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Preface

This monograph provides a basic review on probability topics for computing students. Students in other disciplines
such as engineering, applied mathematics and statistics, and data science will also find the topics interesting.

The discussion on probability starts with experiments and random processes, sample spaces, event spaces and
probability spaces to a level relevant and applicable to computer science.

It then reviews random variables, distributions, and their properties. With emphasis on discrete probability some
standard distributions and their properties are examined in the form of examples.

After an introduction to the concept of a moment generating function, probability inequalities are discussed.

A comprehensive survey on Chernoff’s bounds and its derivations and Hoeffding’s bounds is also included. Proofs
are included to make this monograph self contained.

Finally a collection of problems with some sample solutions are included. Again, the emphasis is on computer
science relevant topics, but problems on random graphs and Ramsey numbers are also included into the mix.

This material is neither final nor thoroughly proofread. It constitutes work in progress and might contain errors. It
should be used in conjunction with other references if consulted for factual checking. Report discrepancies with other
sources, or factual errors, or typos to the author.

©1994-2025. Alexandros Gerbessiotis. All rights reserved.

il



v



Contents

Review on probability

1 Experiments and random processes

Experiments and random processes . . . . . . . ... .o e e e e e e e e e e
Event spaces and measurable spaces . . . . . . . ... Lo e
Probability spaces . . . . . . . .. L e
Probability of events . . . . . . . . L L e e e e
Conditional probabilities . . . . . . . . . . ..

1.1
1.2
1.3
1.4
1.5

2 Random variables
Random variables . . . . . . . . . .. e

2.1

22
23
24
2.5
2.6

2.1.1
2.1.2
2.1.3

Discrete random variables . . . . . . . . .
Continuous random variables . . . . . . . . . . ..
Composition of random variables . . . . . . . . . ... ... ...

Expectation of arandom variable . . . . . . .. ... oL
Independent random variables . . . . . . ... oLl L
Indicator random variable . . . . . . . ... L e e
More on eXpectation . . . . . . . ... e e e e e e e e e e e e e e e e e
Variance of random variables . . . . . . . . ...

3 Standard distributions

3.1

Standard distributions . . . . . . .. . L L e e e
3.1.1 Bernoullidistribution . . . . . . . . . . . ... e e e e e
3.1.2 Geometric distribution . . . . . . . ... L. e e e e e e e
3.1.3 Binomial distribution . . . . . . . . ... e e e e

4 Moment generating function
Moment generating function . . . . . . . ... Lo e e

4.1

II Inequalities

5 Probability inequalities

5.1

Probability inequalities . . . . . . . . . . L
ST Convexity . . . . . . oL e e
5.1.2 Markov’sinequality . . . . . . . ... e e e e
5.1.3 Cauchy-Schwartz inequality . . . . . . . . . . . . . e
5.1.4 Chebyshevinequality . . . . . . . . . .. . e
5.1.5 Jensen’sinequality . . . . . . . . . L
5.1.6 Lawoflargenumbers . . . . . . . ... ...
5.1.7 Tails of the binomial distribution . . . . . . . .. ... ... o oL

O NN B WW

13

14
15
16
16
18
19
20
21

23
23
23
24
25

29
29



vi

5.1.8 Example .. .......

6 Chernoff’s inequalities
6.1 Chernoff’s method . .. ... ..
6.2 Derivedrighttails . . . . ... ..
6.3 Derivedlefttails. . . . ... ...
6.4 Derived concentration bounds . .

7 Hoeffding’s inequalities

7.1 Hoeffding’s method . . . . . . ..
7.2 Derivedright tails . . . . ... ..
7.3 Derived lefttails. . . . ... ...
7.4 Derived concentration bounds . .

8 Miscellanea

8.1 Combinatorial inequalities . . . .
82 Series . ......... ...
8.3 Exponential inequalities . . . . . .
8.4 Logarithmic and other inequalities
8.5 Combinatorial equalities . . . . .

IIT Probability problems

9 Entropy function and random vectors
10 Balls and bins, bernoulli and binomial
11 Birthdays, coupons and coins

12 Hash tables

13 Random graphs

14 Random matrices

15 Randomness

16 Ramsey numbers

CONTENTS

43
43
45
50
53

55
55
55
61
62

63
63
65
67
68
72

75
77
81
103
107
119
131
135

147



Part I

Review on probability






Chapter 1

Experiments and random processes

In the remainder, U and N are the well known set theoretic symbols for the union and intersection of two or more sets.
A’ or A€ denotes the complement of A that is, A" = A° = S — A, where S is a reference set known as the universal set.
For two sets, X and Y the difference X —Y is X —Y = X NY’. 2X is the powerset of X the set of all possible subsets of
X inclusive of of X and the empty set 0. A set X of finite cardinality n has a powerset of cardinality 2".

A function f(x) of real values x to real values y, is a mapping such that to every x there corresponds a value y and
we describe this by writing y = f(x).

The infimum of a set is the largest lower bound of a set and is the largest value that is smaller than or equal to all
elements of the set.

The supremum of a set is the smallest upper bound of a set and is the smallest value that is larger than or equal to
all elements of the set.

1.1 Experiments and random processes

An experiment can have a set of outcomes. Flipping or tossing a coin can result with one of two possible outcomes:
H for heads or T for tails depending on whether the coin comes heads or tails respectively.

Definition 1 (Experiment or trial). An experiment (or trial) is any procedure that can be repeated and generate a
well-defined set of outcomes.

If the experiment or trial is random (or stochastic), then we can call it a random experiment or random trial or just
arandom process. The terms experiment, trial, and random process are to be used interchangeably.

Definition 2 (Sample Space). The set of all possible outcomes of an experiment is known as sample space. We denote
a sample space with the symbol S.

Thus for the coin experiment, S = {H, T }. Note that in bibliography Q is used to indicate a sample space.

Definition 3 (Sample point). An element of S is known as a sample point.
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That is, an outcome of an experiment is an element of the sample space S, a sample point.
Definition 4 (Event). An event A is a set of outcomes and is a subset of S.

Sometimes we refer to the outcomes of S as elementary events. Let us throw a coin three times. The sample space
now is
S={HHH,HHT,HTH,THH HTT,THT,TTH,TTT}

The sample space is of cardinality 2", where n is the number of repetitions of the coin experiment. An event E| =
{HHT,HTH,THH} indicates an event in which only one Tails was encountered in the experiment. One can also
describe this event as the event where the number of Heads is an even positive integer, or an even where the number
of Heads is two! There are three possible outcomes of S associated with this event. Another event E; = {HHH} is a
no Tails event.

Definition 5 (Mutually exclusive events). Two events A, B are mutually exclusive if and only if ANB = (. Three
events or more are mutually exclusive if every two of them are mutually exclusive.

Continuing our most recent example, obviously E1, E> are mutually exclusive events since E; N E; = 0. We can
now provide some formal definitions, including that of a probability space.
In the remainder, a countable sequence is meant to be a finite sequence or a countably infinite sequence.

1.2 Event spaces and measurable spaces

Definition 6 (Event space). An event space T is a set of events that is, a collection of subsets of a sample space S.
An event space T is usually a o-algebra, also known as a o-field.

Definition 7 (c-algebra or o-field). T is a o-algebra or o-field if it contains a collection of subsets of a sample space
S that satisfy the following.

1. SeT,
2. A € T implies that A’ = S —A € T (closedness under complement), and

3. for a countable sequence A1,A»,...,A;, where A; € T implies U;A; € T (closedness under union).

Using DeMorgan’s Law ((ANB) = A" UB',or(AUB)' = A’ N B’), one can show also that for a countable sequence
A;j, A; € T implies N;A; € T (closedness under intersection).

Definition 8 ((S,T): measurable space). A pair (S,7) is known as a measurable space: it consists of a sample space
S of outcomes, and a set of events T that is a o-algebra.
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The pair (S, T) is called measurable space because it is possible to put a measure on it.
A o-algebra looks similar to a topology. We provide a definition of a topology for informational purposes. In the
remainder, we are going to stay away from too much unnecessary mathematical theory.

Definition 9 (Topology). Y is a topology (or topological space), if it contains a collection of subsets of a space S that
satisfy the following.

1. SeYy,bey,
2. for an arbitrary sequence A;, A; € Y implies U;A; € Y (closedness under union),

3. for a finite sequence A;, A; € Y implies N;A; € Y (closedness under intersection).

Thus in a o-algebra we have a countable sequence of unions (and by implication intersections) plus complementa-
tion, whereas in a topology we have an arbitrary sequence of unions and a finite sequence of intersections. The magic
words are countable and arbitrary and finite.

A o-algebra requires the complement of a set to be in T'; a topology does not require it, though this is the case
for the two sets S and 0. A topology is associated with closeness (neighborhood) whereas a ¢-algebra with length
(measure or weight). With a topology we intend to determine whether a function is continuous or not. In probability
spaces ( o-algebra ) we want to assign values to sets (event probabilities). For every topology one can associate it with
a o-algebra to it through the notion of a Borel-space or algebra.

Example 1. A (S,7T) is a topological space where S = {a,b,c} and T = {0,S,{a,b},{b,c},{b}}. Butitis not a
o-algebra since the complement of {a,b} is not in T for example.

Example 2. A finite intersection of open intervals M,c(1 3 5} (a— %,b + %) preserves the open interval notion. On the

other hand, a countable intersection of intervals N,cn(a — %,b + %) is a closed interval [a,b]. Consider also the case
a=b=0ora=0,b=1.

A o-algebra is ready to be measured. This is why (S, 7)) is also known as a measurable space. Every element A of
T can be assigned a number, a probability.

For the discrete case A has a number of elementary events (outcomes) of S and thus P(A) or P({A}) = Y ca p(s),
where p(s) is the probability of an elementary event. For the continuous case A is an open or closed set and then the
Lebesque measure of A becomes relevant. The Lebesque measure of the closed set (interval) [a,b] is b — a but so are
of the open sets [a,b) or (a,b] or (a,b). An open set is a set that is not closed.

For a Borel o-algebra we start with a topological space and then we include the minimal number of open intervals
that can describe the Borel o-algebra’ 7' under countable unions, intersections and complements. Then an element of
T for the corresponding Borel o-algebra (or Borel algebra) is also known as a Borel set.

Example 3. For a sample space S of a measurable space (S,7), and s € S, we call {s} an elementary event. Moreover
@ and S are also events of 7. The impossible event or null event is the 0. If A, B are events so are ANB and AUB or A’
for example.



6 CHAPTER 1. EXPERIMENTS AND RANDOM PROCESSES

A measure /m is a non-negative function on R that can be applied to elements of the event space T of (S,T).

Definition 10 (Measure m). A measure m is a function on 7 defined as m : T — R that satisfies the following.
1. m(A) >m(0) =0forVA €T,

2. if A; € T is a countable sequence of pairwise disjoint sets, m(U;A;) = Y, m(A;).

1.3 Probability spaces

A probability measure denoted by P is a measure were R is replaced by the closed interval [0, 1] and has one additional
property: P(S) = 1.

Definition 11 (Probability measure P). A probability measure P is a function on 7 defined as P : T +— [0, 1] that
satisfies the following.

1. P(A)>P(0)=0forVAET,
2. if A; € T is a countable sequence of pairwise disjoint sets, P(U;A;) = Y; P(4;), and

3. P(S)=1.

In case (2) above we say that P is countably additive. We use P(A) = Y ;4 P(s), where P(s) > 0.
A probability space is the triplet (S,T,P) as defined earlier in this and previous sections. Those definitions are
summarized below.

Several times when we use the term probability we mean probability space and we thus imply the existence of the
triplet (S, 7, P). So several times the existence of (S, T, P) is implicily given.

Definition 12 (Probability space). A probability space is a triplet (S, T, P), where
» §is a sample space that is, a set of outcomes,

o T C 25 is a c-algebra on S, that is, a collection of subsets containing S and closed under complement, closed
under union (of a countable number of sets), and by DeMorgan implication closed under intersection (of a
countable number of sets), and

* Pis a probability measure on 7" with P(S) = 1.

The set S is known as the sample space and the elements of S are known as outcomes or elemetary events. For an
event A € 25, we define P(A) the probability of event A. The probability of an event A is the sum of the probabilities
of the elementary events of A.

If S is finite, (S, T, P) is a finite probability space. If S is finite and 7' = 25 the probability measure is determined by
its values on elementary events. Thus the probability space assigns through p : S — [0, 1] a probability p(s) to every
element of s of S such that p(s) > 0, with Y ;g p(s) = 1. Then for an event A € 25, the probability of the event A is the
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sum of the probabilities of the elements of S in A i.e. the sum of the probabilities of the elementary events, or in other
words P(A) = Y ea p(s).

Theorem 1.1. Let (S,T,P) be a probability space. The following apply to events, A,B, ... of T.
1. Monotonicity: If A C B, then P(A) < P(B).
2. Subadditivity: If A C UA;, then P(A) <Y, P(A)).
3. Continuity below: If A C Ay C ... and U;A; = A then lim;_, P(A;) = P(A).

4. Continuity above: If A1 D Ay D ... and M;A; = A with P(A;) < oo, then lim;_,., P(A;) = P(A).

Definition 13 (Discrete probability space). A discrete probability space has S that is a countable set. Then P(A) =
Ysea p(s), where p(s) > 0, and ¥segp(s) = 1.

Sometimes we refer to it as finite probability space. Let S be a finite sample space S = {s1,...,s,}. A probability
model or finite probability space is obtained by assigning to each point s; € S a real number p; (or p(i)), the probability
of s;, that satisfies the following properties.

» Each p; is nonegative p; > 0, and

e the sumof p;isoneie. Y <j<,pi=p1+p2+...+pa=1

Definition 14 (Equiprobable space). For a finite probability space S of n sample points, if each sample point has the
same probability as any other one, the sample space is called equiprobable space.

1.4 Probability of events

Lemma 1. For any collection of events A1, ...,Ap,

P(A1U...UA,) < P(A1) +P(A2) + ...+ P(A,) = iP(A,-).

Proof. Consider, events B; such that
Bi=A;— (A] U...UA,'_1>

Then U;B; = UA; and P(B;) < P(A;) and the events B; are disjoint. By additivity of the probability measure we have

P(AjU...UA,) =P(B)U...UB,) = ZP(Bi) < ZP(A[)
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Lemma 2 (Independent Events). Two events A and B are independent if

P(ANB) =P(A)P(B)

Theorem 1.2 (Properties of events). Consider two events A, B of probability space (S, T, P).

and for A C B we have

Moreover,
P(AUB) =P(A)+P(B)—P(ANB).

The latter equality is also known as the inclusion-exclusion property or principle. It can be generalized to three or
more events (with a proof by induction). It is also straightforwars to derive the following.

Corollary 1. Given two events A, B we have

P(AUB) < P(A)+P(B)

Theorem 1.3 (Inclusion-Exclusion of three events). Given three events A1,A,,A3 we have the following

P(AjUA,UA3) = P(A1)+P(A2) +P(A3)
—P(Al ﬁAz)—P(Az ﬂA3)—P(A1 ﬁA3)
+P(A1 NAy ﬂA3).

Example 4. An experiment is performed by throwing (tossing) a coin. The experiment is repeated twice. The com-
bination of the results of the two individual experiments is the experiment in question. The sample space S is then
S={HH,HT,TH,TT} and indicates the outcomes of the first and second toss of the coin: H indicates heads, T
indicates tail as an outcome. AB indicates that A is the outcome of the first experiment, B is the outcome of the second
experiment, where A,Bis Hor T. Event X is X = {HH,TT} i.e. even number of Hor T. Event Y isY = {HH ,HT,TH}
i.e. at least one H.
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Example 5. An experiment is performed by tossing a coin. The experiment is repeated until an H is encountered. The
sample space is infinite. Why? Because S = {7, TH,TTH,TTTH,TTTTH,...}.

The singular form of dice is die.

Example 6. An experiment is performed by throwing a (pair of) dice and records the number indicated at the top of
the dice (opposite to the base that sits on a surface). Each die has six faces with six possible numbers, one on each
face of a die. Then sample space S has 36 outcomes

S={(a,b):1<a,b<6}

Example 7. Deck of cards. A deck of card consists of 52 cards. There are 4 suits known as clubs(C), diamonds(D),
hearts(H), and spades(S). Each suit contains 13 cards numbered 2 through 10, three face cards, jack (J), queen (Q),
and king (K), and ace (A). The hearts and diamonds are red and spades and clubs are black.

Example 8. A coin is tossed twice. The number of heads is recorded. The sample space is S = {0,1,2}. The
following probability model is assigned p(0) = 1/4,p(1) = 1/2,p(2) = 1/4. Event A = {1,2} with p(A) = 3/4, and
event B = {2} with p(B) = 1/4,

Example 9. From a deck of cards we select one card ¢. We define two events A and B as follows.
A = {cis diamond }, B ={cis aface card }.

Compute P(A), P(B), P(ANB).

Proof. P(A)=13/52=1/4. P(B) = (3%4)/52=3/13. P(ANB) = 3/52. |

Example 10 (Uniform distribution). P(A) = c(A)/c(S) for all A C S. Note c(A) is the cardinality of set A also
denoted [A|.

1.5 Conditional probabilities
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Theorem 1.4 (Conditional Probability). Ler A, B be two events of a finite probability space (S,T,P) and P(B) > 0.
The probability that an event A occurs conditional on event B had already occurred is known as the conditional
probability of A given B and denoted P(A|B). It is given by

P(A|B) = P(ANB)/P(B).

Moreover
P(ANB) = P(A|B)P(B).

Theorem 1.5 (Generalization of conditional probability).

P(A1NAN...NA,) =P(A))-P(A2]A1) - P(A3|A1 NAy) - P(A4]A1 NA2 NA3) ...  P(A|A1NANAsN...NA,)

Theorem 1.6. If sample space is partitioned into events Ay, ...A, then for some event A we have,

-

P(A) =) P(A/A)P(A;).

i=1

We refer to the following as Bayes’ rule.

Theorem 1.7. If sample space is partitioned into events Ay, ...A, then for some event A we have,

_ P(ANA) _ P(A/A)P(A)
P(A;/A) = P(A) Y, P(A/A)P(A)

Moreover
_ P(A2/A1)P(A1)
Theorem 1.8. P(A;/A;) B,y

Proof. Note thatP(Ag/Al)P(Al) = P(A; ﬂAg). |

Definition 15 (Properties of independent events). Let A, B be two events of finite probability space (S,7,P). A is
independent of B if
A is independent of B < P(A) = P(A|B).
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Corollary 2. From P(A|B) = P(ANB)/P(B) since P(A|B) = P(A) we have P(A) = P(ANB)/P(B) which implies that
P(ANB) = P(A)P(B). Moreover P(B|A) = P(B).

Example 11. A (pair of) dice is tossed. The probability of any elementary event (outcome) of S is 1/36. Let B be the
event the sum of the dice is 6. What is P(B)? Let A be the event a dice is 5. What is P(A|B)? This reads probability
the event A occurs given that B has already occurred. This is because P(ANB) = 2/36. This is because P(B) = 5/36.
And P(A|B) =P(ANB)/P(B) =(2/36)/(5/36) =2/5.

Proof. We show B below.
B= {(175)7 (274)7 (373)a (472)7 (Su 1)}
The probability that a dice is 5 if the sum is 6 is 2/5. Then A|B

A|B = {(175)7 (57 1)}
Obviously P(A|B) =2/5. This is because P(ANB) =2/36, and P(B) = 5/36. And P(A|B) = P(ANB)/P(B)

(2/36)/(5/36) =2/5.
Theorem 1.9. For any event A, we have
E(I) = P(A).
Proof.
E(Ia) =Y Ia(s)p(s) = Y Ia(s)p(s) + Y La(s)p(s) = Y Ia(s)p(s) + Y 0- p(s) = P(A)
SES SEA SEA SEA SEA
|

Definition 16 (Independent Repeated Experiments). Let (S,7,P) be a finite probability space. A space of n inde-
pendent trials is space S, consisting of ordered n-tuples of elements of S with the probability of an n-tuple defined to
be the product of the probabilities of its components.

P((s1,---,82)) = P(s1) ... P(sy)-

The sample space S of an experiment or trial or process has outcomes that might be number or might not be
numbers. Think about the experiment of tossing a coin. Sometimes instead of using symbolic values or names to an
outcome such as H or T we prefer to use numeric values such as 1 and 0 respectively. This mapping is known as
random variable.

Definition 17. Let S be a sample space and A; C S events. For each non empty subjet I C {1,...,n} we define
Ap = NiciA;.

By default Ag = S.
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Theorem 1.10 (Inclusion-Exclusion). We have

AjU..UAll = Y (=DM A L= Y (D) nig Al

IC{1,...n} IC{1,....n}

Proof. By induction on n. For n = 1, trivially |A;| = |A;|. From n to n+ 1 we use the n = 2 case.

‘U?;l Ail =

[(UZ14i) UAp 1|
| U1 Al + [Anr | = [ (U2 14i) NAnt |
| U1 Ail + [An | = UL (AiNAng)|
) (=D Mier Al + |An | - ) (=D (NigrAi N A1)

IC{l,...n} IC{1,...n}
Y (=DM s Ail + A1 | - Y (—I)VIH|(mielu{n+1}Ai)|
IC{1,...,n} IC{1,...,n}
(=D nier Ay + Y (=D (Mierdy)|
IC{l,nt 1 b 1gd IC{1,...nt 1} ntlel
Y DAl
IC{l,..n+1}

By DeMorgan’s Law the N and U can be swapped without affecting the result otherwise.
When needed we would like to calculate

or

Al- Y (=D e Ay,

A= Y (DI U Al
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Random variables

2.1 Random variables

As we mentioned earlier, a probability space is a triplet (S,7,P). In the simplest of the cases, S is a finite set, and
T =25 = P(S), that is, T is the powerset of S, the set of all posible subsets of S and thus T has cardinality |T| = 2/,
The probability measure P, P: T — [0, 1], essentially becomes, P : S — [0, 1], i.e. it is defined on the elementary
events, and by extension to any event subset of 7. Then

P(A) = gP({S}),

and

ZP({S}) =1.

seS
We can then define arbitrary functions on events.

Definition 18 (Random variable: simple definition). A random variable (later, r.v.) X defined on a probability space
(S,T,P) is a real-valued measurable function on S. Random variable X is then a mapping

X:S—R.

We can add few more details on this definition.

Definition 19 (Random variable: more detailed definition). A random variable (later, r.v.) X defined on a probability
space (S, 7, P) is a real-valued measurable function that assigns a real value X (s) to an elementary event s of S so that
for every x, where —eo < x < oo, set {s: X(s) < x} is an event contained in 7.

For a random variable we can informally write P(X = 5) to actually mean P({s € S: X(s) = 5} . Moreover, when
we informally write P(5 < X < 11) we actually mean P({s € S:5 < X(s) < 11}).

Definition 20 (Convention). For a random variable X, when we write X € A for A C R, we mean {s € S: X(s) € A}.
Then,
PXeA)=P{seS:X(s) €A}).

13
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A random variable and can be discrete or continuous.

2.1.1 Discrete random variables

The discussion below applies to a discrete random variable.

Definition 21 (Discrete r.v.). A random variable is discrete if its domain consists of a finite or countably infinite set of
outcomes.

We usually denote an event involving random variable X by writing X = x. This indicates event £ = {s € S :
X (s) =x}. Moreover, it should be the case that E C 7.

Definition 22 (Probability mass function). A probability mass function (p.m.f.) of a discrete r.v. X is the function fx
that associates a probability to each s € S.

In other words the p.m.f. of r.v. X is a function that returns P(X = x) for each s in the domain of X with X (s) = x.
Then fx(x) = f(x) =P(X =x) = P(E) =Yg P(s). Itis fx(x) > 0and Y5 fx(s) = 1.
For a discrete random variable X that also takes discrete values xi,...,x,, we have that

PX=x;))=P{s€S:X(s) =x}) = f(xi),

Theorem 2.1 (Range). The range R(S,X) of random variable X is the set of numeric values assigned to outcomes of
a sample space S by random variable X. For function X its range is R(S,X).

Example 12. For tossing a pair of dice sample space S has 36 ordered pairs (a,b) as elements where a shows the
number (top face) of one die and b shows the number of the other die during a toss.

S={(a,b):1<a,b<6}
Random variable X is defined as follows
X:S—R where X(s) =X ((a,b)) =a+b, s€ES.

Thus for an element s = (a,b) of S, random variable X assigns a value to this element that is equal to the sum of the
numbers of the faces of the two dice. The range of X is R(S,X) = {1,2,3,4,5,6,7,8,9,10,11,12}. Random variable
Y is defined as follows

Y:S— R whereY((a,b)) =min(a,b).

Thus for an element s = (a,b) of S, random variable Y assigns a value to this element that is equal to the minimum of
the two values of the two faces of the two dice. The range of Y is R(S,Y) = {1,2,3,4,5,6}.
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Example 13. We have two dice. The sample space of throwing two dice is of cardinality 36, as there are so many
pairs (d;,d>) where d; is one of the outcomes of one die, and likewise for d,. Use the definitions to calculate P(X = 4)
, where X is a random variable defined to be the sum d; + d>.

Proof. Ttis clear that P(X) = 1/12. We properly define for A C R, the set X! (A) = {s € S: X(s) € A}, that is the set
of outcomes of S that result in getting mapped by X to a value in A. This implies,

P(X €A) = P(X 1 (A)).
The set X ! (A) must be measurable and thus it should belong to T i.e. X~!(A) € T. Say A = {4}. Then
Xﬁl(A) ={(1,3),(2,2),(3, 1)}

Therefore
P(X €A)=P({(1,3),(2,2),(3,1)}) =3/36 =1/12.

2.1.2 Continuous random variables

The discussion below applies to a continuous random variable.

Definition 23 (Continuous r.v.). A random variable is continuous if its domain is uncountably infinite.

Definition 24 (Distribution of a random variable). The cumulative distribution function of a continuous r.v. X is
described as the distribution of a random variable and is denoted by Fx (x) (sometimes, just F(x)).

Fx(x) = F(x) = P(X <x) = P(X~'((~e0,x])).

We note that 0 < Fx (x) < 1.

Given X the cumulative distribution function F can be defined as Fx(x) = P(X < x), for —eo < x < o0. One can
also define Fx(x) = P(A), where A = (—oo, x|, where x € R. Function Fy(x) or simply F(x) when it implicitly infers
to X, is a monotonically increasing continuous from left function with

lim F(x) =0, lim F(x) = 1.

X——o0 X—yo0
Furthermore, if there is f(¢) such that
X
P = [ rr,

then f(z) is the probability density function of X. Function f(z) to exist it means that F(x) is differentiable. In the
remainder, as needed, it will be assumed that F (x) is differentiable. An interpretation of the density function is

f(xX)dx ~ P(x < X <x-+dx).
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Theorem 2.2. Let (S,T,P) be a probability space. The (cumulative) distribution function Fx(x) of rv. X has the
following properties.

1. F is nondecreasing.

2. limype F(x) = 1, limy o F(x) =0,

3. F is right continuous lim_, .+ F(y) = F(x),
4. P(X <x)=lim,_, - F(y),

5. P(X =x)=F(x) — P(X <x).

The distribution of X is called continuous if there is a function fx (x) (called the probability density function) such
that

Fx(B) = /B Fe()dx,

for every interval B (or in mathematical analysis terms, for every Borel set B) and in that case Fx is continuous.

Definition 25 (Probability density function). When the distribution function Fx (x) = P(X < x) has the form

PX <) = [ fa,

we refer to fx(x) as the probability density function of X and sometimes we denote it f(x) implicitly referring to r.v.

X. Moreover,
. dFX ()C)

Fx() dx

If F(x) is differentiable, then f(x) exists. It is possible however that F (x) is not differentiable.
We can also define a cumulative distribution function for a discrete r.v. X. Then F(x) = ¥;_x (s)<x ses.f (£)-

2.1.3 Composition of random variables

Definition 26 (Sum and product of a random variables). Let X,Y be two random variables on the same probability
space (S,T,P). Then X +Y, X -Y and a- X, a € R are also random variables and functions on S defined as follows.

VseS: (X+Y)(s)=X(s)+Y(s), Vse€S:(X-Y)(s)=X(s)-Y(s), Vs€S,acR:(a-X)(s)=aX(s).
Likewise for any polynomial function f(x,y,...,z) we define f(X,Y,...,Z) to be a function on S defined analogously.

VseS: f(X,Y,...,Z)(s) = f(X(s),Y(s),...,Z(5)).

2.2 Expectation of a random variable

The term expectation or expected value is associated with a random variable. The terms mean and average can be used
interchangeably with (mathematical) expectation, but the term mean usually refers to a distribution. The expectation
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of a random variable X would be denoted by E(X) though it is more often to encounter E[X]. (Do not be surprised if
by accident you see both instances in the remainder.) The term for mean is usually g or X.
For the discrete case we have.

Definition 27 (Expectation of a discrete r.v. X). Let X be a discrete random variable on probability space (S, T, P)
that also takes values xj,... with P(X = x;) = fx(i). Then the expectation (or expected value) of r.v. X is defined as
follows.

E(X)=p=) xfx(x) =} xifx(x).

xeX

If the series (sum) converges, then X has finite expectation. If ¥, |x;| f(x;) diverges, then X has no finite expectation.

Bear in mind that dropping subscripts or introducing subscripts, Px (X = x;) = P(X = x;) = f(x;) = fx(i). If it
does not cause ambiguity, we will be using f for fx or P for Px.

Definition 28 (Expectation of a continuous r.v. X). Let X be a continuous and differentiable random variable on
probability space (S, T, P), with probability density function fx (x). Then the expectation or (expected value) of r.v. X
is defined as follows.

E(X)= / o;xfx(x)d(x).

If E(X) = —oo or E(X) = oo we say the expectation E(X) does not exist.

Theorem 2.3. Let X,Y be r.v. and a,b € R. Then

E(aX 4+bY) = aE(X)+bE(Y).

Proof. Let X, Y be two discrete random variables taking also discrete values xi,...,x;,... and yi,...,y},.... In the
discrete case, we have the following.

E(@X+bY) = Y Y (axi+by))P(X =x;NY =y;)

1

j
= ZZdXiP(XinﬁY=yj)+ZZbyjP(X:x,ﬂY:yj)
tJ i J

= ainZP(X =x;NY :)’j)ﬁLbZ)’jZP(Y =y;NX =x)
R T

= ainP(X :xi)-i-bzyjP(Y :yj)
i J

= EX)+E(Y).

Similarly, the corresponding continuous case bound can be proven. |
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Corollary 3. For X and Y r.v. as before,
EX+Y)=EX)+E(Y),

obtainable by settinga = b = 1.
The result below applied for any probability space.

Theorem 2.4. For any random variables X1, ..., X, of a probability space, we have that

Proof. By induction on n. We alread proved it for n = 2, the base case. Inductive step follows trivially. |

2.3 Independent random variables

We can describe independence for the case of a discrete and continuous variable as follows.

Definition 29 (Independent r.v.). Let X, Y be two discrete random variables taking also discrete values xi,...,x;,...
and yq,...,yj,.... The two random variables X and Y are independent if for all x; and y;,

PX=x,NY =y;)=P(X=x;)-P(Y =yj).

In the general case,
P(X€ANY eB)=P(X€A)-P(Y €B).

By induction, this can generalize to n random variables. Note that for two events A, B we defined the conditional
probability of A on B as P(A|B) = P(ANB)/P(B) and defined A is independent of B when P(A) = P(A/B). Substituting
the left-hand side of the latter for the left-hand side of the former we conclude P(A/B) = P(A) = P(ANB)/P(B) from
which we further derive P(ANB) = P(A)P(B).

Definition 30 (Independent r.v.: continuous case). Let X and ¥ be two random variables with Fx (x) and Fy (y) distri-
bution functions respectively. Let fx y(x,y) be their joint distribution function. Then X and Y are independent r.v. if,
for all x,y,

Sxy(xy) = fx(x)- fr(y).

Theorem 2.5. If X and Y are two discrete random variables for a probability space (S,T,P) then if X and Y are
independent we have the following.
E(XY)=E(X)-E(Y),



2.4. INDICATOR RANDOM VARIABLE 19

The result extends for continuous r.v. X andY .

Proof. Let X = U{x;}, and Y = U{y,}. Using prior notation Px (X = x;) = fx(x;) and Py (Y =y;) = fy(x;). If X and
Y are independent, we have P(X = x;NY =y;) = P(X =x;)-P(Y =y;).

E(XY) = Zx,-yjP(X:x,-ﬂY:yj)
= Zx,yj =x;)-P(NY =y;)
— in =x;)-+ Y yiP(Y =y))
- Ei(X)-E(Y). j

Example 14. From a prior example of dice tossing. Random variable Y is defined as follows
Y:S— R whereY((a,b)) =min(a,b).

Find E(Y). Thus for an element s = (a,b) of S, random variable Y assigns a value to this element that is equal to the
minimum of the two values of the two faces of the two dice. The range of Y is R(S,Y) = {1,2,3,4,5,6}. We can
compute

P(Y =1)=11/36,P(Y =2) =9/36,P(Y =3) =7/36,P(Y =4) =5/36,P(Y =5) =3/36,P(Y =6) = 1/36

is derived from the fact that the tosses

For example, P(Y = 1) i
4),(1,5),(1,6),(2,1),(3,1),(4,1),(5,1),(6,1) have 1 as the minimum value. Furthermore the

(1,1),(1,2),(1,3), (1,

following outcomes (4,4),(4,5),(4,6),(5,4),(6,4) have all minimum value equal to 4, and so on. Thus
11+18+214+20+15+6

W=E(Y)=1-11/36+2-9/36+3-7/36+4-5/36+5-3/36 +6-1/36 = — >+ ;g +D%0_ 5 5077,

2.4 Indicator random variable
Definition 31 (Indicator Random Variable). For an event A we define the indicator random variable I, as follows.
o Iy(s)=1if s €A, and

o« Ii(s)=0if s £ A.

The indicator random variable sometimes uses 1 for /. It is also known as the characteristic function of A.
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Theorem 2.6. Let X =1y +...+1,. Then

EX)=E(Ix, +...+1x,) = ) P(A)).

i

Example 15. The expected number of fixed points on a random permutation p on {1,...,n} is one. We define a
random variable A with
Ap) = {i: p(i) = i}|

Then we generate A;(p) = 1 if p(i) = i and 0 otherwise. Then A(p) = Y ; A;(p).
E(Ai) = Plp(i) =i] = 1/n.

and

Example 16. A coin is tossed twice. The sample space S = {HH,TH,HT,TT}. We count the number of heads and
this becomes random variable X. Thus R(S,X) = {0, 1,2}. The probabilities assigned by function f(x;) = P(X = x;)
are as follows.

PX=0)=1/4,PX=1)=1/2,P(X =2)=1/4.

Then the expection of r.v. X becomes
U=EX)=0-Px=0)+1-PX=1)+2-P(X=2)=0-1/4+1-1/2+2-1/4=1

(We thus expect half of the tosses to be H.)

2.5 More on expectation

Definition 32 (Conditional expectation: discrete case). For two discrete random variables X and Y, the conditional
expectation of X givenY is

E(X|Y =y) = ZXxP(X Y =y) = ZXXW’

where P(X = x,Y =y) is the joint probability (mass) function of X and Y. An alternative formulation is as follows.
X = Xi, W= yj)

P
EX|Y =y;)= )} xPX =xi|¥ =yj)= } xi- ;
D= L= =) = L )
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Definition 33 (Conditional expectation: continuous case). For two continuous random variables X and Y, with joint
density fx y(x,y) the conditional expectation of X given Y is given below. Note that fx y (x,y) = fx|y (x[y) - fr (¥)-

oo =

B =5) = [ xfay()dx = s [ sfor(e)as

2.6 Variance of random variables

The variance of a random variable is the expected value of the squared deviation from the mean of the random variable.
The variance of X is denoted var(X) or Var(X) or 6%(X) or just 62 if the reference to X is obvious. Then /062 (X) =
6(X) or o is the standard deviation of X.

Definition 34 (Variance of r.v. X). Let X be a random variable on a probability space S i.e. (S,7,P). Then the
variance 6%(X) = var(X) of r.v. X is defined as follows.

o?(X) =var(X) = E((X — p)*) = E(X - E(X))?).

The standard deviation of X is defined as \/var(X) = o(X).

The variance exists if the second momdent E (X?) exists. The latter implies that the first moment E(X) also exists.

Corollary 4. The variance var(X) of a random variable X we have

var(X) = E(X?) — (E(X))>.

Proof.
var(X) = E((X —E(X))?) = E(X* = 2XE(X) + (E(X))?) = E(X?) = 2(E(X))* + (E(X))*) = E(X) - (E(X))*.
Another way to prove this for a discrete r.v. X is as follows.

E(X—E(X))?) = Zx(x,? +EX)*E(X)—2x:E(X))f(x;)

= Y (i) + Y (EX)-EX))f(x)+ Y (—26E(X))f (x:)

xieX xieX xieX

= E(X*)+EX)-EX)- Y, f(x) —2E(X)- Y xif(xi)

xieX xieX

For the continuous x a similar proof can be obtained. |
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Corollary 5. Let X be ar.v. and for any a,b € R, we have the following.

var(aX +b) = a*var(X).

Definition 35. Let X and Y be r.v. then, the covariance of X and Y is defined as follows.

cov(X,Y) = E((X —E(X))- (Y —E(Y))) = E(XY) — E(X)E(Y).

Corollary 6. Forr.v. X, Y, we have the following.

var(X +Y) =var(X) +var(Y) 4+ 2cov(X,Y).

Proof.
var(X+Y) = E((X+Y)*) —(E(X+7Y))?
E(X*)+E(Y?)+2E(XY)—E(X)*—E(Y)2—2E(X)E(Y)
= var(X)+var(Y)+2(E(XY)—-E(X)E(Y)
var(X)+var(Y) 4+ 2cov(X,Y).

If X and Y are indepdendent E(XY) = E(X)E(Y) and thus cov(X,Y) = 0. We then obtain the following.

Corollary 7. Let X, Y be r.v. that are independent. We have the following.

var(X +Y) = var(X) +var(Y).
The results can be generalized for n > 2 variables. Proofs are by induction on 7.

Example 17. Let X be ar.v. such that P(a < X < b) = 1 in other words a < X < b. Show that

(b—a)’

X) <
var(X) < 7}

Proof. For any X, we have var(X) < E((X —t)?), for any ¢. (Easy to prove if one expands var(X) = E((X — E(X))?).
Equality is fort = E(X). Consider t = (a+b/2. This is the midpoint of the interval [a, b]. Therefore |X —¢| < (b—a)/2.
Therefore

var(X) <E((X —1)?) < (b—a)?/4.



Chapter 3

Standard distributions

3.1 Standard distributions

3.1.1 Bernoulli distribution

Definition 36 (Bernoulli Trials). A Bernoulli trial is an experiment that has two outcomes. One outcome is called
a success and the other a failure. Let p be the probability of success and ¢ = 1 — p be the probability of failure. We
denote such a Bernoulli trial with b(p).

Several times 1 indicates success and 0 indicates a failure in the context of a Bernoulli trial. If however 1/2 indicates
success and —1/2 a failure we call the experiment a Rademacher trial.

Corollary 8. Let X be a random variable that follows a Bernoulli distribution with parameter p that is, X ~ b(p).
Sometimes we use ¢ = 1 — p. The probability of success and failure are P(X = 1) =pand P(X =0)=1—p=gq
respectively. The expected value E(X) of X and its variance var(X) = o2 are as follows.

EX)=p,  var(X)=pg=p(l—-p).

Proof. For E(X) we have the following.
EX)=p-1+(1=p)-0=p
Furthermore for E(X) we have the following.
E(X*)=p-1’+(1-p)-0=p
Then for var(X) we have the following.

var(X) = E(X*) — (E(X))* = p—p* = p(1 - p) = pq.

23
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3.1.2 Geometric distribution

Definition 37. A geometric distribution can be described as the number of Bernoullis trials to get the first success, or
equivalently the number of failures before the first success. If random variable X describes the number of Bernoulli
trials and variable Y the number of failure to the first success, then X =Y + 1. We then say X ~ g(p), where p is the
probability of success in a Bernoulli trial.

Corollary 9. Let X be a random variable that follows a geometric distribution with parameter p that is, X ~ g(p).
Sometimes we use ¢ = 1 — p. The probability of the first success after k — 1 failures is P(X = k) = (1 — p)*~!- p. The
expected value E(X) of X and its variance var(X) = o2 are as follows.

E(X)=1/p, var(X)=(1—p)/p*.

Proof. Let X ~ g(p). One can show E(X) = 1/p and var(X) = (1 — p)/p>. A straightforward method to derive the
expectation is to argue that with probability p we are done in one trial, otherwise with probability 1 — p we will will
need one trial (the just wasted trial) plus £(X) for the remaining trials. Then E(X) = p+ (1 — p)(1 + E(X)) gives
E(X) = 1/p. Otherwise, Start with P(X = k) = (1 — p)*~!p. Then

EX) = Y kPX=Kk)
k=1
= ik(l—p)"”p
k=1
= p/(1-p)- Y k(1-p)
k=1
— p/(1=p) k(1 p)F
k=0
p 1—p 1

l=p p* P
The expected number of failures is one less 1/p—1 = (1 — p)/p. Thus E(Y) = (1 — p)/p as well. For var(X) =

E(X?)— (E(X))?* we only need compute the first term E(X?). We have from sequences Y o x' = 1/(1 —x) for x < 1.
Then Y ix'~! = 1/(1 —x)? for x < 1, that was used before for E(X). Then ¥, i(i —1)x "2 =2/(1 —x)3 forx < 1.

=

E(X*) = Y KPX=k
k=1
= YR k0P
k=1
= Y kk—=1)(1=p)!p+ Y k(1-p)'p
k=1 k=1
— p(1-p) Y k(k—1)(1— )2+ E(X)
k=1
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Then
var(X) = E(X*) = (E(X))* =1/p+2(1-p)/p* = (1/p)* = (1—p)/p".

3.1.3 Binomial distribution

Definition 38 (Binomial process or trial). A Binomial process or trial is the independent repetition of identical
Bernoulli trials. Independent means the outcome of a Bernoulli trial (or experiment) is not dependent of previous
outcomes. We denote such a Binomial process with B(n, p), where n indicates the number of Bernoulli trials b(p),
and p the property of the Bernoulli trial (probability of success).

Let B(n, p) denote a binomial process or trial or experiment of n independent Bernoulli trials each one b(p).

Theorem 3.1. The probability of k successes in a binomial process B(n, p) is denoted by B(n, p;k) and given by

B(n, p;k) = <Z)pk(1 —p)k,

Corollary 10. The probability of one or more success is 1 —B(n,p;0) =1— (1 —p)" =1—¢", where g =1 — p is the
probability of failure.

Corollary 11. We toss a (fair) coin 8 times. Thus p = g = 1/2. The probability of no heads is 1/2% = 1/256. The
probability of at least one head is is 1 — (1 —1/2)% =1 —1/256.

Theorem 3.2. Let X be a random variable that follows a binomial distribution with parameters n and p that is,
X ~ B(n,p). Sometimes we use g =1 — p. The probability of k successes in n trials is B(n,p;k). The expected value
E(X) of X and its variance var(X) = 62 are as follows.

E(X) =np, var(X) = 6%(X) = npq.

Proof. We will use the binomial theorem that states
" n . .
(a+b)" Z(,)a’b"_j,

and therefore also
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E(X) = Zn:k-Pr(X:k)zikB(n,p;k)
k=0 k=0

- e (p)ra-pr

n! k —k
= —_— 1— n
k:ZOk o—? =P

n—1)! _ .
= npz(k_(l)'(n)—k)'pk l(l—p) k

4 (n—1)!

- L) -1 (k- 1))!]);{_1(17]))”_1_@_1)

—p!(1=p) '

= np-(1—p+p)" "' =np.
The binomial theorem was used in the last step. We then calculate E(X?). When we split the major sum, the latter
second term is E(X) above.

n

E(X* = kzbkz-B(n,p;k)
= L@k (i) rta—prt
= kfb(kz_k)‘k!(nnik)!pk(l_p)n_k‘Lkiok';d(,:ik);pk(l_p)"_k
= e ) R e
= ) § gt
= pz-n~(n—1)-:§m#(l—p)"2f+np

= nn—1)p*-(p+1-p)" > +np
n*p*+np(1—p).
Finally, we combine the two results for E(X?) and E(X) in the definition of variance to obtain the following.
var(X) = E(X*) = E*(X) = n*p* +-np(1— p) — (np)* = np(1 = p) = npq.

Having provided those two detailed proofs, since X is the sum of n identical and independent Bernoulli random
variables X;, which implies X = Y, X;, we have E(X) = E(Y; X;) = n X E(X;) = np. By properties of variance var(X) =
Y, ar(X;) = npq, thus proving the result directly without mathematical manipulations. |

Example 18. Let X;, i = 1,...,n be n independent Bernoulli variables representing the outcomes of a sequence of n
coin tosses with bias p, where 0 < p < 1 thatis, X; ~ b(p). Consider A, = %Zle X;. The latter is the fraction of Heads
in the n trials i.e. in space X" = (Xj,...,X,). Show the following.

E(A,) =p, var(A,)=p(l—p)/n.
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Proof. By way of the definition of A, = %Zle X; we have the following

:E(%ZXI-) ZE )= (1/n)np=p.

By the definition and properties of the variance, and the fact that X; are independent we have the following.

var(A,) = var( ZX ZZWI” = 1/” )n-pq = pq/n.

27
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Chapter 4

Moment generating function

In this and later sections we will interchangeably use the following notation for the exponential function: exp (Z) will
denote 7.

4.1 Moment generating function

Definition 39. The moment generating function Mx (¢) of a random variable X, with cumulative distribution function
Fy is defined as follows, provided that the expectation E (exp (£X)) is defined for ¢ in some neighborhood of 0, in other
words there exists an & > 0 such that for all ¢ in [—h, A, E (exp (1X)) exists.

My (t) = E(exp (X)) = /:oe’xfx (x)dx.

Note that using Taylor’s expansion

IZX2 I3X3 Mmxn
exp(tX)=1+tX+ o + T +...+ w

Taking expectations of both sides we derive the following.

P2EX?) PEX3 E (X"
() CEXC) - CE(XT)

E(exp(tX)) =1+tE(X) + o Al -

Differentiating n times My (¢) with respect to ¢ and setting # = 0 we obtain the n-th moment m, = E(X") of r.v. X.
Example 19. The Bernoulli process b(p) has Mx(t) =1 — p+ pe'.

Proof. Let X ~ b(p). X takes two values, 1 with probability p, and 0 with probability ¢ = 1 — p. Then

Mx(t)=E(exp(tX))=p-exp(t-1)+ (1 —p)-exp(t-0) = pe' +1—p.

29
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Corollary 12. For a Bernoulli process b(p),

My (1) = E(exp (1X)) < exp(p(e —1).

Proof. Starting with My (1) = E(exp (1X)) = pe' + 1 — p, we rewrite pe' +1—p =1+ p(e' — 1) and apply e* > 1 +x
to obtain 1+ p(e’ —1) < exp(p(e' — 1)), as needed. |

Theorem 4.1. Let X; be independent random variables, with MGF My, (t) respectively, i =1,...,n. Let S, = Y1 X;.
Then the following applies for the MGF of random variable S,,.

Msn(l‘) :Mxl (Z‘) oo -MX,,(t) = IEIMXi(t).
i=1

Furthermore, if X; are identically distributed to random variable X, then

Ms, (1) = (Mx (1))" .

Example 20. The Uniform distribution U (a, b) has

Example 21. The binomial distribution B(n, p) has

Mx (1) = (1 —p+pe')".

Example 22. The normal distribution N (i, 62) has

My (t) = exp (ut +0.56°1%).

Example 23. The Poisson distribution Poisson(A) has

Mx (1) = exp (A (e’ —1)).
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Example 24. The geometric distribution g(p) with parameter p, has

t t

pe B pe
1—(1—plet  1—e +pe’

Mx (1) =

Proof. Let X ~ g(p). One can show E(X) = 1/p and var(X) = (1 — p)/p>. For the moment generative function we
observe the following

Mx(l‘) = p

-7
Q
=
—
—_
[
<
~—~
T

~
Il
-

Il
o
xQ
X
=
s
xQ
X
=
|
=
—
=
“u
S~—"
<
L

I
bS]
mN
gk
—
QN
|
S
=
L

=~
Il
—_

Note that the sum converges for ¢ (1 — p) < 1. |
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Chapter 5

Probability inequalities

5.1 Probability inequalities

5.1.1 Convexity

Definition 40 (Convex function). Let f(x) be a real valued function on some interval [a,b] with b > a. Function f is
called convex if for all x| # x5 € [a,b], and for all A such that 0 < A < 1 we have

FAxi+(1=2A)x2) S Af(x1) +(1=24)f(x2).

In other words, a function f is convex if the line segment between any two distinct points on the graph of the function
lies above or on the graph between the two points.

Equivalently, A differentiable function of one variable is convex on an interval if and only if its graph lies above all of
its tangents i.e. f(x) > f(y) + f (y)(x —y). If function f on one variable is twice differentiable, then f is convex if
Sfr(x) >0.

5.1.2 Markov’s inequality

Theorem 5.1 (Markov’s inequality). For a non-negative random variable X with expectation [L that is thus non
negative and every positive a > 0 we have
E(X)

PX>a)<
(Xza)< =

Proof.
(a) Discrete case. If X is non negative then X (s) > 0 and we then obtain the following. Note that we write X (s) for an

35
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s € S rather that x; = X(s;) for an s; € S to keep things simple and to separate the s with X (s) < a from X (s) > a.
E(X) = Y X(s)p(s)
X(s)
Y, X(s)p(s)+ Y X(s)p(s)

0<X(s)<a X(s)>a

Y, X(5)p(s)

X(s)>a
a- Y, p(s)
X(s)>a
= a-P(X(s)>a)=a-P(X >a).

Y

Y

(b) Continuous case.
E(X) = /:xfx(x)dx

— /_ :xfx(x)der / " f(x)dx
/a " i (x)dx
a / " fe(x)dx

a. (1/_:fx(x)dx)

a-(1-P(X <a))
a-P(X > a)

Y Y

Y

(AVARAYS

Technically, the latter (last line bound) is P(X > a). We could then rephrase the inequality as P(X >a) < E(X)/a. W

Another proof considers an Indicator function, and works as follows. Let
I— 0 X<a
11 X>a

PX > a) = Ell < E(X) < LE(X).

Then

a a

5.1.3 Cauchy-Schwartz inequality

Theorem 5.2 (Cauchy-Schwartz inequality). Let A and B be two random variables. with E(A?) < o and E(B?) < eo.

Then
|E(AB)| < 1/E(A%)\/E(B?).

Proof. Consider E((A —tB)?) > 0. Then

E((A—1B)?) = E(A?)+1?E(B*) — 2tE(A)E(B) > 0.
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Choose 1 = }é((/;f)) . Then we have
E(AB)\* E(AB)
2 2
E -2 E(AB) > 0
)+ (S5 ) B0 25 ) >
E*(AB) _E*(AB)
E(A? -2 > 0
()+Ew% £
E*(AB)
E(A?%) — > 0
)~ F
E(A2)E(B*) > E*(AB).
The last inequality, after taking square roots concludes the proof. |

5.1.4 Chebyshev inequality

Theorem 5.3 (Chebyshev’s inequality). Let X be a random variable X with finite expected value L and non-zero
and finite standard deviation & (variance ). Then for every positive t > 0,

1
P(X—plzot) < .

Proof. 1t derives directly from Markov’s inequality. Note that in Markov’s case ¢ must be non-negative. This is not
needed here since the use of (X — u)? implies an expected value that is non-negative.

P(X — 1| 2 1) = P(X —u? 2 0°) < E[(X — p)?)/0*? = 0> /0% = 11

If one replaces ot with ¢ the following alternative form is derived.

Corollary 13 (Chebyshev variation 1). An alternative form is the following bound.

var(X) o2

The following form starts from P(|X| > ¢t) instead of P(|X — u| >t) or P(|X — u| > ot).

Corollary 14 (Chebyshev variation 2). An alternative form is the following bound.

E(X?)
12

P(IX|>1) <

One can obtain sharper bounds for small variance by considering P(|X — u|* > ot), where k > 2.
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Example 25. Let S be a random variable that is defined as S, = X| + ... 4+ X,,, where X; are independent random
variables. Then var(S,) = ¥, var(X;). Chebyshev’s inequality is then given in the forn below

0.2
— (Xi— E >t
|Z )l ntz’

where 62 = (1/n) Y, var(X;).

If we repeat an experiment n times, we can consider the outcome of each experiment a random variable and thus
describe the n experiments with r.v. X1,X>,...,X,, where X; is the random variable associated with the i-the outcome.
If the experiments are independent of each other, then P(X; = xx,X; = x;) = P(X; = x)P(X; = x;).

Proof. For S, as defined, we have E[S,] = Y, E[X;].

P(|Sy —E[Sp]| Z nt) < %(;")

! S

P(~IS,—E[S,]| >1) < %(tz)
P(%|in_E[ZXi]|ZI) < :TG;
,|ZX EX))|>1) < ,%z

Example 26. Let X;, i = 1,...,n, be n (independent) Bernoulli trials with X; ~ b(1/2). (X; are O or 1.) Let S, = Y, X;
as before. Show that Pr(S,, > 3n/4) <2/n.

Proof. We have that E[X;] = 1/2 and so is E[X?] = 1/2. Thus var(X;) = (1/2) — (1/2)?> = 1/4. For S, = ¥, X;, we
have var(S,) = n-var(X;) = n/4, and E[S,] = n/2. Applying Chebyshev’s inequality,
P(S,>3n/4)=P(S,—n/2>n/4) = = -P(|S,—n/2| >n/4) =0.5P(|S, — E[S,]| >n/4) <0.5-var(S,)/(n/4)* =2/n.

5.1.5 Jensen’s inequality

Theorem 5.4 (Jensen’s inequality). Let g be a convex function on R that is, g : R+ R. Let X be a random variable,
and Y = g(X) another random variable defined. The the following applies

E(g(X)) = g(E(X)).
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Proof.
Continuous case. Since g is convex for every ¢, graph of g lies above its tangent at ¢ that is

8(x) > g(1) +S(x—1),

where S is the slope of the tangent on 7. Then set X = x and # = E(X ). We have the following, after taking expectations
of both sides,

gk) = gO)+Sk—1) =
gX) = g(EX))+Sx—EX)) =
E(g(X)) = E(g(E(X)))+E(S(x—E(X))) =
E(g(X)) = g(E(X))+S(E(x)-EX))) <
E(g(X)) = g(EX)).
Discrete case. For a discrete random variable the proof follows. Let S = {aj,...,a,} and let X be a random variable

with x; = X(a;). Then let f(x;) = P(X = x;) and thus }; f(x;) = 1. Moreover, E(X) =Y x;f(x;). Let g(x) be a convex
function and thus for ¢| 4+ ¢, = 1, we have g(cix; + c2x2) < c18(x1) + c28(x2) and this generalizes for n > 2, so that
forci+ca+...4+cp =1, we have g(cix) +...cnxn) < c18(x1) + ...+ cug(xn). We then obtain E(g(X)) > g(E(X)).
The proof of the latter is by induction on n > 2. For the base case n = 2 using the convexity of g and the fact that
Y. f(x;) =1, we have

f(x1)g(xr) + f(x2)g(x2)
g(f (xr)xr + f(x2)x2)
g(E(X)),

E(g(X))

v

as needed. For the inductive step, assuming that the result is true for n — 1 and will be shown true for n, we have.

n

E(g(X)) = Y f(x)g(x)
=1
- f<x1>g<xl>+f<xz>g<xz>+z"‘§f<xi>g<xi>

fx)
(f (x1) + f (x2)

f(x2)
)+ f() g<x2)> T4

= (fla) + ) ( s(x) +

By the convexity of g(x) the first two terms of the right-hand side get combined as follows

fx) PG Y fxi)g(n). 5.1

E(g(X)) 2 (f(n) +f(x2))8 ((f(xl) o)™ (f<x1)+f(xz)x2> =
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On the right-hand size there are the n — 2 terms of the sum (from i = 3 through i = n) plus the newly generated one
further on the left, a total of n — 1. By the inductive step we have the following.

f(XI) f(xZ) n el
(Fln) + /)™ - (f(x1)+f(x2)x2> +i;f(xz)g( i)
fx)
g( XI +f X2 )m

E(g(x) > x1>+f(x2)>(

v

" +<f<x1>+f<xz>>mf)(%xz+ 23 f(x»xi)

= g flx x1+fxzx2+2fxl z>
i=3

= g f)
i=1

e

as needed.

5.1.6 Law of large numbers

Definition 41 (Sample mean or sample average). Let X be a r.v. with expectation (mean) E(X) = y and standard
deviation . Let an experiment is repeated n times with repetitions independent of each other. Let X; be the random
variable associated with the i-th repetition X; ~ X. Then the sample mean or sample average of Xy, ...,X is defined

as follows.
X1+Xo+...+X,

n

X:

The sample mean X is also a random variable.

Definition 42 (Law of Large Numbers). For any r > 0 the probablity that the sample mean X of n independent
experiments has a value in the interval [ — r, 1L + 7] is to the limit for large n equal to 1.

limpP(|X — | <r)=0

5.1.7 Tails of the binomial distribution

The following result in the form of Equations (5.3) and (5.4) appears in Feller [9] and in its complete form including
Equation (5.2) as Theorem 1.1 in B6llobds [3], where B(n, p;m) is expanded and bounded,
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Theorem 5.5 (Feller[9], Bollobas[3]). Let random variables X; be inpdependent and follow a Bernoulli distribution
that is, X; ~ b(p), and let S, = Y| X;. Then for m = [upn], u> 1,

P(Sy = m) < ——B(n,pim). (5.2)
Furthermore,
m(1—p)
P(S,>m) < . 5.3
n 2= G 2
and ( )
n—m)p
P(S, < . 54
( n = m) (f’lp _m)2 ( )
The first form appears in [3]; the other two in [9].
Proof. Let B(n,p;k) = (Z)pk(l — p)"k. Consider
B ; )p—
(mpik) _ (et Dp—k (5.5)
B(n,p;k—1 k(1—p)

If k < (n+ 1) p the binomial terms form an increasing sequence. If k > (n+ 1) p the binomial terms form a decreasing
sequence. If (n+ 1)p = M, for integer M, then B(n, p;k) = B(n, p;k — 1), since the fraction above is equal to 1. Then
there are two maxima for k and k — 1 or in other words for M = (n+ 1)p and M — 1 = (n+ 1)p — 1. Otherwise there
exists only one integer T such that (n+1)p—1 < T < (n+ 1)p. The same conclusion can be drawn if

B(n,p;k+1)  (n—k)p
B(n,p;k — (k+1)(1—p) (5.6)

If (n—k)p > (k+1)(1—p) orequivalently k < (n+1)p— 1 then the sequence is increasing, if (n—k)p < (k+1)(1—p)
or equivalently k > (n+ 1) p— 1 then the sequence is decreasing, and for (n—k)p = (k+1)(1—p)ork=(n+1)p—1,
the sequence attains a maximum at two points M —1 =k = (n+1)p—1and M =k+ 1 = (n+ 1) p. In the remainder
we work with the second form. Note that m = [upn]| > (n+1)p.

Therefore B(n, p;m+ 1)/B(n, p;m) is a decreasing sequence. From Eq. (5.6) we have that

B(n,p;m+1) (n—m)p

B(n,psm — (m+1)(1—p)

(n—m)p (1=m)p 1 ot us

Therefore P(S, > m) is a geometric series with largest term B(n, p;m) and ratio at most =5 < m(1=p)

call the ratio r. Then

1
P(Sy>m) < 7—B(n, p;m). CH))
—r
For r = Z"P we have
m(1-p)
. o~ (n=mp
m(1—p)
o 1
1-r 1_(”*”1)17
m(i—p)
17
_ mi=p) (5.8)

m—np
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Therefore Eq. (5.7) by way of Eq. (5.8) becomes.

1 1—
P(S0 > m) < ——B(n, pim) < Bn, pym) L) (59)
1—r m—np
Between M = (n+ 1) p and m there are at least (m — np) terms that are at least B(n, p;m). Then we have
m
(m—np)B(n,p;m) < Y B(n,p;i) <1
i=M
Bnpim) < — 1 (5.10)
(m —np)
Therefore we conclude that Eq. (5.9) by way of Eq. (5.10) is as follows.
1- 1-
P(S, > m) < B(n, pym) "L o m(1=p) (5.11)

m—np ~ (m—np)?’

as needed in Eq. (5.3). We derive Eq. (5.4) by using the antisymmetry of the result of Eq. (5.3). In Eq. (5.4) we are
interested in at most m successes therefore at least n — m failures. Therefore we rewrite the just derived Eq. (5.3),
where ¢ = 1 — p is replaced by p and m is replaced by n —m and p is replaced by g i.e. 1 —p. We then obtain the
following.

(n—m)p (n—m)p
P(S,>n—m) < < .
2 =m) S Gy =1 =) = mp—n?
This is a bound for failures > n — m that also translates to a bound for successes < m and this is Eq. 5.4, as required.
For Eq. 5.2 consider r < 1/u and thus in the derivation of Eq.5.8 1/(1 —r) < u/(u— 1), as needed. |

(5.12)

5.1.8 Example

Example 27. Let X;,...X, be bernoulli b(p) random variables. Then S, = };X; is such that S, ~ B(n,p). Then
E(S,) =np = u and var(S,) = Y;var(X;) = npq as noted earlier. Let us reformulate this as follows: let nX ~ B(n, p)
that is S,, = nX. For any € > 0 we have the following using Chebyshev’s inequality.

P18, ~ E(S,)| > 1) = P(X ~ E(X)| > 1) < pa/nt’

Proof. By Chebyshev’s inequality
P(|S, —E(S,)| > 1) < var(X)/1?

Starting with
1
P(;|S,, —E(Sp)| >1)=P(|Sy —E(Sy)| >n-1)

and the latter by Chebyshev’s inequality
P(|Sy — E(Sy)| > n-t) < var(S,)/n*t*

Therefore !
P(;\Sn —E(Sy)|>1) < var(S,,)/nZt2 = Z’var(Xi)/nzt2 = npq/nzt2 = pq/ntz.
i

Furthermore we note, S,,/n =X and E(S,)/n = E(X) and the result follows. |
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Chernoff’s inequalities

6.1 Chernoff’s method

In [4] bounds on the tails of a set of Bernoulli trials are discussed in the form of Theorem 1. Theorem 1 of [4] is
restated below as Theorem 6.1 after some relevant definitions. One can extract a variety of bounds out of Theorem 6.1.
Such bounds can lead to a sequence of lemmas such as Lemma 3, Lemma 4, Lemma 5, and Lemma 6 for the right
tails, and Lemma 7, and Lemma 8, and Lemma 9 for the left tails, and their associated corollaries along with some
obvious concentration bounds (left and right tail bounds).

Definition 43. Let X;, i = 1,...,n be independent random variables identical in distribution to random variable X
whose moment generating function is My (¢) = E(e'X), and its cumulative distribution function is Fy(x) = P(X < x).
Let E(X) = p = u and define S, =Y | X; and E(S,,) = nE(X) = ny, and

m(r) = infE(¢'X ") = infe "My (1) = infe " E(e/X).

The infimum is with respect to the #’s values. My (¢) attains a minimum value m(0).

Skipping some other details, the 7 value for the minimum is finite unless P(X > 0) =0 or P(X < 0) = 0 and then
m(0) = P(X =0). If P(X <0) > 0and P(X > 0) > 0 then m(0) > 0. The following is Theorem 1 of Chernoff [4]

Theorem 6.1 (Chernoff [4]). IfE(X) < e and r > E(X) then

P(S, >nr) < (m(r))". 6.1)
IfE(X) > —ccand r < E(X) then
P(S, <nr) < (m(r))". (6.2)
If0 < u < m(r) and E(X) might not exist,
(m(r) —u)" _ 0. 6.3)

im =
n—es P(S, < nr)

Proof. In order to prove Eq.(6.1) we perform the following transformation, using in the last step Markov’s inequality,
and before that the monotonically increasing function X — ¢'*. Consider a ¢ > 0 and the monotonically increasing

43
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function f(x) = €.

P(S,>nr) = P(tS, >1tnr)
_ P(etSn Z enrt)
E(e')

et
efnrlE(etSn ) (64)
= "M, (1). (6.5)

IN

We then examine Ms, () = E(e'S"). Since S, = ¥; X;, then

E(etsn) — E(etZiXi)

— E(HetX,-)

i

= HE(etX")
i
= HMXi (t)
1
= (Mx()". (©6)
From Eq. (6.5) by way of Eq. (6.6) we obtain the following.

S efnrtE(etS,, )
S e—nrt (Mx([))n
(e My (1))"

= inf(e™"Mx ()"
inf (m(r))". 6.7)

>0

P(S, > nr)

This completes the proof of Eq.(6.1).
The proof of Eq.(6.2) is similar. Consider a ¢ < 0 now.

P(S, <nr) = P(tS, >tnr)
P(etSn > enrt)
E(e"n)

enrt
efnrtE(etSn )
= e "My, (1). (6.8)

IN

IN

The rest is identical to the previous case. |

In most of the discussion to follow we will assume that X; and X follow a Bernoulli distribution i.e. X; ~ b(p) and
X ~ b(p) and thus E(X;) = E(X) = p, where 0 < p < 1. Then, S, ~ B(n, p). Therefore we have the following.

Mx(t):E(etX):et~p—|—1-(l—p):1+p(et—l)§epet_p.

The last part is because for all x, we have e* > 1 4 x.
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Definition 44 (Kullback-Leibler). The Kullback-Leibler divergence Dgz, or just simply D is defined as follows for
two distributions of n elements P = U;{p;} , p; >0, 0 =Ui{q;} ,q; >0,i=1,...,nsuch that}; p; =Y, q; = 1.

DkL(P[|Q) = D(P||Q) szln* (6.9)

6.2 Derived right tails

We derive the first Chernoff bound for a Binomial r.v. S,, which is the sum of n Bernoulli random variables, using
Eq.(6.1).

Lemma 3. Ler X; be independent random variables following the same distribution as random variable X, X ~ b(p),
where 0 < p < 1. Let S, = ¥; X;. Then, for any r such that p < r < 1 we have the following.

PngWnSemw—Dvmmnz[(fY(i‘f)lWn- (6.10)

Sometimes r = p+¢ and the bound p < r < 1 becomes p < p+t < 1 or equivalently 0 < t < 1 — p. We report this
variant in Corollary 20.

Proof. (Of Eq. (6.10))
By Eq. (6.7) we have the following considering that My (1) = E(¢’X) = 1+ p(e' —1) < eP? P,

P(S,>nr) < inf(e "My (t) )

>0
< inf(e "(14p(e —1)))"
< inf Hpe_l) 6.11)
< inf(exp(f(1)))" (6.12)

As indicated by Eq. (6.12), f(t) = In((1+ p(¢ —1)) — rt. Consider f (t) = pe' /(1 + pe' — p) — r. Equating to
zero f () = 0 and solving for # we obtain ¢’ = (1 — p)r/(p(1 —r)). Continuing with the second derivative we find
£ (t) = p(1—p)é' /(14 pe' — p)® > 0. Therefore f(r) has a minimum for ¢’ = (1 — p)r/(p(1 —r)). We then continue
with Eq. (6.11) as follows.

PS> nr) < inf((]+p(et_ 1”) (6.13)
>0 e
The denominator exp (rt) for ¢’ = (1 —p)r/(p(1 —r)) is as follows.
exp (1) = (1= P/ (o1 =) = 6.14)

Likewise the numerator is as follows.

(14 p(e t1-p=—"T (6.15)
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Therefore we have the following for the quantity below.

o B F1— Y N
(1+p£” ) _ ll_lr)'fl(—lp)rzr: l(l’> (11’) ] , (6.16)

The proof is completed. u

We generate one more bound from Eq.(6.1). The bound is stronger than the Corollaries to follow that bring it into
an easier to deal with form.

Lemma 4. Let X; be independent random variables following the same distribution as random variable X, X ~ b(p),
where 0 < p < 1. Let S, = Y;X;. Then, for any r such that p < r < 1 we have the following, after we substiture
r=(14+8)p, 6 >0.

r

.o\ 1) =
P(S, >rn) =P(S, > (146)pn) < (Zp .1’7”) = ((H’;)H‘S) (6.17)

Proof. By Eq. (6.7) we use Mx (1) = E(e'’X) = 1 + p(e' — 1) < eP P to obtain the following.

P(S, >nr) < inf(e*”(1+p(ef—1)))”
< t1r>1£(e 1 gpe! p) (6.18)
< 1nf (e p(pe' —p—rt))"
< lnf(CXP( )" (6.19)
t>0

The second to last part is because for all x, we have e* > 1+x. By Eq. (6.18) and Eq. (6.19) we have f(r) = pe' —p—rt.
Since f (1) = pe' — r, setting f (1) = 0 we obtain = In (r/p). Moreover, f (t) = pe' is equal to f* (In(r/p)) = r > 0.
Therefore f(¢) has a minimum at ¢ = In(r/p). Substituting this value for ¢ in Eq.(6.19) the following is obtained.
P(S,>nr) < ing (exp(pe' —p—rt))"
>
< (exp(p(r/p)—p—rin(r/p))"
r r\n
ep
(el’ g ) (6.20)
Finally we substitute r = (14 &) p in Eq. (6.20) to obtain our result

o1+8)p p(1+5) "
P(S,>nr) <

A

IN

P-((1+8)p)+or

el w
< ((1+5)1+5> 6.21)

A simpler proof of Eq. (6.10) for binomial random variables is found in [5] and the proof is presented below.



6.2. DERIVED RIGHT TAILS 47

Lemma 5 ([S]). Let X; be independent Bernoulli random variables following the same distribution as random variable
X, X ~b(p), where 0 < p < 1. Let S, = ¥, X;. Then, for any r such that p < r < 1 we have the following.

P(S, > rn) < exp(=D(r||p)n) = [<P>r (1 —P> ”} n, (6.22)

r 1—r

Proof. Let B(n,p,k) =Y." ,B(n,p;i). For any x > 1, we have

N

Bln,p.jo) < i(?)pi(lp)"‘ixi—k

i=0

< x_kii‘é(’z)pi(l—l’)"_ixi
< L (N wa—pr
< xK1+@x-1)p)" (6.23)

For r > p consider x = (1 — p)r/(p(1 —r)) and substitute for the x of Eq. (6.23). We obtain the following.

B(n,p,k) < x_k(l +(x—=1)p)"

C?l(l_—p)r;) B <1+ (S(l_—ng ‘”P))n (6.24)

The result then follows. [ |

IN

We present an alternative Chernoff bound formulation which follows the simple case of Hoeffding bounds, where
a; =a = 0and b; = b = 1. Naturally it applies to Bernoulli or binary random variables (e.g. Rademacher).

Lemma 6. Let X; be independent Bernoulli random variables following the same distribution as random variable X,
X ~b(p), where 0 < p < 1. Let S,, = Y; X;. Then, for any r such that p < r < 1 we have the following.

P(S, > rn) <exp (72n(rfp)2). (6.25)

Proof. The proof follows the steps of the proof of Theorem 6.1 to Eq.(6.4).

E (elsn )
enrt

P(S, > nr) = P(tS, > tnr) < < e "E(e) (6.26)

We then proceed differently as follows.

P(Sy>nr) < e "E()
< efnrtenptE (el‘(Sn*”Iﬁ )
< efnrH*nplE(H et(Xi*P))
i
< e rtnpt HE(ef(Xi*P)) (6.27)
i
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We note that r.v. X; — p is bounded and E (X; — p) = E(X;) — p = p— p = 0. Then, Proposition 10 that is being utilized
in Hoeffding bounds can be used to show the following.

2
E(!XiP)) < exp <t8) . (6.28)

Eq.(6.27) by way of Eq.(6.28) yields the following.

P(S,>nr) < e*”r””p’HE(e’(X"*p))
i

2
t
< efnrtJrnpt ex T
[2
S e—nrt-‘rnpt exp (n8>
ni 2
< e—nrt-‘rnpt+ ’T . (629)

Consider the exponent of Eq.(6.29): f(1) = —nrt +npt +ni* /8. Its first derivative is f (1) = —nr+np+1/4. Equating
it to zero and solving for 7 we have that f (1) = 0 = —nr+np +1/4 yields

t=4(r—p). (6.30)

Given that f"(r) = 1/4 > 0, we have a minimum at ¢ = 4(r — p) for f(r). Therefore Eq.(6.29) by way of Eq.(6.30)
yields the following.

2
P(Sn > nr) e—nrt+npt+%

IN

. _ 2
o 4r—p)Fnp-4(r—p)+ g 16(r—p)

IN A

e 2n(r=p), (6.31)
Eq.(6.31) is Eq.(6.25) as needed. |

The following corollary is more widely known than Lemma 6.

Corollary 15. Let X; be independent Bernoulli random variables following the same distribution as random variable
X,X ~b(p), where 0 < p < 1. Let S,, = ¥, X;. Then, for any r such that p < r < 1 we have the following.

P(Sy — E(Sn) > rn) < exp (—2nr?). (6.32)

Proof. In Lemma 6 substitute r + p for r. Then P(S, > (r+ p)n) = P(S,, > rn+ pn) = P(S, — E(S,) > rn) and then
substitute r + p for r in Eq.(6.25) to obtain Eq.(6.32). |

The following Corollary can be obtained from Lemma 4. It provides a more tangible upper bound than the generic
one of the Lemma.

Corollary 16. Let X; be independent random variables following the same distribution as random variable X, X ~
b(p), where 0 < p < 1. Let S,, = }; X;. Then, for any 6 > 2e — 1. we have the following,

P(S, > rn) = P(S, > (14 8)pn) <27 (1+9)pn, (6.33)
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Proof. From Lemma 4, we have

65 el+6 el+6 5
< < <2~ (1+9),
(1+8)(148) = (2¢)(148) = (2¢)1+8

The result follows then. [ |

The following Corollary is also obtained from Lemma 4. Note that § > 0 is better than the 0 used in Corollary 19
that follows it.

Corollary 17. Let X; be independent random variables following the same distribution as random variable X, X ~
b(p), where 0 < p < 1. Let S,, = }; X;. Then, for any 6 > 0 we have the following.

s
P(S, > (1+68)pn) <exp (2+65 -pn). (6.34)

Proof. We would like to upper bound the bound of Eq.(6.17) of Lemma 4, as follows.

ed 52
- < -
(1o =35
Consider function f(¢) defined as follows.
2

By inequality 20

Therefore we have the following result

f(t) §5—(1+5)1n(1+6)+2(126 < 6(2+6)_(21:_56)(26)+62 o

The Corollary then follows. |

A small improvement has been proposed by McDiarmid in the following form.

Corollary 18 ([16]). Let X; be independent random variables following the same distribution as random variable X,
X ~b(p), where 0 < p < 1. Let S,, = Y; X;. Then, for any 6 > 0 we have the following.

_§?
P(S, > (1+8)pn) <exp (2"‘26/3 'pn>. (6.35)

Proof. The proof utilizes the following inequality for all x > 0.

)C2
(l +x)ln(1+x) —x> m
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The following Corollary can also be obtained from Lemma 4. It is similar to the one in [2] for the binomial case.

Corollary 19. Let X; be independent random variables following the same distribution as random variable X, X ~
b(p), where 0 < p < 1. Let S, = ¥; X;. Then, for any & such that 0 < § < 1 we have the following.

_s2
P(S, >rn)=P(S, > (14 9)pn) < exp (f -pn). (6.36)

Proof. By inequality (27) we have for 0 < § < 1, (1+8)In(148) > & + 82 /3. This results to

Py e 52

<e 3.

(1+8)01+9) = eS+82/3 =

The result follows. Note that as proved, 6 < 1. However, we can improve the upper bound 6 < 1 by a more tedious
approach. We show it below. Consider as before in Corollary 17, function f(¢) (¢ substitutes for d) defined as follows.

2

7(0) :t—(1+t)ln(1—|—t)+%.

We would like to show f(r) > 0. We first calculate its first derivative.
f()=2t/3=1n(1+1).

We note that £ (0) = 0 and f (1) < 0. In order to study the monotonicity of f (f) we go on calculating the second
derivative.

f(1)=2/3-1/(1+1).

We note that £ (0) < 0 forz < 1/2 and f" (1) > 0 for 7 > 1/2. This means that £ () is monotonically decreasing for
t < 1/2 and given f'(0) = 0, negative for # < 1/2, and monotonically increasing and since f (1) < 0 also negative for
1 > ¢ > 1/2. One can also separately confirm that f(1/2) < 0. Thus f(8) < 0forall 0 < 6 < 1. The 6 > 0 is needed
since r > p. |

We report below a corollary variant of Lemma 3. This is Corollary 20.

Corollary 20. Let X; be independent random variables following the same distribution as random variable X, X ~
b(p), where 0 < p < 1. Let S,, = }; X;. Then, for any ¢ such that 0 <t < 1 — p we have the following.

p p+t 1—p 1—p—t]"
<p+t) (1—p—t) ' ©37

P(S, > (p+1)n) <exp(=D((p+1)||p)n) =

6.3 Derived left tails

We proceed to deriving a Lemma identical to Lemma 3 for the left tails. This is stated next.
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Lemma 7. Let X; be independent random variables following the same distribution as random variable X, X ~ b(p),
where 0 < p < 1. Let S, = ¥; X;. Then, for any r such that 0 < r < p we have the following.

r

P(S, < rn) < exp(~D{rllp)n) = [(p)r (=2) ”] . 638)

Sometimes r = p —¢, and the bound 0 < r < p becomes 0 < p—t < p or equivalently 0 <7 < p.

Proof. (Of Eq. (6.38))
Method 1. A simple argument works as follows: the upper bound on the number of successes generates a correspond-
ing lower bound on the number of failures. Thus for F; = 1 — X;, we have Y F; = n—Y; X; or equivalently ¥, = n—S,.
Therefore

P(S,<rn)=Pn—S,>n(l1—r))=PY, >n(1-r))

The latter bound by Lemma 3 is bounded above by Eq.(6.10) adjusting it with r replaced by the 1 —r of ¥,, > n(1—r)
and p by 1 — p to account for the failures not the successes of random variable Y,,. The end result is that

P(Sy < rm) <exp(=D((1=7)[[(1=p))n).
However D((1 —r)||(1 — p)) = D(r||p) and therefore

P(Sp < rn) <exp(=D((1=r)||(1—p))n) = D(r||p).

Method 2. Now let us reprove it following the method of the proof of Lemma 3. Consider ¢ > 0, and apply the
Chernoff trick and finally use Markov’s inequality as we did earlier.

P(S,<nr) = P(tS, <tnr)

= P(—tS, > —tnr)
P(efzSn 2 efan)

< E(etsn)

— enrt

S enrtE<e7tS,, )

< enrt (E(e—Xt))n (639)

We calculate E(e ™) = 1+ p(e™" — 1) < eP*'~P_ The rest of the calculation are similarly to the ones before

P(S, <nr)

IN

jnf (" +ple = 1))’
< inf(exp(7()" (6:40)

As indicated by Eq. (6.40), f(r) = In(1+p(e~" — 1)) +rt. Consider f (1) = —pe~' /(14 p~' — p) + r. Equating to
zero f (1) = 0 and solving for ¢ we obtain e = (1— p)r/(p(1 —r)). Continuing with the second derivative we find

f'(t) = p(1 = p)e™' /(1 + pe~" — p)* > 0. Therefore f() has a minimum for " = (1 — p)r/(p(1 —r)). We then
continue with Eq. (6.40) as follows.

P(Sy<nr) < inf(e"(1+p(e'—1)))" (6.41)
t>0



52 CHAPTER 6. CHERNOFF'’S INEQUALITIES

The term exp (rt) for e " = (1 —p)r/(p(1 —r)) is as follows.
pr—r)y

exp (rt) = d—pyr (6.42)
Likewise the other term is as follows.
(14 ple ' — 1)) = PU=1) _p;((ll :Z))er(l P llilr’ (6.43)
Therefore we have the following for the quatinty below.
(14 plet — 1)) = AP PO l(ﬁy (1 ‘P)IT, (6.44)
Il—r (1=p)rr r 1—r
|

We generate one more bound below.

Lemma 8. Ler X; be independent random variables following the same distribution as random variable X, X ~ b(p),
where 0 < p < 1. Let S;, = Y; X;. Then, for any r such that 0 < r < p or, equivalently, for any & such that 0 < é < 1
we have the following.

e .pr n 676 pn
P(S, <rmn)=P(S, <(1—-8)pn) < ( : > = <(1—5)(15)> (6.45)

Proof. We calculated earlier E(e~"X) = 1+ p(e™" — 1) < eP* '~P. By way of Eq.(6.40) we have the following.
P(S, < < inf(e"(1 - —1)))"
(Sp<nr) < inf(e"(1+p(e —1)))

< inf (exp(pe™" —p+rt))" (6.46)
< inf(exp(f(1)))" (6.47)

By Eq. (6.46) and Eq. (6.47) we have f(r) = pe™' — p+rt. Since f (1) = r— pe™', setting f (1) = 0 we obtain
t =In(p/r). Moreover, f' (t) = pé' is equal to " (In(p/r)) = r > 0. Therefore f(¢) has a minimum at r = In(p/r).
Substituting this value for ¢ in Eq.(6.46) the following is obtained.

P(S, <nr)

IN

inf — " n
inf (exp (pe™" — p+11))

A

< (exp(pr/p—p+rin(p/r))"
e pr n
(ep _ rr> (6.48)
Finally we substitute r = (1 — 8)p in Eq. (6.48) to obtain Eq.(6.45).
(1-8p. ,1-8p \"
e p
P(Sy<nr) < (ep ((1— 5)p)(1—5)p>

e ® w
< ((1—8)“‘”) (6.49)

IN
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There is a weaker but more easier to deal bound for small p. This is shown next. It is similar to the one in [2] for
the binomial case.

Corollary 21. Let X; be independent random variables following the same distribution as random variable X, X ~
b(p), where 0 < p < 1. Let S,, = }; X;. Then, for any 0 such that 0 < 6 < 1 we have the following.

_52
P(S, < (1—-0)pn) <exp <26 ~pn). (6.50)

Proof. By inequality (26) we have for every 0 < § < 1, (1 —8)In(1 — &) > —& — §%/2. This results to

e < ed < 73722
(1-8)10 = g6 8p =%

The result follows. u

The symmetric case for the left tails to Lemma 6 is stated below.

Lemma 9. Let X; be independent Bernoulli random variables following the same distribution as random variable X,
X ~b(p), where 0 < p < 1. Let S,, = Y; X;. Then, for any r such that 0 < r < p we have the following.

P(S, <rn) <exp (—2n(r—p)2). (6.51)

Proof. The proof is by symmetry to Lemma 6 for ¥; = 1 —X; and };¥; = n — S, instead. |

The following corollary is then evident.

Corollary 22. Let X; be independent Bernoulli random variables following the same distribution as random variable
X,X ~b(p), where 0 < p < 1. Let S,, = ¥, X;. Then, for any r such that 0 < r < p we have the following.

P(S, —E(S,) <rn) <exp (—anz). (6.52)

6.4 Derived concentration bounds

Finally the following Corollary can also be obtained from Corollary 19 and Corollary 21.

Corollary 23. Let X; be independent random variables following the same distribution as random variable X, X ~
b(p), where 0 < p < 1. Let S, = ¥; X;. Then, for any & such that 0 < § < 1 we have the following,

_S2
P(|S, —np| > 8pn) <2-exp <35 ~pn>. (6.53)
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Proof. We have the following
P(|Sy —np| = 8pn) = P(Sy —np > 8pn) +P(Sy —np < —8pn) = P(S, = (14 8)pn) +P(S, < (1—95)pn)

By Corollary (19) we bound P(S, > (1+ 6)pn). By Corollary 21 we bound P(S,, < (1 — §)pn). Simple manipulations
show exp (7752) < exp (%52) The result then follows. |

The following is a direct consequence of Corollary 15 and Corollary 22.

Corollary 24. Let X; be independent Bernoulli random variables following the same distribution as random variable
X,X ~b(p), where 0 < p < 1. Let S,, = Y; X;. Then, for any r such that 0 < r < p we have the following.

P(|Sy —E(Sy)| > rn) <2-exp (—Zn(r—p)z). (6.54)



Chapter 7

Hoeffding’s inequalities

7.1 Hoeffding’s method

We now present Theorem 1 and Theorem 2 of Hoeffding [13]. The work [13] deals with random variables that are not
necessarily Bernoulli but are bounded e.g. 0 < X; < 1 or a; < X; < b;. Theorem 1 [13] for the case of Bernoulli trials
takes the form of Corollary 20 associated with a Chernoff bound.

That’s why several times the terms Chernoff and Hoeffding refer to the same bound. Theorem 1 of [13] is the
strongest among the Hoeffding bounds. The bounds are sufficient for large deviations. Otherwise one can use bounds
available in [3] and [9]. Angluin-Valiant bounds [2] are weaker but more useful; the latter are or may be more useful
for small p.

7.2 Derived right tails

Note that all random variables X in the two theorems that follow are to have finite first and second moments. This
Theorem 1 of [13] follows.

Theorem 7.1. Let X; be an independent random variable, i =1,...,n. Let S, = Y, X;, X = S,/n and p = E(X). Then
for any h such that 0 < h < 1 — p we have the following.

P(X—p>h)) P(S, > (p+h)n)

exp (=D((p+h)[|p)n)

p p+h 1—p 1—p—h]"
<p+h> <1—p—h> ‘ 7D

Note that if 7 > 1 — p, then Eq. (7.1) remains true, and for 7 = 1 — p, the right-hand side can be replaced by the
limit # — 1 — p which is p".

We provide a proof below for the Theorem following the techniques of the Chernoff’s method also attributed to
Cramér [7]. The theorem also appears as Theorem 5.1 in [15].

IA

Proof. In order to prove Eq.(7.1) we perform the following transformation, using in the last step Markov’s inequality,
and before that the monotonically increasing function X — ¢'*. Consider a ¢ > 0 and the monotonically increasing

55
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function f(x) = ¢"*. Note that 0 < & < 1 — p below.

PX—p>h) = P

Su > (p+h)n) (7.2)

e A (7.3)
We then examine E (e/57).
E(ets") — E(et):ixi)

T1EC) (74)
i=1

By the convexity of function f(x) = exp (tx) we have the following: the line segment connecting the points (a, f(a))
and (b, f(b)) lies over f(x). The equation of the line segment is as follows.

th __ ta
y—em:eb_z (x—a). (7.5)
Therefore,
wX—a  ,b—x
=e’— . 7.6
y=e b—a te b—a (7.6)
Because of the convexity of f we also have the following.
elx<y:€lhx_a+e[llb_x (77)
- b—a b—a '
We now consider E(¢'*1). We have the following.
, E(X)—a b—E(X;)
E(ei) < P2 fa . 7.8
(T <e b—a te b—a (7.8)
Because 0 < X; < 1,a=0and b = 1, Eq.(7.8) can be simplified.
E(e™) <E(X)+e(1-E(X) < pit1-pi, (7.9)
where p; = E(X;). Then we plug Eq.(7.9) into Eq.(7.4). We derived the following.
n
E(S) = HE(e’X")
i=1
n
= [l .10

i=1

Given that geometric means are at most their arithmetic means we have the following.

n 1/n . .
<H(etpi+1—[7i)> SZMS(E[H—I—IJ). (7.11)

n

i=1
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Therefore Eq.(7.11) into Eq.(7.10) yields the following.

n
E(®) = []pi+1-p)
i=1
< (fp+1-p)"

From Eq.(7.3) utilizing Eq.(7.12) we finally derive the following.

P pah) < S
< e—n(p-ﬁ-h)t(gzp+ 1-p)" (7.12)
< exp(—n(p+h)t+n-In(e'p+1—p))
< exp(s()) (7.13)

We consider the monotonicity of function g(¢).

/

g (t) =—(p+h)n+npe' /In(1—p+ pe'). (7.14)
Setting g () = 0 and solving for ¢ we have,

R (R p)

, = (7.15)

p(l—p—h) p(l—p—h)
Moreover (p+h)(1—p) > p(1 — p—h) and thus #p > 0, since h < 1 — p and thus 1 — p— & > 0. Substituting Eq.(7.15)
for ¢ in g(¢) in Eq.(7.13) the result in the form of equation Eq.(7.1) follows. |

Theorem 1 of [13] includes (weaker) upper bounds of Eq.(7.1) of the form exp (—nh*k(p)), where

1 1—p
k(p) = ———In——
(p) 2",
for0 < p <1/2,and
1

2p(1-p)’
for 1/2 < p < 1. The proof arguments are tedious and we refer to [13]. Furthermore, a weaker bound of the form
exp (—2nh?) can also be derived. This can be established also through Theorem 2 of [13] that is stated and proved

below.
Theorem 2 of [13], utilizes the following result that is proven separately.

k(p) =

Proposition 10 (Hoeffding [13], Eq (4.16)). For a random variable X such that a < X < b with E(X) = 0 and for any
t > 0, we have the following.
t*(b—a)? )

E[e’X] < exp ( =
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Moreover, E(X) = 0. By taking expectations on both sides we conclude the following.

E(X) < E(

<

IN

IN

Consider

E(¥) < exp(lg(b‘_“aef"+bfaem))=exp<1n<g<r)>>.

The function g(¢) will be rewritten as f(¢) = In(g(r)), and furthermore by some change of variables, using p =
b/(b—a) and therefore 1 — p = —a/(b—a), and x = (b —a)t. Then we have, after renaming variables with substitution,
the following. Note thatta = (x/(b—a))-a= (x/(b—a))-(p—1)(b—a) =x(p—1).

f(t) = In(g(1))
f@) = 1n<b_ae’b+bfaem>
(

In (" ((1—p)e* +p))
= ta+In((1-p)e*+p)
fx) = x(p—1)+In((1-p)e*+p) (7.16)
Function f(x) as indicated in Eq 7.16 has the following properties: f(0) =0 and f’(0) = 0. We point out that

/ o (1_p>ex
fx)=p 1+7p—|—(1—p)ex7

d
" iy =P+ (1=p)e) (1= ple(1=ple” __p(1=p)e
(p+(1—p)er)? (p+(1=ple)*

Using Taylor’s formula we obtain
F) = FO)+£0)+f (r)x*/2!,
for some r. We are going to find the maximum of f”(x). We observe that f”(x) = A- B, where A+ B = 1, with

A=(p)/(p+(1—p)e) and B=((1 —p)e*)/(p+ (1 — p)e*). Therefore the second derivative is maximized for
A=B=1/2and f”(x) < 1/4. This implies.

F@) = F0)+ £/(0) + £ (rx? /20 SO+0+(1/4)(1/2)x* < 22/8.
Moving backwards, Equation (7.16) then yields, after recovering the original variable names,

E(e¥) exp (In(g(1)))
exp (x*/8)
exp ((b— a)t2/8) .

IN

INIA
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Theorem 2 of [13] is stated and proved below. Whereas in Theorem 1 of [13] variables X; were bounded in range
by 0 and 1, the bounds next are variable, in the sense that a; < X; < b;.

Theorem 7.2. Let X; be an independent random variable, i = 1,...,n. Let S, = Y,;X;, X = S, /n, where a; < X; < b;
and p = E(X) and E(S,,) = np. Then for any h such that 0 < h < 1 — p we have the following.

5,212
P(Y—pzh))ZP(SnZ(p+h)n)§e><p< = 2 ) (7.17)

Ly (bi—a;)?

Proof. In order to prove Eq.(7.17) we work out similarly to the other bound of Eq.(7.1). Consider a ¢t > 0 and the
monotonically increasing and convex function f(x) = €.

P()_(—p >h)) = P(S,—E(Sn)
— p(el(sn*E(Sn))
E(ez(S,rE(Sn)))
ehtn
Mg (! SE ) (7.18)

inf e*hmE(el(Sn*E(Sn)))
h>0

hn)
etlm) )

AVARLY,

IN

IN A

We then examine E (e (Sn—E (S"))). Note that X; are independent random variables for Eq.(7.19) to be valid.

E(SEGD)Y = p(oTiXi-EEiX)
= []E(e®EwD) (7.19)
i=1

Since E(X; — E(X;)) = 0, the conditions of Proposition 10 are satisfied. Therefore

2 2
E(E%E0) < exp <f(b—a) ) (7.20)
= 8

Eq.(7.18) by way of Eq.(7.19) and Eq.(7.20) yields the following.

P(X—p=h) < infe E(/SES)
>

S inf e*hln IEIE(et<Xi7E(Xi)))
i=1

h>0
n tz(b' _ a,>2
< : f —htn L i
- goe iIJlexp ( 8
no (b, _a,)2

< inf —htn+1* (bi—ai)” 721
< ggoexp < n—+ ,gi g ( )
< infexp(g(t)) (7.22)

h>0
Function #(¢) is a parabola. Its minimum is for

4hn

_ 7.2
i (bi —a;)? 7.2

o =
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Substituting fy for ¢ in Eq.(7.21) yields the following equation.

- no(h.— a-)2
PX—p>h) < inf hn42y B @) 7.24
X-p=h) < goem< n+ ; g (7.24)
2h*n? )
< expl—s—F—— |- (7.25)
b ( i1 (bi—ai)?
The proof is complete as Eq.(7.25) is Eq.(7.17). |
By symmetry one can also prove the following e.g. by ¥; = —X;.

Theorem 7.3. Let X; be an independent random variable, i = 1,...,n. Let Sy, = Y,; X;, X = Sy /n, where a; < X; < b;
and p = E(X) and E(S,) = np. Then for any h such that 0 < h we have the following.

_on2h?
P(ngh))P(Sné(ph)n)Sexp< n 2nh >

7,-:1(571' —a)? (7.26)

In [15], Theorem 7.1 appears as Theorem 5.1, and Theorem 7.2 and Theorem 7.3 appear as Theorem 5.7 there.
There are variants of Theorem 7.1 and Theorem 7.2. These include the following ones.

Corollary 25. Let X; be an independent random variable, i = 1,...,n, such that a < X; < b. Let S, = },;X; and
E(S,) = np. Then for any & such that 0 < 6 < (1 — p)/p we have the following.

—2n262p2
Proof. Set h = dp in Theorem 7.1. Moreover a; =a, b;=b,i=1,...,n. [ |

A similar corollary to Corollary 25 can be proven for P(S, < (1 — 8)pn), if one bounds the number of failures
rather than successes with Theorem 7.2 or if a; = 0 and b; = 1, equivalently consider ¥; = —X;. The upper bound
would be identical then.

Corollary 26 appears in [15] as 5.3 in Corollary 5.2 fora=0and b = 1.

Corollary 26. Let X; be an independent random variable, i = 1,...,n, such that a < X; < b. Let S, = },;X; and
E(S,) = np. Then for any A such that 0 < & < n—np we have the following.

—2h?
P(S, > +h) < expl=—-+-——]. 7.28
( n_pn ) — p< ?_l(bi_ai)z) ( )

Proof. Replace hn in Theorem 7.2 with h. |

Moreover one can combine Corollary 26 and Corollary 30 to bound P(|S, — pn| > h).
The following is due to [2]. It also appears as Corollary 19 and Corollary 21
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Theorem 7.4 (Angluin-Valiant[2]). For everyn, p, bwith0 < p <1 and 0 < b < 1, we have the following.

k=[(1-b)np|

Z B(nap7k) gexp(—bznp/Z),
k=0

and
n

Y. B(n,p:ik) <exp(—b*np/3).
k=[(14+b)np)

For the case of a binomial distribution of Bernouli trials the following becomes available.

Corollary 27. Let X; be an independent random variable, i = 1,...,n, such that X; ~ b(p), where 0 < p < 1. Let
Sn=Y,;X; and E(S,) = np. Then for any & such that 0 < § < (1 — p)/p we have the following.

P(S, > (1+8)pn) < exp(—2n8%p?). (7.29)

Corollary 28. Let X; be an independent random variable, i = 1,...,n, such that X; ~ b(p), where 0 < p < 1. Let
Sy =Y,;X; and E(S,) = np. Then for any /& such that 0 < 2 < n — np we have the following.

—21?
P(S,>pn+h) < exp . (7.30)
n
7.3 Derived left tails
Corollary 29. Let X; be an independent random variable, i = 1,...,n, such that a < X; < b. Let S, = };X; and
E(S,) = np. Then for any J such that 0 < § < 1 we have the following.
_2n2 62p2
P(S, <(1-8)pn) < exp (n(ba)z > (7.31)
Proof. Bound the number of failures rather than successes with Theorem 7.2 or equivalently consider ¥; = —X;. W

Corollary 30 appears in [15] as 5.4 in Corollary 5.2 fora=0and b = 1.

Corollary 30. Let X; be an independent random variable, i = 1,...,n, such that a < X; < b. Let S, = };X; and
E(S,) = np. Then for any A such that 0 < & < 1 — p we have the following.

_ "2

i=1
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For the case of Bernoulli trials we have the following simplifications.

Corollary 31. Let X; be an independent random variable, i = 1,...,n, such that X; ~ b(p), where 0 < p < 1. Let
S, =Y,;X; and E(S,) = np. Then for any & such that 0 < 6 < 1 we have the following.

P(S, < (1-8)pn) < exp(—2n8*p?). (7.33)

Corollary 32. Let X; be an independent random variable, i = 1,...,n, such that < X; ~ b(p), where 0 < p < 1. Let
Sp=Y,;X; and E(S,) = np. Then for any & such that 0 < 2 < 1 — p we have the following.

—2n?
P(S,<pn—h) < exp — ) (7.34)

7.4 Derived concentration bounds

The following Corollary combines Corollary 25 with Corollary 29.

Corollary 33. Let X; be an independent random variable, i = 1,...,n, such that a < X; < b. Let S, = };X; and
E(S,) = np. Then for any J such that 0 < § < 1 we have the following.

22822
P(|S,—np| > 6pn) < 2exp (M) (7.35)

The following Corollary combines Corollary 26 with Corollary 30 instead.

Corollary 34. Let X; be an independent random variable, i = 1,...,n, such that a < X; < b. Let S, = };X; and
E(S,) = np. Then for any & such that 0 < & < 1 — p we have the following.

—2h? )
P(|S,—pn|>h) < 2exp| ==—F—— |- 7.36)
(‘ n p | ) p( ;z:](bi_ai)z (



Chapter 8

Miscellanea

8.1 Combinatorial inequalities

Inequality 1. For any integer n > we have the following.

n!<n", and n!>(n/2)">.

We also have the following.
n! < (E) a2 and

Proof.
Starting with n! = 1-2-...-(n—1) - n, we have that
nl = 1-2-.
S ‘n-
< H.
Likewise n! =1-2-...-(n— 1) -nleads to
nl = 1:2-....n/2-...
> 1-1-...-n/2-..
> (n/z)(n/Z)
Ignoring +/n terms we have the following.
nl = 1.2-...-vn-..
> 1-1-...-v/n-..
> (V"
> ngfg.

The corresponding upper bound can be proven similarly.

63

o

n__
n!>n2

(n—1)n
.nf2-n/2
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Stirling’s approximation for the factorial.

Inequality 2. For any integer n > 0 we have the following.

(n/e)" <n!<en(n/e)".

Inequality 3. For any integer n > 0 and 1 < k < n we have the following.
n\k n ne\k
() <() <)
k k k
Proof.

) = ww

n-(n—1)-...-(n—k+1)
k!

nk . qe / . .
= 0 Stirling’s approximation

nk

Si

(k/e)*

- (7

CHAPTER 8. MISCELLANEA

Instead of using Stirling’s approximation for the factorial we could have used the following Taylor expansion for e*.

o pi o i=kpi Kk
¢ = Yazlizn
P A e A A 4

The last one implies X /kk > 1/k!.
For the lower bound we have the following.

() = mw
(n—k+1) *n—t
t

_on-(n—=1)-...- B
B k-(k—1)-...-1 _Hk—

kfln
> =
_gk

> (3)

Fort=0, (n—1t)/(k—t) =n/k > n/k. For t = 1 through t = k — 1, we have that (n —r)/(k—1t) > n/k, as long as

k<n.

Inequality 4. For any integer n > 0 and k£ < n we have the following.

(e
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Inequality 5. For any integer n > 0 we have the following.

IN

22n on 22m
— < 1
2\/ﬁ - (n) \2m

Inequality 6. The following holds.

Proof.
(2n)! _ (2n)-2n—1)-...-(n+1)
n!-n! n-(n—1)-...-1
_ 2n)-2n—1)-...-2n—i)-...-2n—(n—1))
n-(n=1)-...-(n—i)-...-(n—(n—1))
_ (2n) 2n—1)  (2n—i)  2n—(n—1)
n n—1 "7 n—i 7 n—(n—1)
> 2§2M2M2w
n n—1 n—i n—(n-—1)
> 2"
The latter is due to the fact that .
%21@n—i/22n—i®i/2§i.

Inequality 7 ([3]). Letb < b+x <aand 0 <y < b < a. The following hold.
=il
a—b—x x< a—x\(a\" _(a=b x<ef(b/a>x.
a—x - b b - a -
7] 5
b—y\’ < (47 (¢ < b ’ < o (1=b/a)y.
a-y) ~\b—y/\b “\a) —

The following also holds.

8.2 Series

The primary source for the listed inequalities is [1], [17].

65
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Inequality 8 (Mercator-Newton). For every —1 < x <1 we have

i
BRI I I
(DT =x-5 43

™

In(1+x) =

1

Proof. Obtained from Inequality 11 after a Taylor series expansion of In (x) for x = 1, and then substitution x + 1 for
X. |

Inequality 9. For —1 < x < 1 we have the following equality by substituting —x for x in Inequality (8).
In(l—x)=Y (-)>=—x-2 - — .

Moreover we obtain the following.

1 1 1
ln(n—|—1)—ln(n—1):2(n—|—3n3+5nj+...>.

Furthermore we can also conclude that for a finite # we have the following.

xl

mu@sg<n

W
1

and the following trivially holds.

Inequality 11. For every 2 > x > 0 we have the following.

8

In(x) > Y (~ 1) (e 1) /i
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Inequality 12. For we have as follows.

exp(==) = T (1) =

8.3 Exponential inequalities

The primary source for the listed inequalities is [1], [17].

Inequality 13. Note that for positive integer n > 0, we have the following.

(1+1/n)"<e, (1+1/n)"'>e (1—-1/n)"1>eL

They can proved by taking logarithms of both sides, then set + = 1/n, t > 0, and finally clear determine the
monotonicity of a function f(¢) of 7 by calculating its first derivative and f(0).

Inequality 14. The following are true.
e&>1+x VxeR.

For integer k > 1, we have that

k+1 k
Mz a2
In other words,
k
> (1+1/k) d e VD) > =
e>(1+1/k)*, and e 2
Inequality 15. For all x € R and different from zero and x < 1.
() <1-x<exp(-x), —— >exp(x
exp(——— —x<exp(—x —— >exp(x
p —x p L p(x),
Furthermore,
. x
x<e'—1<
1—x

Inequality 16. For every x > —1 we have the following.

X
l—e ™) <x
1—|—x<( e ) <x
For every x > —1 we have the following.
X
I+x> 5
+x exp(l+x)
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For every 0 < x < 1.5936 we have the following.

et <1—(x/2).

Inequality 17. For every x > 0,y > 0 we have the following.

ex>(1+§)y>e%'.
y

Inequality 18. For all x € R and different from zero and x > —1

X
1 +x > exp(m),

and

1— — .
1—|—x< exp(—x) < x

Inequality 19. Itis (1—1/N)" > (1 —n/N) for any integer n > 1 and N > 0.

Proof.
Proof by induction on n. For n = 1 obviously (1 —1/N)' > (1—1/N).
Forn=klet (1—1/N)¥>1—k/N. Then for n =k -+ 1 we have

(= 1/NT = (1= 1N (1= 1/N)
(1—k/N)-(1=1/N)
= 1—(k+1)/N+k/N?
1—(k+1)/N.

Y

v

8.4 Logarithmic and other inequalities

The primary source for the listed inequalities is [1], [17], [2], [11].

Inequality 20. For every x > —1 and x # 0 we have the following.

X

T <In(l+x) <ux.

For every x > 0 we have the following.
In(x) <x—1.

CHAPTER 8. MISCELLANEA
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For every x < 1 and x # 0 we have the following.

x<—In(1-x) <

1—x

The following is true.

Inequality 21. For every x > —1 and x # 0 we have the following.

X x(6+x)
— <In(1 <
1+x< n(l1+4+x) < 61 dx <x

Inequality 22. For every x > 0 we have the following.

X
In(14x) > .
n(l+%) 2 775

Proof. Consider f(x) =In(1+x) —x/(1 +x/2). Itis f(0) = 0. Take the first derivative, and it is positive, for all
x>—1. f'(x) =x2/((2+x)%(x+1)), therefore f(x) is increasing for x > 0. |

Inequality 23. For every o > x > 0 we have the following.

x(x+2)

2x
—— <In(1 < —
24+x n(l+x) < 2-(x+1)

For every —1 < x < 0 we have the following.

Inequality 24. For every x > 0 we have, as a consequence of Inequality 8, the following hold.
In(14x) <x—x*/2+x/3,

and
In(1+4x)>x—x*/2.
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Inequality 25. For every 0 < x < 0.5828 we have the following.

[In(1—x)| < 1.5x.

Inequality 26. For every 0 < § < 1 we have the following.

(1-8)In(1—38)> -8+ 8%/2.

Proof. For0<x< 1,

In(l—x) = —2)//1’

= x-2-F/3-xt/4— ...

(1-x)In(1—-x) = —x—x*/2-x"/3-x*/4—...
+ A2+ 34 A+
(1-x)In(1-x) = —x+x°/24x/6+...

The missing terms in the last form of the equation are positive. We can then conclude

(1—x)In(1 —x) > —x+x?/24+x%/6 > —x+x7/2

|
Inequality 27. For every 0 < é < 1 we have the following.
(1+8)In(1+38)>5+8%/3.
Proof. For0<x <1,
In(l1+x) = x—x*/24+x/3—x*/4+...
(1+x)In(1+x) = x—x*/24x/3—x*/4+...
+ =243 -4+
(1+x)In(1+x) > x+x*/2-x/6
We can then conclude since 0 < x < 1 that
(14+x)In(1+x) >x+x2/2—x°/6 > x+x>/2—x*/6 > x+ x> /3.
Set x = 6 and the result follows. |

Inequality 28. For every 2e — 1 < § we have the following.

(1+8)In(148) > (2e)%.
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Inequality 29.
(a) For integer n > 0 the following holds.
1 1 1
<In(l+-)<-
n+1 n n
(b) For integer n > 1 the following holds.
1 1 1
—<—-In(l--)<
n- n( n) “n—1

Proof.

Both are also a consequence of Inequality 20. (a) Graph y = 1/x on the Euclidean plane. Consider x = 1 and x =
1+ 1/n. The curve y = 1/x between the two x points is bounded below by a rectangle of x side 1/n and y side
1/(1+ 1/n). It is also bounded above by a rectangle of x side 1/n and y side 1. Then we have the following.

1 1 1+1/nq 1
- < / —dx< -1 «—
n 1+1/n 1 X
1 1 1
< In(l+-)< - <=
n+1 n
o< oam(l4o)<1 =
n+1 n
n 1
< In(1+-)"<1 <=
n+1 n

The second part above proves (a). Furthermore, We take the limit lim,, . In (1 + %)" We have

1
limIn(1+~)" > lim —— =1
n—oo n n—oo 4 1

and

1
limIn(1+-)"<lim1=1
n—oo n n—oo
Therefore lim, . In (1+ )" = 1 or equivalently lim,_,o(1+ )" = .

(b) Graph y = 1/x on the Euclidean plane. Consider x =1 and x = 1 — 1/n. The curve y = 1/x between the two x
points is bounded above by a rectangle of x side 1/n and y side 1/(1 — 1/n). It is also bounded below by a rectangle

of x side 1/n and y side 1. Then we have the following.

1 1 1 1 1
1-— / —dx < C— =
n 1-1/n X 1-1/n n
1 1 1
- < —In(1—--)< —
n - n( n)_n—l
1 n
1 < —nIn(l——-)< =
- " n( n)_n—l

The second part above proves (b). Furthermore, We take the limit lim,,_. —In (1 — %)” We have
1
lim —In(1—=)">1lim1=1
n—yo0 n n—yo0
and
=1

1
lim —In(1 — =)" < lim
n—eo n n—eopp — 1
1 1

Therefore lim,, . —In (1 — )" = 1 or equivalently lim,, (1 — )" =1/e. |
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Inequality 30 ([3]). For every O < ¢ < 0.45 we have the following.
In(14+1¢)>t—12/2+1%/4.
For every 0 < ¢t < 0.69 we have the following.
In(1—1)>—t—1%
For every 0 <t < 0.431 we have the following.

In(1—1)>—t—12—13/3.

8.5 Combinatorial equalities

All numbers are non-negative integers unless otherwise stated.

Lemma 11. For any n,k we have the following.

Proof. The number of ways to select k objects out of # is the number of ways to UNselect n — k objects out of n thus
selecting the remaining k objects. |

Lemma 12. For any n,k we have the following.
n\ (n—1 - n—1
k) \k—1 k

Proof. The number of ways to select k objects out of n is equal to the number of selections of k objects that contain 1
plus the number of selections of k objects that DO NOT contain 1. If the selection of k objects contains 1 the number
of such selections is to select out of the (out of 1) remaining n — 1 objects k — 1 of them and add to the mix 1. This is
(Zj) If the selection of k objects does not contain 1 the number of such selections is to select out of the (out of 1)

remaining n — 1 objects k of them. This is (";1) |

Theorem 8.1. For any x,y € R, and n we have the following.

) =Y (Z))C”y"".

k=0
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Corollary 35. We have the following.

(1+1)":2":i<z>.

k=0

Corollary 36.

Corollary 37. The number of subsets of {1,2,...,n} of even cardinality is equal to the number of subsets of
{1,2,...,n} of odd cardinality and thus we have the following.

(1—1)" :Ozkg (Z)(—l)k.
Proof

implies

Corollary 38. For n and a, we have the following.

(1+b)"=0= Z (Z)b"‘k.

Lemma 13. For any n,k,m, with k < r < n, we have the following.

()@= ()
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Proof. The number of ways to choose k balls for bin RED and r — & balls for bin BLUE is to select first  balls out of
n and then out of the r balls choose the k balls to go to bin RED with the unchosen going to bin BLUE. This is the
first left-hand side. Equivalently, First pick out of n the kK RED bin balls. From the remaining n — k ones pick the r —k
BLUE bin balls. |

Lemma 14. For any p,q, and r we have the following.

i a b\ [(a+b

=0 \k/ \r—k N r
Proof. We have a+ b call it n balls, a are RED and b are BLUE. In how many ways can we pick r balls out of n? W
Lemma 15. For n and m, where m < n we have the following.

3 (er-con()

Proof. Use induction on m. |
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Chapter 9

Entropy function and random vectors

Problem 1.
Find the maximum of the entropy function f(x) = —xlgx— (1 —x)1g(1—x). 0 <x < L.

Proof.
We are using logarithms base two. Note that Consider 2¥ = ¢ i.e. y = Ige by definition. Taking In of both sides we
hage yIn2 = 1. Thus Ige = y = 1/1n2. It is easy with a calculator to establish that Ige > 1 and in fact and 1ge ~ 1.442.

Consider now,

2lgx _ elnx = x.

Take lg of both sides. Therefore lgx = Inxlge. We use it to convert f(x) into
f(x)=—xlgx—(1—x)Ig(1 —x) = —xlnxlge— (1 —x)In(1 —x)1ge = g(x)lge

where g(x) is as follows.
g(x)=—xlnx—(1—x)In(1 —x).

Note that f (x) = g (x)lge. Find the first derivative of g(x).

!

g(x)=—Inx—x/x+In(l—x)—(1—x)(—=1)/(1 —x) = —Inx+1In(1 —x)
Setting g (x) = 0 and solving for x we get x = 1/2. This is also the case for f (x). We note that

f(1/2)=1,

and that’s the minimum value. For this to be the case we should have confirmed earlier that f”(x) < 0 or equivalently
¢"(x) < 0. Note that " (x) = g" (x)(Ige)% and the last term is always positive. The monotonicity of f"(x) is the
monotonicity of g’ (x). Needless

g (x)=—1/x—1/(1-x)

and thus g' (1/2) = —4 < 0. This means that f(x) and also g(x) has a maximum at x = 1/2. It is not difficult to
establish that £(1/2) =1. |
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Problem 2.
Find the minimum of F(x) = xIg(x) + (n—x)1g(n —x), 0 < x < n, for n > 0.

Proof.
For 0 < x < n we use y = x/n that is x = yn, and then 0 < y < 1. Then

F(x) = xlgx)+(n—x)lg(n—x)

ynlg(yn) + (n—yn)lg(n—yn) = ynlgy+ynlgn+n(1—y)lg(1—y) +n(l—y)lgn
ynlgy+n(l—y)lg(1 —y)+nlgn

= nG(y)+nlgn

1
—
=

Ny
S

Il

In the remainder we study G(y) with 0 <y < 1.
Gly) = ylg()+{1-y)lg(l-y)

But
G(y)=—10),

where f(y) is the function of the previous problem (it does not matter that we called the function there f(x), the alias
x or y does not matter). The maximum of f(y) at y = 1/2 (previous problem) translates into a minimum for G(y) at
y=1/2 and a minimum for F(yn) and y = 1/2 or a minimum for F'(x) at x = yn =n/2.

If the previous problem was not there, and you do not like change of bases then we proceed as follows.

We first find f7(y).

po) = Wy ly=iop+I-pCD/i)

Iny—In(1—y)
In2 '

f'(y) =0fory=1—yie. y=1/2. Then we find the second derivative of f.

" 1 1 1
o= a(rs)

Then we conclude f (1/2) =4/In2 > 0. Thus f has a minimum for y = 1/2 and so does F at x = yn = n/2. |
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Problem 3.

You are given a random vector a = (ay,...a,), where a; is equally likely and independently to be O or 1, i.e. Pr(a; =
1) = Pr(a; = 0) = 1/2. Answer the following questions.

(a) (Warmup) What’s the probability that a is the all zero vector ?

(b) Suppose that a, b are two 0-1 vectors of length n whose components were chosen uniformly at random as discussed
previously. What is the expected value of the inner product a-b=Y" , a;b;? Explain.

(c) Let d be a vector of integers mod p (i.e. elements of d are O,...p — 1), where p is a prime. Let a be a random
vector of 0-1’s chosen as before. What is an upper bound on the probability that }" d;a; = 0 mod p? Explain.

Proof.
(a) 1/2".
(b) n/4.
E[C] = E[ab] = E[Zaibi] = ZE[aibi]

a;b; is 0 with probability 3/4 and 1 with probability 1/4 (when both a; = b; = 1).
Elaib]] =0(3/4)+1(1/4)=1/4
Therefore

Elc] = E[ab] :E[Zaibi] = ZE[aibi] =n(1/4)

(c) The vector d is given (and is not necessarily random). Assume d # 0, i.e. at least one component of the vector is
non-zero since otherwise the problem is trivial. } d;a; = 0 mod p.

Zd,-ai = Omodp
i
diay +drar+...+dpa, = 0mod p
da, = (—dray—...—dya,) mod p
diay = Zmodp
where Z = (—dya, — ... — dya,) mod p. Then,
Zd,a,- = Omod p
i
diay = Zmodp
ay = (d)"'Zmod p
ay = Bmodp

The inverse of d; exists since djx = 1 mod p has a single solution for x by the fact that d; < p is such that (d;, p) = 1
and p is prime. B = (dl)’lZ mod p is an integer in 0,..., p — 1. gy is a (uniformly at) random (chosen) 0,1. What is
the probability that the random a; is B? Naturally this probability is at most 1/2, as after we fix B, a; can agree with
this fixed value of B half of the time only. If the a;’s were not binary but ternary, then the probability bound would be
1/3 instead. |
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Chapter 10

Balls and bins, bernoulli and binomial

Problem 4.
Examine the monotonicity of the binomial process B(n, p).
Proof.
Let B(n, p;k) = (1) p*(1— p)"*. Consider
B(n,p;k) (n+1)p—k
B(n,psk—1) k(1—p)

If k < (n+ 1)p the binomial terms form an increasing sequence. If k > (n+ 1)p the binomial terms form a decreasing
sequence. If (n+ 1)p =t then B(n, p;k) = B(n, p;k— 1), since the fraction above is 1. Otherwise there exists only one
integer m such that (n+ 1)p—1 <m < (n+1)p. |
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Problem 5.
Let S, = X; + ...+ X,, where X; are individually independent Bernoulli processes with X; ~ b(p). Then S, ~ B(n, p).
Given the expectation, and the variance of S, and show that

P(Sy > 1) <t(1—p)/(t—np)®

fort > np.
Proof.
if 1 > np this implies > np+1 > (n+1)p since p < 1. Let B(n, p;k) = (}) p*(1— p)"~*. Consider
B(n,p;k) - (n+1)p—k
B(n,p;k—1) k(1= p)

If k < (n+ 1)p the binomial terms form an increasing sequence. If k > (n+ 1) p the binomial terms form a decreasing
sequence. If (n+1)p =t then B(n, p;k) = B(n, p;k — 1), since the fraction above is 1. Otherwise there exists only one
integer m such that (n+1)p—1<m < (n+1)p. |
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Problem 6.
Let S, =Y" | X;, where X; are individually independent Bernoulli processes with X; ~ b(p). Then S,, ~ B(n, p). Show
that for 6np < n we have the following

P(S, > 6np) <2761,

using Chernoff bounds.

Proof.
Consider Corollary 16. For 8 > 2e — 1, the following applies.

P(S, > (1+8)pn) <2~ (+3)rm,

If we pick (14 ) = 6 the result follows. u
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Problem 7.
Let S, =Y}, X;, where X; are individually independent Bernoulli processes with X; ~ b(1/2). Then S, ~ B(n,1/2).
In n coin tosses (p = 1/2 of a fair coin), what is the probability of having » Heads, where r < n/2?

P(r Heads, r <n/2)?

Use a Chernoff or Hoeffding bound. Do not browse later questions.
Use the bound to answer the following question: What is the probability that in 100 coin tosses we have 25 or
fewer heads?

Proof.
Use Chernoff Corollary 21
P(S, < (1—8)np) < exp(—82np/2).

with (1 —6)n/2=mie. 6§ =1—2m/n. Now n =100, m =25, =1—50/100 = 1/2 we have

P(S, < 25) < exp—(1/4)25 < 2/1000.
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Problem 8.
(Coin tossing continues.) Let S, = Y, X;, where X; are individually independent Bernoulli processes with X; ~
b(1/2). Then S, ~ B(n,1/2).

In n coin tosses (p = 1/2 of a fair coin), what is the probability of having r Heads, where r < n/2?

P(|S,/n—1/2| > 8)

Use a Chebyshev and then a Chernoff or Hoeffding bound.
Consider the cases 6 = 1/2, 8 = y/1.5In(n)/n and 6 =2+/1.5In(n)/n. Observe variation when delta doubles for

the last two choices.

Proof.
Chebyshev first.
var(Sy) < |

P(|S,/n—1/2| > 8)=P(|Sy —n/2| > dn) < 552 = 157

Note that var(S,) =npg=n(1/2)(1/2) =n/4.
Let us go for the familiar Corollary 23. The term below (n/2) is introduced to form np = n/2 next to 6 per Corollary 23.

P(ISy/n—1/2] > 8) = P(1S, —n/2| = 8n) = P(1S,—n/2] > 28(n/2)) < 2exp (—(n/2)45%/3) < 2exp (—(2/3)n8?).

The latter one
(a) for & = 1/2 becomes 20,
(b) for 6 = 4/1.51n(n)/n becomes 2 /n, and

(c) for 8§ = 2/1.51In(n) /n becomes 2/n*.
Consider now a Hoeffding bound (e.g. Corollary 33.

P(|Sy/n—1/2| > 8) = P(|Sy —n/2| > 28(n/2)) < 2exp(—2n8?).

The latter one

(a) for § = 1/2 becomes 21/,

(b) for § = 1/1.51In(n) /n becomes 2/n>, and

(c) for § = 2+/1.5In(n) /n becomes 2 /n'2. [ |
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Problem 9.
Let S, =Y" | X;, where X; are individually independent Bernoulli processes with X; ~ b(p). Then S,, ~ B(n, p). Show

that for r > np,

P(S,—np>r) < (%)r.

’
Proof.
We use the Chernoff trick with the moment generating function. For this we note the following.

E(expt(X;—p))=p- P 4 (1=p)-e® = pe'"P) 41— p < pe' +1 < e

In the application of the Chernoff trick, the first inequality is by Markov’s inequality’s application. The last step uses
the result above

P(S,—np>r) = P((S,—np)>tr)
P(expt(S, —np) > exptr)
e ""E(exp (t(Sn —np)))

e "E(exp (1(}. Xi —np)))

= e*"HE(exp (t(Xi—p)))
e—ere(pe’>)

IN

We have thus concluded the following.

P(S,—np>r) < e_trnepet
i
_ e—trenpe’

eftr+npe’

The exponent is f(1) = —tr+npe'. We find f (t) = —r+npe'. We then equate it to zero and solve for ¢ that is, f (1) =
—r+npe' =0 implies ¢’ = r/(np) and consequently ¢ = In(r/(np)). Deriving f () = npe' = np(r/(np)) = r > 0.
Thus f(¢) has a minimum at ¢ = In(r/(np)). Substituting for ¢ the right-hand side value we have.

—In(r/(np))r+np(r/(np))y — (TP yrr — (PENr
e )= (Lyer = ("
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Problem 10.
Let S, =Y" | X;, where X; are individually independent Bernoulli processes with X; ~ b(p). Then S,, ~ B(n, p). Show

the following for 1 <r < n.
p
Pz < (M)

r

P(Sn<r)§( " )(1—p)"’.

n—r
Proof.
We prove a variation of the previous problem i.e.

P(S, > 1) < (@)r.

’
Consider all subsets S of cardinality » of {1,2,...,n}. There are (f) of them and for j € S we consider experiment

X; a success. We call the event related to the given S, event Eg (where all experiments described by S are a success).
P(Eg) = p'". Thus P(S, > r) is upper bounded by the union of all such events possible.

P(Sy>r)<P(UEs) < ) P(Es) < (':) P (10.1)
S,|S|=r

However, the problem in question asks for a bound of the following.
P(S,<r)

The probability of having fewer than r successes is also the probability of having at least n — r failures. This is
Eq.(10.1) substituting failure for success and thus probability of failure 1 — p for probability of success p. Therefore

n—r

P(S, <r)=P(B(n,p;k) <r)P(B(n,(1—p)sk>n—r) < ( " )(1 -p)".
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Problem 11.

Let S, =Y" | X;, where X; are individually independent Bernoulli processes with X; ~ b(p). Then S,, ~ B(n, p). Show
that for r < np,

P(S,<r) < r’(w _I;)B(n,p;r).

Proof.
Consider

r—1
P(S, <r)=P(B(n,p)<r)= ;}B(mp;i).

Now take the ration

B(n,p;i—1) i 1-p
B(n, p;i - n—i+1 p
< I 1-p
- n—r p
_ q
(n—r)p’

The inequality above follows from 1/(n—i+1) < 1/(n—r) < r >i. We then call a the ratio a = rq/((n—r)p). Note
that a < 1 since r(1 — p) < (n—r)p < r < pn, with the latter given as a condition in the problem statement. Therefore
foralli=0,...,r—1

B(n,p;i—1) <aB(n,p;i),

which implies

r—1 r
Y B(n,p;i) < Y d'B(n,p;r)
=0 i=1

™=

IN

B(n,p;r) )} da'B(n,p;r)

1

IN

B(n,p;r) )_a B(n,p;r)

r

Il
=

IN

1—a

( L)) B per).

a
—= _B(n,p;r).
B pir)

IN

Note that a/(1 —a) = rq/(np —r). |
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Problem 12.

Give the number of derangements of permutations on n elements {1,2,...,n}.

A permutation 7 is a derangement if and only if it does not have a fixed point. Point i is a fixed point of a
permutation 7 if 7(7) = i. Therefore in a derangement 7 we have n(i) #i Vi,i=1,...,n.

Proof. Let S be the set of all permutations. Let A; = {m € S: n(i) = i}. A permutation 7 is a derangement if and only
if
TEAIU...UA,

Moreover A7, I C {1,2,...,n} with |I| = k contains all permutations with k fixed points. There are |[A;| = (n —k)! of
them. Let us try to count instead
nl—AU...UA,

or
AlU...UA,

By the principle of inclusion exclusion we get
n n
A1 UAL Y A = Y i < jlAinAj|+ Y i< j < kAinA;NA | —...= Y (1) <”) (n—i)t=ntY (—1)*/il

Thefore n! — |A; U...UA,| = Y1 o(— 1) /il [ |
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Problem 13.

(a) Calculate P(n, k) the number of permutations of n objects taken k at a time.

(b) Calculate C(n, k) the number of combinations of n objects taken k at a time. Order in the set (of a combination)
makes no difference.

Proof.
(a) We have n possibilities for the first element of the permutation, n — 1 for the second, etc. Total is

Pn,k)=nn—1)...(n—(k—1)) = ORI

(b) We have P(n, k) possibilities but then need to adjust because order is not important by dividing with k!. Total is

n! n
C(n,k) =P(n,k)/k! =n(n—1)...(n—(k—1)/k! = ORI = <k>
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Problem 14.
Find the number of ways you can throw 7 balls into N bins for the following scenarios.
(a) Distinct balls into distinct bins.
(b) Indistinct balls into distinct bins.
(c) Indistinct balls into distinct bins with at least one ball per bin.
(d) Indistinct balls into distinct bins with at least k; balls into bin i?
(e) Indistinct balls into distinct bins at most one ball per bin.
(f) Distinct balls into distinct bins at most one ball per bin.
(g) Distinct balls into indistinc bins at least one ball per bin.
(h) Distinct balls into indistict bins at most one ball per bin.
(1) Indistinct balls into indistict bins at most one ball per bin.

Proof.
(a) We describe the distribution as a n-digit sequence, each digit taking one of N values representing a bin’s ID (e.g.
from 1 to N). There are

NXNx...x...N=N"

since there are n digits

(b) This is equivalent to n; the number of balls in bin i: Zﬁil n; = n. In other words, the number of solutions #; of this
equation in the non-negative integers is the answer to the original question. This is ("}" = (" ~1). Think also
N + 1 vertical lines (inclusive of first and last). First and last are fixed, they can be ignored thus the position of the
remaining N — 1 varies. Total number is out of n+ N — 1 marked positions we pick N — 1 and turn them into vertical
line markers (N;ﬁl). Between the markers we count balls per corresponding bin.

(c) Place one indistinct ball per bin. The remaining n — N balls remain to be distributed into the N bins. By case (b)
we have (% 1). Equivalently, the n balls create n — 1 gaps between them. Pick k — 1 out of the n— 1 gaps in (i }).

(d) Similar to (c). Put k; balls as neede into bin i. The remaining balls are handled as in (b) above.
n—Yk
N—-1 )
(e) Implied is that N > n. We need to choose which n of the N urns will be assigned a ball! Thus (ZZ )

(f) N choice for first ball, N — 1 for second and so on. Total N(N —1)...(N —n+1). Note that if N = n, then the
answer is n!. Moreover, n > N, answer is 0.

(g) That’s a Stirling number

(h) Not many choices: if n < N the answer is 1; otherwise it is zero!
(1) See the previous question. Not many choices: if n < N the answer is 1; otherwise it is zero! |



92 CHAPTER 10. BALLS AND BINS, BERNOULLI AND BINOMIAL

Problem 15.

We throw n (indistinguishable) balls into N (indistinguishable) bins. Label them 1,...,n and 1,...,N respectively.
(a) What is the probability all balls fall into bin k? What is the probability that bin k is empty?

(b) What is the expected number of balls in bin k?

(c) What is the expected number of empty bins ?

Proof.

(a) All balls fall into bin k with probability (1/N)". Bin k remains empty with probability (1 — 1/N)".

(b) Let us use a random variable X; is 1 if ball i goes to bin k, and 0 if it goes to another bin. Then ¥; =} ,_; nX; counts
the number of balls into bin k. We have

E(X;))=1-1/N+0-(1-1/N)=1/N.

Then using the linearity of expectation.

(c) Let A be the event that bin & is empty. Then, p(Ay) is the probability bin k is empty. Let By be a random variable
that is 1 if bin k is empty and O otherwise. Then, B =} ; By counts the number of empty bins. First,

P(Ay) =(1—1/N)"
Then by linearity of expectation.

E(B)=E().Bx) =) E(By)
% %

Finally
E(Bi) =1-P(Ax) +0- (1 —P(Ax) = (1-1/N)"
We conclude that
E(B)=Y E(B)=N(1-1/N)".
k

The latter is ~ Ne /N,

If n = N, it says that 1/e of the N bins are empty. If we throw n more balls 1/e-1/e- N of the bins will be empty. How
many times m do we need to repeat this so that (1/¢)"N < 1 ? Solving for m we find m > In (N).

Let C be the event that there is an empty bin. Then we have the following.

P(C) = P(3eptybin) = P(UY_,empty — bink) < ZP(empty —bink) < N(1—1/N)".
k

We could have proved the same by Markov’s inequality.
P(B>1)<E(B)/1=N(1-1/N)".

What is n so that P(C) is w.h.p? Let us say we want P(C) < 1/N or equivalently we want Ne /N < 1/n. Set
n=2NInN. Then Ne "/N < 1/N indeed. [ ]
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Problem 16.

We throw n (indistinguishable) balls into N (indistinguishable) bins. Label them 1,...,n and 1,...,N respectively.
Continuing the previous problem for what value of n do we expect to see two balls in one bin, say bin k? This assumes
there is one ball already into bin k.

Proof. The probability p of no second ball is as follows. We use e* > 1 +x for all x € R in the forme™ > 1 —x.

1 2 3 n—1 —1/N ,—2/N —(n—1)/N —n(n—1)/(2N)
. . . < —
1 (1 N) (1 N) (1 N) (1 N ) e e e e

The birthday paradox says that if we bound this probability by 1/2

e—n(n—l)/(ZN) < 1/2

the probability of a collision becomes > 1/2. Solving the equation above for n we have n ~ 1/21n(2)N. For a planet
(Earth) with 365 days on a non-leap year this means that in a group of 23-24 people there would be two with same
birthday (with probability at least 0.5). |
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Problem 17.
Assume n = N. What is the probability that bin k has at least ¢ balls in it?
We provide the following definition

Definition 45. We say an event E dependent on n occurs with high probability, if P(E) < 1 — 1 /n¢ for some constant
c> 1.

Instead of writing ”with high probability” we shall write "w.h.p.” or “whp” instead.

Proof. Our current scenario simplifies to 7 balls into n bins the fullest bin has O(lgn 1glgn) balls w.h.p.
Let bin k has ¢ balls. The probability this is the case is B(n, p;¢). A reminder

s~ (o0

By Eq.(5.2) with t = [upn], p=1/nand t = [u], u > 1. In Eq.(5.2) the u/(u — 1) becomes at most 1.5 for u > 3 or
equivalently ¢ > 3. Therefore fort > 3

u

P(Bink>1)=P(S,>1) < B(n,p;t) <15 (’Z) (1/n).. (10.2)

u—1

This bound makes sense if we can put (1 — p)"~" into use that we obviously did not do.
An alternative is to argue as follows (for bin & that is).

. . L n\ , (n '
P(Bink >1) < ) [[Palli € S,is in bin k) < <t)p = <t>(l/n) (10.3)

Sy {1} |Sul=t i

Note that in this set-up, we guarantee the balls of S,, fall into k, but there might be other balls falling into it; we do not
use (1 — p)"~* and thus this effectively become 1" or the other balls are free agents: they can fall into  or not.

The difference between Eq.(10.2) and Eq.(10.3) is a 1.5. We proceed discarding 1.5 as follows.

Using inequality 3 we obtain from Eq.(10.3) the following.

P(Bink>1) < (':—e)[ < (i)’.

n t

Assum 1 > ¢? implying a Inn > 2. Furthermore choose ¢ = clIn (n), with ¢ = ¢?. Then if ¢ = e?In(n) we have the
following. Note that 2¢ = 2¢* ~ 14.778 > 14

P(Bink>1) < (;)C]""

IN
P
Q

S}
5 [N
S
~—
o
5
3

IN
TN TN

<
I 1
< -
- n¢ n
1 1
S S
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Then

P(number of balls any bin >¢) = P((number of balls of bin 1 > 1)
U(number of balls of bin 2 > t)
U e
U(number of balls of bin k > )
U
U(number of balls of binn > t))

< ZP((number of balls of bin k > 1)
i

n - P((number of balls of bin k > ¢)

= n-P((Bink>1)
1

< n- nﬁ
_ 1
=

since ¢ = €. This means ¢ = ¢ In (n) is too generous. We can make it smaller.
The bound ¢ = clnn/Inlnn for ¢ = 2¢? gives. First let’s bring our bound in an exponential form that we did not do
so before.

P(number of balls any bin >¢) < n-P((number of balls of bin k > )
el
< exp(lnn+t—rlnz)
< L
S 6

|

The bound holds for 7 > 4000000 > ¢¢ . This is to make sure Inlnlnz/InInn is small enough. Thus the result has
been proven w.h.p i.e. that with probability at least 1 — 1/n% every bit has no more than 2¢?Inn/Inlnn = @(Inn/ Inlnn)
balls. |
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Problem 18.
If we throw 7 balls into n bins, what is,
a) the expected number of empty bins?
b) the expected number of bins with exactly one ball?
c) the expected number of bins with exactly two balls?

Proof.

Part (a) has been answered earlier for the general case. Set N = n to obtain the answer in (a) below. For all the parts
below, let X be a random variable that takes values 1 or O depending on whether a bin is empty (for part (a)), contains
exactly one ball (for part (b)), or exactly two balls (for part (c)). Then let Y be a random variable that counts the
number of empty bins for part (a), or the balls with exactly one/two ball(s) for parts (b) and (c) respectively. It is clear
that E(Y) =nE(X).

a) Let’s consider one bin and call it for convenience only, bin 1. The probability that a ball falls in it is 1/n (and
therefore the probability that a ball does not fall in it is 1 — 1/n). The probability that none of the n balls falls into this
bin is thus (1 — 1/n)". Then for the X variable we get that £(X) = (1 — 1/n)". Summing for the n bins we get that ¥
is such that: E(Y) =n(1—1/n)" <n/e.

b) Again, for bin 1, we find the probability that exactly one ball falls into that bin. Among » balls, the probability
that exactly one falls into bin 1 is equal to (2)(1/n)(1—1/n)"~! = (1—1/n)""'. As in part (a), we get E(X) = 1-Pr(X =
1)+0-Pr(X =0) = (1—1/n)""!, and therefore for ¥ (that gives the number of bins with exactly one ball) we find

that E(Y) = n(1—1/n)""" = (1= 1/n)" < 220
¢) As in parts (a), (b), the probability that bin 1 has exactly two balls is now: (2)(1/n)2(1—1/n)*-?, and therefore the X (the
random variable that take values 1 or 0 depending on whether a given bin has exactly two ball or not) has expectation

E(X) = (3)(1/n)*(1—1/ny"-2. Then for Y, we get that £(v) =nE(x) =n"51 L E:jj:;; < T{H
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Problem 19.

Let us throw ¢ balls into n bins. What is the probability that bin 5 is empty?

Implicit in the statement above is that we have enough bins to allow for bin 5 (i.e. if we label them 1,2,,3,... we have
5 bins or more)!

Proof.

There is nothing specific about bin 5. We just want to stress that the question is for a specific bin. The possible
outcomes is n’. We can write down an 7-digit sequence, and every "digit’ is a value from 1 to n indicating a bin number
(that identifies a signle bin). The number of outcomes is n' as each one of the 7 digits take n values. The event we are
interested in is the one where the 7-digit sequence contains no 5 at all. We have (n— 1)’ such sequences (all possible
digits other than 5). Thus the probability of bin 5 being empty is (n — 1) divided by 7’ i.e.
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Problem 20.

Let us throw ¢ balls into n bins. What is the probability that bins 5, 8 is empty?

Implicit in the statement above is that we have enough bins to allow for bin 5, 8 (i.e. if we label them 1,2,,3,...,5,...,8,...),
we have 8 bins or more!

Proof.
It is not difficult to conclude that
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Problem 21.

Let us throw balls into n bins one by one. Let Y; be a random variable that counts the number of balls needed to fill
one more bin, the i-th bin (not necessarily bin 7). Obviously ¥} = 1, since before the throw of the first ball we assume
all bins are empty.

Examine the properties of random variable Y, where Y =Y | ¥;.

The problem is also known as the coupon’s collector problem. Consider also an alternative view let us call it
baseball-player cards. Bob has decided to to build a collection baseball cards of n players. For that he purchases
individual enveloped baseball cards; one card is contained in an opaque envelope. The chance that he gets one of any
of the n players of his election is 1/n. How many cards should he gather to make sure that he has at least one of its
one of the n players?

Proof.

For Y} = 1. Random variable ¥, follows a geometric distribution with Y ~ g(p»), where p, = (n—1)/n. We can even
say that ¥; ~ g(p1), whre p; =n/n = 1. In general p; = (n— (i — 1)) /n. The expected number of balls thrown to fill
a second bin is E[Y,], etc to fill the i-th bin is E[Y;] and so on. Since Y; g(p;) with p_(n— (i—1))/n the E[Y;] = 1/p;.
Therefore, using also the linearity of expectation,

E(Y)=E(LY) = Y E(Y) = mlﬁ

where H,, is the harmonic series of order n. H, = In(n) + ¥, where ¥ is Euler’s constant. Furthermore,

var(Y):varZY,-) = Zvar(Yi)

=n(1+1/24...+1/n)nH,,

= Y n(1—pi)/p;
i=1
< Y ni/p?
=1
_ Z n’
o EH (n—i+1)?
1
2
= n
prt (n—i+1)2
1
= n2 nﬁ
=
= n’m?/6,

utilizing the Basel problem’s sum due to Euler that says

1
=



100 CHAPTER 10. BALLS AND BINS, BERNOULLI AND BINOMIAL

Problem 22.

We throw r identical balls into 7 distinct bins with equal probability. Let X; be the number of balls in bin i. Obviously
0 <X; <nmandn=Y,X;. Moreover, X; ~ B(n, p;k) with p=1/n, g=1—p =1 —1/n. Furthermore, E(X;) = np =
n(1/n) =1 and var(X;) =npg=n(1/n)(1-1/n)=1-1/n=1—gq.

(a) What is the probability that a given bin i gets more than 2,/n balls? Use Chebyshev and Chernoff or Hoeffding
bounds.

(b) What is the probability that any bin gets more than 2/ balls or equivalenty every bin has no more than 2+/n balls?

Proof.
(a.1) Let X; be the r.v. associated with the number of balls in bin i. Noting that E(X;) = 1, and using Markov’s
inequality we have the following.

P(Xi>2\/ﬁ) = PX;

I
)
22
\VARAY
N -

(Xi) +2+/n)
Xi — E(X;) > 2+/n)
X; — E(X;))* > 4n)
E((X — E(X;)?) /4n
var(X;)/4n
(1—1/n)/4n

1/4n.

I
v T

(VAN VAN VAR VAN

(a.2) We first utilize the Chernoff bound of Corollary 16. We pick § = 21/n > 2¢ — 1 for sufficienly large n, and remind
ourselves pn = 1.

P(X; > 29/m) = P(X; 2 1 +2/) = P(X; = np+2y/n) = P(X; = (14 8)np) = 2707 =227

We next pick Lemma 4 with r = 2/sqrtn. The bound is an even better ~ 1/ nv, Hoeffding provides the same bound
through Theorem 7.1. Corollary 25 or Corollary 26 of Hoeffding’s theorem provide lesser bound exp (—8n).

(b) Let E; be the event that a given bin i gets more than 2+/n balls? By part (a) we proved P(E;) < 1/(4n. We want to
calculate the probabibility of event E where E is the event that any bin get more than 2,/n balls. Then

P(E) = P(E\UEyU...UE,) < } P(E;) < nP(E)

Using Chebyshev’s bound nP(E;) < n(1/4n) < 1/4

One could prove the latter as follows. Let ¥; be a random variable that is 1 if bin i has more than 2,/n balls and 0
otherwise. Then E(Y;) = 1- P(X; > 2y/n) < 1/(4n). Let us then define random variable Y such that Y =Y,V i.e. it
counts the number of bins with more than 2,/n balls. Obviously E(Y) = nE(Y;) P(E) is P(Y > 1). The latter can be
computed through Markov’s inequality

P(Y > 1) <E(Y) <nE(Y;) <n(1/(4n)) = 1/4.
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Problem 23.
We pick random points P; in the unit square i.e. P, = (x;,y;), with —1/2 < x;,y; < +1/2. We then check whether P, is
inside the circle C with center (0,0) i.e. x> +y> < 1. Then p; = P(P; € C) = 1t /4, as the probability that P; falls into C
is proportional to the area of the circle relative to that of the square. We define random variable X; that is equal to one
if P; € C, and 0O otherwise.

We generate n random points P,. Let S, be another random variable with S, =Y ; X;. We have X; ~ b(p;). It is
pi = p = /4. Furthermore E(S,) = nE(X;) = np = nmw/4. Consider then another random variable Y, = (4/n) - S,,.
Then

E(Y,) = (4/n)E(S,;) = (4/n)(nm/4) =7

Therefore Y, = (4/7)S, — 7.
Compute
P(IY, — E(Y,)| < ex)

for some 0 < € < 1. Use a Chebyshev inequality and a Chernoff bound.

Proof.
Let us find some properties of the relevant random variables.

E(Ya) = E((4/n)Sn) = (4/n)E(S,) = (4/n)(nT/4) = 7.
The we find the variance of ¥,; wenote p=n/4andg=1—p=1—7/4.
var(Y,) = var((4/n)S,) = (16/n*)var(S,) = (16/n*)(npq) = 16pq/n.

We use Chebyshev’s inequality below

var(Yy,)
P(|Y,—EY,)|>en) < 327:;
16pg
< _rT
- nelm?
4—x
< —
~  nme?
Therfore,
4—m
P(|Y,—EY,)| <em)>1—-P(|Y,—E(Y,)| >em)>1— ey

We use Chernoff’s bound below in the form of Corollary 23. Note that pn = 7n/4 and we use § = €.

4 4
P(|--Su— - E(Sn)| = &)

= P(|Sy —E(Sn)| > nem/4)
e2mn
2exp (— 3.4 )

8%mn
2exp (— 0 )

P(|Y,—E(Y,)| > en)

IN

IN

For P(|Y,, — E(Y,)| < ex) we do as before.
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Chapter 11

Birthdays, coupons and coins

Problem 24.

Birthday Problem

We have m people that have birthdays that take n values, and let for siplicity they are drawn from the set {1,2,...,n}.
The probability that all m have different birthdays is

nn—1)...(n—m+1

nm

p:

How large should m be so that this p atleast 1/2=1—1/2,1—1/4,1—1/8,etc 1 —1/2'°,

Proof.
Letm— 1 = ky/n where k is some small integer. We can also use that for x < 1/2 we have e~?* < 1—x or equivalently
1 —x>e 2. Then (1— ﬁ) > ¢ 2i/n,

1 2 3 m—1
I-—)1-=)(1—=)...(1———
(1=)(1=2)(1-2)..( )
exp(—2-1/n)-exp(=2-2/n)-exp(=2-3/n)-...exp(=2-(m—1)/n)
—2m(m—1)

p

Y

Y

exp ( ) > exp(—K%)
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Problem 2S5.

Coupon Collector

Let {1,2,...,n} be a set of n cards (coupons). In a collection of m coupons how large should m be sort that there
is at least one instance of each one of the n coupons? We will show that m = (1 + €)nlnn for some € > 0.

Proof.
For any fixed i € {1,2,...,n}, the probability i is not chosen in m choices is given by p;

p=(1-1) =ew-2)

Then the probability p1 V p2V p3 V...V p, is at most }; p; = nexp (— ). The latter probability for m = (1 +¢&)nlnn.
m .
nexp(——) =nexp(—(1+¢€)lnn) =1/n".
n

Anothe way to view this problem is by introducing an indicator variable X; = 1 if coupon i is never drawn and X; = 0
otherwise. The number of coupons NOT drawn is X = }; X;. The expected number of coupons NOT drawn is

E[X] = E[Y. X = Y E[X]
ButE[X;]=1-P(X;=1)=(1—1/n)". Thus

EX] = E[Y.X] = Y EIX] = n(1 — 1/n)"

i i

For m = (1 + €)nlnn this becomes E[X] = 1/n®. Therefore if E[X] < 1 there is a way that all coupons have been
drawn.
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Problem 26.

Toss a coin n = 2m times. What is the probability of exactly n/2 = m heads?

Proof.
Let px = (})p*(1— p)"* Assuming the coin is fair p = g = 1 — p = 1/2 and thus n = 2m and n/2 = m, we have

p= (Z) pr(1 = p)r* (i’?) Pl — p)2nm — (2’;") (1/2)"(1/2)%m = (2;) (12 — <n'/12> (1/2)".

Furthermore we use Stirling’s formula for n > 10 i.e. n! = v2nn(n/e)"

n! 1 V2rn(n/e)" 1 V2

P i) (n/2)1 27 = " J2mnj2(n)2e)/2/2an)2(n)2e)2 27 7n
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Chapter 12

Hash tables

Problem 27.
In open addressing under the uniform hashing assumption, let p(n,N) be the probability that there are no collisions,
during the insertion of n keys into a hash table T with N slots that is originally empty.
Show by induction that
nn—1

2N )

Deduce that for n > /N the probability of having a collision grows to close to one.
Note that expx = e¢* > 1 4 x for any real x.

p(n,N) <exp(—

Proof.

Consider p(n+ 1,N) and argue similarly to the derivation of the number of probes for Insertion. For the n+ 1-st key
not to cause any collision in a hash table with n keys inserted with no collisions, it must hit an empty slot an event
that occurs with probability 1 —n/N. This assumes that the insertion of the n+ 1-st key is independent of the previous
insertions. Therefore p(n+1,N) = (1 —n/N)p(n,N), since the probability that the insertion of say n+ 1 cause not
collision is the probability that the insertion of the n + 1-st key causes no collisions and the prior insertion of the
remaining n keys caused no collisions; the latter is p(n,N). Therefore

p(n+1,N) = ( )
( J(1=(n—=1)/N)p(n—1,N)

= (1-n/N)1—(n—1)/N)...(1-=1/N)(1—0/N)p(0,N)
(1=n/N)(1 = (1= 1) /m)...(1— 1/N)

Since e* > 1 +x, setting x = —i/N we obtain that 1 —i/N < e~ i/N_Therefore
(1-n/N)(1—=(n—1)/N)...(1-1/N)
exp(—n/N)exp(—(n—1)/N)...exp(—1/N)
exp(—(1+2+...4+n)/N)

exp(—n(n+1)/2N)

p(n+1,N)

VANVAN

Therefore p(n,N) < exp(—(n— 1)n/(2N)) as required. Consider n>> /N, the n(n — 1) /2N > 1, and thus p(n,N) is
upper bounded by exp(—A), where A is large and positive. However exp(—A) goes to zero and thus p(n,N) goes to
zero as well.

Note. One might remark that the probability of having a collision is 0+ 1/N+2/N+...+n/N =n(n—1)/(2N).
This is not correct. This bound is not exact but an upper bound. Thus, if one uses

P(Nocollision) + P(Collision) = 1

107
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given that
P(Collision) < n(n—1)/(2N)

one can derive a lower bound for
P(Nocollision) > 1 —n(n—1)/(2N)

However this is not useful. To understand why the bound above is not exact think of the case of three keys only.

CP=CollisionProbability  NCP= Probability of NO collisions
|--> CP=0
No key-> 1stkey- |--> CP= 1/N
| -==>NCP=1-->2ndkey- |-> CP= 2/N
|-->NCP= 1-1/N-->3rdkey-
|->NCP=1-2/N

Think of the diagram as a binary tree with root on the left. Let’s see for what probability we reach a leaf a CP or NCP
and add the probabilities of reaching all CP leaves and all NCP leaves. There is one NCP leaf on the rightmost side.
We reach this with probability (1 —1/N)(1 —2/N) which is the probability of no collisions after three keys have been
inserted. The probability bound is the product of probabilities on all intermediate nodes. There are three CP nodes.
The topmost one is 0, the second one is reached with probability 1/N and the last one with probability (1 —1/N)2/N.
Thus the probability of having a collision after three keys are inserted is 1 /N +2/N — (1/N)(2/N) which is close to
1/N +2/N but not equal to. This problem is a variant of a problem known as the Birthday problem. Let N = 365
(forget about leap years). Suppose you have n people in a room. What is the probability of having no two with the
same birthday? For what value of n is the probability of having two people with the same birthday close to 1? One can
see that for n = /N collisions start to show up with a significant (non negligible) probability, i.e. people exist with the
same birthdays.

This problem is also known as the Birthday problem. Let m = 365 (forget about leap years). Suppose you have
n people in a room. What is the probability of having no two with the same birthday? For what value of n is the
probability of having two people with the same birthday close to 1? One can see that for n = \/m collisions start to
show up with a significant (non negligible) probability, i.e. people exist with the same birthday. |
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Problem 28.

Hashing with chaining (continues with the following problem which is also serves as a generalization). Assume
uniform hashing i.e. a key x is equally likely to get hashed into any of the » slots. A total of n keys get hashed into n
slots of table T. Let n; be the number of keys hashed into slot i. Answer the following.

(a) What is the probability p; that k keys get hashed into slot i?

(b) Let k > 1. Show that

Pr/Pis1 > 1.
(c) Show that for k > 1,

P(n; > k)= i P(n; = j) <nP(n; =k).
j=k

(d) Show that for n > 20,A = e?+ 1, and k = A 102

Inlnn>
1

(e) Conclude that P(n; > k) < niﬁ
(f) Provide an bound bound for the expected size of n;, i.e. show that

E[nj] <k+1,

where k is as defined in (d) above.
(g) After all keys are inserted into the slots randomly (uniformly at random), let D be the maximum number of in a
slot. Show that gy, the probability D is k is

qr < npg.

(h) Find the expected value of E[D]. (Hint: use the rationale of (f) above.)

Proof.
(a) The size of slot i, n;, follows a binomial distribution that is, n; ~ B(n, p;k), where p = 1 /n. Therefore,

pr=P(ni=k)=B(n,1/nk) = <Z) (l/n)k(l — 1/n)”’k.

(b) Let k > np =n(1/n) = 1. Consider py/pi1-

pe _ _Pi=k) _ @O/ (=1t ket De-1)

P+ Plni=k+1) (L) (/) (1 =1 /n)n—k=t N n—k
We claim that for k > 1, (k+1)(n—1)/(n—k) > 1. This is true as long as kn > 1. The latter is true as k > 1 and by
implication n > k > 1 as well.
(c) We have that P(n; > k) = ;?:kP(n,- =j)= Yy pj. Since Di/Pi+1 > 1 by part (b), the terms p; , j > k are
bounded above by p;. Therefore

Pni>k)=) p;<(n—k+1)pr <npy.

~.
™=
L

Moreover p; = P(n; = k).
(d) From (a) above we have

pe= () amra=nr,
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and (1—1/n)"* < 1. Since (}) < (ne/k)*, we then obtain the following.

(7)am

(ne/k)*(1/n)"
s

exp (ln (ek/kk)>
exp(InZ),

Pk

IN N

IN

IN

CHAPTER 12. HASH TABLES

where Z = In (¢! /k¥). In the remainder we are going to first form InZ = In (e¥ /k*) = k — kInk. Then we are going to
find an upper bound for InZ < —71Inn, which would then translate into an upper bound for exp (InZ). This way we

shall prove the following.

e < exp(lnZ)
< exp(—7Inn)
< 1
= ol
We start with InZ after choosing, A = e +1, and
_ Inn
" Inlnn’
Then
InZ = In(e!/k") =k—kink
Alnn  Alnn
= — -1 ‘Alnnlnl
Inlnn  Inlnn nfracAlaninlnn
Al Al
= 200 P 1hA £ Inlnn— Inlnlnn)
Inlnn  Inlnn
1 Inlnl
= A(l-InA)—" _Alnn+Alnn- -2
Inlnn Inlnn
= A=A (A DI Al 1+
- n Inlnn nn nn

= 0 —(A—1)nn+0Q,.

Quantity Qj is such that
Inn

01 =A(1-Ind) .

Inlnn

lnlnlnn>

Since A = €2 + 1 and thus InA > 2, we conclude 01 < 0. Furthermore, quantity Q, is such that

Ininl
Q2=Alnn-(—l—|— nnn”).

Inlnn

0> <0i.e. 1>z £50 7 > 20 | Therefore we have the following noting that A = e2 + 1 and thus A — 1 = ¢? > 7.38.

Inlnn

InZ

O —(A— 1)1nn+Q2
0—(A—1)lnn+0
0—7.38Inn+0
0—7Inn+0.

IN A IA
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‘We then conlude the desired result.

pr < exp(InZ)
< exp(—7lnn)
=
1
pe=Pni=k < .

(e) From (c) above, using the upper bound for p; derived from (d) above we have we have that

11
P(nizk)Snp;<§nn—7én—6

(f) We are going to estimate E[n;] for any i = 1,...,n. We have, note also from (b) that py/pi;; > 1. The value of k
used is

n
Eln] = Y jPi=))
=0
n
= Zj'P(”l:J)
=1
k—1 n
= Z] P(”t—j)+21 P(n; = j)
j=1 j=k
k—1 n
< Y kP(mi=j)+) nPn=j)
j=1 j=k
k—1 n
< k P(nz:J)+”'ZP(”z—J)
=1 =k
< k 1+n-Z~P(nl:k)
=k
< k+n-n-P(n=k)

Combining with the result from (e) we conclude that

E[n;] k+n-n-P(n=k)

<
< k+n?/n® <k+1.
The value of A = ¢ + 1 and k is given as described in (d) above.

Inn

‘Inlnn’

(g) Below k is as defined earlier in (d) above. Let D = max}_, n; = max{ni,ny,...,n,}. We utilize also (b) that states
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P(n; = k) < 1/n’ and this is true for all i, i = 1,...,n.

P(D=k) = P(Ig;llxn,—k)
= PEi:nj=kAn <kVl#1i)
< P@Ei:n=k)
< P(np=kUny=kU...Un, =k)
< nP(ni=k)
< n-(l/n7)—nl—6.

CHAPTER 12. HASH TABLES

(h) For the expected value of E[D] we work similarly as before for the E[n;]. The conclusion is the same E[D] <

k+1.
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Problem 29.

Hashing with chaining. A total of n keys are hashed into an N = n slot table T. Answer the following.
(a) What is the expected number of keys per slot?

(b) Show that for n — e, P(max;n; > 2Inn) = 0.

(c) What is the expected number of empty slots?

(d) What is the expected number of slots with one key?

Proof.
(a) Let n; be the keys per slot i. Then n; follows a binomial distribution with parameters n and p = 1/n i.e. B(n, p;k).
Letg=1—p,ie. p+qg=1.Letn; B(n,p;k). Then E|n;].

n _
B(n,p:k) = (k>p"q”k:>
! n
k( )pkan
L
Eln: _ c k- n k _n—k
ni] = Z k P4

E[n;]

k=1
n! k_n—k
E ; — . n
ni] k;k ki(n—k 4
3 n! k n—k
Eln] = : "
Ini k; k= 1)(n—kn? 4
E[n] = an~ (n—1)! k—1_n—k

Another way to prove the same is the n keys follow a Bernoulli distribution with p = 1/n. Thus let X; be 1 if key k;
falls into slot i and O otherwise. Then n; =}’ ; X; and therefore

E[n] = E[} X;] = nE[X;] = np.

Theorem 12.1 (Chernoff). Suppose Xi,...X, are independent random variables taking values in {0,1}. Let X =
sum X ; denote their sum and let m = E[X| denote the sum’s expected value. Then for any & > 0,

65 "
PX>(14+6)m) < ((1+5)1+5>
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(b) For 6 =2Inn—1,m=np =n(1/n) =1, we have

&0

(1+8)1+9
e2lnnfl

(21nn)21nn

n2

e- nZ ,n21nlnn

1

e- n2ln]nn

P(n; > 21nn)

IN

IN

IN

IN

Then

nP(n; >21nn)
n
e,n21nlnn

1

n21nlnn71

P(max;(n;) > 21nn)

IN

IN

IA

The latter upper bound goes to 0 as n — co. Moreover if n > ¢3, we have 2Inlnn — 1 > 1.0, and thus the probability is

at most 1/n.
(c) Since n; ~ B(n, p;k), we have that P(n; = 0) = () p°(1 — p)" = (1 — p)". Let indicator random varible B; be 1 if
n; =0, and O otherwise. Then C = }'; B; is the number of empty slots.

E[C|=E[} B =) E[B] =) P(ni=0)=n(1-p)"

If p=1/nthen E[C] =n(1—1/n)" ~n/e.
(d) Since n; ~ B(n, p;k), we have P(n; = 1) = np(1 — p)"~!. Defining a random variable just like before and call D,
the expected number of slots with one key, we derive similarly,

ED] = n*p(1—p)"!

If p=1/nthisis E[D] =n(1—1/n)""' ~n*/(e(n—1)). |
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Problem 30.

Hashing with chaining. A total of n keys are hashed into an N = n? slot table T. Answer the following for simple
uniform hashing (assumption).

(a) What is the probability that slot i is empty after hashing n keys?

(b) What is the probability that slot i has two or more keys?

Proof.

(a) The probability that slot i is empty is the probability that all n keys missed it. In general this is (1 — 1/N)".
Probability 1/N is for a key k; to hit i or 1 —1/N is the probability that k; misses i. Given that we have n keys the
formula derives. One can prove the first derivation below by induction on n. It also follows by expanding the power
on the left side

If N > n then > becomes >.
(b) This is a binomial distribution’s term: b(n, k; p), where k =1, p = 1 /N and thus

()rta-prs = ma-ywp

Given that N > n, we have N > n— 1. Thus from the observation and deriviation in (a) we have
n | n—1
N N

n nn-1)
N N2

(1—1/N)1 >

n
N

(c) The probability that a slot has two or more keys is one minus the probability it has zero minus the probability it has
one key. From (a) and (b) above we have

n, n nn-1)
Pni22) < 1-(1-9)-y+—1
nn—1)

P(I’l,’ 2 2)

If we substitute N = n? we see that the probability a slot i has 2 or more keys is at most 1 / n?. The probability that
there exists a slot (0 or 1 or etc or i or etc N — 1) that has two or more keys is at most 7 - 1/n> = 1/n. Equivalently all
slots have zero or one keys with probability at least 1 — 1 /n. If we increase N from N = n® to N = r¥, k > 2 we can
further decrease the bound 1/ or increase 1 — 1 /n. |
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Problem 31.

We would like to determine whether k € A or not. We would attempt to examine the problem from a deterministic and
randomized point of view.

(a) Give a deterministic algorithm for this problem and its solves this problem deterministically in time O(n) is linear
search.

(b) Say there is a randomized algorithm that determines membership in A i.e. whether k € A or k ¢ A. The randomized
algorithm performs a test 7' (k) that take time ®(1) i.e. constant time. If k € A then T (k) is always a YES indicating
indeed k € A. If k & A then T (k) is a YES appears with probability 1 — p indicating k € A (false positive) and a NO
appears with probability p indicating k ¢ A correctly. A test T(k) is independent of any previous tests involving &
or other keys. Thus it is possible for the same key k to have a YES followed by a NO. The randomized algorithm is
repeated m times for each key k. What is its running time?

(c) if k ¢ A what is the probability that k passes all m tests?

(d) Let O be some fixed parameter. How large should m be so that a key k is incorrectly labeled is at most Q? (You
may assume 0 < Q < 1.)

(e) How many tests do we need until we can conclude with cetainty k ¢ A? Give the expected number of tests E|[T].

Proof.

(b) Obviously O(m).

(©Itis (1—p)™.

(d) The probability for a key k such that k ¢ A we have to have a false positive conclusion is (1 — p)™. THis is
(I1—p)" < Qform<lgQ/lg (1l —p). Thus for m >1gQ/1g(1 — p) the probability of false positive is Q or less.

(e) This is a geometric distribution. The probability that we have a proof of non-membership in i tests is P(T = i) =
(1—p)"=!p. Then the expected number of tests E[T] is

E[T] = Y i(l-p)~'p

The latter step come from anohter problem when x — o and x < 1. We then substitute 1 — p for x. |
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Problem 32.

The following question relates to the results of the previous problem.

You have a fair coin where in a coin toss the probability of Heads is py = 1/2 and so is the probability of Tails
pr = 1/2. (From now on we use H or T to indicate one or the other outcome.)

(a) What is the expected number of tosses for a 7? (For example, in the experiment HHHT we have four tosses to a
T)

(b) What is the expected number of tosses to get TH? (For example, in the experiment TTTH we have four tosses to a
TH.)

Proof.

(a) Tt is a geometric distribution with expected number of tosses equal to 1/pr, where pr = 1/2, i.e. two tosses.

(b) First in an expected number of two tosses i.e. 1/py we get a T. From that point on in an expected number of
1/py tosses we get an H. By the sum of expectations E[A + B] = E[A] + E[B] we get that the answer is the sum
l/pr+1/py =4 u
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Chapter 13

Random graphs

Problem 33.

A random graph with edge probability p is a graph that is formed by flipping a coin with probability p and
deciding to include an edge if it comes H and not include edge for a T outcome. Let us assume that we use a fair coin
p=¢q=1—p=1/2.1s the graph connected?

Proof.

If the graph is not connected there exist at least two subgraphs ("components”) with no edges from one to the other.
If one subgraph G has i vertices and the other/others G has n — i vertices it means the i(n — i) vertices between the
two pieces are missing. The probability that this is the case for one possible partion of i and n —i is 2-in=1) This is
the probability the graph is NOT connected for a given split. For each value of i from 1 to n/2 there are (7) ways to
pick the vertices of G and the remaining n — i vertices are of G,. The probability the graph G is not connected is the
probability of the union of those events which is at most the sum of those probabilities. Thus

i=n/2 o i=n/2 o i=n/2 o i=n/2 )
p< Z (’:) zfz(nfz) < Z nzzfl(nfz) < Z (nzfnﬂ)l < Z (n2711/2)l < n/2-n2’”/2 _ n2/2n/2
i=1 i=1 i=1 i=1

For n/2”/2 < 1li.e. n>35, the sum is a geometric sequence. Being a bit sloppy at the end we realize that p — 0 as
n — oo, Thus the graph is almost always connected.

119
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Problem 34.

A random directed graph with edge probability p is a graph that is formed by flipping a coin with probability p
and deciding to include an edge in one direction if it comes H and include the edge in the opposite direction for a T
outcome. Let us assume that we use a biased coin with p =a/(n— 1) and thus g = 1 — p. What is the probability that
for vertex i there is some edge directed into node i?

Proof.
Let us call p; this probability. There are n — 1 other vertices (other than i). If all of them are directed OUT of i this
occurs with probability (1 —a/(n—1))"~1) ~ ¢=. Thus p; is given by the following equation

pi=1-e¢"
What is now the probability Q that this is true for EVERY vertex?
o=[Iri<(-e"
i

Obviously Q — 0 as n — oo. node?
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Problem 35.
A tournament is a directed graph which has one edge between every pair of vertices in one or the other direction.
Some tournament contains n!/2" Hamiltonian cycles.

Proof.
For a given permutation of the vertices the probability it is a Hamiltonian cycles is 1/2". There are n! permutations of
n vertices, so the expected number of Hamiltonian cycles is n!/2".
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Problem 36.
What is the expected number of Hamiltonian cycles in the random graph with edge probability p = a/(n—1)?

Proof.
Let now i range over the n! permutations of the n vertices of the graph. Let X; = 1 if permutation i leads to a hamiltonian

cycle, and X; = 0 otherwise. Then
E[X;]=(a/(n—1))"

and

E[X] = E[Y_Xi] =n!(a/(n—1))" = (n/e)"(a/(n—1))" ~ (a/e)"1 /(1 = 1/n)" = (a/e)" e > (afe)"

i
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Show that for sufficiently large n, a random »n X n bipartite graph where each possible edge is present with proba-

bility .5 is very likely to have a perfect matching. (Hint: recall Hall’s

a perfect matching).

Proof.

theorem to decide whether a bipartite graph has

Hall’s theorem states that a bipartite graph has a perfect matching unless there is a subset of vertices A on the left such
that | A |[>] R(A) |. We shall show that the probability that any A has | R(A) |<| A | —1 is small. For a particular A,
| R(A) |<| A | only if there are at least n— | A | +1 vertices on the right to which there are no edges from A. The chance
that this happens for some A is less than the sum of the chances it happens for any particular A. Thus

Pr(there is no p.m.) <

N

_)

zgn'( >( _l+1>(0.5)i<"i+1)
:1/1 (l> (n _’:+ l> e +l ’;’H (n) <n —I:—i— 1) (0.5)i(n=i+1)

n/2
annz 05) i(n—i+1) + Z - ign= l+1(0 5)1(11 i+1)

i=n/2+1
n/2 n2
Y+ X Gy
i=n/2+1
& i - n n—i+1
,-;(2"/2) +I_ZH/ZZ,H(W)
0

Thus for sufficiently large #n, the chance that a random »n X n bipartite graph does not have a perfect macthing is very

small.
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Problem 38.
Let G(n,p), 0 < p <1, be an undirected graph on n labeled vertices, where each edge e (among the n(n—1)/2

possible edges on n vertices) is included in the graph with edge probability p, independently of any other edge. If

p= % where € > 0 (the logarithms here are natural ones), show that with high probability (i.e. with probability

tending to 1 when n — o), G(n, p) has no vertex of degree less than 11.

Proof.

The probability that a given vertex has degree exactly k is equal to (*;")p*(1 - p)"'-*. Summing for all values of k from O
to 10 we get the probability that a vertex has degree less than 11. If we multiply by n we get an upper bound on the
probability that some vertex has degree less than 11. It suffices to prove that the latter expression (call it P) is upper
bounded by a function &(n) such that £(n) — 0, as n — oo. This can be proven as follows . We use p = (1+¢)logn/n,

€ >0, and thus (1 — p)" < e ”" = —L- while 1/(1— p) < 2. We also use (",') < n.

e

A

O /mn—1 I S (1+e)kloghn 13 112" (14€)0logn
P:n;]( ‘ )pk(lfp) " <n(1-p) k;)nkw7nn]+5k;)(l+s)"log"n2k“<n—5a0whenneoo.

where the last sum, was bounded above by 11 times its largest term. Note, that no matter how bad i overestimated, I
got the desired result.
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Problem 39.

Let G(n,p), 0 < p < 1, be an undirected graph on n vertices where each edge e (among the possible n(n—1)/2
edges on n vertices) is included in the graph with edge probability p independent of any other edge. If p = % show
that:

a) With high probability (i.e. with probability tending to 1 as n — oo) the maximum size of an independent set in
G(n, }) is no more than (4 + €)logn, for any & > 0.
b) Deduce then, that for some constant ¢ > 0, with probability tending to 1 as n — oo,

cn

<
Togn = Y(G),

where ¥(G) is the chromatic number of G.

Proof.
The probability that an n vertexgraph with edge probability % has a k independent set is at most

(Z) 1) < ok

For k = (4 4 €)1gn, this means the chance there is an independent set larger than that is no more than

(275t < ()
_ nfsk
Which converges to O for all € > 0.
For part b), simply recall that the vertices of any color class in G must be an independent set. As no color is used
more times than the size of the largest independent set, the fact that with high probability no independent set is larger
than 51gn implies that with high probability y(G) > Ten-
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Problem 40.
Show that any bipartite graph G(X UY,E) (| X |=| Y |= n) with edge probability p = % has a perfect matching with
high probability (i.e. with probability tending to 1 as n — oo).

Proof.

Hall’s theorem states that a bipartite graph has a perfect matching unless there is a subset of vertices A on the left such
that | A |[>] R(A) |. We shall show that the probability that any A has | R(A) |<| A | —1 is small. For a particular A,
| R(A) |<| A | only if there are at least n— | A | +1 vertices on the right to which there are no edges from A. The chance
that this happens for some A is less than the sum of the chances it happens for any particular A. Thus

Pr(there is no p.m.) < Z <n> (n _’:+ 1) (O.S)i(nfiﬂ)

i=1

n/2 n n ) ) n ) )
_ i(n—i+1) n n i(n—i+1)
lz;( )(nlJrl)(O'S) i %;’H()(nﬂrl)(oj)

n/2 n

< Zn i(n— l+l)_|_ Z i 1+1(0 5) i(n—i+1)
i=n/2+1
— ( + _ n 2
2n z+1 T3 2
< ( + i i
2n/2 731 2n/2
— 0

Thus for sufficiently large n, the chance that a random 7 X n bipartite graph does not have a perfect matching is very
small.
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Problem 41.

For an undirected connected graph G = (V,E), let d(i, j) be the shortest path (for graphs with no weights, the
length) between vertex i and vertex j . The diameter (diam(G)) of G is defined to be the maximum among all the
shortest paths between any two vertices in G, i.e.

diam(G) = max d(i,j
(6)=, max, d(i.j)
Show that for an appropriate p all G, ,, graphs have diameter 2 with high probability (i.e. with probability tending
to 1 as n — o0).

Proof.

A graph has diameter 2 if between any two distinct points there exist either an edge or a path of length 2, therefore for
the second case, for every two points x, z there exists a point y connected to both x, z. For G, , (we’ll fix p at the end
of our discussion) graph y is connected to both x, z with probability p?>. We examine the complement of the problem,
namely we’ll try to find the probability (an upper bound) that there exists a set of two points not connected by a path
of length 1 or 2. This is at most

2
Y _ o 2\m=2) o —pP(n-2)
(5)a-pa-pme <

since, we can choose two points x,z in (’;) ways and no other point y (among the other n — 2 points) is in the path

between x,z with probability (1 — p)(”’z). Therefore the above expression is an upper bound on the probability that

there exists two points not connected by a path of length 2 (note that we ignore the case that the graph has diameter 1

which occurs with probability p0<”2) since this term is finally absorbed by the term shown above). Let p = 1/ %.
Then the above expression is bounded above by

1
— =0 as n— oo
nE

and therefore the probability that the graph is of diameter 2 tends to 1 for large n.
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Problem 42.

We may view a tournament 7;, on n vertices as a tournament on n players, where an edge exists between vertex
i and vertex j in Ty, if player i beats (or outranks) player j. A tournament 7, has property S; if for every k players
X1,...,X there is some other player y who beats all of them. Show that for every k, there is a finite 7,, with property
Si. Find the smallest possible value of n you can, in terms of k, so that a tournament on at least so many vertices, has
property Sk.

Proof.
We use a probabilistic argument to show that for n sufficiently large, the probability a random tournament does not
have property Sy, is less than 1. This probability is at most

n .
(k) Pr (a particular xi,...,x; are not all beaten by some vertexy)

For any set of k vertices, the probability some other particular vertex“beats” them all is 27*. So the chance it does not
beat them all is 1 —27%, and the chance that none of the other vertices beat the entire set of k is (1 —27%)"=%. Thus the
probability that a random tournament does not have property Sy is at most

n 1\"* 1k
(k)<1_2"> < nte 2k
n—k
For this to be less than 1, we want e % > ¥, or equivalently ”2;kk > klnn, and hence n > k2¥Inn + k. This can be

achieved by picking n > 2k%2F.
|
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Problem 43.

Let G, , be a undirected random graph on n vertices generated by independently including each edge with proba-
bility p. What is the expected number of (exactly) ten vertexcycles if p = %? How does this expectation grow with n
(as n goes to «)?

Proof.

We first find the number of cycles we can form with k fixed objects (we will fix k to be 10 at the end). There are
k! permutations among k objects, and k!/k = (k— 1)! cyclic permutations among them (snce any cyclic permutation
gives rise to k ordinary permutations) and these cyclic permutations define (k — 1)!/2 unique cycles (since a cyclic
permutation and its reverse define the same cycle,e.g. 1 =2 —+3 = 1=3 —2 — 1 — 3). We can choose k among
n vertices in (2) ways. From a cyclic permutation we get a cycle in a graph if all the k edges implied by the cyclic
permutation appear, and this occurs with probability p¥. For k = 10 we have (1”0) (91/2) distinct cycles of length 10
and each of them appears with probability p!°, therefore the expected number of cycles of length 10 is:

:(n>9! ‘ n! 9!(2)10_ n! 20 n(n—1)(n—2)...(n—9) 2'0

10) 27 T 101—10)1 2 T nl%n—10)12-10 n10 2-10

n

where we substituted p = 2/n. For n — oo,

so we have



130 CHAPTER 13. RANDOM GRAPHS

Problem 44.

Suppose an n by n bipartite graph is generated randomly by including each edge independently with probability p.
1) What is the expected number of perfect matchings?

ii) For what value of p is this approximately 1?

iii) For the value of p from ii), show that the probability that the graph has a perfect matching is exponentially small.
(Hint: Consider the probability that there is an isolated vertex).

Proof.
1) This part has been solved in problem Set 6 (extra problem). Once again, every perfect matching in a bipartite graph
G=(XUY,E) with X = {x1,...,x,}, Y ={y1,...,yu}, corresponds to a permutation of the elements of X onto the
elements of Y. We have n! permutations (and each mapping of an element of X to an element of ¥ corresponds to an
edge of a perfect matching) and each one of them has probability p" to appear, and therefore the expected number of
perfect matchings is n!p”.
ii) n!p" =1 gives p =~ e/n (if we use Stirling’s aprroximation for the factorial).
iii) A given vertex of X is isolated with probability (1 — p)" = (1 —e/n)" ~ e~ . The probability that a vertex is not
isolated is (1 — e~¢). The probability that all vertices of X are not isolated is (1 — e~¢)" (since all these probabilities
are independent of each other). The probability that there exists a perfect matching that saturates X is at most the prob-
ability that all vertices of X are not isolated, and therefore this probability is at most (1 —e~¢)" which is exponentially
small( 1 —e ¢ < 1 and therefore the (1 —e™¢)" — 0 exponentially fast).

|
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Random matrices

Problem 45.

Show that there exists an n x n matrix of 0’s and 1’s where each row has seven 1’s, but where every 7 x 7 submatrix
(a matrix made up of the intesections of subsets of % of the rows and % of the columns, not necessarily consecutive)
contains at least one 1.

Proof.
We count the probability that a 5 x 5 submatrix contains only O entries. We examine the problem for the general case

where we allow k 1’s in a row and therefore the probability we have a 1 in a row is equal to % The probability that a

2
5 X 5 submatrix contains only O entries is equal to (1 — %)nf since a zero element appears in a row with probability
(1— %) and an % x % submatrix has n? /4 elements.

2
The number of 5 x 5 submatrices is equal to ( ) since we can choose 5 rows (out of a total of n) in ( n )
2

SRR

ways (the same holds for columns too).
Therefore, the probability that a 5 X 5 submatrix contains only 0 elements as entries is bounded above by

(§) o

2 2 an ? n kn

n

(

(SR

since we know that

kon 4
11— <
(1-)f<e
From the equation above we get that
_kn 4
4)16 T — (ek/4 )ﬂ

For k > 6 (and therefore for k=7) the base e,% is less than 1 and therefore equation (2) goes asymptotically to 0 when
n goes to infinity. This means that the probability that a submatrix contains only 0 elements is small and therefore the
probability that all submatrices contain at least one 1 is sufficiently large i.e. such a matrix exists.
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Problem 46.

Show that for sufficiently large n, there exists an n X n matrix of 0’s and 1’s where each pair of rows differs in at
least ‘1‘38 positions.
Proof.

. Lo . . .

The number of possible n x n matrices is 2. We examine the complement of the problem i.e we would like to have,
for sufficiently large n, that the number of matrices with a pair of rows (at least) that differ in less than ‘1‘38 positions
is too small (in our discussion below we would ignore constant 1 differences in positions of the two rows). We now
estimate the number of matrices that have a pair of rows with at most ‘]‘gg differing positions (if we wanted to be correct

this should be ?(9)8 1 differing positions, but as we said we ignore such constants by overestimating).
An overestimate on the number of such matrices is the following

49n
n 100(n) i oantn
; Qi gn—i  on n
(2) %[

The first term gives the choices of 2 rows out of n. The last term gives the number of ways of filling the other n —2 rows
of the matrix. We now explain the terms in the sum. The first term gives the number of ways of selecting i differing
positions, the second term gives the number of ways of filling these positions. Note, that if we fix these i positions in
the first row, we have the same positions in the second row fixed too (a 0 in one of these i positions in the first row is a
1 in the corresponding position in the second row and similarly for a 1 in the first row in one of these positions). The
third term counts the number of ways of filling the n — i identical positions (since they must be the same in the two

chosen rows). Now we divide this expression by 2" to find the probability that we have such a situation. Note that the
sum is a geometric series and therefore the dominating term is ( 49 > . Since 2'-2"7" = 2" we can move 2" out of

100
the sum, which is at most twice the dominating term.

<;>2< & >2n 2n2_2n
100

o’
which is
49
2 100
2n—1

For the ( 413,1 > we use Stirling’s approximation formula which finally yields (after upperbounding the square root
100
that appears in the denominator) the following expression

on—1
where a = — 100 2 log & 100 — 100 log 2 100 All logarithms are base 2. The term 2*" is the result of writing as powers of 2 the

terms (49/100)*/1007 (51 /100)>!/190" that appear in the approximation of the 49,, term (since b?" = 2b1ogbm),
100
Finally, we get that the ratio of bad” matrices over the total number of 0-1 matrices is equal to

n2

2(1-a)n—1

The nominator and denominator in the above term become equal for n ~ 116660 and therefore for n sufficiently
large ( say n > 150000, where this ratio is equal to 0.002) we have that the probability of having a ”bad” matrix goes

to 0, therefore the result we want to prove holds with high probability. The result, generally holds when instead of 14090

we have % — & for € sufficiently small and positive.
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Problem 47.
What is the expected value of the determinant and the permanent of a n x n matrix if each element takes values 0
or 1 independently with probability a half? The permanent of a matrix A = [;;] is defined to be equal to:

per(A) = Z ﬁaic(i)

all permutations ¢ on {1,2,...n} =1

Proof.

We examine the case where n > 1, since the n = 1 is trivial (expectation 1/2). Every a;; element takes equiprobably
only two values. The following trivially holds. []_; @;s(;) = 1 if and only if @;5;) = 1 Vi. The probability that all
ais(j) = 1,Viis just 27", and the result holds for all permutations . Then:

E([Taicw) =1-Pr([ Jaiowy =1) +0-Pr([ Jaigiy =0)=1-27"=2"" (14.2)
i=1 i=1 i=1
We first find the expected value of the permanent. We have that:

E(per(A)) = E( Y ﬁaio(i)) = Y E([Taisw)

all permutations ¢ on {1.2,...n} =l all o on {1,2,...n} i=1

since the expectation of the sum is equal to the sum of the expectations. The variable [ a;5(;) is equal to 1 iff

Viais(;) = 1, that is with probability 2%, Otherwise, it is 0, and therfore, -; is also the expectation of [T ais(i) for

’ 2)1
each of the n! distinct permutations ¢). Thus we get,

E(per(A)) = Z 27" =n!27"
o on {12,..n}

The computation of the determinant is very similar, useing the same observation as above. We need only to note that
half the permutations are odd (and thus of sign 1) and half even (and of sign 0). (The definition of an odd or an even

permutation can be found in the textbook.) Then (—1)%¢"(%) is half of the times 1 and the other half -1.

Edad)= Y DO agp)= Y (—1p#@2n Z20 =0
o on {12,..} i=1 oon{l12,...n}

We got the first equality by using the formula for the expectation of the sum of random variables, and the observation
that the value of the product does not depend on the permutation chosen but only on the values of the a;;. The second
equality is due to (1), and the third comes from the fact that n!/2 permutations are even and contribute each one of
them an 1, while n!/2 are odd and contribute — 1. Another way to solve this problem is expansion by minors.

Note. In a random bipartite graph (we have two sets of n vertices, the left and the right one, and a vertex of the left
set is connected to a vertex of the right set with probability p, independently of the other choices), we show that the
expected number of perfect matchings is p"n!. The number of perfect matchings is just the permanent of a matrix
with entries g;; that take values 1 or 0 with probabilitites p and 1 — p respectively (and a value of 1 indicates an edge
from vertex i of the left set to vertex j of the right one). A permutation is just an 1-1 function on {1,2,...,n}. Each
permutation gives a perfect matching, and a given permutation appears with probability p” (since an edge from vertex
i of the left set to o (i) of the right set, for a permutation o, appears with probability p). We have n! permutations,
therefore the expected number of perfect matchings is just n!p”. Take p = 1/2 and you have another solution for the
permanent part of the problem.
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Randomness

Problem 48.
We have the following function call RandomBit () that returns a zero or one with equal probability (1/2). We use if
the as follows.

flip(int n) {

1 m = 0;

2 for(i=0 ; i < n ; i++){
3. m = 2 * m + RandomBit();
4. }

5. return(m)

(a) What is the minimum and the maximum value returned by m?
(b) Does f1ip(n) generate a uniformly at random drawn integer?

Proof.

(a) Obviously min m is 0 and max m is 2" — 1. One can prove it inductively. Prior to i = 0, we have m = 0. At the
conclusion of i = 0, the only possible values for RandomBit() are 0 and 1, and thus of m 0O or 1 respectively. If by
induction at the conclusion of the i = k iteration the min and max value of m are 0 and 2F — 1 respectively, then at the
conclusion of the i = k+ 1 iteration m is minimally O (one more RandomBit() that is 0), and the maximum value is

m=2xm+1=2x2F-1)41=2k1_1,

Thus at the conclusion of i = n — 1, we have that the maximum value of m is 2" — 1.

(b) When m is equal to N at the conclusion of iteration n — 1 then, m has generated the righmost bit of N. In other
words, m generates in iteration i the i-leftmost bit of N. The range of values for Nis 0 and 20 +...+2n—1=2"—1,
and each such value is generated uniformly at random with probability 1/2x 1/2x ... x 1/2.

n times
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Problem 49.
In order to find the minimum (MIN) of n keys of A[0..n — 1], the following algorithm can be used.

Min(A[O..n-1],n)

1. min = A[0];

2. for(i=1 ; i < mn ; i++){
3 if A[i] < min

4. min=A[i];

5.}

6

. return(min) ;

Assume all elements of A are distinct

(a) What is the probability that A[i] is the MIN?

(b) What is the probability that line 4 is executed?

(c) What is the expected number of times line 4 is executed?

Proof.

(a) The probability that A[i] is the MIN is 1/n, as there are n numbers distributed over the n slots of A.

(b) The probability that line 4 is executed is the probability that A[i] is the minimum of the i keys A[0],...A[{] i.e.
1/(i+ 1) using the same argument as in (a) above.

(c) Let X; be a random variable that is 1 if line 4 is executed and O otherwise. Then X = }; X; is the number of times
line 4 is executed. We are interested in finding

EX] = E[}.X]] = }_E[X]

‘We note that
E[Xl] =1 -P(X,'Z 1)—|—0~P(Xi:0) ZP(XZ‘ = 1)

From part (b) P (X; =1)=1/(i+1). Therefore,
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Problem 50.

Alice and Bob have each received a sealed envelope and an assurance that each contains some money and that one
contains exactly twice as much as the other. They are given the option of making the following agreement: they both
open their envelopes and whoever has the more money gives it to the other person.

Alice convinces herself that taking up this option is advantageous to her by the following argument: Assume her
envelope contains x amount of money. Then Bob’s envelope contains either 2x or x/2, each possibility being with
probability one half. Hence Alice’s expected gain in taking up the option is

1 1
§~2x—§~x—x/2>0

Since she has a positive expected gain it is worth her while to play the game. By an analogous argument Bob also
concludes that taking up the option gives him an expected gain. Surely this is a contradiction.
Identify the fallacy in the previous paragraph.

Proof.

Alice and Bob are mistaken in assuming that the probabilities that the other envelope contains 2x and x/2 are both one
half. That depends on the distribution of how the envelopes were originally filled, which is unknown and by no means
necessarily uniform. So for different values of x, the probability that x is the larger of the two amounts is likely to vary,
in which case this expected value calculation is not correct.
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Problem 51.
Show that n! { n" for n > 2.

Proof.

It suffices to show that (n — 1)!{ n"~!. Assume by way of contradiction that (n— 1)!|n"~!.

We have two cases two consider.

(a) n is a prime number. Since (n—1)|(n —1)! and (n— 1)!|n"~! we have (n— 1)|n"~!. We have two subcases then.
(a.1) n— 1 is a prime number. Since (n— 1)|n"~! and 7 is also a prime number (case (a)), we have n — 1|n. Since
n—1jn—1thenn—1ln—(n—1),i.e. n =2 but this is impossible since n > 2.

(a.2) n— 1 is NOT a prime number. From the decomposition theorem, n— 1 = p{' ... pZ", where 1 < p; <n—1. Since
pi|(n—1) and (n— 1)|n"~!, we obtain p{’|n"~! i.e. p; = n. This is a contradiction since p; <n—1<n.

(b) nis NOT a prime number. Consider its decomposition n = qlf‘ .. .qf’. Sayn—1=p{"... pZ" as in case (a.2). Then
piln—1and (n—1)!|n""!i.e. p; divides one of the g;. Then p; = ¢; and this is true for all i. Pick any one of them
arbitrarily. Say it is p;. Therefore since pi|n— 1 and p; = g; we have that pi|nie. pi|(n—(n—1))ie. pi|lie.

p1 = L. This contradicts the primeness of p;. |
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Problem 52.

PermutE(A,n) // A is an array A[1..n]
for(i=1;i<=n;i++) {
//random(1,n) returns
//a uniformly at random integer between 1 and n
swap(A[i]l, Alrandom(1,n)]);
}

return(A);

OO WN -

(a) Does PermutE(A,n) generate a permutation?
(b) Does PermutE(A,n) generate a random permutation?

Proof.

YES and NO.

(a) YES, one can show easily that a permutation is returned.

(b) NO. Algorithm PermutE generates permutations but not uniformly at random. Consider for example the case of
n=3. On 3 keys, there are 3! = 6 different permutations. Algorithm PermutE can generate 33 = 27 possible outcomes
each one corresponding to a permutation; however not all of them are distinct from each other. Given that there are
only 6 distinct permutations on 3 items, and that 6 does not divide 27, some of these 6 permutations will be generated
more often than the others, i.e. there is a bias towards certain permutations over others. If you exhaustively generate
all possible 27 outcomes of the algorithm, you can see that three permutations show up 5 times and 3 show up 4 times,
i.e. there is a bias in favor of certain permutations such as (2,3,1). You can see in the drawing below the possible
outcomes after only the first two swaps have been performed. Out of the 9 possible permutations that can be generated
so far (2,1,3), (1,2,3) and (2,3, 1) appear twice already. In general the "decision tree” corresponding to the outcomes
has n" leaves, each one reached with the same probability. The number of permutations for n items is however n!.
The leaves can not be divided equally among the permutations since n" is not a multiple of n! for n > 2. Thus each
permuation is not available with the same equal probability 1/n! and thus the algorithm is incorrect.

Starting Input A[i]l=i for i=1,2,3

1 9 27
ist 2nd (2,1,3)
—————— > (1,2,3) -—- (1,2,3)
| (1,3,2)
|
| 1st 2nd (1,2,3) 3rd not shown
(1,2,3) ——--—- > (2,1,3) -—- (2,1,3) .... and so on
| (2,3,1)
|
| 1st 2nd (2,3,1)
—————— > (3,2,1) -—- (3,2,1)
(3,1,2)
1st = Possible outcomes after swap ( A[1], A[random(1,3)] ) is done
2nd = Possible outcomes after swap ( A[2], A[random(1,3)] ) is done
3rd = Possible outcomes after swap ( A[3], Alrandom(1,3)] ) is done
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Problem 53.

Consider the following algorithm.

FunPermute(A,n) // A is an array A[1..n]

1. for(i=1; i<= n-1 ; i++){

2. swap(A[i], Al[random(i+1,n)];
3.}

4. return(A)

Does this code generate any permutation ? Does it produce a uniform at random non-identity permutation?

Proof.
No or not if n > 2. The element in the first position is swapped out at i = 1; in the remainder it cannot be re-occupy
All].
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Problem 54.
You are given RAND(a,b) that returns a random integer number between a (inclusive) and b (inclusive) with uniform
probability. Show how to use this RAND function to generate a random permutation in O(n) time of n distinct objects
stored in array X[1..n]. You may assume that a call to RAND takes constant time O(1).

For example if X has three items < 10,20,30 > then after your algorithm is run it is equally likely that the output
is < 10,20,30 > or < 20,10,30 > or any one of the remaining 4 permutations of the three distinct objects 10, 20, 30.

Proof.

Permute(A,n) // A is an array A[1..n]
for(i=1;i<=n;i++) {
//random(1,n) returns
//a uniformly at random integer between 1 and n
swap(A[i], Al[random(i,n)]);
}
return(A);
or
Permute(A,n) // A is an array A[l..n]

OO WN -

1. for(i=n; i>=1 ;i--) {

4. swap(A[i], Alrandom(1,i)]);
5. }

6. return(A);

The algorithm (second version) works in-place. At the start, at the conclusion of iteration / = 1, where i =n+1—1, the
items at index i = n+ 1 — I stores any one of the items in positionn+1—1I,n—1,...,1, achoiceamongn+1—I=n
items. By induction, in iteration I, where i = n+ 1 — I, the items at index i = n+ 1 — I stores any one of the items
in positions n+1—1I,n—1,...1, a choice among i of them. Therefore for iteration I = 1 (equivalent to i = n), there
are n outcomes for A[i], for iteration / = 2 (equivalent to i = n — 1) there are n — 1 outcomes for A[i]), and so on. The
decision tree has n! leaves, corresponding to the outcomes of Permute. Each of the outcomes is generate with the same
probability 1/(n(n—1)...1) = 1/nl.

The running time is obviously O(n) if a single call to RAND is O(1).

Inductive hypothesis: Before the start of iteration i, A[1..i — 1] contains an (i — 1)-permutation (i — 1 of the n keys)
with probability (n —i+ 1)!/n!. (For a base case this is true as well by default.)

Inductive step. An i-permuations is an (i — 1)-permutation followed, in the i-th iteration by the element picked for A[].
Let the (i — 1)-permuation of the induction step be p. Its probability of occurence is by the inductive hypothesis (n—i+
1)!/n!. The even that a given item is picked among the A[i..n] and swapped at A[i] is 1 /(n— i+ 1). Thus the probability
that the i-permuation generated at the end of the 7 iteration is as isis 1/(n—i+1)-(n—i+1)!/n! = (n—i)!/n!. At
the completion of the i = n iteration, a given permutation formed appears with probability (n —n)!/n! = 1/n!, as
required. |
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Problem 55.

The Higlander Casino plays a game of random permutations on 4 items as follows.
 The client bets on a permutation of his/her choice.
* The casino uses the incorrect one of the algorithms (i.e. PermutE) to generate a random permutation.

* The casino pays the client the fair amount of money if the client won (i.e. guessed right). Fair money means
in the long run neither the client nor the casino would make any money IF their algorithm chose correctly and
fairly a permutation (i.e. for n items the casino pays n dollars for every dollar bet right).

Since the casino’s algorithm is incorrect, what methodology could you follow to gain over the casino? What edge
(percentage-wise) do you expect to gain over the casino? Explain.

Proof.

The casino is using PermutE. With 4 items the decision tree has 4* = 256 leaves. There are however 4! = 24 permuta-
tions on 4 items and these 24 permutations correspond to the 256 leaves. So, on the average 256 /24 leaves correspond
to each permutation (or a given permutation appears on the average that often as outcome of PermutE). The ratio
256/24 is equal to 10.666. A permutation can appear as a leaf 10 or 11 times but not 10.666 times. Therefore there
must be a permutation that appears at least 11 times since otherwise all permutations appear only 10 times and there-
fore the 24 of them can only appear 24 x 10 = 240 times as leaves but there are 256 leaves permutation generated by
PermutE. Therefore our algorithm in beating the casino is to identify this permutation (keeping track of what shows
up as a result of successive games and histograming these outcomes) and after doing so, to bet on it time after time.
Our expected probability of winning would thus be (at least) 11/256. Since the casino pays fair money, if we bet 1 we
win 24$. So our expected return would be 11,/256 %24 =264 /256 = 1.03125. So our edge over the casino is 3.125%.
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Problem 56.

You are given a random vector a = (ay,...a,), where g; is equally likely and independently to be O or 1, i.e. P(a; =
1) = P(a; =0) = 1/2. Answer the following questions.

(a) (Warmup) What’s the probability that a is the all zero vector (3 points)?

(b) Suppose that a, b are two 0-1 vectors of length n whose components were chosen uniformly at random as discussed
previously. What is the expected value of the inner product a-b =Y, a;b;? Explain (17 points).

(c) Let d be a vector of integers mod p (i.e. items of d are 0,...p — 1), where p is a prime. Let a be a random vector
of 0-1’s chosen as before. What is an upper bound on the probability that }" d;a; = 0 mod p? Explain.

Proof.
(a) 1/2".
(b) n/4.
E[C] = E[ab] = E[Zaibi] = ZE[aibi]

a;b; is 0 with probability 3/4 and 1 with probability 1/4 (when both a; = b; = 1).
Elaib]] =0(3/4)+1(1/4)=1/4
Therefore

Elc|] = E[ab] :E[Zaibi] = ZE[aibi] =n(1/4)

(c) The vector d is given (and is not necessarily random). Assume d # 0, i.e. at least one component of the vector is
non-zero since otherwise the problem is trivial. } d;a; = 0 mod p.

Zd,-ai = Omodp
i
diay +drar+...+dpa, = 0mod p
da, = (—dray—...—dya,) mod p
diay = Zmodp
where Z = (—dyap — ... — dya,) mod p. Then,
Zd,a,- = Omod p
i
diay = Zmodp
ay = (d)"'Zmod p
ay = Bmodp

The inverse of d; exists since djx = 1 mod p has a single solution for x by the fact that d; < p is such that (d;, p) = 1
and p is prime. B = (dl)’lZ mod p is an integer in 0,..., p — 1. gy is a (uniformly at) random (chosen) 0,1. What is
the probability that the random a; is B? Naturally this probability is at most 1/2, as after we fix B, a; can agree with
this fixed value of B half of the time only. If the a;’s were not binary but ternary, then the probability bound would be
1/3 instead. |
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Problem 57.

SomelT has two types of professors: mean and nice. A generous professor gives A’s to all 100% of the students in
his class. A mean professor gives A’s to 80% of the students and B+ to the remaining students. Let’s assume that all
course/class grades are available in the form of arrays and all arrays have the same size n. How fast can you determine
reliably (i.e. you are confident on your estimate 51% of the time or more) whether the grades of a given professor
correspond to a mean or a nice one?

Note that your algorithm does not need to be correct all the time. However it needs to be fast. An obvious O(n)
solution that is correct 100% of the time is to go through array G and if we find a B+ we return mean otherwise we
return generous.

This is too slow however.

Proof.
We look at say 11 random indices iy, .. ..

1. SomeIT(A.roster,n,A.instructor)
2. for(j=1;j<=11;j++){
3 k=ChooseRandom(1,n) //Choose random index in 1..n
4 i[j1=k;

5. if A[k] == "B+’
6 printf ("mean");
7 return;

8. 1}

9. printf("nice");

10. return;

SomelT is an instance of a probabilistic algorithm. It always returns an answer, but sometimes the answer might be
incorrect (unreliable). When SomelT returns mean through lines 6-7, we know that the instructor is indeed "mean",
since a B+ grade has been found in the roster. When SomelT returns nice through lines 9-10 we might have of two
cases.

Case 1. The instructor in question is nice and there was no chance of finding a B+ whether 11 or n of the grades were
to be examined. The answer given is thus correct.

Case 2. The instructor in question is mean and thus the answer given is misleading and unreliable. SomelT failed to
detect a B+ in 11 trials, i.e. it detected an A in 11 trials.

What are the chances that the answer is unreliable i.e. Case 2 applies? The chance that we get an A answer to a lookup
given a mean professor is 0.8 (80%). The chance that we get an A 11 times in a row in randomly picked probes is
0.8'1 < 0.086 < 0.10. Therefore > 1 —0.10 = 90% of the time a mean professor would be detected through lines 6-7,
but only < 8.6% of the time a potentially unreliable answer will be given through lines 9-10.

A probabilistic algorithm similar to SomelT always tells the truth when it says mean. Every time it says nice the
result is reliable with confidence 90% or more. SomelT is what we call a Monte-Carlo algorithm. |
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Problem 58.

Planet CS has an n-day year. Among a population of k people of this planet find the expected number of triples of
these people who have the same birthday. How large should k be for the expected value to be at least 1?

Proof.
The number of triples of people is (£) and the persons in a triple have all the same birthday with probability n%

Therefore the expected number of triples of people having the same birthday is (’3‘) n% . This value is 1 when k ~ cn?/3
for a constant c.
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Chapter 16

Ramsey numbers

Problem 59.

Let r = R(C3,k) be the smallest number of vertices so that no matter how the edges of K, are colored using k
colors, K, has a monochromatic (i.e. all edges are of the same color) C3 (a cycle of length 3) as a subgraph. Show, by
using constructive rather than probabilistic arguments, that:

2k <R(C3,k) <3-k!

Proof.

a) We first prove the lower bound through the use of induction (over k)! We are going to prove that R(C3,k) > 2¥. For
k =1 the result is trivially true (R(Cs, 1) = 3). Suppose it is true for all values up to k. We are going to prove the bound
for k+ 1, namely that R(C3,k) > 2K*1. Since we assume the result true for k, we pick two copies of the complete
graph on 2 vertices. We can color the first copy with k colors without a monochromatic triangle from the inductive
hypothesis, and similarly the second copy using the same k colors. Then we can color the edges that go from the first
copy of K, to the second one with a new, k + 1-st color. Since no triangle exists in any of the two copies for the first k
colors then we can’t have a triangle of the k + 1-st color (this would require an edge of k + 1-st color in a single copy
of K,«) and thus, we get that the complete graph on K 2“1 is free of monochromatic triangles. We now prove the upper
bound.

b) (Exercise : Show that this bound can be as small as ek! + 1.) We prove that R(Cs, k) < 3k! by induction. It is
trivially true that R(Cs, 1) < 3. Assume it is true for all colors less than or equal to k — 1. We will prove the claim for k
colors (and let us use colors 1,...,k). Let us pick a complete graph on 3k! vertices. Color its edges in some way. Pick
an arbitrary vertex and let’s call it v. Let S; be the vertices w that are connected to v thru an edge of color i. We have
k colors and 3k! — 1 vertices adjacent to v. Then there must exist a set S; for some color j of size at least 3(k— 1)!
(because if all sets had sizes at most 3(k — 1)! — 1, then we would have had at most 3k! — k vertices adjacent to v, but
for k > 1, we have 3k! — 1 of them). If in §; we can find two vertices u, w connected by an edge of color j, then we are
done, a monochromatic triangle is (v,u,w). Otherwise no edge of color j connects any two vertices in set S;, i.e. the
edges of this set utilize the other k — 1 colors only and the size of set S; is at least 3(k—1)!. We apply the inductive
hypothesis on this set and we can find a monochromatic triangle in §;. This completes the induction.

147
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Problem 60.
For any k > 4, show R(k, k) > 2k/2.

Proof.
Let n = R(k,k) < 2~/2.

We (uniformly at random) color the edges of K, with red or blue color. Edges are colored independently of each
other P(red) = P(blue) = p=1/2 = g = 1 — p. Think of flipping a coin for every edge and if it comes H we interpret
it as red and we interpret T for blue. Or we interpret H for an edge to include and likewise a T for an edge not to
include .

For every fixed set of k vertices, the probability that they form a clique (are all red) is p = 2-0),

Likewise for every fixed set of k vertices, the probability that they form an independent set (are all blue) is also

There are (Z) k-sets of vertices that can give rise to a clique or an independent set. If we use Lemma 1 the
probability of a union of events is at most their sum of probabilities. Thus

P(Graph has k-clique or k independent set <2 (Z) 2_@.

Noting n < 25/2 we have the following.

" . e 2,\ % 71\ kk-1)/2
2(k><§>(2> = <k>k<§>"<"—“/2<2k ) @
2k/2¢ ¢ e k V2e g
2012 :(szl/Z) “\ Tk

For k > 4 the probability is less than one. Thus there are graphs that contain neither a k-clique or k-independent set.
This implies R(k, k) > 2/2.
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Problem 61.
Prove that there is a constant ¢ > 0 such that for all k, r(3,k) > % Find a similar lower bound for r(4,k). (Hint:
Use a random graph argument with edge probability p appropriately chosen.)

Proof.
The stated bound for R(3,k) is trivial since n < k. But to find the bound for R(4,k) we will use a probabilistic argument
that we present first for the R(3, k) case.

We shall prove a lower bound for R(3,k), by showing that for lesser n, the chance a random graph with edge
probability p has either a 3-clique or k-independent set is less than 1. Such a result (for any value of p) means there
must exist some graph that has neither. This probability is bounded above by

<Z>p3+ (:) (1-p)0) < éﬁ +rt(1-p)%

If we pick p = n~!, then the first term becomes 1/6, and we need only prove that the second is less than 5/6. To do this
observe that each each of the following relations implies the one above it.

1.2 5
k K-
1—2)7
n( n) -6
1k2n 5
k kn
1_7 4n < - =
o n) - 6
k—]sz < 5¢
n‘e -
-6
6 K2
kl In- < —
nn—l—ns — 4dn
k
Inn < —=
n
Ink

Inc+1Ink—Inlnk <
c

which is certainly true for ¢ = % For R(4,k) we get the similar expression of
M@ (M- p® < k(- )
4 k 24
bounding the probability, and instead chose p = n3. Following the above reasoning, it suffices to show that

2 2
Inn < kn 3 =k>n3lnn

To do this we can let n = (ﬁ) 2 (with ¢ = .5 works), thus improving our bound to be non-trivial.
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Problem 62. .
(Van der Waerden’s conjecture) Show that if n < v/k22 then for some coloring of the integers {1,2,...,n} with
two colors, neither color contains an arithmetic progression of length k.

Proof.
Observe that for a random coloring the probability that any particular arithmetic progression is monochromatic is
2~*=1) (once the first element is assigned a color, the remaining k — 1 elements must be given the same one). If N is
the number of such arithmetic progressions, and N < 2¢~1, the claim must be true since that implies an upper bound
on the probability that a random coloring makes some progression monochromatic is less than one, which means
there is some chance a random coloring makes no such progression monochromatic, which means there must be some
particular coloring that fails.

To calculate the number of progressions we count the number of possible starting positions for each possible size
for the gap between elements (i). This gap must be less than n/(k — 1) as otherwise the first and last elements would
be separated by n or more places.

n2 k—1
= 1 —(k—l);l

" BT
= o kDT
_ n? n+k—1
k=1 2(k—1)
o n2 nz n
T k=1 2(k—1) 2
o I12 n
T o2k-1) 2

K2k n
S k-1 2
< 2kt

The bound given is based on using 2% for the probability a progression is monochromatic, and bounding the
number of progressions by (n/k)n.
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Problem 63.

For m, r, n positive integers the set {1,...,m} has property B(r,n) if for some collection of r subsets of size n of
{1,...,m} any 2-coloring of {1,...,m} results in some member of the collection being monochromatic. Find a lower
bound on r such that {1,...,m} has property B(r,n).

Proof.

The chance for a random coloring that a particular set of size 7 is monochromatic is 2~ (=1)_If we have r such sets, the
chance that there exists one of them that is monochromatic is no more than 2=~ Thus if r < on=1 any collection
of r sets of size n has some chance of having no monochromatic elements in a random coloring, which means there
is some particular coloring for which it has no monochromatic elements. So {1,...,m} cannot have property B(r,n)
unless r > 2" 1,
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