Subject 2
Fall 2025

GROWTH OF FUNCTIONS AND RECURRENCE RELATIONS

Document 2 contains more examples

Chapters 1.1.4-1.1.6, and 11.1 of GT

DISCLAIMER: Report an error / typo to the author so that he resolves it.
These notes are NOT to be distributed outside of NJIT without the expressly written permission of A. Gerbessiotis

(c) Copyright A. Gerbessiotis. CS610:  Fall 2025. All rights reserved. Not to be posted outside NJIT



Growth of Functions
Asymptotic Notation

The analysis of the performance of algorithms is done for large problem sizes and this is known as asymptotic analysis.

If problem size is n and if the performance measure is for example running time 7'(n), asymptotic analysis is considering
the running time asymptotically for large n, in other words, as n — oo. Thus what happens to T'(n) for n = 1, n = 10,
n = 100 is (asymptotically) irrelevant. The asymptotic growth of the running time is of interest.

Note that problem size n is a non-negative integer. The discussion below however can extend to the domain of positive
real numbers. Deriving the asymptotic growth of 7'(n) is equivalent to identifying the dominant function term in 7'(n). Thus
for example, if T'(n) is such that T'(n) = 2n® + 1000n? + 10000, we care only that T'(n) has a cubic growth contributed by
the n® term. The multiplicative constant two is irrelevant as both 2n® and n? are cubic functions. The remaining terms are
asmptotically negligible lim 1000n2/2n® = 0 or lim 10000/2n3 = 0 for n — oo.

A compact way to express this is by using appropriate asymptotic notation that “hides” lower order terms but also
multiplicative constants in the dominant term. In Mathematics we could have used the notation T'(n) ~ n® which is equivalent
to saying that lim,_,., T'(n)/n® = 1. We are going to propose a more elegant approach.

Moreover establishing the asymptotic performance of one or more algorithms, performance comparison becomes more
intricate. When we compare the performance of two algorithms, we have available through asymptotic analysis only their
asymptotic performance. Thus we perform an asymptotic comparison rather than a regular comparison of their performance.
Thus two algorithms, one with 71 (n) = 2n® + 1000n? + 10000 and the other Ty(n) = n® are to be declared as having the same
asymptotic performance. Their running time are asymptotically equal even if Tj(n) > Ty(n) for all n > 0. This is because
Ti(n), Ta(n) are both cubic functions. The “best algorithm” becomes “the asymptotically best algorithm” or the “algorithm
with the best asymptotic performance”. And we prefer to use the term efficient for best. And efficient might be further refined
to time efficient if 7'(n) is to be used for asymptotic comparison, or space efficient if S(n) is to be used, or even comparison
efficient if we talk about a comparison-based algorithm and C'(n) is studied.

Moreover with asymptotic efficiency one needs to be aware of its limitations (not limits). For example if we say a person
A is of height at most 6ft and a person B is of height at most 7ft, it might be wrong to concluce B is taller than A. It might
be the case that B is 5ft10in and A 5ft10in.
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Asymptotic Notation
Introduction

We introduce asymptotic notation that we will use to describe and compare the asymptotic performance of algorithms.
We do this on the understanding that exact comparison of two algorithms is usually futile. In practice, compiler settings, cpu
architectures, including memory speed and memory hierarchies (L1, L2, L3 caches) might misclassify the relative performance
of two algorithms. For the previous example we will use the notation Ty(n) = ©(n?) or Ta(n) = O(n?) to denote that the
two functions are cubic. Sometimes we may even write Ti(n) € ©(n?) or Ty(n) € ©(n?). Either way is more elegant than
Ty(n) = n3. This can be read as “the order of growth of Ty(n) is n®”, or “the order of growth of Ti(n) is cubic”. It should
never be read literally however that “Ty(n) is equal to n®” : this is plainly wrong. Moreover the alternative writing that uses
€ can also be read “T’(n) belongs to the set of cubic functions”, which is the same as “the order of growth of 71(n) is cubic”.

Fact 1 (Comparison vs Asymptotic comparison). When we compare two functions f(n) and g(n) we directly compare them
using <, =, > etc. When we asymptotically compare two functions f(n) and g(n) we take the limit of lim, . f(n)/g(n) and
then use the asymptotic symbols o, w, © depending on whether the limit is 0, co or some non-zero (and positive) constant.

Formally, an asymptotic comparison of functions involves limits.

Definition 1 (Formal Approach for asymptotic comparison of functions). In order to compare asymptotically two functions
f(n) and g(n) we consider the limit lim,, ., f(n)/g(n) for n — oc.

Definition 2 (Informal Approach for asymptotic comparison of functions). In order to informally compare asymptotically
two functions f(n) and g(n) we eliminate from both functions all low-order terms, and turn multiplicative constants into one
and then compare the leftovers F'(n) and G(n) of f(n) and g(n). Note that then a careful conclusion needs to be drawn!
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Asymptotic notation

Writing the symbols

Definition 3 (Asymptotic notation Symbols). For positive or non-negative funtions f(n) and g(n) that depend on an integer
variable n, we shall introduce symbols to denote asymptotically smaller, asymptotically at most (no greater), asymptotically
larger, asymptotically at least (no smaller), and asymptotically equal respectively.

e o (little oh),

e O (big oh),

o w (little omega),

e ) (big omega), and

e O (big theta, or plain theta)

Definition 4 (Writing). We would write
f(n) =2(g(n)),

where ? is one of 0,0, w, 2, © to indicate the asymptotic relationship between f(n) and g(n).

Definition 5 (Alternative Writing). We would write

f(n) €2(g(n)),

where ? is one of 0,0, w, 2, © to indicate the asymptotic relationship between f(n) and g(n).
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Writing the symbols
more info

The ?(g(n)) denotes a set of functions.

It is accurately reflected by the use of f(n) €?(g(n)). We "abuse it” by writing f(n) =?(g(n)) instead. Then the relationship
f(n) =7(g(n)), becomes also a set-membership relationship. It should be borne in mind that the left hand side of = is a function

and the right hand side is a set of functions.
Never use a < or > nor #. Thus T'(n) < O(n) is NONSENSE.

Never write a ©(g(n)) = f(n) since it is meaningless and wrong!

The notation f(n) > O(g(n)) is also meaningless and wrong (see previous remark)!
A T(n) € ©(n) would mean that T'(n) does not have linear growth, whereas a T'(n) € ©(n) means that T'(n) has linear

growth, belongs to the set of linear functions and thus is a linear function itself.
If we write ©(f(n)) = ©(g(n)), this is to mean that no matter how we choose a function on the left hand side,

there is a way to choose a function on the right hand side to make equality to hold.
In other words, the two sets are equal.
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Asymptotic notation

Meaning of Symbols ©, O, (2

Definition 6 (Meaning of ©). What does f(n) = O(g(n)) mean? It means that the two functions have the same growth or
f(n) is asymptotically equal to g(n) or g(n) is asymptotically equal to f(n), or f(n) belongs to the set of functions that have
the same growth as g(n).

Definition 7 (Meaning of O). What does f(n) = O(g(n)) mean? It means that the growth of f(n) is no more than the
growth of g(n) (or abusing notation that f(n) is asymptotically at most no greater than g(n)).

IT DOES NOT NECESSARILY MEAN that f(n) < g(n). For example for f(n) = 10n and g(n) = n the two functions
have the same growth i.e. 10n = O(n), even if 10n > n. It is also n.= O(10n). And in fact f(n) = O(g(n))!

Definition 8 (Meaning of ©2). What does f(n) = Q(g(n)) mean? It means that the growth of f(n) is greater than (faster) or
equal to the growth of g(n), or that f(n) is asymptotically at least (no smaller) than g(n).

IT DOES NOT NECESSARILY MEAN that f(n) > g(n). For example f(n) =n and g(n) = 10n have the same growth
i.e. n =Q(10n), even if n < 10n.
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Asymptotic notation
Meaning of Symbols o, w

Definition 9 (Meaning of 0). What does f(n) = o(g(n)) mean? It means that the growth of f(n) is slower than the growth
of g(n) or f(n) is asymptotically smaller than g(n). (It also means that the growth of g(n) is faster than the growth of f(n)
or g(n) is asymptotically larger than f(n).)

Definition 10 (Meaning of w). What does f(n) = w(g(n)) mean? It means the growth of f(n) is faster than the growth of
g(n) or f(n) is asymptotically larger than g(n). (Likewise as above for the other direction.)

A formal definition for O and €2 and © is given on the next page. This reminds you of the formal definition of a limit. In
fact the formal definitions of 0 and w on the following page use limits for large enough n i.e. as n — oo.
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Asymptotic comparison
In (at most) 10 lines

Two functions f(n) and g(n) are formally asymptotically compared as follows.

Definition 11 (Quick o,w, ©). In order to asymptotically compare two non-negative functions f(n) and g(n) with the three

symbols o,w, ©, we first find the limit lim,, ., % and then determine which case is applicable as follows. (c is a positive
constant).
. f(n) 0 = f(n) = o(g(n))
lim —~ =<¢ oo = f(n) =w(g(n))
29| et0 = f(n) = 6(g(n)

Corollary 1 (0 = O implication). If f(n) = o(g(n)), then f(n) = O(g(n)).

Corollary 2 (w = Q implication). If f(n) = w(g(n)), then f(n) = Q(g(n)).

Corollary 3 (0 & QA O). f(n) =06(g(n)), if and only if f(n) = Q(g(n)) and f(n) = O(g(n)).
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Running time using asymptotic notation

Subject 1 rehashed

Definition 12 (Running time of instance I for algorithm A). The running time of algorithm A on an input instance I of
problem size n is denoted by T4 (n, I).

Definition 13 (W4(n)). The worst-case running time of A is denoted by W4(n) and defined as follows

Wy(n) = max {Ta(n,I)}.

L|I|l=n

Definition 14 (B4(n)). The best-case running time of A is denoted by B4(n) and defined as follows

Ba(n) = min {T4(n,I)}.

I|I|=n

Definition 15 (T4(n) or T'(n)). The running time of algorithm A is denoted T'4(n) or T'(n) and defined as follows.
Ta(n) =T(n) = O(W4(n)).

If Wa(n) = ©(Ba(n)), then we can also write,
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Asymptotic notation
Formal definition for O, ()

Definition 16 (O definition). Let f(n) and g(n) be asymptotically non-negative functions. For a function g(n) we denote by
O(g(n)) the set of all functions f(n) that have the following property. There exist positive constants ¢y, ng such that

dpos.consts c3,n9: 0 < f(n) <cyg(n) Vn > ng
for all n > ng. For a function f(n) that satisfies this property we write
f(n) =0(g(n)) or equivalently f(n) € O(g(n)).

We read this by saying that function f(n) has at most the asymptotic growth of g(n).

Definition 17 (€2 definition). Let f(n) and g(n) be asymptotically non-negative functions. For a function g(n) we denote by
Q(g(n)) the set of all functions f(n) that have the following property. There exist positive constants ¢y, ng such that

dpos.consts ¢1,n9:  0<cig(n) < f(n) Vn >mnyg
for all n > ng. For a function f(n) that satisfies this property we write
f(n) =Q(g(n)) or equivalently f(n) € Q(g(n)).

We read this by saying that function f(n) has at least the asymptotic growth of g(n).
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Asymptotic notation
Formal definition for ©

Definition 18 (© definition). Let f(n) and g(n) be asymptotically non-negative functions. For a function g(n) we denote by
©(g(n)) the set of all functions f(n) that have the following property. There exist positive constants ¢y, ¢, ng such that

dpos.consts ¢i,c9,n9: 0 <cig(n) < f(n) <cg(n) Vn>ng
for all n > ng. For a function f(n) that satisfies this property we write
f(n) =06(g(n)) or equivalently f(n) € ©(g(n)).

We read this by saying that function f(n) has the asymptotic growth of g(n) or that f(n) is asymptotically equal to g(n).

We can then provide an alternative definition for ©.

Definition 19 (© alternative definition). Let f(n) and g(n) be asymptotically non-negative functions. We write

f(n) =06(g(n)) or equivalently f(n)e€ ©(g(n)).

if and only if

(n)

lim —= = ¢,
n—oo g(n)

where ¢ is a non-zero positive constant. We then say that f(n) is asymptotically equal to g(n) or the asymptotic growth of
f(n) is equal to the asymptotic growth of g(n).
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Asymptotic notation
Formal definition for o, w

Definition 20 (o definition). Let f(n) and g(n) be asymptotically non-negative functions. We write

f(n) =o0(g(n)) or equivalently f(n) € o(g(n)).

if and only if

lim M = (0.
We then say that f(n) is asymptotically smaller than g(n) or the asymptotic growth of f(n) is smaller (slower) than the
asymptotic growth of g(n).

Definition 21 (w definition). Let f(n) and g(n) be asymptotically non-negative functions. We write

f(n) =w(g(n)) or equivalently f(n) € w(g(n)).

if and only if
lim M =
We then say that f(n) is asymptotically larger than g(n) or the asymptotic growth of f(n) is greater (faster) than the

asymptotic growth of g(n).
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Growth of Functions
Examples

Example 1. Replace ? with the best of o,w, O, 2, ©.
1. 10 =7(1).
2. n="(Ign).
3. 2!8m =7(n).
4. 28" 1gn =?(Ig (n!)).
5. 2n =74"/2,
6. n2 =7(2").

7. nl =2(2).

Answers. ©,w,0,0,0,0,w.
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Growth of Functions
Examples

Example 2. Use the definition of O, {2, © to shown that

n* —10n + 5 = O(n?)

Answer. We have f(n) =n? — 10n + 5, g(n) =n?
1. We show first f(n) = O(g(n)), that is n*> — 10n + 5 = O(n?).
O:n?—10n+5=0(n?) : 3 pos. constants co,n9 >0: n?—10n+5 < cn? Vn > ng
For all values of n > 1 = ng, we have that —10n < 0 and 5n < 5n%. Therefore, we upper bound

n2—10n+5<n?—0+5n<n?+5n<n?+5n%<6n?

Thus for |c; = 6 and ng = 1 ‘ we have shown f(n) =n? —10n +5 < 6(= co)n? for all n > 1 = ny.
2. We show next f(n) = Q(g(n)), that is n* — 10n + 5 = Q(n?):
O :n%?—10n+5 = Q(n?) : 3 pos. constants c;,ng > 0: 0>~ 10n+5 > c;n® VYn > ny
For all values of n > 1, we have that 5 > 0 and for all values of n > 20 we have that n? — 10n > (1/2)n? since

n? —10n > 1/2n? <= n?/2 > 10n <= n/2>10 < n > 20.
Therefore, we lower bound for n > 20 = ny and ¢; = 1/2,

n®—10n+5>n*>—10n+0 > n* — 10n > n?/2 > (1/2)n?

Thus for | ¢; = 1/2 and ng = 20 | we have shown f(n) =n? —10n + 5 > 1/2(= ¢;)n? for all n > 20 = ny.
3. We combine the O and € results. For ng = max(1,20) = 20 and ¢; = 1/2 and ¢y = 6 we have

f(n) =0(n*) ANDf(n) = Q(n?)

implying n* — 10n + 5 = O(n?).
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Growth of Functions
Notes and Remarks

0

Note 1 (Large enough means asymptotically large). The expression “for large enough n ” means “there is a positive

constant ny such that for all n > ny 7, that is for “asymptotically large values of n”.

Remark 1. Normally, the phrase “the running time is O(n?)” is meaningless as the running time is expressed by a number
and a unit of time (e.g. 6 seconds, 10 milliseconds). This expression when used this way in this class means that the worst-case
running time (which is a function of n) is ©(n?), and by extension, no matter what a particular input of size n is chosen for
each value of n, the running time on that set of input instances is ©(n?) or smaller, i.e. no worse than the worst-case running
time.

Remark 2. A running time of Q(g(n)) for an algorithm means that no matter what the input of size n is, for each value of
n, the running time of the algorithm will be at least cg(n), for some constant ¢ for large enough n. For example the running
time of insertion-sort is Q(n). Yet the running time of bubble-sort is Q(n?).

Note 2 (Polynomial functions). A function n™ for any positive constant integer m > 0 is a polynomial in n i.e. a polynomial
function. The linear combination of polynomial functions is also a polynomial function.
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Notes and Remarks
more

Note 3 (Polylogarithmic functions). A function g™ n for any positive constant integer m > 0 means (Ign)™ and is a
polylogarithmic function.

Note 4 (Polynomial vs Polylogarithmic). For any positive constant integer k, m > 0 and integer n > 0, we have that n™ > 1g* n
for large enough n. This means that every polynomial function is asymptotically larger than any logarithmic function of the
same variable n.

Note 5 (Exponential vs Polynomial). For any positive constant integer m and integer n > 0, we have that 2" > n™ for large
enough n. This means that every exponential function (base two) is asymptotically larger than any polynomial function of
the same variable n.

Note 6 (Non-commutative use of symbols). ©(1) = 5 means nothing. The symbols as defined earlier appear always to the
right of the equal = sign. The set theoretic view make it easy to argue that ©(1) € 5 does not make sense.

Note 7 (Tomatoes vs Potatoes or < and O etc). 1 < O(n) is meaningless. One can say 1 = O(n) and this was properly
defined above, or 1 = o(n). Nothing else was defined involving the <, >, <, > and the five letter symbols!
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Growth of Functions
Examples and Exercises

Example 3. The best-case running time of InsertionSort is attained by a sorted sequence: Thus

Tinssort (1, Sorted) = O(n).

Example 4. The worst-case running time of InsertionSort is attained by a reverse sorted sequence:

Tinssort (12, ReverseSorted) = O(n?).

Example 5. The running time bound of InsertionSort is

O(HlIaX TlInsSort(”, [)) = O(TLZ)

Example 6. 10 =?(1). Since lim10/1 = 10 as n — oo, we have 10 = ©(1). By Lemma 3 we have 10 = O(1) and 10 = Q(1)
as well.
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Growth of Functions
Examples and Exercises

Example 7. n =?(Ign). Since limn/lgn = lim1/(1/n) = oo as n — oo, we have n = w(lgn). By Lemma 2 we have
n=Q(gn) as well.

Example 8. 2'8" =7(n). Since lim2'8"/n = limn/n = 1 as n — oo, we have 2'8" = O(n). By Lemma 3 we can also use O
and €.

Example 9. 2" =?(n). Since lim 2" /n = co as n — 0o, we have 2" = w(n). By Lemma 2 we have 2" = Q(n) as well.

Example 10. nlgn =7(lg (n!)). Note that by Stirling’s approximation formula lg (n!) ~ nlgn. Since limnlgn/lg(n!) =c>0
as n — 0o, and ¢ some constant, we have nlgn = O(lg (n!)). By Lemma 3 we have O and 2 as well.

Example 11. n =?(n?). Since limn/n® =0 as n — oo, we have n = o(n?). By Lemma 1 we have n = O(n?) as well.

(c) Copyright A. Gerbessiotis. CS610:  Fall 2025. All rights reserved. Not to be posted outside NJIT 18



Growth of Functions
Examples and Exercises

Example 12. 2" =?(n?). Since lim 2"/n? = co as n — 0o, we have 2" = w(n?). By Lemma 2 we have 2" = Q(n?) as well.

Example 13. n! =?(2"). Since limn!/2" = co as n — oo, we have n! = w(2"). By Lemma 2 we have n! = Q(2") as well.

Example 14. Show that n? — 2n = ©(n?). We determine POSITIVE CONSTANTS c¢;, ¢z, ng so that for all n > ny.
en?® < n?® —2n < en?

We separate the O from the €2 part and then combine the two parts.
Part O first. As n? — 2n < n? for all n > 1, we have shown that n? — 2n < ¢y n?, for ¢, = 1 and for all n > n; = 1. This is
equivalent to showing that n? — 2n = O(n?) as well.
Part Q next. As n?/2 < n? — 2n for all n > 4, we have shown that ¢;n? < n? — 2n, for ¢; = 1/2 and n > ny, = 4. This is
equivalent to showing that n? — 2n = Q(n?) as well.
Combine the two. The ng in the definition is the largest of n; and ng i.e. ng = 4. Then, for ¢; = 1/2, ¢ = 1 and for all
n > ng = 4, we have

en?® < n?®—2n < en?
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Growth of Functions
Examples and Exercises

Note 8. ¢; = 1/2, ¢ = 1 and ny = 1000 is also a correct answer to this problem. OUR OBJECTIVE IS TO FIND A SET
OF SATISFYING CONSTANTS not THE BEST SET OF SATISFYING CONSTANTS.

Example 15. Since a constant is a degree 0 polynomial any constant ¢ is such that ¢ = ©(1), ¢ = O(1), and ¢ = Q(1).

3

Example 16. Show that n® = w(n). Since limn?/n = oo as n — oo, we have n® = w(n). The result can also be proved as a

consequence of n = o(n?).

Example 17. Show that n¥ 8" = o(n).
2/1lgn 2lgn 2/1gn 22 4
n n n n

Thus n? 8" = o(n).

Example 18. Show that n! = w(n). From Stirling approximation formula, n! ~ (n/e)™. Therefore, %‘ — 00. Thus n! = w(n).
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Growth of Functions
Examples and Exercises

Example 19. Is 2" = 2°? Be careful. The © is not on the right of the equal size. You are looking for trouble (or not)!
(We sometimes write something similar to this because it is convenient.) Let me rephrase it: Is 2" = ©(2°™)? A function
g(n) that is ©(n) for the second © is g(n) = 2n. So let me rephrase the question: Is 2" = ©(2%")? Well 2"/2?" — 0.

Example 20. Show that n? — 10n + 2 = O(n?). We are going to determine for f(n) = n> — 10n+2 and g(n) = n?, that there
J positive constants co,ng:  f(n) < cag(n) ¥V n > ng.

Towards this
f(n)=n*—10n+2<n?*+04+2<n*+ 0+ 2n* < 3n?

Note that —10n < 0 is true for all n > 0 and thus for positive ng and n > ng. Moreover 2 < 2n? for all n > 1 and this requires
ng > 1.
Conclusion. There exist ¢; = 3 and ny = 1 such that f(n) = n? — 10n + 2 = O(n?) for all n > ny = 1.
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Growth of Functions
Examples and Exercises

Example 21. Show that n? — 10n + 2 = Q(n?). We are going to determine for f(n) = n? —10n + 2 and g(n) = n?, that there

3 positive constants c¢1,n9: 0 < cig(n) < f(n) Vn > ng.

Towards this ] ]
5712 §n2—§n2 <nP—10n<n® —10n+0<n%?—10n+ 2.

For n? — 10n > n? — (1/2)n? to hold we need n? > 20n i.e. n > 20. Thus ny > 20; we pick ng = 20.
Conclusion. There exist ¢; = 1/2 and ng = 20 such that f(n) =n? — 10n + 2 = Q(n?) for all n > ny = 20.

Exercise 1. Show that

n

ZZQ = O(n?).

=1

What are the values of ¢1, ¢y and ng? Justify your answer.

Exercise 2. Show that 1000 = O(1).

(c) Copyright A. Gerbessiotis. CS610:  Fall 2025. All rights reserved. Not to be posted outside NJIT

22



Growth of Functions
Examples and Exercises

Example 22. Use the definition of © to show that n® — 25n = O(n®).

Proof. We show first that n® — 25 = O(n®) and then that n® — 25 = Q(n°). Case a. Show that n® — 25 = O(n®).
For all n > 1 we have that

n®—25 < n’

Therefore there exist constant ns = 1 and ¢; = 1 such that n® — 25 < ¢yn® for all n > ny. This proves the claim.
Technique 1. What we use in this proof is the fact that n?4An4 B is bounded above, for positive A, B, by n?+An?+Bn? <
(14+ A+ B)n

Case b. Show that n® — 25 = Q(n°). Technique 1 can not be used in this case. The next step is non-trivial. We bound
n® — 25 from below by n°/2. This is so as long as

n®—25 > n’/2 &
n°/2 > 25&
n® > 50<&

n > 3

We can do this as long as n is not zero; this is true since for all cases we assume that at least n > 1. Therefore there exist
constant n; = 3 and ¢; = 1/2 such that n® — 25 > n’/2 for all n > n; = 3. This proves the claim. Note that 3 is not the best
possible constant. We don’t need to find the best possible constant but THE EASIEST POSSIBLE! In order to show that
n® — 25 = O(n®) we need to establish ¢, co and ng. ¢; and ¢y are 1/2 and 1 respectively. ng = max(ny,ny) = 3. For these
values the problem is thus shown. [ |
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RGCUITGHC_G relations or RGCUITGHCGS
Introduction

For a recursive algorithm like mergesort, its running time is described by a recurrence relation like the one shown below.
We call it sometimes a recurrence dropping the relation from recurrence relation.

T(n)=T(n/2)+T(n/2) +0O(n) =2T(n/2) 4+ O(n).

Likewise the number of comparisons in mergesort (upper bound of number of comparisons) is also described by the following
recurrence

C(n) =20(n/2) + (n—1)  C(1)=0.

In order to solve the former recurrence we need a boundary condition for the base case of the recurrence. The base case for
the running time of merge-sort is the running time for an input of size 1 or in general, of some small constant size. In this
case, we may assume that 7'(1) = 1, or T'(1) = ©(1) i.e. the sorting of a one-key sequence takes one step or constant time.
The solution for this recurrence was claimed to be T'(n) = ©(nlgn) (proof by induction or by using a recursion tree).

Floors and Ceilings. In the recurrence above, we ignored floors and ceilings. When we solve recurrences, we first
remove floors/ceilings, show the claimed bounds and then check whether the existence of floors/ceilings would or could have
made a difference. For the remainder we assume that values like n/2 are always integer, and so the effect of the removal of
floors/ceilings will not be discussed.

Bounday values and Boundary value conditions. For boundary conditions we assume in general that T'(k) = (1),
for some small constant k, as constant problem sizes can be solved in constant time. We use T'(k) = O(1) instead of a more
specific/explicit T'(k) = [ (I some constant), as such a choice affects only constants in the expression for T'(n); i.e. growth rate
is preserved. In general, we shall ignore statements about boundary conditions, because this simplifies the recurrence
solution. If a boundary condition is explicitly given, the solution must be consistent with it. By the way the value k is a
boundary value and ©(1) or T'(k) = O(1) is the corresponding boundary condition.
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Recurrence relations
Three methods

We introduce three methods to solve recurrences.

e Master method: Provides a solution formula for recurrences of certain form such as 7'(n) = aT'(n/b) + f(n), for
constant a > 1 and b > 1 and asymptotically positive f(n).

e RecursionTree/Iteration method: Unfold recurrence by turning it into a sum.
e Substitution or “guess and check” method: Guess solution and then verify/check it (eg. proof by induction).

The master method only provides a tight © asmptotic bound.

The recursion tree (iteration) method is more versatile and can provide exact or asymptotic answers but is math manipulation
intensive.

The substitution method is more versatile and can provide exact or asymptotic answers it is math manipulation intensive,
uses (strong) induction and one needs to have a good guess. Usually the good guess is after spending some time with the
recursion tree or iteration method.

We start the discussion of the master method on the next page.
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The master method
Introduction

The master method is one of three methods to solve recurrence relations. The solution however it provides is an asymptotic
one and it works only for recurrences of a certain form.

Method 1 (Master method). Let T'(n) = aT'(n/b) + f(n) be such that a > 1, b > 1 are (real) constant and f(n) is an
asymptotically positive function. Then T'(n) is bounded as follows.

ml If f(n) = O(n'82=<) for some constant € > 0, then T'(n) = O(n'&+?).

(
m2 If f(n) = O(n's %), then T'(n) = O(n'&*1gn).
(

Q(n'#v4+<) for some constant € > 0, and if af(n/b) < cf(n) for some constant 0 < ¢ < 1 and for large n, then

(f(n)).

m3 If f(n
T(n) =

@II

There is an alternative formulation for Case 2 (aka m2) of the master method. Sometimes the condition a > 1 is stated as
a>0.

Method 2 (Master method alternative formulation of case m2).

e m2 If f(n) = O(n'®(lgn)*), for some non-negative constant k, then T'(n) = O(n's*(Ign)*+1).
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The master method
Alternative used by the textbook

Method 3 (Alternative form of Master method). Let T'(n) = aT'(n/b) + f(n) be such that a > 0, b > 1 are (real) constant
and f(n) is an asymptotically positive function. Then T'(n) is bounded as follows.

M1 If f(n) = O(n'8%=¢) for some constant € > 0, then T'(n) = O(n'&:2).

M2 If f(n) = ©(n'&(Ign)k), for some non-negative constant k, then T'(n) = O(n's*(Ign)*+1).

M3 If f(n) = Q(n'89*) for some constant € > 0, and if af(n/b) < cf(n) for some constant 0 < ¢ < 1 and for large n, then
T(n) = ©(f(n)).

This is going to be the form utilized in the remainder.
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The master method
Examples

Instructional Example 1. Solve the recurrence relation using the master method.

T(n) =2T(n/2) + n.

Proof. a =2 >0,

b=2>1 and
lgya=11ie n&?=n,
f(n) =n

Obviously f(n) = O(n'#%) i.e. n = O(n) thus CASE 2 is applicable. Then T'(n) = O(nlgn). [ |
Instructional Example 2. Solve the recurrence relation using the master method.

T(n) = 8T (n/2) + n’.

Proof. a =8> 0,
b=2>1 and
lgya =1g, 8 = 3 ie. nl&s =n3
f(n) =n?

Obviously f(n) = O(n'&* 1) ie. n? = O(n31) thus CASE 1 is applicable with ¢ = 1 > 0. Then T'(n) = ©(n?). |
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The master method
Examples

Instructional Example 3. Solve the recurrence relation using the master method.

T(n) =2T(n/2) + n*.

Proof. a =2 >0,

b=2>1and
lgya=11ie n&?=n,
f(n) =n

Obviously f(n) = Q(n'8 ™) ie. n? = Q(n'™) with e = 1 > 0, i.e. CASE 3 might be applicable. For that we need to
verify the second condition af(n/b) < cf(n).

af(n/b)
2f(n/2)
2(n/2)"

n?/2

cf(n)
cf(n)

C?”L2

VAN VAR VARRVAN

If we choose ¢ = 1/2 < 1 the secondary condition is also true. Then T'(n) = O(n?). |
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The master method
Examples

Example 23. Note that q's"/18b = 2lealen/lgb — plea/lsb  Consider T'(n) = 97'(n/3) + f(n). Then a = 9, b = 3 and lg, a = 2
i.e. n'&®=0(n?). If f(n) =mn, then T(n) = O(n?). If however f(n) = n?, then T'(n) = O(n?lgn).

Example 24. T(n) = T(n/2) + f(n), where a = 1 and b = 2, and n'#:% = n® = 1. If f(n) = 1, then T'(n) = O(Ign).
If f(n) = /0, then because af(n/b) = ay/n/b = 1v/n/vV2 < \/1/2y/n = cf(n) for c = \/1/2, we get that T(n) = O(y/n).
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The substitution method
Introduction

The second method for solving a recurrence is known as the substitution method. In order to use it either we have a
good guess of a solution, or we exhaustively search for multiple solution candidates. Here we know what the solution would
look like either through trial of error or some prior knowledge. We would like to verify indeed that this is a solution. We
verify a candidate solution by using strong induction. (Reminder a 7'(n/2) implies or reminds a P(n/2) as part of the
induction hypothesis.) The solution to be verified can be an exact one, an asymptotic one (Big-Oh, or little-oh, Big-Omega,
or little-omega) or a tight one (Theta).
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The substitution method
Substitution method Example

Instructional Example 4. Solve the following recurrence 7'(n) = T'(n/5) + T(7n/10) + n where T'(5) = 10.

Solution Preliminaries. This is a the recurrence for worst-case linear time selection (k order statistic problem) of a later
Subject. Thus we know that solution is supposed to be linear i.e. T(n) = ©(n). We prove the result in two steps first
T(n) = O(n) and then T'(n) = Q(n), utilizing the definition of O and Q
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The substitution method
Example continued: ) part

Proof.
T(n) = Q(n). We will find two positive constant ¢, ng such that ¢;n < T'(n) for all n > ny. We define | P(n) : T'(n) > cin|.

Base case (n = 5).

Show P(5) is true. This is equivalent to T'(5) > ¢; - 5. For the latter to be true utilizing the base case we need to have the

following.

P(5) is true?

T(5) Z? C1 - 5
10 Z? C1 - 5
2 27

Thus if , then P(5) is true and base case is proved (also implying )
Inductive Step.
PBYA...ANP(n/5)N...ANP(Tn/10)A...ANP(n—1) = P(n)
There is not much to be done. Starting with the recurrence T'(n) = T'(n/5) + T(7n/10) + n > 0 + 0 + n we conclude that
T(n)>1-n.
Conclusion. From the base case we have T'(n) > ¢in for ¢; < 2. From the inductive step we have T'(n) > ¢;n with ¢; < 1.
Reconciling the two ¢;’s we pick ¢; = 1 with ng the base case value i.e. ng = 5. ‘cl = 1,n9 = 5 for the ) part ‘ [ |

We continue with the second part and proving that
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The substitution method
Example continued: O part

Proof.

: T(n) < coml.

T(n) = O(n). We will find two positive constant ¢y, ng such that T'(n) < cyn for all n > ng. We define | P(n) :

Base case (n = 5).

Show P(5) is true. This is equivalent to T'(5) < ¢o - 5. For the latter to be true utilizing the base case we need to have the

following.

P(5) is true?
T((B) <7 -5
10 <9 ¢9-5

2 <0 o

, then P(5) is true and base case is proved.

Thus if ‘ co > 2 for ng = 5 establishing the base case
Inductive Step.

PB)YA...ANP(n/5)N...ANP(Tn/10)A...ANP(n—1) = P(n)
The induction hypothesis (assumption) considers among others P(n/5) and P(7n/10) i.e.
X: P(n/5) implies T(n/5) < cy(n/5)|and
Y: P(7n/10) implies T(7n/10) < ¢5(7n/10) .

We then use the recurrence and expressions X and Y as follows.
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The substitution method
Example continued: O part

T(n) = T(n/5)+T(T/10)+n
<x en/5+T(Tn/10)+n
<y n/5+ c(Tn/10) +n
< (9n/10) +n

We have shown so far that T'(n) < ¢2(9n/10) + n. If we manage to prove that c(9n/10) + n < cyn then by transitivity we
have shown P(n): T(n) < can and we are done.

ca(In/10) +n <7 con
<7 can — c2(9n/10)
n <; cn/10
1 <y ¢/10
10 <5 e

In the previous derivation n was cancelled out provided n > 0. Since by the definition of big-Oh n is integer we use n > 1.
Now if T'(n) < ¢2(9n/10) + n and ¢2(9n/10) < con provided n > 1 and ¢ > 10 we have also shown by transitivity 7'(n) < con
and thus we conclude the inductive step.

Conclusion. By the base case ¢ > 2 and ng = 5. By the inductive step nyg = 1 and ¢, > 10. To reconcile we use
‘n0:5and02:10‘. [ |
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The substitution method
Example conclusion

O and (2 reconciliation. For the ) part we used ng = 5 and ¢; = 1. For the O part we have ng = 5 and ¢, = 10. Thus

01:1,02:1O,n0:5and
1-n<T(n)<10-n Vn > 5.
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The substitution method
Another Example

Example 25. Solve the recurrence T'(n) = 27 (n/2) + n using the substitution (a.k.a. guess-and-check) method. (Implicit
assumption is that T'(n) is nonnegative and defined for all positive n, or for arbitrarily large n).

Since no boundary condition is given we can thus choose k and [ constants greater than zero so that T'(k) = . We choose

k,l in such a way to make the inductive proof as simple as possible. Let us choose T'(1) = 0.
Proof.

A. Guess Step: T'(n) = O(nlgn). We guess T'(n) = O(nlgn), i.e. 3 pos. constant co,ng : T'(n) < canlgn, Yn > ny.

A.0 Check Step (Strong Induction). We shall prove our claim by using induction. Our P(n), the proposition to be proven
true would be T'(n) < conlgn for arbitrarily large values of n > ng, for some positive constant ng.

A.1. Base Case of Induction. We show P(1) is true is T'(1) < ¢y - 1-1gl. Since T(1) = 0 it is trivially true that
0=T(1) <cy-1-1g1 =0 for all choices of a positive and constant cy. Base case completed.

A.2. Inductive Step. P(1) A...AP(n/2) A... AN P(n—1) = P(n). We show that if P(7) is true for all ¢ < n then we will
show that P(n) is also true. P(n)is T'(n) < ¢y -n-lgn. If P(7) is true for all i < n, since n/2 < n then P(n/2) is also true.
Then by the inductive assumption for i = n/2 we have T'(n/2) < co(n/2)1g (n/2). We then use the recurrence and utilize the
inductive hypothesis for T'(n/2)

T(n) = 2T(n/2)+n
P(n/2): T(n/2)<ca(n/2)Ig (n/2)
——
= 2 T(n/2) +n

< 2c9(n/2)1g(n/2) + n=conlgn —con+n

To complete the inductive step we must show that the rightmost expression conlgn — con + n is at most conlgn. For that to
be true i.e conlgn — con +n < conlgn we need —con +n < 0 i.e. cg > 1. Thus if we choose a ¢o = 1 which is > 1 and for the
ng of the base case i.e. ng = 1 we have that

T(n) <nlgn VYn>1.
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The substitution method
Another Example reoriented

Can we do better in the guessing game? Let us try a lower bound.
B. Guess Step: T'(n) = Q(nlgn). We guess T'(n) = Q(nlgn), i.e. 3 pos. constant ¢y, ng : T'(n) > cynlgn, ¥n > ny.

Proof. B.0 Check Step (Strong Induction). We shall prove our claim by using induction. The P(n) is T'(n) > ¢ynlgn for
arbitrarily large values of n > ng, for some positive constant n.

B.1. Base Case of Induction. We show P(1) is true: T(1) > ¢; - 1-1g1. Since T'(1) = 0, it is true that 0 = T'(1) >
c1-1-1g1 =0 for all choices of a positive and constant c;. Base case completed.

B.2. Inductive Step. P(1)A...AP(n/2)A... AN P(n—1) = P(n). We show that if P(7) is true for all i < n then we will
show that P(n) is also true. P(n)is T'(n) > ¢ -n-lgn. If P(7) is true for all i < n, since n/2 < n then P(n/2) is also true.
Then by the inductive assumption for i = n/2 we have T'(n/2) > ¢1(n/2)1lg (n/2). We then use the recurrence and utilize the
inductive hypothesis for T'(n/2).

T(n) = 2T(n/2)+n
P(n/2): T(n/2)>c1(n/2)1g(n/2)
—
= 2 T(n/2) +n
> 2c1(n/2)1g(n/2) +n=cnlgn—cn+n

To complete the inductive step we must show that the rightmost expression ¢ynlgn — cin + n is at least ¢;nlgn. For that to
be true i.e cynlgn —cin+n > cynlgn we need —cyn+n > 0 ie. ¢; < 1. Thus if we choose a ¢; = 1 which is < 1 and for the
ngo of the base case i.e. ng = 1 we have that

T(n) >nlgn VYn>1.

Well we have just proven that 7'(n) > nlgn. We also proved (previous page) that 7'(n) < nlgn. Both of them prove that
T(n) =nlgn! (The last mark is an exclamation mark, not a factorial!)

Thus while our objective was to prove a tight asymptotic bound the derivation of the three constants ng, c1, ¢y allowed us
to determine an exact bound. [ |
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The substitution method
Another example optimized

C. Guess Step : T'(n) = Anlgn+ Bn+ C. Let us guess an answer that contains a log-linear, a linear and a constant term.
Let’s try to compute the constant values A, B and C'. Only condition is that A should be positive.

Proof. C.1. Base Case utilization. = We have 7(1) = 0 substituting 1 for n in T'(n) = Anlgn + Bn + C we get
0=T(1)=A-1-1gl+B-1+Cie B+C=0.

C.2. Recurrence utilization. Since T'(n) = 27 (n/2) + n we have that

T(n) = 2T(n/2)+n
Anlgn+ Bn+C = 2(An/2lg(n/24 Bn/2+C)+n
Anlgn+Bn+C = Anlgn+ (B—A+1)n+2C

In the last equality the first term of both sides cancels out. We then equate the coefficients of n and the constant terms and
solve for A, B, C also utilizing the base case B + C = 0.

The constant terms C' and 2C' should be equal to each other for C' = 0. Since B + C' = 0 we also have B = 0.

The linear term coefficients B and (B — A + 1) should be equal to each other B = B — A + 1. This results to an A = 1.
Thus the guessed function 7'(n) = Anlgn + Bn + C gets resolved to having A = 1 and B = C = 0 leading to the same result
with the iteratiion or previous substitution method. No need to explicitly do induction. [ |
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The substitution method
Yet another example

Let us try to guess the solution of a variant where the linear term is replaced now with a constant term.
Example 26. What if we try to solve T'(n) = T'(n/3) +T(2n/3) + 77

Proof. If we try to prove that P(n) : T'(n) < cn utilizing P(n/3) and P(2n/3) we end up with proving
Tn)<cn/3+2n/3+T<cn+7

not 7'(n) < en. The +7 is causing us problems. How do we fix this “tiny” problem? By subtracting something smaller than
the high order term from the solution i.e. try for a solution a T'(n) < cn — a. (en —a MUST be positive as well i.e. n > a/c).

We then get
P(n/3) P(2n/3)

—— ——
T(n) <cn/3—a+2en/3—a+7<cn—a+ (7—a).

In order to prove that 7'(n) < cn — a we must show that T'(n) < cn—a+ (7—a) < cn—aie 7—a < 0. For the assumption
to hold it suffices that a > 7.

Remark. What if we try to solve T'(n) = T'(n/2) +T(n/3) + 10n? Guess T'(n) = O(n) (note that 1/2 of n/2 plus 1/3 of n/3
is 5/6 < 1).

Remark. What if we try to solve T'(n) = T'(2n/3)+T(n/3)+10n? Guess T'(n) = O(nlgn) as2/3+1/3 =1. T(n) = O(nlgn)
is the tightest possible bound.

Remark. What if we try to solve T'(n) = T'(4n/3) + T'(n/3) + 10n? Guess T'(n) = O(n®) or T'(n) = O(n*) for some constant
a>1.

Remark. Useful Tricks: Change of variables might help. Remember to derive the correct boundary conditions when changing
variables. T'(n) = T'(y/n) + lgn. Change variables H(m) = T(2™). [

(c) Copyright A. Gerbessiotis. CS610:  Fall 2025. All rights reserved. Not to be posted outside NJIT 40



The Iteration or Recursion Tree Method
Introduction

The iteration method is also known as the repeated substitution method. If the method is done graphically it is sometimes
called the recursion tree method.

We have seen solutions follow the recursion tree method already: one was in the context of the recursive Fibonacci sequence
problem, and the second one in the analysis of the running time but primarily the upper bound on the comparison count of
MergeSort.

We will be using the traditional name iteration method.

Iteration method.

Expand the recurrence all the way down to the base case and sum up or combine (sometimes multiplication might also
help!) the residuals.

In order to avoid problems with floors and ceilings we are going to make an assumption that n is a power of 2 and thus
n/2,n/4, n/8 etc are all integer, or a similar, along to the same line assumption, as needed. Otherwise one may have to make
use of identities such as that for all integers n, a, b, we have | |n/a]/b] = |n/(ad)].
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The iteration method
Example : Master method base term

Instructional Example 5. Solve exactly T'(n) = aT'(n/b) where T'(1) = 1. a,b as in the master method.

Proof. First we generate (A1) through (Ai) as needed.

T(n/b°) = aT(n/b") (A1)
T(n/b") = aT(n/b%) (A2)
T(n/b*) = aT(n/b°) (A3)
T(n/b*) = aT(n/b*) (A4)
T(n/b" ") =aT(n/b") (Ai)

As there are no additive terms above, we can multiply all the equations (A1) through (Ai). The result is T'(n) = a'T'(n/b").
We then equate T'(n/b%) with the base case T'(1) = 1 so that n/b' = 1 which also implies T'(n/b") = T(1) = 1. Solving for i
the n/b' = 1, we determine the number of iterations needed to reach the base case n = 1. Thisis n/b' =1 = i =1gn/lgb.
Then we substitute lgn/lgb for i in T'(n) = a'T(n/b").

T(n) = a'T(n/t") = a'en/ lng(n/blg”/ lgb)
_ ngalgn/lng(n/2lgblgn/lgb)

_ nlga/ lng(n/ngn)

= n'®*T(n/n) = n'®"T(1)

nige e,

Thus T'(n) = n'&. |
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The iteration method
A first example

Example 27. Solve exactly T'(n) = 27 (n/2) + n, T(1) = 0. You may assume that n is a power of two.

Proof. In order to compute T'(n) we need to establish T'(n/2). Likewise in order to compute T'(n/2) we need to establish
T(n/4). We iterate i iterations until 7'(n/2%) with the intent of making n/2% equal to the base case value 1. If n/2" = 1 then we
know that T'(n/2") = T(1) = 0. For n/2" = 1 we have n = 2 and solving for i we get i = lgn. Thus unfolding the recurrence
involves i = lgn iterations!

n—n/2t = n/22 =+ n/2 = . . .n/2". .. until n/2" is base casel.
T(n/2)
T(n) = 2T(n/2)+n=2(2T(n/22) +n/2)+n
T(n/2%)

Ve

= 2°T(n/2*) + 2n = 2% (2T (n/2%) +n/2%) +2n
= 2°T(n/2%) + 3n

= 2'T(n/2")+i-n Now, Substitute i=Ilgn as n/2’ becomes n/2lgn =1
= 28" T(n/2%") +1gn-n=n-T1) +lgn-n=nlgn

e Keep track of number of iterations/depth of recursion tree.
e Keep track of sum of terms per iteration/level of recursion tree.

e Sometimes, the two previous steps and experience allow us to guess the solution correctly. We can then stop the solution
with this method and switch to the substitution method instead.

We have generated the closed form (solution) for 7'(n). Done. |
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The iteration method
Example reworked

Example 28. Solve exactly 7'(n) = 27'(n/2) +n, T(1) = 0. Assume n is a power of 2.

Proof. Same recurrence but different formulation. The recurrence becomes formula (A1l). We then substitute n/2, n/2?
n/23, etc for n in (A1). This way we generate (A2), (A3), through (Ai). (Note that T'(n) = 2T(n/2) + n gets rewritten as
T(n/2°%) = 2T (n/2') +n/2°.

T(n/2°) = 2T (n/2") +n/2° (A1)
T(n/2') = 2T(n/2*) + n/2' (A2)
T(n/2?) = 2T (n/2°) + n/2? (A3)
T(n/27Y) = 2T(n/2") +n/2"* (Ai)

Moving forward, we use (A2) to rewrite (A1) then (A3), then all the way to (Ai).
T(n) = 2T(n/2)+n=(a2) 2 (2T (n/27) + n/2") + n/2° = 2°T(n/2°) + 2n
= 2°T(n/2%) + 2n =(a3) 2° (2T(n/2°) + n/2%) + 2n = 2°T(n/2%) + 3n
= 2°T(n/2%) + 3n =(aq) 2° (2T (n/2%) + n/2°) + 3n = 2'T(n/2*) + 4n

= 2T(n/2) +i-n

Thus T'(n) = 2'T(n/2") +i-n. We want to reach the base case i.e. T(n/2") = T(1). This implies n/2" = 1 ie. i = lgn.
Continuing from where we stopped using ¢ = lgn we have the following.
Tn) = 2-T(n/2)+i-n
= 28" 7(n/2%™") +lgn-n
= n-T(1)+nlgn=n-0+nlgn

= nlgn

We conclude that T'(n) = nlgn is the closed form solution for T'(n). |
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The iteration method
Example mostly redone

Example 29. Solve exactly T'(n) = 27'(n/2) +n, T(2) = 1. Assume n is a power of 2.

Proof. Same recurrence but different base case.

T(n)=2T(n/2)+n (A1)
T(n/2') = 2T (n/2?) + n/2" (A2)
T(n/2?) = 2T (n/23) + n/2? (A3)
T(n/2°) = 2T(n/2*) + n/2° (A4)
T(n/27%) =2T(n/27") + n /22 (Ai-1)
T(n/2" ") =2T(n/2") +n/2"! (Ai)
We notice that the left-hand side appears in the right-hand side of the previous equation.
Thus we can multiply each equation with some quantity and then add up the resultin equations.
For the base case we utilized now that T'(n/2) = T'(2) = 1. Solving n/2" = 2 we obtain i = lgn — 1 as before.
Continues on the following page.
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The iteration method

Example mostly redone continued

We then have

We add up all the equations. All terms of the left hand side but the top first term cancel out. The T'(.) terms of the right
hand side cancel out as well except for the last term. The additive n terms of the right hand side are retained. The inner

T(n)=2T(n/2)+n
2! x T(n/2") = 2" x (2T'(n/2%) 4+ n/2")
2> x T'(n/2?) = 2> x (2T (n/2%) 4+ n/2%)
2° x T'(n/2%) = 2° x (2T (n/2%) 4+ n/2%)

2072 % T(n/2"?) .:”21‘—2 x (27 (n/27") +n/27?)
' x (27(n/2") +n/2"7")

T(n)=2T(n/2)+n
2T (n/2') = 2*T'(n/2%) +n
2°T(n/2%) =2°T(n/2°) +n
25T (n/2%) =2*T(n/2*) +n

272 (n/272) = 21T (n /21 +n
271 (n /271 = 2'T(n/2") +n

terms of the right hand side cancel out except for the last term. The end result is that

We conclude, based on i = 1gn — 1 obtained on the previous page that the closed form solution is T'(n) = nlgn — n/2.

T(n) =2'T(n/2") + n.
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The iteration method
An instructional example

Instructional Example 6. Solve exactly T'(n) = 27'(n/2) + n where T'(4) = 12. You may assume n is a power of 2.

Proof.
T(n/2%) =2T(n/2") +n/2°
T(n/2") = 2T (n/2?) + n /2!
T(n/2%) = 2T (n/23) 4+ n/2?
T(n/2%) = 2T (n/2%) +n/2

T(n/271) = 2T (n/2") +n/2"
Moving forward, we use (A2) to rewrite (A1), then we use (A3), then we use (A4) all the way to (Ai).
T(n) = 2T(n/2)+n=(a2) 2 (2T (n/2%) +n/2") +n/2° = 2°T(n/2%) + 2n
= 2°T(n/2%) + 2n =(a3) 2° (20(n/2°) + n/2%) + 2n = 2°T'(n/2%) + 3n
= 2°T(n/2%) + 3n =(ay) 2° (2T(n/2%) +n/2°) + 3n = 2'T(n/2") + 4n

= 2'T(n/2) +i-n

Thus T'(n) = 2'T(n/2")+i-n. We want to reach the base case i.e. T(n/2") = T(4) = 12. This implies n/2' =4 i.e. i =lgn—2.

Continuing from where we stopped using i = lgn — 2 we have the following.

T(n) = 2°-T(n/2")+i-n
= 28"2.T(n/2%" %) + (Ign — 2) -
= (n/4)-T(4) +n(lgn—2) =nlgn+n

We conclude that T'(n) = nlgn + n as needed. This is the closed form solution (answer).
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The iteration method
A third example

The previous examples were straightforward and uncomplicated. Let’s go back to the merge-sort recurrence to estimate
an upper bound on the number of comparisons. We use T'(n) below to count for the number of comparisons (upper bound) of
MergeSort.

Example 30. Solve exactly T'(n) =27 (n/2) +n — 1, T(1) = 0. You may assume n is a power of two.

Proof. Again we shall terminate recursion for T'(n/2%) when n/2° = 1 and solving for 7 we shall get i = lgn. We shall also
need the geometric sequence result 20 + 2! + ... + 2071 =20 — 1,

T(n) = 2T(n/2)+n-—1
= 2(2T(n/2°)+n/2—-1)+n—1=2T(n/2*) +2n — 1 -2
22 (2T(n/2°) +n/2° = 1) + 2n— 1= 2 = 2°T(n/2%) + 3n — 20 — 2! — 2?

= 2T(n/2) 4i-n—2"=2' — . 271 =2 (n/2) +i-n— (2" —1)
= 2T(n/2")+i-n— (2" —1) Now, Substitute i=Ign
= 28" . T(n/2%") +lgn-n— (28" —1)
= n-T)+lgn-n—n+1=nlgn—(n—-1)
The previous recurrences were generating an additive term which was the same in each iteration: n. This one generates a

term that is iteration dependent: n — 2¢~! for iteration i. Thus for ¢ = 1 we get n — 1, for i = 2 we get n — 2, and so on.
The answer for T'(n) with the (—(n — 1) low-order term) is the one we got through the recursion tree method as well.
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The iteration method
A fourth example

Example 31. Solve exactly the recurrence 7'(n) = 27'(n/2) +n, T(2) = 5. Assume n is a power of 2.

Proof. Substituting n/2 for n in the recurrence we get.  T(n/2) = 2T((n/2)/2) + n/2 = 2T(n/2?) + n/2.
Substituting n/4 = n/2% for n we get.  T(n/2%) = 2T((n/4)/2) + n/4 = 2T (n/23) + n/2?
Substituting n/8 = n/23 for n we get. T(n/23) = 2T(n/2%) +n/23

Similarly we can substitute n/2% ..., n/271 .. for n to resolve the 4, ..., i — 1-st iteration all the way to the base case, and
get similarly stated recurrences. We utilize all the derived recurrences to expand 7'(n) by observing that 7'(n) is 27°(n/2) + n.
Then we use the derivation for T'(n/2) to formulate the expression in terms of T'(n/2?), then T(n/2?) is expressed in terms of
T(n/2%) and so on ... in terms of T'(n/2%). This goes on until we reach the based case of n = 2 since T'(2) = 5 is given. We
establish what value of i provides the base case by equating T'(2) = T'(n/2%) and solving for 7. The unfolding of the recurrence
stops then and all the terms unfolded get combined (summed). A closed form solution for 7'(n) can then be found.

T(n) = 2T(n/2) +n = 22T (n/2%) 4 n/2) +n = 2°T(n/2%) + 2n
= 222T(n/2%) +n/2%) +2n = 2T(n/2%) +n+2n = 2°T(n/2%) + 3n
=2Tm/2) +i-n
From the boundary condition T'(2) = 5, we decide when to stop the unfolding of T'(n). The expansion ends at n/2' = 2
since then T'(n/2") = T(2) = 5. We solve for ¢ by taking logarithms base two of both sides. Then we get that lgn —i =1 ie
1 =Ign — 1. Then, for ¢+ = lgn — 1, we get that.
T(n) = 2T(n/2)+n=...=2T(n/2") +i-n
oen=lp(p/2en=ty + (Ilgn—1)-n
= (n/2)T(2)+ (Ign—1)-n=(n/2)5+(Ign—1)-n
= (3n/2)+nlgn

Thus we have obtained the following solution to the recurrence: 7'(n) = 3n/2 + nlgn. [ |
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The iteration Method -
Fourth example 4 solution verified

Answer. Yes, unless we missed something. [ |

Answer.
Check the solution i.e. make sure that T'(n) = 3n/2 + nlgn is such that

(a) T(2) =5 (i.e. boundary condition can be verified), and
(b) T'(n) = 2T (n/2) + n (i.e. recurrence can be verified).

Verify boundary condition.
T(2)=3-2/2+2lg2=3+2=5.

Since T'(2) = 5 indeed by the boundary condition, our solution satisfies the boundary condition.
Verify recurrence. We obtained the solution
T(n)=3n/2+nlgn.
Substituting n/2 for n we get that
T(n/2) =3n/4+ (n/2)lgn/2 =3n/4+ (n/2)(Ign — 1) =n/4+ (n/2)lgn.
We start from the right hand side of the recurrence using the preceding equality.
2T (n/2) +n=2(n/4+n/2lgn) +n=3n/2+nlgn =T(n)

The last term is T'(n). We have thus proved that for T'(n) = 3n/2+nlgn, we have that T'(n) = 27(n/2)+n, i.e. the recurrence
is satisfied.

By (a) and (b) the solution satisfies both the recurrence and the boundary condition, i.e. it is indeed a solution to the
recurrence. u
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The recursion tree method

A fifth example

We have already solved two recurrences with this method. The first one was the running time of the Fibonacci divide-and-
conquer time and space inefficient solution. The second one was the running time (comparison upper bound) of MergeSort.

If the recurrence is complex then the iteration method will not work (easily). Moreover floors and ceilings will complicate
things. Suppose T'(n) = T'(n/4) + T(3n/4) + n. Try to use a recursion tree. Start with a tree with one node labeled T'(n).
Expand the T'(n) node by replacing it with a new node that is labeled with the non-recursive part of the recurrence i.e. n.
Make that node have two children, the T'(n/4) and T'(3n/4) recursive parts of the recurrence. (If one had 27'(n/2) instead write
it as T'(n/2) + T'(n/2). Then expand similarly (using the recurrence) the two nodes labeled T'(n/4) and T'(3n/4). Expansion
is shown. The recursion tree can be lopsided (Fibonacci case) or not. In this case it does not show after two iterations but it
will be lopsided. The left-most path goes n, n/4, n/4* and so on. It reaches some constant value, say 1, after n/4" = 1 i.e.
lg (n)/2 = log, n iterations and it is lgn/2 levels deep (or hight). The righmost path it goes n, 3n/4, (3/4)?n, and it reaches
some constant value 1 after (3/4)'n = 1 which solves for i = log,3n =1gn/lg(4/3). (Note that parentheses are dropped and
thus the last expression should be read lg(n)/1g(4/3).) The right path is longer/deeper/higher by maybe a factor of 4 or
more. After i iterations the tree’s height is i. The tree is lopsided (the Fibonacci sequence tree for the recursive solution was
also lopsided). Deepest subtree is the rightmost one of depth lgn/lg(4/3). Total time is thus O(nlgn). A © becomes too
cumbersome to derive.

T(n) ---> n —-—==> n nodes at this level add up to n
/ \ / \
T(n/4) T(3n/4) n/4 3n/4 nodes at this level add up to n
/\ / \
2/ \N 2/ 2\ 22
T(n/4 ) T(3n/4) T(3n/4) T(3/4n) nodes would also add up to n
but would stop doing so when the tree becomes lopsided (i.e. nodes missing)

Note 9. The T(n/4%) and T'(3n/4%) that appear in the third level of the tree in the figure above look awkward. And even
more the T'((3?/4%)n) last term shown.
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Notice _ _
Problem Set with Solutions

These Problem Sets are not for credit. They are provided as are for your practice. Several problems are provided with
solutions. These can be discussed with the instructor after a student has studied the relevant material. Some other problems
are provided with either no solutions at all or a hint of a solution. They are there for your reference and will not be discussed
further. For some solutions provided you might have to fill in details related to calculations or intermediate steps.

Before you try these problems: (a) Study the designated textbook, (b) use the Subject notes (typewritten notes available
through the course web-page from the password-protected section C) to review your study of the designated textbook material,
(c) resolve the examples done in class, (d) then practice with some of these problemsPS (Problem Set), and then if you have
time, (e) solve some of the problems of the designated textbook, and (f) solve m@?:% problems from the PS especially the ones
with minimal solution information. \p Qng

Several PS problems appeared in past exams or homeworks. >
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Problem Set

Problem 1.
Rank the following function by order of growth; that is, find an arrangement gy, go, g3, ... of the functions satisfying ¢, =
Qg2), g2 = Qg3), g3 = gs), ... Partition your list in equivalence classes such that g(n) and h(n) are in the same

class if and only if f(n) = ©O(g(n)).
For example for functions lgn,n,n? , and 2'8" you could write:  n?, {n, 21g"} , lgn
(a) 1st group of functions to be ranked!

n, (1), (gn)¥", nlgn, lg(nl), 2%, pEE gl

Proof. (a) 1st group
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Problem Set
Problem 2.

Replace (7 with the tightest of o, w, ® that best describes the relationship between the two sides.

g(n!)= 7 (nlgn).

(2) lg(n) = 7 (n?).
3) n™ =7 (n!).
(4) 27 = 7 ().
(5) 218" = 7 (n).
(6) n/lgn= 7 (n). Q/b’
(1) 22" =7 (($)™. &
3>
(8) 9" = 7 (nl). &Q%
(9) 2'8™ = ? (n2/1gn). \&Q\b Qgg)
(10) 4n/2 = 7 ((8"/3). '@50 S
_ NN
(11) n!'= ? (nlgn). @ &
(12) 47 = 7 (3"). )
N S
(13) (n+2) = 7 ((n+1)). ;\Qy‘ \6(2)
ogo Q
(14) 2nl8n = 7 (nn). & \&Qﬂ\
N A
PT'OOf. 1) lg(nh)= © (nlgn) C}QJ %&‘80

2) lg(n) = o (n?). \@%' QQQ

(3) n"= w (n). %?* S

(4) 2" = o (n!). q} ’ .b@

(5) 285" = © (n). o {&x

D N

(6) n/lgn= o (n). %Q @b

(M 22 = o (™). @ ﬂ\@

g le 0 (n(!)?/l )- '\\{\\ é\@\

"= o gn < QO
SRS

(10) 47/ = © ((8"/?). QQQ“ <O

(11) n!'= w (nlgn). %Q)&

(12) 47 = w (3").

(13) (n+2)l= w ((n+1)).

(14) 2nlem = © (n™).

|
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Problem Set
Problem 3.

(a) Show that (n — 3)? = ©(n?) by providing the ng, ¢1, ¢o in the definition of the © notation.
(b) Show that (n + 3)% = ©(n?) by providing the ng, c1, ¢, in the definition of the © notation.

Proof. Part (a): We show first that (n — 3)? = O(n?) and then that (n — 3)? = Q(n?).
Case 1. Show that (n — 3)? = O(n?)
For all n > 1 we have that

&
(n—S)2 = n? —6n+9 %Q@
< n?4+0-n%24+9 %\Q o
< 240024+ 9.98
< 10n? \\0 49?/
< o

Therefore there exist constant ny = 1 and ¢, = 10 such that (n — 3 QQ< zﬁ? for all n > ny. This proves Clalm 1.
Technique 1. We upper bound n? + An + B, for positive A, B @§’foli@913 n*+ An+ B < (1+ A+ B)n?

Q} \Q\
Case 2. Show that (n — 3)? = Q(n?) C \QQO
Technique 1 can not be used in this case. However, sin Q?Q@ 2& Q}e can eliminate 9 easily.
N - O
@3RS = n*—6n+9
2 X
> > n?—6n
NN
>
O &
The next step is non-trivial. We bound@“‘} @z\from below by n?/2. This is so as long as
\\, Q
QQQ“K@ n*—6n > n?2e
<° n?/2 > 6n&
n/2 > 6&
n > 12
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Problem Set
Continued

We can do this as long as n is not zero; this is true since for all cases we assume that at least n > 1. Therefore there exist
constant n; = 12 and ¢; = 1/2 such that (n — 3)? > n?/2 for all n > n; = 12. This proves Claim 2. In order to show that
(n — 3)* = O(n?) we need to establish ¢1,c; and ng by combining the results of Claim 1 and Claim 2. Pick ¢; = 1/2 and
co = 10 and ng = 12.

>
part first) To establish an upper bound we observe that, A
b) (O part first) To establish bound we ob h &
&
(n+3)*=n*+6n+9<n’+6n° —|—9n\vy 16 .
5 L
(c) (Omega part next) To establish a lower bound we observe that s1nce?\, \15 n@jﬁ negative,
. ’\ov
(n+3)? =n?+ 6n & %@frf
‘O\Q
Therefore for ¢; = 1, ¢ = 16 and for all n > 1 = ng we have th@@(n\@w\g\) O(n?). |
\QQO
H:- Q3
SO
s
q@} &
2 X3
NS
S
\Q\ ﬂ\/fbu
KON
X,
%O
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Problem Set
Problem 4.

Give a TRUE or FALSE for each one of the statements below. Any answer other than a full TRUE or FALSE will be
considered wrong.

(a) The asymptotic solution of T'(n) = 16T(n/2) + n® is T'(n) = O(n?).

(b) The asymptotic solution of T'(n) = 8T (n/2) + n®lgn is T(n) = O(n®lgn).

(¢) The asymptotic solution of T'(n) = 2T (n/2) +1gn is T'(n) = O(nlgn)

(d) Let f(n) > 0 be a positive function for all n > 0. The following is true for every fb f(n) =0(f(n/2)).
Q

~
Proof. FALSE,FALSE ,FALSE, FALSE O
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Problem Set
Problem 5.

Master Method.
Solve the following recurrences. You may assume 7'(1) = ©(1), where necessary. Make your bounds as tight as possible. Use
asymptotic notation to express your answers. Justify your answers.

a.  T(n)=4T(n/2) + 3n*

b.  T(n)=32T(n/4) + 3n?

c. T(n)=4T(n/2)+n? S
d.  T(n)=9T(n/3) +n. O
e.  T(n)=25T(n/5)+n. @%@
Proof. One can use the master method for all three of them. Q%&@ /qufgj

N
a. T(n) =4T(n/2)+3n* Tthasa=4>1,0=2> 1, f(n) = 3n* nwagb\aojﬁ n'8* = n2. Obviously n? = f(n) = O(n'°s ),

Case 2 of the Master method applies and thus T'(n) = 9( ’lg n). Q)Qw 0\6@

V:o\

S
b T(n) = 327(n/4) + 3n®. Note that 3232 = 1024 _(221@45%:“ 1024 ie. 492 = 102412 = 32. It has a = 32 > 1,
b=4>1, f(n) = 3n2 nl*se = pl8132 = p>/2_ Obviously n?= @)’ O(n'°&2=¢) = O(n?), by choosing € = 1/2 > 0. Case 1
of the Master method applies and thus T'(n) = O(n 5/2)@Q K
=n?

nlogra = pled = 2 Obviously n® = f(n) = Q(n'erate) =
apphes since also af(n/b) = 4(n/2)? =n3/2 < en® = (1/2)n3, by

c. T( ) =4T(n/2) +n3. Tt hasa =4 > 1, b:2 q/1 {@Q}
O(n?), by choosing ¢ =1 > 0. Case 3 of the M
choosing ¢ = 1/2 < 1, and thus T'(n) = ©(n? %

\Q \/Cbm
d. We use the master method. a = Q}\> 1\\6 =3 > 1, f(n) = n, and log,a = 2. Then n'®% = n?. As f(n) = n =
O(n'82=1) = O(n), case one of the r@%ter\method applies, and thus T'(n) = ©(n?).

e. We use the master method. a %@5 >1,b=5>1, f(n) = n? and logya = 2. Then n'®* = n?. As f(n) = n? =
O(n'& ) = ©(n?), case two of the master method applies, and thus T(n) = O(n%lgn).
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Problem Set
Problem 6.

Solve the following recurrence relations by providing asymptotically tight bounds. You only need to provide the bound,
intermediate derivations are not required. If no boundary case is given, the choice is yours. You may assume that T'(n) is
positive and monotonically increasing, if you need to do so.

T(n) T(n/4) 4+ n.
T(n) = 8T(n/4)+nl >
T(n) = 2T(n/2)+l1gn. Q@
T(n) = 20(n/2)+ T(n/4) + n2<&

<9 ¢
T(n) = T(n/2)+n. ;\(75}&& Q‘@QO
T(n) = T(n/2)+Ign. §x @Q?
T(n) 2T (n/2) + T(m/4) +n°.

RS
) Q
& O
| | S
Proof. Practice makes perfect! You practice! e \'QQO [ |
‘. D
&S
%?\, S
P
P &
S
P >
\Q\ ﬂ\/%:)
K)QJ
K)Q
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Problem Set
Problem 7.

Recursion Tree/Iteration method.

Let n be a power of two. Solve exactly the following recurrence.

T(n)

Proof. We could use the master method (case three) to derive that T'(n) =

=T(n/2) + n, where T'(1)

= 2.

©(n) (using € = 1/2 and ¢ = 1/2), if boundary

condition T'(1) = 2 was not explicitly stated. Since it is, we use the recursion tree/iteration method, in fact the iteration

method. 4@6
&
T(n) = T(n/2)+n "\Q .

= T(n/4) +n/2+n é\N Q@QO

= T(n/8) +n/4+n/2+nN @Q

= T(n/2")+n/2"" + .@ﬁg@{@r n/2+n

= T(n/2%") +n/( nq@}? T+ n/2+n

<P

= T(1)+2+4J€8”+%§—|—n/2—|—n

= 2+2+44 8%, \&+n/2+n

= 1+4(1 ﬁ§§+@g 4 1n/2+n)

1+ —) =2
99@%@@ '
We used the fact that 1 +2+4+...+n = 2@% 1'BO\
Q
O .
KON
C)QQJ \)O
X
<9
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Problem Set
Problem 8.

Solve exactly using the iteration method the following recurrence. You may assume that n is a power of 4, i.e. n = 4*.
T(n) = 4T (n/4) +n?, where T(1) = 4.

Proof. T(n) = 4T (n/4) + n*. We use the iteration method. This first example will be done in fine detail showing all
calculations.
&

T(n) = 4T(n/4)+n’ Q%@

() () i

+n

2 @QJ
42T(”) L ” ?y %
2) " e ¢

- el 4s+«< >°

i or (4?:)3”* 4&0{% T

Q 1 1 1
3/ i ) 2(_~ - _
\Q\_ \@1?) 4i Tn (4i1+ 41+40>
X oS
MR 11
S () e (35)
Q \)Q 4
< S i (1Y 2 1_%
> = 4ZT<E)+R -1
It
- n 4n? 1
- 4’T<—.> Sl (.
P (- 5)
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Problem Set

Continued
The base case is T(1) = 4. We set n/4" = 1, i.e. n = 4°. If we solve this for i, we get i = log,n = lgn/2. Then
T(n/4") = T(1) = 4. In addition 4° = n. Therfore the formula for T'(n) becomes.
4 n 4n? 1
T(n) = 4‘T(—.> Sy (R
(n) )73 ( 4@)
4 2
= nT(1)+ —(1—1/n) &
4n? ’ &
= dnt—(1—-1/n) .
3 XS
¥
an?  8n OO "\’Q
= — 4+ = N N
3 3 X~ oj@
&P
Note. It is easy to verify for example that 7'(1) = % + &1 @\:Q 4..4 His can serve as a checking mechanism that the solution
that you have established satisfies at least the base case. | Q\\&
& O
| @ é&Q [ |
N
PR
& S
P >
\Q\ ﬂ\/%:)
&S
NN
X
%O
(c) Copyright A. Gerbessiotis. CS610:  Fall 2025. All rights reserved. Not to be posted outside NJIT 62



Problem Set
Problem 9.

Solve exactly using the recursion tree method the following recurrence. You may assume that n is a power of 3.
T(n) = 9T (n/3) + n?, where T(1) = 1.
Proof.

T(n) = 9T(n/3)+n? @b
= (9T(n/32) + n2/9) +n? nQ%)Q}’
= PTW/?)+n’+n* & o
= 9T(n/3") +n*+. +@%¢$§§O
= 9iT(n/3i) + i - n? @ \oj

&\ &
\ b

A first observation is that the number of n?’s we have is equal tlé)%he@ower of 9 (or equivalently, of 3) in the coefficient of T'(.)
(or the denominator of T'(n/.) respectively). In the base Case@g( 1).&4, therefore we choose n/3" = 1, which gives i = lgn/lg3.
Then, for this i, T(n/3") = T(1) = 1. We note that 9 = ‘i@_ %&@2 22183 'We therefore get that

T(n) ”%}915@/31)“”
QQ og@”/lg3T( ) +n*lgn/lg3
& 32len/ls3 2 lgn/lg3
C\ B 2lg3lgn/lgs | 2
O Q= 92le3len/le3 4 210y /163

& T
\Q} & 228" 4 n?lgn/lg3
NN
C)QQ <O = n’+n’lgn/lg3

<&

It is easy to verify that this solution satisfies both the recurrence and the boundary condition.
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Problem Set
Problem 10.

Solve the following recurrences. Make your bounds as tight as possible. You may assume that n is a power of two.

T(n) = T(n/2)+Ign, where T'(2) = 1.

Proof. T(n) =T(n/2) + 1gn. We use the iteration method, noting that 7'(2) = 1.

The base case is T'(2) = 1. We set n/2'

. >
T(n) = T<§>+lgn %Q@
() ) e

»(/\ \Q
T(22> ngl Hg_?* @QJ

- T(z_) ® 25 é»f} a?lg +lg 55

\)
'\, AN
3 \

=2 ie n =2t Afwe lee this for 4, we get i = lgn —1. Then T'(n/2) = T(2) = 1.

20

In addition 2° = n/2. Therfore the formula for T'(n) be@ne&

T(n) — T(QZ> g

N
e i,
bO

. n an n
= T<21gn_1> —i—lg T +4Q) +lg —

= T(2)+ (lgn -

g2
o1 890

)) + (lgn — (lg 21g"_2_1)) +...+(lgn—1g2") + (Ign —1g2°)

Q

= 1+(lgn—(l~flf 2§§+(lgn—(1gn—3))+...+(lgn—1)+(lgn—0)
= 1424340 t‘@gn—l)ﬂlgn)

Ign
=D
7=1

lgn(lgn+1)
2
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Problem Set

Continued
Therefore, T'(n) = lgn(lgn + 1)/2. It is easy to verify that 7'(2) is indeed 1. |
&
S
&
5 @
&8
\:(/\‘0 \QQ
&
GJ' ;\ <
\Q@ \,&Z}
oéo \Q/Q
S
& {QQO
S
3 TS
S
P &
S
S
O
:\X)\&} b\’%)\
SN
C)OQ K)O
Xy
%O
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Problem Set
Problem 11.

Solve exactly, assuming n is a power of two, T'(n) = 2T (n/2) + lgn where T'(1) = 1.

Proof.
_ P n n
T(n) =2T(n/2) +lgn =...=2%"T(1) + 28" !lg St T2 leg +...+211g§ +201g@.
Therefore, by substituting for 7'(1) = 1 we get N
Ign—1 QQTQQ:T\,
T(n) =2%" flgn(l+2+...+ 21 — Z k2k :n—}—lgn(n—@f—lg@qln%—%@—?:3n—lgn—2.
k= . CS\N QO
0 W m
w8
o 2%
&
ogo Q
>
&
Cﬁ *QQO
&S
3 TS
> e
P &
NS
P >
&
NS
: &
KNS
X,
%O
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Problem Set
Problem 12.

The recurrence to solve is the following one for n a power of two.

T(n)=2T(n/2) +

(nlgn), where T'(1) =

1.

Proof. We solve the recurrence using the iteration method. Below, we set n/2' = 1 to satisfy the boundary condition 7(1).

Then, 7 = Ign.
>
T(n) = T(2%) 2T (n/2) + (nlgn) &
2°T(n/4) +2(n/2)1g (n/2) + nlgn \%)”\Q <
2T(n/4) +nlg (n/2) +nlgn & &
22T<n/2 ) +nls (n/27) + @zlg@/z%
lgn—1
T(n/2" +nZlg n/2%}9— QL@(;T )+n Z (Ig(n) — klg2)
NN &
lgn—1 \’1 &\Q\OQ
n+n Z lgniép, Q‘k
= W é
9\ N
n+nlg”npn(lge — 1)(1gn)/2
N
n+ n@cﬁgn&&@l)ﬂ
NS
Therefore, T'(n) = O(nlg?n). @Cb \Qﬁ?
Q\O)\& Q\\%Q |
n’\ @
RN
C)QQJ \)O
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Problem Set
Problem 13.

Solve the following recurrences; make your bounds as tight as possible. Use strong induction if necessary.

T(n) = T(n/2)+T(n/3)+ 32n, where T'(1) = 100.

Proof. Since T'(n) = T'(n/2)+T(n/3)+32n we have for n = 1 from the base case that (1) = 100. We show that T'(n) = Q(n).
By the recurrence we have that T'(n) > 32n for all n > 1 since T'(n/2),T(n/3) are nqﬁ—negatlve and the other term is 32n. In
addition, 7'(1) = 100 > 32 - 1 = 32. Therefore T'(n) > 32n for n = 1 as well. Theg&ore T(n) = Q(n).

We now prove that T'(n) = O(n) or equivalently that there exist positive constants me, ¢, such that T'(n) < cyn for all n > n,.
Proof is by induction on n. cs\” D0

Base Case. T'(1) = 100 < ¢ - 1 is true provided that ¢; > 100. This ¢ \p\Iet aXhe base case.

Inductive Step. Let T'(i) < coi be true for all 1 < i < n. We want tq show that T(n) < can. Since T'(i) < cqt for all
i < n, it is also true for ¢ = n/2 and ¢ = n/3 as well, and thus b &”Tle«@%luctlve hypothesis we obtain T'(n/2) < ¢yn/2 and

T(n/ 3) < ¢on/3. Then we use these two inequalities in the rec%Q@nce“tb obtain.
> . \Q\
T(n) = T F'(n/3) + 32n
) = T oy

; /2 Fean/3 + 320

Q

B Tegn/6 + 32n

P&
NN

In order to complete the inductive step w ee cg:b prove that T'(n) < con or equivalently 5con/6 + 32n < cyn. The latter

is equivalent to 32n < con/6 or ¢y > 1 e‘ﬁafore the inductive step is completed and T'(n) < con for any c; > 192. In

conclusion, combining the inductive SQQYP nd}the base case we obtain that T'(n) < con for all n > 1 as long as ¢, > 192. We

can fix ¢y = 192 and thus show th nQoz O(n

Therefore since T'(n) and@@ we obtain that T'(n) = ©(n). The constants in the definition are 1,192 and

for ng we can still use 1
|
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Problem Set
Problem 14.

Solve the recurrence T'(n) = T'(n/2) + T'(2n/3) + n, where T'(1) = ©(1).

Proof. Attempt 1. We try T'(n) = O(n?), i.e. T(n) < cn? for for some constant ¢,ng > 0 and for all n > ng. Using by the
inductive hypothesis T'(n/2) < ¢(n/2)? and T(2n/3) < ¢(2n/3)? and

T(n) < cn®/4+4en?/9+n = ¢(25/36)n* +n < en?
>
for large enough n and ¢ > 0. The bound, however, is not the best possible one. Q\QQ

%
Attempt 2. We try T'(n) < ¢n® where « is a constant such that 1 < a < 2@1@1}{&3‘}/ as before,

S
T(n) < en®((1/2)% + (2/3)" wgs &n

The latter inequality holds asymptotically for large n provided th&@?l /42‘}% —|— (2/3)* < 1. If this value of (1/2)* + (2/3)* is
0.99 then 0.99cn® + n is indeed smaller than cn® asymptotmal%@fﬁr L@Qge n.

o &
Attempt 3. We try T'(n) < en® — 6n where a are co;g;stantQ*%uch that 1 < a < 2 and § > 1. (There is no magic in
choosing a 6: it relates to 1/2 and 2/3 after originally c@zosmg@a f instead.) Similarly as before,

T(n) < cen®(( 1/2)&—6@%—% (2/3)%) —2n/34+n < cn® —6n

O\
The latter inequality holds asymptotically ﬂ?ar%@% provided that (1/2)* + (2/3)* < 1. If this value of (1/2)* 4 (2/3)* i
0.99 then 0.99cn® — 6n is indeed smaller tk @ 6n asymptotically for large n. A numerical computation of an « ylelds
one in the range [1.293,1.294]. The exa@val@ is of no interest; only the fact that it is between 1 and 2!
\} x) u
0)&3
S
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Problem Set
Problem 15.

Substitution Method.

There are more examples with the substitution method in the pages to follow.
Solve the following recurrences. You may assume 7'(1) = ©(1), where necessary. Make your bounds as tight as possible. Use
asymptotic notation to express your answers. Justify your answers.

T(n)=T(n/4)+T(3n/4) + nlgn.

Proof. We use the substitution method to solve this recurrence. We guess as a Solu’@ T(n) = O(nlg®n) ie T(n) < cnlg®n,
for some positive constant ¢ > 0 and for all n > ny. We use induction to prove tha,gz%his is indeed a solution to the recurrence.

L
T(n) = T(n/4)+T(Bn/4)+nlgn 6\&@ c@%
< (en/4)1g? (n/4) + (3cn/4) 1’ %743 Fhlgn
c(n/4)(Ign — 2)? +03n/4 —IMIgB—Q +nlgn
c(n/4)(1gn —2)* + ¢ 3né@ +nlgn
< cnlg ncn—l—n—cnl@n@ &\Q
& .S
< enlg*n < &
o
SO
s

for any n > 4 and ¢ > 1. We choose for boundary g@%m@QT (2) = 2 so that T'(n) < cnlg®n would result in 2 < ¢21g® 2 = 2¢,

ie ¢ > 1. Therefore for any n > 4 and any ¢ > ]%stve h@if e T(n) < cnlg’n.
|
&
A A
GO
o N
7L
N 0
O’&;

~
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Problem Set
Problem 16.

The Fast vs the (furiously) Good. For some problem P we have implemented two algorithms that solve P. An algorithm
Good runs in time g(n) and an algorithm Fast runs in time f(n), where n is problem size of P. Answer the following question
Q for each one of the following three cases C1, C2 and C3. Justify your answer.

Q. Is Fast faster than Good for all n > ng, for some constant ng?

Cl. g(n) = Q(f(n)lgn).
C2. g(n) = O(f(n)lgn).

>
C3. g(n) = O(f(n)lgn). Q@@“
©
Proof. Asymptotic notation roundup: Think! %"\Q .
X @ m
\&\0 K\Q
v
>
&
& \\Q\QO
&S
R
N
P&
S
> S
\Q\ \/CZ)M
SRS
KON
Xo
$O
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Problem Set
Problem 17.

Solve the following recurrences associated with three problems introduced in Subject 0. First name the problem associated
with a recurrence and then solve the recurrence as best as you can (i.e. tightest possible bound) asymptotic or not! You may
assume n is a power of 2. Formulate appropriate base case as well.

(a) T(n) =T(n/2) + 1.

(b) T'(n) = 2T(n/2) + (n —1).

() T(n)=T(n—1)+ (n—1). 4@6
Proof. (a) T(1) = 1, Binary search and T'(n) = lgn + 1 for (upper bound on).dmmber of comparison in worst-case thus
determining running time also but using a rougher analysis (/2 should have heen (g —1)/2).

(b) T(2) = 1, Merge sort and T'(n) = nlgn — (n — 1) for number of comparigens imworst-case thus determining running time

also. \Q X
(c) T(1) = 0, Insertion sort (recursive formulation) T'(n) = n(n—1)/2 ﬁo_r?flumﬁr of comparisons in the worst-case determining
running time also. ;\0)&7 \&Z}
& AP o
&
G
& QD
SO
D B S
P> ¢
P &
Q
B D>
\Q\ ﬂ\/fbu
SIS
e 8
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Problem Set
Problem 18.

Solve the recurrennce 7'(n) = T'(an) + T'(bn) +n where a+b < 1 and a > 0 and b > 0 are constant. In the following problem,
we address the case a +b = 1.

Proof. We could use the substitution method to solve this recurrence. (1.) € part: T(n) = Q(n) is straightforward as
T(n) =T(an)+T(bn) +n > n.

(2.) O part: We show T(n) = O(n) i.e. we show that there exist ¢, ng positiv%&ld constant such that 7'(n) < cn for
Vn > ng. Proof by induction. Since an < n and bn < n the induction hypothesis @ T(an) and T'(bn) gives
C
T(n) = ﬂmﬁ+TW@+@» &5
0
< clan) + c(bn) &N X
< clam) + clb) 0 3

= cn(a+Db) —.FGQTL?y )
N SZ}
ENSIIAN
For the last expression to be at most cn we need to have & P
& Q\§)
en(a+0b) + pQS q\éﬁ
@éﬁ K_\é(l —a—">b)n
N 30 c(l1—a—b)
Qﬂ/ 6 -

Since a +b < 1 we have 1 —a —b > 0. Theref(@gff sg@%hoose ¢ such that ¢ > 1/(1 — a — b) the last inequality is true and the
inductive step is proven. L&
c\ &
Y _
N N
SN
&:

~
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Problem Set
Problem 19.

Consider the following variation of MergeSort: Instead of an even split, we split 10-percent on one-size and 90-percent on
the other. Then the recurrence for the running time becomes

T(n)=T(0.1n) +T(0.9n) + ©(n)

In general we might have an an split and (1-a)nsplitwhere0 < a < 1/2. The recurrence then becomes after simplifying the

last term (one may use cn instead for some constant ¢ > 0). \\@b
&
T(n) =T(an) +T((1 —a)n) + n <
@ QgJ

Proof. A solution using the Recursion tree method. Before you Mck@g Problem 12 of this Problem Set, note the
catch there with a + b < 1 but in our case a + (1 — a) = 1! This recu&neeﬁs easier solved by the recursion tree approach
(used in Merge-Sort and Fibonacci sequence in class). A very flat Q@e gzshown in textual/graphic form below. Isolate the
leftmost and the rightmost paths of this tree. v()\ Q

The leftmost path is n,an, a’n, a®n, ... and the r1ghtmost path:q‘s n,\g\ﬂl —a)n, (1 —a)*n, (1 —a)’n,.

How long is the leftmost path? It is L long if afn = 1. Ta@ing lQ%Emthms base two nga +1lgn =20,1ie. L =—Ign/lga.
Substitute 0.1 for a and we get the desired answer. Q

How long is the rightmost path? It is R long if ( —?(;) 7@\,— 1. Taking logarithms base two Rlg (1l —a) +1lgn = 0, i.e.
R = —1gn/lg (1 —a). Subsitute 0.1 for a or 0.9 fogi}" a@§nd we get the desired answer.

T(n) --> n @/ Q\\ Sum is n
// KC a\\%i
/ &
NS .
an C)OQ“ 0 (1-a)n Sum is n
/ \ Q / \
/ \ % / \
ax*2 n + a(l-a)n + a(l-a)n + (1-a)**2 n Sum is n
/ 0\ /\ / 0\ / \
AFES T e e + (1-a)**3 n Sum is n
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Problem Set
Continued

Remark. As a byproduct of this problem, we conclude that in the context also of the QuickSort algorithm of Subject 6,
if there is a PARTITION function (we shall call the implementation of the designated textbook GTP) that always causes a
10-percent and 90-percent split or in the more general case an an-(1 — a)n split, then the running time of quicksort that uses
this partition is going to be O(nlgn). This is because we just proved that the depth of the recursion is O(Ign) and at each
level, partition spends total time O(n).

A solution using the Substitution method. We could use the substitution Lﬁghod to solve this recurrence. (1.)
part: T'(n) = Q(nlgn) uses a line of argument similar to the O part to follow. n@@

(2.) O part: We show T'(n) = O(nlgn) i.e. there exist positive constant ¢ L0 Su@ that T'(n) < enlgn, for all n > ng by
utilizing strong induction. Since an < n and (1 — a)n < n the induction hy}?@ hesﬁ? applies to T'(an) and T'((1 — a)n.

T(n) = T(an)+T(1—a)n)+n e ?» ®
< canlg(an) + c¢(1 —a)nlg ((1 —\@ n) \@n
= cnlgn—i—cn(alga—l—(l—an% 19%\% +n<cnlgn—cnA+n
< cnlgn—l—(l—cQA)nSlgé’g%lQ% for ¢>1/A.
where we used that the entropy function i.e. the expr%%%ioé»atga + (1 —a)lg (1 —a) is negative for 0 < a < 1. Let that
negative value be called —A = alga + (1 —a lg \%here A > 0. We obtain the final answer (i.e. inductive step) by

making sure that the term (1 —cA)n is negatlve 1ch§is“so for 1 —cA < 01ie. ¢>1/A. Note that A is constant because a is

constant. If a were not a constant, then a@ o@l not have been a constant either, and ¢ would not have been

bounded by a constant either. @ \c§>

S .
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Problem Set
Problem 20.

a) Solve exactly using the iteration method the following recurrence. You may assume that n is a power of 3, ie n = 3F.

T(n) =3T(n/3) + 9n, where T'(1) = 1.
Proof. a) This problem is similar to the recurrence of PS2. Let n = 3% and thus k = logsn. As T(n) = 3T(n/3) + 9n, then
T(n/3) = 3T(n/3) +9n/3 and similarly for T'(n/3?) = ... and so on. N
O
Q
T(n) = 3T(n/3)+9 &
ky k—1 k &
T(3Y = 3731 +93 &
= 33732 +93! +@I§r
— 327(3F 2)+93’“+9@ i
= B ETE) o3 @33’%93’“
= 3733 +93é’+\% 493k
= TRt +%\‘§k+ 4935493
= 3’“T(®+§(‘3 43438
— 9%k
DT 89
=\ 9 logz n
NS
>
S
&
SN
C)OQ \)O
X
<9
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Problem Set
Problem 21.

Divide-and-Conquer MIN-MAX. Give a divide-and-conquer algorithm that finds both the MINIMUM and the MAXIMUM
of n keys x1, s, ..., x, by performing at most 3n/2 — 1 comparisons. You may assume that n is a power of two.

Proof.

MinMax(A,1,n)

// MinMax(A,l,r) returns (min,max) , min=min(A[l..r]), max=max(A[l \)%)
// for the subequence of A between A[1l] and A[r] (inclusive) of s@%e r-1+1

// A a sequence of size n, n is a power of two ie n=2%xk. Y (@QO
MinMax(A,1l,r) \&\0 Q/Q
1. if lengthof(A[l..r]) is 2 @ &
2. if (A[1] <= Alr]) return (A[1],A[r]) & &
else return (A[r],A[1]); N
&
) S
// Split A into two halves as in mergesort & '\00
3. (minl,max1) = MinMax(A,1l, (1+1r)/2); y§‘+€aL1]QQ\ﬂus half A[1...(1+r)/2] A1
4. (min2,max2) = MinMax(A, (1+r)/2+1,r); aéﬁd this one A2

// and recursively find min,max of two @}’ve N
// Compare minima of two halves to fl@’mllﬁmum
5. if minl <= min2 then min= minl; %Q 6
else min= min2; @
// Compare maxima of two halvesdto g@d maximum
6. if maxl <= max2 then max= m \f’ﬁ
else max—@@Q

Split the keys into two equally-size hﬁves Find the MIN-MAX of each half recursively. The in two comparisons you find the
minimum of the two minima and the maximum of the two maxima. They give the global minimum and maximum respectively.
The top-level recursive call is MinMax(A,1,n).
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Problem Set
Continued

The number of key comparisons 7'(n) of MinMax(A,1,n) is derived as follows. Step 2 requires one comparison; A is split
as in lines 2-4 of Merge-Sort (page 13). Step 3 requires T'(n/2) comparisons and so does Step 4. We call the half of A in step
3, Al and that of step 4 A2. In steps 5 and 6 we perform a total of two (2) comparisons. Note that the minimum of A is the
minimum of the minima of A1l and A2. and the minimum of A is the maximum of the maxima of A1 and A2. We don’t need
to compare the minima to the maxima. Therefore, the recurrence for the number of comparisons becomes:

T(n) =2T(n/2) +2=2(2T(n/4) +2) + 2 =2°T(n/2*) +2* + 2 = 21g"*1T@z)b+ gen—l 4 4 2=13n/2-2.
3>

P
with T'(2) = 1 by way of lines 1-2. By the iteration/recursion tree method we ob)b%inﬁéhat T(n) = 3n/2 —2, as required. [Note
that the solution of the recurrence was compressed into one line.] \
VY H
N
Ao
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Problem Set
Problem 22.

MIN-MAX revisited. Previously you used a divide and conquer approach to solve this problem. Now you are asked NOT to
use such an approach and moreover not to assume that n is a power of two. Solve this problem again but for a [3n/2] — 2
bound.

Proof. Distinguish two cases : odd n and even n respectively, i.e. n = 2k and n = 2k + 1. I'll do the easy one. I am skipping
details: pair the first two keys , then the next two and so on. As n = 2k we have k pairs. With one comparison per pair
we know the min and the max per pair. Group the k£ mins in A and the k& max '@vB Find the minimum of A in k& — 1
comparisons and return it and the max of B in k — 1 comparisons and return 1‘Q§,\D0ne (the returned values are the global
min and max respectively). Total number of comparisons is k& + (k — 1) + (,]g\— 1) = 3k — 2. Since n = 2k, this is also
3k —2=3n/2—2=[3n/2] —2 as 3n/2 is an integer! You do the odd case%” QC@QO

\\” s [ |
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Problem Set
Problem 23.

Consider a modification of merge-sort in which out of n keys n/k subsequences of length k are formed and each one is sorted
by insertion sort and then all subsequences are merged. The optimal k£ will be determined after analyzing the worst case
performance of the algorithm. In other words, this new algorithm works as follows.

(i) Form n/k subsequences each of length k. Sort each one with insertion sort. What is the total (worst-case) running time
for sorting all k subsequences using insertion sort in asymptotic notation? Explain.

(ii) The k-long sorted subsequences can then be merged in ©(nlg (n/k)) time. Shew how.

(iii) Show that the (worst-case) running time of the whole algorithm (steps (i) m@( i)) is O(nk +nlg(n/k)).

(iv) What is the (asymptotically) largest value of k for which this algorithm Jgoqas good as merge-sort? Explain.

Proof. 6\&@ f@%
K\
Figure 1. Le?él S&zePerSeq #ofSeq.
(n) ' P O&z\ n/2%x0 x 2%x0 =n
(n/2) (n/2) RS n/2xk1 % 2%%1 =n
(n/4) (n/4) (n/4) (n/4) o »QQ? n/2%*x2  x  2%*%2 =1
(n/8) (n/8) (n/8) (n/8) (n/8) (n/8) (n/8) @78)'&@? 3 n/2%*x3  *x  2%*x3 =1
TS
& N
s
....... intermediate levels W
@* B
AN
(4Kk) @9 > 4Kk *+ n/(4k) =n
(2k) (2K) N \0 len-lgk+l 2k + n/(2K) =n
k) (k) k) (k) \C 1gn-1gk k * n/k =n
Ny \ﬁ\

i. Each sequence of length k can be\’sﬁrte@?by insertion sort in O(k?) worst case time. We have n/k sequences, each one
requires O(k?) time, therefore tot@Q%ng«fbr all sequences is

Q
< (n/k) - O(k*) = O(nk).
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Problem Set
Continued

ii. With reference to Figure 1., at level i of the recursion we have 2¢ sequences each one consisting of n/2¢ keys.
The base case is for i = lg (n/k) = 1gn — lgk, where n/k subsequences have k keys each.
Note that the number of subsequences and the number of elements in an individual subsequence have n as their product.
The 2' subsequences of level i are paired and merged. Each pair is merged in O(2 - (n/2%)) comparisons (forget about the
—1) and since the number of pairs (half the number of sets) is (1/2)2° the total cost of merging at level i is O(n). There are
lg (n/k) levels thus the total cost of merging is O(nlg (n/k)). N
iii. The running time of parts (i) and (ii) give a total running time of O(nk + nlg ({1&%})
iv. We choose k so that nk = nlg (n/k) i.e. k =1g(n/k), which gives that k = @(xlggn) Then the performance of the algorithm

is O(nlgn). S Q
( g ) -6\&’{) Q\BQO .
QA
.Q.Yy < %QA
LN
\QQ? YQQ\
S
& \Q\QO
& QQQ\D
%-v Qé&
q,@’ @\b
SO
>
\Q\ ﬂ\/fbs M)
ST AP
X
%0
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Problem 24.

A generalized merge-sort algorithm, instead of splitting a sequence of length n into two subsequences of size n/2 each, it splits
the input sequence into k equal size subsequences (k may not be a constant). In the combining phase, a merging of k sorted
sequences needs to be performed. Suppose the recurrence for the running time of this modified merge-sort algorithm is as

follows.
T(n) =kT(n/k) +nlgk,

with T'(1) = 1. For simplicity you may also assume that n is a power of k. 4@6

Is there a value of k that minimizes T'(n)? Justify your answer. %Qﬁx
Q

Proof. Note that since k may not be a constant the master method canr{qb\beégsed as a = b = k may not be constant.
. . . N O
We solve the recurrence with the iteration method. \00 >
N> W
&Q
T(n) = kT(n/k) +nlgk.a.?y 0%
SRR
= K(KT(n/k?) + )1 18%) + nlgk
- k?T(n/kQ)go%_lg,@ nlgk
= KT(n/kSH nddk+ ...+ nigh
S
. v >
As T(1) = 1 and n is a power of k, we choose i s \tha;jgyb%‘i =n, ie i =lgn/lgk = log, n. Note also, that k'/'8% = 2 below,
and there are ¢ terms nlgk below (equal to th&@iﬁ%@f of k%). Therefore,

Vo .
TG KT (/K + i nlgh
\Q}\ N ke 8R T (1) 4 (Ign/ g k)nlg k
N Q
(ST = 2 (nkek)(gn/ Iek)
%OK = n+nlgn

Therefore, the answer to the problem is : NO, as T'(n) is independent of k, there is no value of k& that minimizes 7'(n).
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Problem 25.

Merge-sort splits a sequence of length n into two subsequences of size n/2 each, sorts the two subsequences recursively and
then merges the two sorted subsequences. A generalized merge-sort algorithm splits the original sequence into k equal-size
subsequences (kK may not be a constant and is greater than 2), sorts the k subsequences recursively and then combines the
results. In the combining phase, a merging of k sorted sequences needs to be performed (what we call a k-way merging). This
takes O(nlgk) time. Suppose the recurrence for the running time of this modified merge-sort algorithm is as follows.

T(n) =kT(n/k)+nlgk, QQB
<
%Q
with T'(1) = 1. For simplicity you may also assume that n is a power of k. Is thére g,value of & that minimizes T'(n)? Justify
your answer. 6\”\ C@QO

Continuing this Problem, show how to merge k sorted subsequences @@fh o@kngth n/k in time O(nlgk).

Proof. We solve the recurrence using the iteration method ( 7'(n) WH 6@5 +nlgk )
T(n) = ( ) +~@Q1g1®

_ k:gf%l %&—1@{ tnlgk

—Q%&zTg%— Ynlgk+nlgk
q

q’%@i\@ﬂ <k2> +2nlgk

C)OQ ? \)Q

QO
This is similar to the merge-sort recﬁ"rence described in class. The only difference is that the 2 has become a k. The base

case is T'(1) = 1. For the base case to occur 1+ = 1 ie. n = k', ie. i =log,n or i = lgn/lgk. For that value of i we have

n = k' (the first term in the expression above), T' (&) = T(1) = 1 (the second term multiplied by the first)
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Problem Set
Continued

and inlgk = (Ign/lgk)nlgk = nlgn (the third term). Therefore

T(n) = KT (%)—i—inlgk

1
= nT(1)+ <ng) nlgk

= n+nlgn

A‘ab
N
%Q
\

T'(n) is thus independent of k; it only depends on n. Therefore, there is n@\}fah@%f k that minimizes 7'(n); the solution is

A%

independent of k. Complete the missing part. D
. v %@ u
o 6‘2}
\ Q?‘b \&Qﬁ\
S L&
& \\Q\QO
&S
TS
N
P&
& S
P >
\Q\ \/Q)M
S
KNS
X
%O
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Problem 26.

What is the order of growth of

l4+x+22+... +2"

for constant x, and integer n (n > 1) for the following three cases? Asymptotics are for n going to oo. Justify your answer(s)

and provide simplest possible answer(s).

1. x is a constant greater than 1, @5
2. x =1, Q%QT\
3. 0<z<1. \%\ Q
S P
Proof. Theta(n), Theta(1/1 — z)) = Theta(1), Theta(x™), in no particulg%rd%@%\/[atch questions with answers.
S n
RS
Ac'b\o ’0\’6
&
S
& i
{ "S\\
S
3 TS
P 3®
P &
O\,
4@\0
:\Q}\
\\'\,
™
X,
%O
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Problem 27.

TRUE or FALSE? Do not provide any justification.

Proof. Practice makes perfect.
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