.4375

1.36 | 3.50 | 0.1957 | 5.4736 | 1.0712

171 | 3.50 | 0.1488 | 5.2500 | 0.7812

2.08 | 3.50 | 0.1206 | 5.0263 | 0.6062

2.45 | 3.50 | 0.0797 | 4.5428 | 0.3621

x| 3.50 | 0.1388 | 2.0955 | 0.2908

§x8 WHT | 0 3.50 | 0.3447 | 5.2500 | 1.8097
0.82 [ 3.50 | 0.3485 | 5.2500 | 1.8296

1.15 | 3.50 | 0.2977 | 5.2500 | 1.5629

1.43 | 3.50 | 0.1488 | 5.2500 | 0.7812

1.72 | 3.50 | 0.1488 | 5.2500 | 0.7812

1.99 | 3.50 | 0.2077 | 5.2500 | 1.5629

2.33 | 3.50 | 0.3485 | 5.2500 | 1.8296

B 7 | 3.50 | 0.3447 | 5.2500 | 1.8097

3 M-Band Filter Banks

To obtain narrower frequency bands o, we can expand the
length of each analysis and synthesis filter as shown in Fig. 8.
We should expect a concomitant increase in 2. The extension
of the unitary block transform, nonoverlapping basis, results
to this case is called the paraunitary solution.'®'* The key
results are as follows: the system shown in Fig. 8 is a perfect
reconstruction, i.e..f (n) =f(n—ny), if

1. the analysis and synthesis filters have the same length
N and

G()=z"W"VH/(z™Y) ;

2. each unit-sample response is normalized to unity,

N-1
> Rm=1;
n=0

3. each filter is orthogonal to its own translates shifted

by M and its integer multiples, i.e.,

Dhh Mn+k)=0, n#0 ;
k

4. filter h (k) is orthogonal to A, (k) and to its translates,

Sh. (k) hMn+k)=0 .
k

1418 / OPTICAL ENGINEERING / July 1993/ Vol. 32 No. 7

All these can be summarized succinctly by defining the cross
correlation,

Prs(m)=h (—m)*h(n) & @ ()=H,(z"HH (2) , (37)
and requiring that

M )_{0, r¥s 33
prs( n)= 8(71), res g ( )

Equation (38) reduces to the simpler orthonormal conditions
of Eq. (34) when N=M.

The derivation of this result is developed in Ref. 13.
For the paraunitary solution, each filter must satisfy
p,,(Mn)=5(n). Another way of saying this is H,(z) Hr(z’l) is
an M’th band filter.!3

As an extension of the unitary matrix approach, the serial
feed M-band filter bank can be converted into a block filter
bank shown in Fig. 8(b). In that diagram, the input x is a
vector consisting of N blocks of M points each. The symbol
P7 is an M X NM matrix, the r'th row of which is
h,(N—1-—n). Similarly, @ is an NM X M matrix; the r’th
column of Q corresponds to £,(n).

The orthogonality in the frequency domain is evident from

1 T
p,s(Mn)=—2—T—rf H [exp(—jw)]H [exp(jw)lexp(jMn)do ,

0, r#s
={8(n), r=s (39)

The lapped orthogonal transform LOT is a special
case!3.1416-18 of the foregoing when N=2M. We can now
compute the time-frequency localization of LOT filter banks
and compare them with their block transform antecedents.
Table 3 displays the localization characteristics of the 8 X §
DCT and the 8 X 16 DCT-based LOT. Again we note the
narrowing of the frequency spread and the attendant increase
in o2 The time-frequency products of the DCT-LOT basis
is significantly less than that of DCT, as expected.

4 Hierarchicai Filter Banks Based on Two-Band
Perfect Reconstruction Quadrature
Mirror Filter

The special case of M =2 defines the two-band filter bank;
the associated paraunitary conditions are simply

p,s(2n) = {6(”) T : (40)

0, r#s, Osrs=1

For this case, we first design hy(n) to satisfy poo(2n) = 8(n),
i.e., Hy(z) is a spectral factor of the half-band filter H(z)
Hy(z'"). For an even number of taps, this gives N/2 nonlinear
algebraic equations in N unknowns. The remaining condi-
tions (or degrees of freedom) can be obtained by imposing
other requirements on H(z),'*! the most notable of which
is H(—1)=0. Interestingly enough, as we show later, this
condition along with Eq. (40) suffices to define generat-
ing functions or interscale coefficients for orthonormal
wavelets.!322%
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and (b) equivalent paraliel feed structure.

Having designed hy(n) to satisfy Eq. (40) and other im-
posed conditions, we can then obtain the remaining parauni-
tary analysis and synthesis filters from

H(@=z"V"VYH(-z7Y ,
Go()=—H|(—2) , (41)
G1(Z)=Ho(_z) .

This two-band decomposition is extended to the binary sub-
band tree structure shown in Fig. 9(a) to obtain a hierarchical
M-band structure.?*

This decomposition into an L level tree resuits in M =2%
equal-width subbands in the ideal case. The data rate is re-
duced by a factor of 2 at each level. In this example there
are four channels each operating at a data rate of /4, resulting
in a conservation of the data rate from a full-band input to a
multichannel output. This is another example of a critically
sampled filter bank. The synthesis structure is simply the
inverse of the analysis configuration, and the structure is a
perfect reconstruction (PR) if the progenitor two-band filter
bank is a PR. By use of the equivalence suggested in Fig.
9(b), the two-level, binary tree is equivalent to the single-
level, direct, four-band structure of Fig. 9(c). But note that
the latter is far more constrained than a freely chosen four-
band filter bank. For example, a nontrivial two-band parauni-
tary module cannot have linear phase; the unconstrained four-
band bank can be both paraunitary and linear phase.

The dyadic or octave-band tree generates naturally a multi-
resolution signal decomposition. It splits only the lower half
of the spectrum into two equal bands at any level of the tree.
The detail or high-frequency half-band spectral component
of the signal at any level is decomposed no further. Figures

Table 3 Time-frequency localizations of 8 Xx 8 DCT and 8 x 16 DCT
LOT.1"18

o i a2 gt ] o2 x a2

8 x 8 DCT 0]3.50 | 0.3447 | 5.2500 | 1.8087
0.74 | 3.50 | 0.3021 | 8.4054 | 2.5393

1.02 | 3.50 | 0.2413 | 5.9572 | 1.4375

1.36 | 3.50 | 0.1957 | 5.4736 | 1.0712

1.71 | 3.50 | 0.1488 | 5.2500 | 0.7312

2.08 | 3.30 | 0.1206 | 5.0263 | 0.6062

2.45 | 3.50 | 0.0797 | 4.5428 | 0.3621

7w 3.50 | 0.1388 | 2.0955 | 0.2908

8 x 16 0175000917 | 4.654 | 0.4269

DCT-LOT } 0.59 | 7.50 | 0.0549 | 7.613 0.418

0.98 | 7.50 { 0.0345 | 8.387 | 0.2898
1.37 | 7.50 | 0.0523 | 8.645 | 0.4523
1.76 | 7.50 | 0.0367 8.35| 0.3070
2.16 | 7.50 | 0.0608 | 7.549 { 0.4596
2.55 | 7.50 | 0.0389 | T7.778 | 0.3026

m | 7.50 | 0.119| 5360 | 0.6419

10(a) and 10(b) show the dyadic analysis-synthesis tree for
L =73 and the equivalent direct structure for the analysis stage,
respectively. Figures 10{(c) and 10(d) display the schematic
of a four-band dyadic tree and the corresponding octave band
split, respectively. Note that this structure is also critically
sampled. At eachlevel, the signal is decomposed into a coarse
approximation at the low band and a detail component at the
high-signal band at that resolution or scale. Hence, the des-
ignation, multiresolution. This dyadic tree is also the basic
structure for the wavelet multiresolution configuration and
fast wavelet algorithm.
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4.1 Representative Two-Band Filter Banks

The binomial filters introduced earlier provide basis functions
for a paraunitary twe-band filter bank. The (N+ 1) tap low-
pass filter Hy(z) can be realized as a linear combination of
the first (V+ 1)/2 binoraial filters,?

N—1/2 N=1/2

H@= 2, 8,X.(d= 2 8,1+ 1=z
r=0

r=0
=1 +z7HYW*12F(p) . (42)

The imposition of the PR paraunitary requirements of Eq.
(40) leads to a set of (N + 1)/2 nonlinear algebraic equations
in the (N + 1)/2 unknowns, 8, 8,, ..., 8y_ ;. As discussed
in Ref. 23, the resulting binomial quadrature mirror filter
(QMF) H\(z) is the unique maximally flat magnitude square
solution. Both Hy(z) and H,(z) can be realized very efficiently
using binomial networks with tap weights corresponding to
the (N + 1)/2 coefficients {8,}. Furthermore, these binomial
QMFs are identical to the FIR wavelet filters proposed by
Daubechies.???

For our present purposes, we want to evaluate the time-
frequency localization properties of some known filter banks.
Table 4 lists these characteristics for three different eight-tap
.wo-band filter banks: the binomial QMF, the Smith and
Barnwell conjugate quadrature filter (CQF)!® and the muiti-
plierless PR QMF.?® Tables 5 and 6 continue this comparison
for hierarchical structure four-band (22-tap product filters)
and eight-band (50-tap product filters) configurations. In all
these cases, the multiplierless structure has the best time-
frequency product o, o, followed by the Smith and Barnwell
CQF and the binomial QMF. As expected, longer duration
filters have a narrower o, and a wider o,,. Again, as expected,
the eight-band, eight-tap block transforms (Table 2) have a
much narrower o, than any of the eight-band tree-structured
filter banks, but very poor frequency localization.

Figure 11 displays the impulse responses of the product
filters of the two-band binomial QMF-based hierarchical tree
for the two-, four-, and eight-band case, and Fig. 12 displays
the basis functions of the 2 X 2,4 X 4, and 8 X 8 DCT. Figure
13 shows the corresponding frequency responses. These dem-
onstrate the drawbacks of blindly repeating a two-band
PR-QMF module in a hierarchical subband tree. The time
spread increases considerably while the time-frequency prod-
act degrades.®?*?7 This suggests two possibilities: either de-
sign the M-band, single-level structure directly or, in using
the hierarchical tree structure, monitor the PR-QMF module
from level to level.

5 Wavelets and Time-Frequency Decomposition

5.1 Time-Frequency "Tiling”

The orthonormal wavelets have recently been advanced as a
new mathematical tool for multiresolution decomposition of
continuous-time signals with potential applications in several
fields.?2?8-3% The wavelet transform is a mapping with su-
perior time-frequency localization compared with the STFT.
The wavelet transform is defined in terms of dilation and
translation of a prototype kernel or mother function U(¥). Its
attributes are suggested by the scaling property of Fourier
transforms. If Yi(f) <> ¥ () are a transform pair, then

Table 4 Time-frequency localizations of three different sight-tap
two-band PR-QMF banks.

T| 7 o ol o x ot

B-QMF (8-tap) | 0 | 1.46 | 0.9468 | 0.6025 | 0.5704
7 | 5.534 0.9468 | 0.6025 | 0.5704

Multiplierless | 0 | 2.50 | 0.9743 | 0.3750 | 0.3634
(8-tap) w1 4.50{0.9743 { 0.37530 | 0.3654
Smith-Barnwell | 0} 4.17 | 0.9174 | 0.5099 | 0.4678
f2-tap) 71283109174 | 0.5099 | 0.4678

Table 5 Time-frequency localizations of hierarchical subband trees
for two-level (4 bands).

2 2 2

= = 7

@ 7 ol oi | ol x ol
B-QMF Hierarchical 0| 4.05)0.2526 | 2.7261 | 0.6886
4 Band Tree 1.23 | 12.88 1 0.1222 | 3.8269 | 0.4676

(22 rap product 1.91 | 16.28 | 0.1222 | 2.7757 | 0.3392
filters w | 8.80]0.2526 | 2.2622 | 0.5714
Multiplierless 0| 7.50 {0.2747 | 1.5817 | 0.4345
(22 tap product 1.24 | 11.50 | 0.1346 | 2.1683 | 0.2918
filters) 1.90 | 13.49 | 0.1346 | 2.1675 0.2918

7| 9.50 | 0.2747 | 1.5818 0.4345

Smith-Barnwell 012,45 | 0.2339 | 2.1458 | 0.5019
(22 tap product 1.22 7 9.88 | 0.1077 | 2.9463 | 0.3173
filters) 1.92 | 8.450.1077 | 3.0185 | 0.3251

71 11.22 1 0.2339 | 2.0772 | 0.4859

Table 6 Time-frequency localizations of hierarchical subband trees
for three-level (eight bands) cases.

w i a'i crfL a'f, X a:

B-QMF Hierarchical 01 9.120.0644 | 11.726 | 0.7552
8 Band Tree 0.63 | 26.96 | 0.0490 | 15,953 | 0.7817

(50 rap product 1.01 | 34.11 | 0.0961 | 11.326 | 1.0884
filters) 1.45 1 19.65 | 0.0496 | 9.7846 | 0.4853

1.68 | 22.56 | 0.0496 | 10.510 | 0.5213
2,13 1 37.99 | 0.0961 | 12.013 | 1.1544
2.52 | 31.54 | 0.0490 | 14.950 | 0.7326

7 | 14.36 | 0.0644 | 10.777 | 0.6940

Multiplierless 017.53 | 0.0724 | 6.3415 | 0.4591
(50-tap product 0.84 | 25.46 | 0.0688 | 8.8171 | 0.6066
filters) 1.02 1 29.46 | 0.1193 | 9.1282 | 1.0890

1.45 1 21.54 | 0.0538 | 7.2005 | 0.4018
1.68 | 23.47 | 0.0538 | 7.2099 | 0.4023
2,11 1 31.53 | 0.1193 | 9.1234 | 1.0884
2.50 | 27.54 | 0.0688 | 8.8269 | 0.6073

7 | 19.47 | 0.0724 | 6.3371 | 0.4588

Smith-Barnwell 0 ]28.86 | 0.0391 | 8.6494 | 0.5112
(50-tap product 0.6137 | 24.03 | 0.0321 | 11.837 0.3800
filters) 0.9951 | 21.22 | 0.0688 | 12.623 | 0.8685

1.4488 | 26.55 | 0.0436 | 9.5939 | 0.4183
1.6927 | 25.32 | 0.0436 | 9.6769 | 0.4219
2.1465 | 19.57 | 0.0688 | 12.599 | 0.8668
2.5279 | 22.51 | 0.0321 | 11.912 | 0.3824

7 | 27.93 | 0.0591 | 8.5379 | 0.5046

1 t—=b
Ygp ()= E\b (T) W)
=Va¥(a) exp(—jbQ) , (43)

with a = 0, —o < p <=, Thus, a contraction in time is ac-
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Fig. 12 Basis functions of the 2 x 2, 4 x 4, and 8 x 8 DCT.
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Fig. 13 Frequency responses of (a) functions in Fig. 11 and (b) functions in Fig. 12.

companied by a dilation in frequency and the converse. Here,
the scale and shift parameters are a and b, respectively.

The wavelet transform maps a function f(f) on a time-
scale space (a,b) by

Weab)=| U (0f(@) dr2 [ f) . (44)

This transform can be inverted provided Yi(f) satisfies the
admissibility*?; then,

17 r*dadb
o= jJO S W @b 45)

= 2
C:J f_w i (46)

0 Q
Hence, ¥(0) must be zero so that Ys(¢) behaves as the impulse
response of a bandpass filter.

The time-frequency localization of the wavelet transform
is distinctly different from that of the STFT. Define 7 and
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Q as the center of mass of (1), W(£1) on (—o,), and [0,%*],
respectively. Then the rms spreads for the prototype are

[ @-mrvor w
™o

T E s

¢

j (— PP de

o7 = 7 . 47)

This wavelet function is centered at 7 and {) in the time-
frequency plane with spreads o, and oq. It follows that
Y () & ¥,,(Q) is centered at (¢, ;) = (ar + b, {}/a) with

spread

> 1 5
Ty = 2 7q »

2 22
OTary =407 » (48)
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and resolution ccll Upp 0 = V2. Thus, the resolution,
i.e., localization, in time and frequency depends on this scale
parameter a. The shape of the resolution cell depends on a
although the cell area is constant. This can be contrasted with
the STFT that has a constant shape resolution. These are
shown in Fig. 14, and the span of these cells in the time-
frequency plane is called a tiling of the plane.

An often-quoted example of a wavelet is the second de-
rivative of a Gaussian,

W) = (1—12) exp(—1212) > T(Q)
=12m0?% exp(—Q42) .

This mother function has excellent localization in time and
frequency and satisfies the admissibility condition. But it is
not of compact support, and is not complete. For this case,
we calculate (7 =0, 02.=s) and (Q = 1.505, op = 0.23646),
resulting in a cell o0 =0.525.

5.2 The Discrete Wavelet Transform

The discretization in the discrete wavelet transform (DWT)
refers to the scaling and translation parameters, a=2" and
~»=n2", which provide an octave grid in the time-frequency
plane. This results in the wavelet family,?>?°

Yl =2""2Y(2 71— 1) . (49)

The discrete wavelet transform expansion and its inversion
take the form:

Q=[O0 2 (0,00 (50

0

FO=2 2 dpplima® (51)

m=0n=—cx

Two main connections exist between orthonormal wavelets
of compact support and paraunitary dyadic subband tree
structures. The first deals with the construction of the wavelet
function Y(¢) and the second with the calculation of the wave-
let coefficients {d,, ,} for a given function f(r) and given
wavelet family. These results are derived in the literature ?!3
Ne only summarize the main results.

5.3 Construction of Wavelets from
Unitary PR QMFs

The construction of wavelets from unitary PR QMFs requires
the following:

1. The wavelets are orthonormal in both indices. They
are orthonormal in time n at the same scale m, and
orthonormal across scales (intra- and interscale ortho-
normalities),

<q’,m,n(t)’¢m',n' (t)> = 6m—m' an-n' . (52}

2. The complementary scaling function &(f) & ®(€) is
orthonormal within the same scale (intrascale ortho-
normality only),

(Dn(D P (D) =8, (53)

a
H H
P ) S 3 TR
L ;
200} cceemcene-] S IS
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% : :
DI R S bomeeeocfe e doooe 1
Ln er t

Fig. 14 Time-frequency plane showing resolution cells for wavelet
transform.

where
P =2""0Q27 "t~ n) . (54)

The scaling function is a low-pass function.

3. Complementary property of the wavelet and scaling
bases,

<¢‘mn(t)s¢m'n' (t)> =0 . (55)

4. Let hy(n) and h(n) constitute a two-band paraunitary
filter bank, Egs. (40) and (41), with the added property
that Hylexp(jw)]=0 at w =1 (i.e., Hy(z) has at least
one zero at z= —1). Then it can be shown that &(r)
and Ys(z) can be constructed from the discrete-time fil-
ters or the interscale coefficients, via the fundamental
wavelet equations of the containment property,

() =2 ho(m)d(2t —n) > B

= [1 Holexp(jow/29] ,
k=1

W) = > by (m)b(2t—n) <> T(Q)

= H,[exp(jw/2)] [] Hylexp(jw/2)] . (56)
k=2

It turns out that the orthonormality and finite support of the
scaling and wavelet functions is set up by the orthonormality
and finite duration of hy(n) and h,(n). Equation (56) provides
the basis for the construction of wavelet families. One simply
starts with any paraunitary, compact support (i.e., finite du-
ration) filters. The Fourier transforms of the wavelet and
scaling functions are then obtained by the infinite products
in Eq. (56)!
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5.4 Wavelet Expansion and the Dyadic
Subband Tree

The main result here is that we can use a paraunitary dyadic
subband tree to compute the coefficients {d,, ,} in the wavelet
expansion of a continuous-time function. :

The basic construction is as follows: Suppose f(#) can be
represented by a sum of orthonormal scaling functions at full
resolution, i.e.,

F@O =2, condlt—n) =2, codbonld (57)

where the scaling coefficients

CO,n = <f(t)7¢0n(t)> . (58)

This is the starting point for the wavelet decomposition. Now
suppose that ¢, , is the input to the dyadic subband tree shown
in Fig. 10, and hy(n) and h,(n) are paraunitary filters that
generated ©(Q) and ¥(Q) in Eq. (56).

By the fundamental wavelet equation, f () can be decom-
posed into a (coarse)} lower resolution scaling expansion and
a lower resolution wavelet expansion that carries the detail

fo= 2 dy b0+ 2 Cr.Pr(0) -

The coarse approximation at the half resolution can in turn
be decomposed into yet a coarser approximation at the quarter
resolution and a detail (wavelet), or

FO=2d; 1,0+ 20 dy (D) + 2 0 ibanl®)

Thus, f(¢) can be represented as a low-pass approximation
at the 1/L resolution plus a sum of L detail wavelet com-
ponents at successively finer resolutions. This decomposition
can be continued indefinitely. As shown in Fig. 10, the coef-
ficients in this pyramid expansion are simply the output of
the paraunitary dyadic subband tree. Hence, the terminology
fast wavelet transform.

The fly in the ointment here is the initialization or the
feeding of the subband tree by {c, ,}. If this starting point,
Eq. (58) is only an approximation, then the expansion that
follows is itself an approximation. As a case in point, suppose
f(®) is a band-limited signal. Then

_sinw(t—n)
cb()n(t) - ’TT(t _ n)

is an orthonormal basis, and

sinm(t —n)

fO=2 fin)———— .

w(t—n)

In this case, Ay(n) and /1,(n) must be ideal low-pass and high-
pass filters. If f(n) is the input to the dyadic subband tree
with filters that only approximate the ideal filters, then the
resulting coefficients or subband signals {d,,, .} and {c,,, .} are
themselves only approximations to the exact values.

It is hard to justify performing a wavelet transform on
sampled data. The discrete-time subband decomposition is
the natura] technique for these types of signals.
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Table 7 Time-frequency localizations of six-tap wavelet filters and
corresponding scaling and wavelet functions.

Daubechies * Mostregulart Coiflet} |
Scaling | g% [0.134 0.143 0.086
Function | o} | 5.22 5.77 11.86
o2} | 0.699 0.825 1.02
Wavelet | o& 0.178 0.183 0.108
Function | o3 8.97 11.70 39.36
o20% | 1.596 2.199 4.25
Low-Pass | o? 0.453 0.470 0.305
PR-OMF |02 | 0.987 0.996 1.059
High-Pass | o2 0.453 0.470 0.305
PR-QMF | o2 0.987 0.996 1.059
* See Ref. 22 and 23.
T See Ref, 33.
T See Ref. 32.

5.5 Time-Frequency Resolution for Wavelet
Families

We have seen that orthonormal wavelet families can be gen-
erated by any pair of two-band paraunitary filters Hy(z) and
H,(z), with H,( — 1) =0. The generation of Daubechies wave-
lets are given in Ref. 22, and it shows that these wavelet
filters are identical to the binomial QMF. These filters have
the maximally flat magnitude square responses.?>3! In Refs.
32 and 33, other wavelet families (e.g., the most regular,
Coiflets) are devised by imposing other requirements
on Hy(2).

Table 7 compares the time-frequency resolutions of scal-
ing and wavelet functions for three wavelet families gener-
ated by six-tap paraunitary filters—the Daubechies, most reg-
ular, and Coiflet—along with the localization properties of
the progenitor discrete-time filters. As seen in Eq. (56), the
Fourier domain equalities require infinite product terms the-
oretically. The localization measures in this table assumed
the maximum product order of k = § in Eq. (56). It considered
the range of —2%m < () < 2w, Table 7 demonstrates that
the time-frequency localizations are important measures in
the evaluation of a wavelet family as an analog filter bank.
In particular, the role of regularity in wavelet transforms
should be evaluated for signal processing applications.

6 Discussion and Conclusions

We examined the discrete-time uncertainty principle, its mea-
sure by a resolution cell, and the lower bounds for different
classes of signals. We also evaluated the time-frequency res-
olutions of some known orthogonal signal decomposition
techniques: block transforms, lapped orthogonal transforms,
subband filter banks, and wavelets.

Historically, the design of transform bases and filter banks
has emphasized either the time or frequency domain with
orthogonality as their main structure. It is well observed and
understood in visual signal processing and coding applica-
tions that the behavior of the transform basis or filters should
be monitored jointly in the time and frequency domains. It
is expected that this point will be considered in the future
designs.

The FIR two-band orthonormal filter banks have a vital
role as the interscale coefficients in the design of compactly
supported orthonormal wavelet transform bases. The wavelet
theory emphasizes the differentiability or regularity of the
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basis functions in the design. Wavelet regularity implies a
flat frequency response for the wavelet filters at @ =0 and
w=m. In Table 7, the time and frequency localizations of
wavelet filters along with the corresponding wavelet and scal-
ing functions were evaluated for three different families pro-
posed by Daubechies. In addition to the regularity measure,
new performance measures may be needed in the design of
wavelet bases for signal processing applications.

The transform bases or filter banks consist of a set of
functions. The interband leakage or overlapping of frequency
functions should also be considered in the design. This means
a good localization at the desired region of the time-frequency
plane for all the functions in the basis.

We conclude that the overlapping transform basis or filter
bank design has significantly more degrees of freedom than
has been utilized. We expect more flexible basis designs in
the futuare for more efficient spectral decomposition of signal
sources.

7 Appendix

7.1 Discrete-Time Uncertainty®”’

Let f(n) & F [exp(jw)] be a discrete-time Fourier transform
~air, with f(n) real. For convenience let 7 =0, and note that

daF
nf(n) ite (59

so that

™ dF)
| dw . (60)
dw

1
anlf(n)l2=5—
n v

By the Schwartz’ inequality, we have

1 (™ dF
1112'—" 1-—[ wF*[exp(ju))]'—dwl
27 . dw
2
1 T
= {EJ w? dw}

(2] s
2TJ_,, ol . (61)

dw
Integrating by parts,

Flexp(jo)]

1
I=5—{ol Flexp(jo)}7 .
g

T

1
—5—7; Flexp(jw)l(w dF*+F* dw)

dF*
dw

1 v
~|F(= D=5 j | oFTexp(o)]

1 (™ ’
~5- f |Flexp(jo)I]? dw
’n. -1

=|F(-DP-1*-E (62)

or

I+I*=|F(-DP~E .

But,

[ T+1%| <21

for any complex number, therefore,

I 1 1
~l=0,0,=—|E~|F(-DP|=2]1-p/ .
5| = > 35l E= 1= DR =311

7.2 Calculation of ¢, for Gaussian

The frequency localization of Gaussian function can be
found as:

1 T
z—f o Flexp(jo)]]* do
’Tr et

E

o2 =

=—Iff“w2 exp( — w4202 do . (63)
s

0

Let x= w/c and integrate them by parts to obtain:

—Kg3 o
o= g {[—-x exp( —x2/2)]g/"+f exp(—x%/2) dx}
0
Ko? Ko®
=i\/§w erf(m/o) —T(Tr/o') exp(m*20?)
T
=g?[1~K exp(—w20D)]=0*(1—p)
0,=o0Vi—p. 64)

7.3 Derivation of Egs. (25) and (27) for Binomial
The derivation of Egs. 25 and 27 for the binomial:

N N 1 T
E= (k>=;_r-j‘w|F[exp(jw)]|2 do

1 Tr
_ 92N w
2'n'f_7,( )<cosz> dw

2 /2
=;(2)2N f (cosx)? dx . (65)
0

From the Chemical Rubber Company Tables,

fm(cosx)m dx = | 132-CN=D (T
’ 246.2N) |\2

and Eq. (25) results. Then

, 2= ef Zelfef g
o= STFor = z —(n) =E—(N/2),

(66)
where
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1 T
= 2 2.
B En |f(n)| 27rf_

2
Qf, de
w

2 2N—1
(——)-—-f (cosx)z(N D dx
™ 0

N*|  24.2N
=(2 2N e 67
@ 4 [1.3.5...(21\1— 1):' (©7)
This gives
B 2
T (N12)*[2N/(2N—1)] (68)
Substituting this last result into Eq. (25) gives
2N 1
2= He—e——1]= P, 69
o,=(N/2) <2N—1 1) (N/2) =1 (69)
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