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Preface

This monograph provides a basic review on probability topics for computing students. Students in other disciplines
such as engineering, applied mathematics and statistics, and data science will also find the topics interesting.

The discussion on probability starts with experiments and random processes, sample spaces, event spaces and
probability spaces to a level relevant and applicable to computer science.

It then reviews random variables, distributions, and their properties. With emphasis on discrete probability
some standard distributions and their properties are examined in the form of examples.

After an introduction to the concept of a moment generating function, probability inequalities are discussed.

A comprehensive survey on Chernoff’s bounds and its derivations and Hoeffding's bounds is also included.
Proofs are included to make this monograph self contained.

Finally a collection of problems with some sample solutions are included. Again, the emphasis is on computer
science relevant topics, but problems on random graphs and Ramsey numbers are also included into the mix.

This material is neither final nor thoroughly proofread. It constitutes work in progress and might contain errors.
It should be used in conjunction with other references if consulted for factual checking. Report discrepancies with
other sources, or factual errors, or typos to the author.

(©1994-2025. Alexandros Gerbessiotis. All rights reserved.
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Chapter 1

Experiments and trials

1.1 Experiments and trials

A trial or elementary experiment has outcomes. An experiment that is not elementary can be considered a
sequence of individual trials (or elementary experiments). Outcomes form a sample space.

A trial might consist of rolling a die (plural: dice). There are six possible outcomes forming the sample space
S of this trial (or elementary experiment). The terms roll, throw, or toss might be used interchangeably. An
experiment can involve the rolling of a die say three times. There are 6 X 6 x 6 possible outcomes that form the
sample space S of this experiment. If we roll two dice at the same time the sample space has 6 x 6 possible
outcomes.

Definition 1.1 Experiment or trial

An experiment or trial is any procedure that can be repeated and generate a well-defined set of outcomes.

If the experiment or trial is random (or stochastic), then we can call it a random experiment or random trial
or just a random process. The terms experiment, or trial or random process are to be used interchangeably.

Definition 1.2 Sample space

The set of all possible outcomes of an experiment is known as sample space. We denote a sample space with
the symbol S.

Thus for the die experiment, S = {(a,b) : 1 <a,b < 6}. Note that in bibliography Q is used to indicate a
sample space.

Definition 1.3 Sample point, outcome

An element of S, an outcome of an experiment, is also known as a sample point.

That is, an outcome of an experiment is an element of the sample space S, a sample point. An event T is
a subset of the sample space, and thus a set of outcomes. An event outcome is a success if it belongs to T;
otherwise it is a failure. We may also call an event outcome favorable or unfavorable. If T =0 we call this an
impossible event. If |T| =1 it is a simple event. The complement of T is 7" or T€.

1.2 Events
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Definition 1.4 Event

An event is a set of outcomes that is a subset of sample space S.

Sometimes we refer to outcomes (sample points) of S as elementary events. Let us flip a coin three times. The
sample space now is
S={HHH,HHT,HTH,THH,HTT,THT,TTH,TTT},

where H indicates a Heads outcome, and T a tails outcome. The sample space is of cardinality 2", where n is the
number of repetitions of the coin trial. Event E|, where Ey = {HHT,HTH,THH} indicates an event in which
only one Tails was encountered in the experiment. (One can also describe this event as the event where the
number of Heads is an even positive integer!) There are three possible outcomes of S associated with this event.
Another event E; = {HHH} is a no Tails event.

Definition 1.5 Mutually exclusive events

Two events A, B are mutually exclusive if and only if ANB = 0. Three events or more are mutually exclusive if
every two of them are mutually exclusive.

Continuing our most recent example, obviously E, E; are mutually exclusive events since Ey NE; =0. We can
now provide some formal definitions, including that of a probability space.
In the remainder, a countable set is meant to be a finite set or a countably infinite set.

1.3 Event spaces and measurable spaces

Definition 1.6 Event space

An event space T is a set of events that is, a collection of subsets of a sample space S.

An event space T is usually a o-algebra, also known as a o-field.

1.3.1 o-algebras

Definition 1.7 c-algebra or o-field

T is a o-algebra or o-field if it contains a collection of subsets of a sample space S that satisfy the following.
1. SeT,
2. A €T implies that A" =S —A € T (closedness under complement), and
3. for a countable sequence Aj,Ay,...,A;, A; € T implies U;A; € T (closedness under union).

Using DeMorgan's Law ((ANB) =A’UB',or(AUB)’ = A’ NB’), one can show also that for a countable sequence
A;, A; € T implies M;A; € T (closedness under intersection).

1.3.2 Measurable spaces

Definition 1.8 (S,T): measurable space

A pair (S,T) is known as a measurable space: it consists of a sample space S of outcomes, and a set of events
T that is a o-algebra.

The pair (S,T) is called measurable space because it is possible to put a measure on it. A o-algebra looks similar
to a topology. We provide a definition of a topology for informational purposes.
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1.3.3 Topologies

Definition 1.9 Topology

Y is a topology (or topological space), if it contains a collection of subsets of a space S that satisfy the following.
1. Sey,bey,
2. for an arbitrary sequence A;, A; €Y implies U;A; € Y (closedness under union),

3. for a finite sequence A;, A; € Y implies N;A; € Y (closedness under intersection).

Thus in a o-algebra we have a countable sequence of unions (and by implication intersections) plus complemen-
tation, whereas in a topology we have an arbitrary sequence of unions and a finite sequence of intersections. The
magic words are countable and arbitrary and finite.

A o-algebra requires the complement of a set to be in T; a topology does not require it, though this is the
case for the two sets S and 0. A topology is associated with closeness (neighborhood) whereas a o-algebra with
length (measure or weight). With a topology we intend to determine whether a function is continuous or not. In
probability spaces ( o-algebra ) we want to assign values to sets (event probabilities). For every topology one can
associate it with a o-algebra to it through the notion of a Borel-space or algebra.

Example 1.3.1

A (S,T) is a topological space where S = {a,b,c} and T ={0,S,{a,b},{b,c},{b}}. But it is not a c-algebra
since the complement of {a,b} is not in T for example.

Example 1.3.2

A finite intersection of open intervals M,y 35)(a— %,b—l— %) preserves the open interval notion. On the other

hand, a countable intersection of intervals Nuey(a— 1,6+ 1) is a closed interval [a,b]. Consider also the case
a=b=0ora=0,b=1.

A o-algebra is ready to be measured. This is why (S,T) is also known as a measurable space. Every element
A of T can be assigned a number, a probability.

For the discrete case A has a number of elementary events (outcomes) of S and thus P(A) or P({A}) =
Y sea P(s), where p(s) is the probability of an elementary event. For the continuous case A is an open or closed
set and then the Lebesque measure of A becomes relevant. The Lebesque measure of the closed set (interval)
[a,b] is b—a but so are of the open sets [a,b) or (a,b] or (a,b). An open set is a set that is not closed.

For a Borel o-algebra we start with a topological space and then we include the minimal number of open
intervals that can describe the Borel o-algebra’s T under countable unions, intersections and complements. Then
an element of T for the corresponding Borel o-algebra (or Borel algebra) is also known as a Borel set. For a sample
space S of a measurable space (S,T), and s € S, we call {s} an elementary event, as already noted. Moreover 0
and S are also events of T. The impossible event or null event is the 0. If A,B are events so are ANB and AUB
or A’ for example.

A measure m is a non-negative function on R that can be applied to elements of the event space T of (S,T).

1.3.4 Measures

Definition 1.10 Measure m

A measure m is a function on T defined as m: T — R that satisfies the following.
1. m(A)>m(0)=0forVAeT,

2. if A; € T is a countable sequence of pairwise disjoint sets, m(U;A;) = Y, m(A;).
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1.4 Probability space

A probability measure denoted as P is a measure where R is replaced by the closed interval [0,1] and has one
additional property: P(S) = 1. Several times T is not well-established or defined. Then T =P(S), is the powerset
of S.

1.4.1 Probability measure

Definition 1.11 Probability measure P

Consider a measurable space (S,T) of a sample space of outcomes and a set of events T that is a c-algebra.
A probability measure P is a function on T defined as P: T — [0, 1] that satisfies the following.

1. P(A) > P(0®) =0 for VA € T, where P(A) =Y 4 P(s),
2. if A; € T is a countable sequence of pairwise disjoint sets, P(U;A;) =Y, P(A;), and

3. P(S)=1. (Moreover, P(A)<1VAET.)

The three properties (conditions) above are also known as Kolmogorov's Axioms. They are sometimes referred
to as non-negativity, (countable) additivity and normalization properties.

Since 0 and S are pairwise disjoint sets, by property (2) we have P(S)+ P(0) = P(S) and thus P(0) =0 cited in
(1) can be obtained. For an event A, its complement A’ is also an event because a ¢ —algebra such as (S,7T) is
closed under complementation. For any event A and its complement event A’, we have that A and A’ are pairwise
disjoint and AUA" = S. By property (3) we have P(S) =1 and by property (2) 1 =P(S) = P(AUA") = P(A)+P(A").
Utilizing property (1) we can infer P(A) < 1.

Several times when we use the term probability we mean probability space and we thus imply the existence of the
triplet (S,7,P). So several times the existence of (S,T,P) is implicily provided.

The probability of an event is the fraction of the number of times/ways the event can occur over the number of
possible outcomes. If we roll a dice, and define an event to be the roll of the dice turns an even number, the
probability of this event is 3/6 since three of the six outcomes map to odd numbers {1,3,5} and the number of
possible outcomes is six {1,2,3,4,5,6}.

1.4.2 Probability space defined

Definition 1.12 Probability space
A probability space is a triplet (S,T,P), where

e S is a sample space that is, a set of outcomes,

e TC20isa o-algebra on S, that is, a collection of subsets containing S and closed under complement,
closed under union (of a countable number of sets), and by DeMorgan implication closed under intersection
(of a countable number of sets), and

e P is a countably additive probability measure on T with P(S) = 1.

The set S is known as the sample space and the elements of S are known as outcomes or elemetary events. For
an event A € 25, we define P(A) the probability of event A. The probability of an event A is the sum of the
probabilities of the outcomes (elementary events) of A. A probability space is the triplet (S,7,P). Absence of any
reference to T, we use T =P(S), or sometimes T can be omitted.

If S is finite, (S,T,P) is a finite probability space. If S is finite and T = 25 the probability measure is determined
by its values on elementary events. Thus the probability space assigns through p: S — [0,1] a probability p(s) to
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every element of s of S such that p(s) > 0, with Y,cgp(s) = 1. Then for an event A € 25, the probability of the
event A is the sum of the probabilities of the elements of S in A i.e. the sum of the probabilities of the elementary
events, or in other words P(A) = Y 4 p(s).

Theorem 1.1
Let (S,T,P) be a probability space. The following apply to events, A,B,... of T.

1. Monotonicity: If A C B, then P(A) < P(B).

2. Subadditivity: If A CU;A;, then P(A) <Y, P(A;).

3. Continuity below: If Aj CAy C ... and U;A; = A then lim;_,.. P(A;) = P(A).

4. Continuity above: If Ay DAy D ... and N;A; = A with P(A;) < oo, then lim;_. P(A;) = P(A).

1.4.3 Finite probability space

Definition 1.13 Finite probability space

Let S be a finite sample space S = {sy,...,s,}. A probability model or finite probability space is obtained
by assigning to each point s; € S a real number p; (or p(i)), the probability of s;, that satisfies the following
properties.

e Each p; is nonegative p; >0, and

e the sum of p;isoneie. Yicic,pi=p1+p2+...+p, =1

Definition 1.14 Event probability
The probability of an event A denoted as P(A) is the sum of the probabilities of the elements of A.

Definition 1.15 Discrete probability space
A discrete probability space has a sample space S that is a countable set. Then

P(A) =) p(s),
SEA
where p(s) >0 and Y,cgp(s) = 1.
Proposition 1.1
If an event A contains a finite number of outcomes, say A = {ay,...,a;} then

P(A) = ZAP(ai) = ZP(ai) =P(ay)+Play)+...+P(ay).

One can prove this proposition by defining disjoint events A; = {a;} and then use the second Kolmogorov axiom.
Moreover if the sample space S is finite and then we denote the sample points s; we have Y, P({s;}) = P(U{s;}) =
P(S) and by the third Kolmogorov axiom P(S) =1 concludes that ¥; P({s;}) = 1.

Sometimes we may refer to it as finite probability space but finite refers to a finite S whereas discrete refers
to an S that is countable (finite or countably infinite).

Note also the difference between P(.) and p(.). The latter is defined on outcomes (or elementary events).
The former is defines of events that are subsets of sample space S. An elementary event is also an event and
therefore, P({s}) = p(s).
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Definition 1.16 Event probability properties

The probability function P defined on the class of events of a finite probability space has the following properties.
e For every event A, we have 1 > P(A) > P(0) =0,
o if events A, B are mutually exclusive then P(AUB) = P(A) + P(B), and
o P(S)=1.

Definition 1.17 Equiprobable space

For a finite probability space S of n sample points, if each sample point has the same probability as any other
one, the sample space is called equiprobable space.

We provide the following definition.

Definition 1.18 High probability event

We say that an event E dependent on n occurs with high probability, if P(E) > 1—1/n¢ for some constant
c>1.

Instead of writing "with high probability” we shall write "w.h.p.” or “whp" instead.



Chapter 2

Probability of events

2.1 Probability of events

Corollary 2.1

Let A be an event and the probability function P defined on the class of events of a finite probability space.
Then P(A%) = 1—P(A).

Lemma 2.1
For any collection of events Ay,...,A,,

P(AjU...UA,) < ZP(A,»).

Proof. Consider
B; :A,'—(Al U...UA,'_1>
Then U;B; = UA; and P(B;) < P(A;) and the events B; are disjoint. By additivity of the probability measure we
have
P(AjU...UA,) =P(BiU...UB,) =) P(B) <Y P(A)
i i

|
Lemma 2.2 Independent Events
Two events A and B are independent if
P(ANB)=P(A)P(B)
Theorem 2.1 Properties of events

Consider two events A, B of probability space (S,T,P).
P(0) =0,
P(A—B)=P(A)—P(ANB),
and for A C B we have

Moreover
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The latter equality is also known as the inclusion-exclusion property or principle. It can be generalized to three

or more events (with a proof by induction). It is also straightforwars to derive the following.

Corollary 2.2

Given two events A, B we have
P(AUB) < P(A)+P(B)

Theorem 2.2 Inclusion-Exclusion of three events
Given three events Aj,A;,A3 we have the following

P(AjUA,UA3) = P(A))+P(A2) +P(A3)
—P(A1 ﬂAz) —P(A2 ﬂA3) —P(Al ﬂA3)
+P(A1 NAy ﬂA3).

Definition 2.1

Let S be a sample space and A; C S events. For each non empty subjet I C {1,...,n} we define

Ap = NielA;.
By default Ag =S.
Theorem 2.3 Inclusion-Exclusion
We have
AU UA = Y DL = Y (D) i Al
IC{l,....n} IC{1,...n}

Proof. By induction on n. For n =1, trivially |A;| =]A;|. From n to n+1 we use the n =2 case.

USM AL = [(ULA) UAR |

| U1 Al + [Angr | = [ (U2 14i) NAn |

| U1 Al + [An | = UL (AiNA4)|

O A Al + A= Y (=D (AN Ay

|
™

IC{l,....n} IC{1,...,n}

= Y 0)"nigAl Al Y (D (Mg A)|
IC{l,...n} IC{1,....n}

= Y (=) ey Al + Y (=) (M)
IC{l,..nt1} nt1gl IC{1,...nt 1} ntlel

= Y )Nl
IC{1,...n+1}

By DeMorgan's Law the N and U can be swapped without affecting the result otherwise. When needed we

would like to calculate

or

A= Y DI e Ay,

A= Y DI U AL
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Example 2.1.1

For a sample space S, and s € S, we call {s} an elementary event. Moreover @ and S are also events. The
impossible event or null event is 0. If A,B are events so are ANB and AUB or AL,

Example 2.1.2

An experiment is performed by throwing (tossing) a coin. The experiment is repeated twice. The combination
of the results of two experiments is the experiment in question. The sample space S'is S={HH,HT,TH,TT}
and indicates the outcomes of the first and second toss of the coin: H indicates heads, T indicates tail as an
outcome. AB indicates that A is the outcome of the first experiment, B is the outcome of the second experiment,
where A,Bis Hor T. Event X is X = {HH,TT} i.e. even number of H. Event Y is Y = {HH,HT,TH} i.e. at
least one H.

Example 2.1.3

An experiment is performed by tossing a coin. The experiment is repeated until an H is encountered. The
sample space is infinite. Why? Because S ={T,TH,TTH,TTTH,TTTTH,...}.

Example 2.1.4

(The singular form of dice is die.) An experiment is performed by throwing a (pair of) dice and records the
number indicated at the top of the dice (opposite to the base that sits on a surface). Each die has six faces
with six possible numbers, one on each face of a die. Then sample space has 36 outcomes

S={(a,b):1<a,b<6}

Example 2.1.5

Deck of cards. A deck of card consists of 52 cards. There are 4 suits known as clubs(C), diamonds(D),
hearts(H), and spades(S). Each suit contains 13 cards numbered 2 through 10, three face cards, jack (J), queen
(Q), and king (K), and ace (A). The hearts and diamonds are red and spades and clubs are black.

Example 2.1.6

A coin is tossed twice. The number of heads is recorded. The sample space is § = {0,1,2}. The following
probability model is assigned p(0) = 1/4,p(1) =1/2,p(2) =1/4. Event A = {1,2} with p(A) =3/4, and event
B = {2} with p(B) =1/4,

Example 2.1.7
From a deck of cards we select one card ¢. We define two events A and B as follows.

A ={c is diamond }, B={c is a face card }.

Compute P(A), P(B), P(ANB).
Proof. P(A) =13/52=1/4. P(B) = (3x4)/52=3/13. P(ANB) = 3/52. |

Example 2.1.8 Uniform distribution
P(A) =c(A)/c(S) for all ACS.
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2.2 Conditional probabilities

Theorem 2.4

CHAPTER 2. PROBABILITY OF EVENTS

Conditional probability

Let A,B be two events of finite probability space (S,%,P) and P(B) > 0. The probability that an event A occurs
conditional on event B had already occurred is known as the conditional probability of A given B and denoted

P(A|B). It is given by

Moreover

P(A] ﬂAzﬁ...ﬂAn) :P(A])~P(A2|A])-P(A3|A1 ﬂAz)-

Theorem 2.6

P(ANB) =P

P(A|B) = P(ANB)/P(B).

(A|B)P(B).

Generalization of conditional probability

P(A4‘A1 NAy ﬁA3) -...~P(An|A1 NA> ﬂAg,ﬂ...ﬂAn,])

If sample space is partitioned into events Ay,...A, then for some event A we have,

n

P(A)
i=1

‘ Theorem 2.5

We refer to the following as Bayes' rule.

Y P(A/A)P(A)).

P(A/A;)P(A;)

~ LiP(A/A)P(A)

Theorem 2.7
If sample space is partitioned into events Ay,...A, then for some event A we have,

P(A,'/A) _ P(AﬂA,')
P(A)
Moreover
Theorem 2.8
P(A1 /A7) = Pafa)ot)

Proof. Note that P(Az/Al)P(A1> = P(A1 ﬂAg).

Definition 2.2

Properties of independent events

Let A, B be two events of finite probability space (S,T,P). A is independent of B if

A is independent of B < P(A) = P(A|B).

Corollary 2.3

From P(A|B) = P(ANB)/P(B) since P(A|B) = P(A) we have P(A) = P(ANB)/P(B) which implies that P(ANB) =

P(A)P(B). Moreover P(B|A) = P(B).
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Example 2.2.1

A (pair of) dice is tossed. The probability of any elementary event (outcome) of S is 1/36. Let B be the
event the sum of the dice is 6. What is P(B)? Let A be the event a dice is 5. What is P(A|B)? This reads
probability the event A occurs given that B has already occurred. This is because P(ANB) =2/36. This is
because P(B) =5/36. And P(A|B) = P(ANB)/P(B) = (2/36)/(5/36) =2/5.

Solution. We show B below.
B= {(175)7 (274)7 (373)7 (4a2)a (Su 1)}
The probability that a dice is 5 if the sum is 6 is 2/5. Then A|B
AlB={(1,5),(5.1)}
Obviously P(A|B) =2/5. This is because P(ANB) =2/36, and P(B) =5/36. And P(A|B) = P(ANB)/P(B) =
(2/36)/(5/36) =2/5. |
When we talk about probability space (S,P), we remind ourselves that the absence of any reference to T as

in probability space (S,T,P) implies that T = P(S),

Definition 2.3 Independent repeated experiments

Let (S,P) be a finite probability space. A space of n independent trials is space S, consisting of ordered n-
tuples of elements of S with the probability of an n-tuple defined to be the product of the probabilities of its

components.
P((s1,---,82)) = P(s1)...P(sn)-
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Chapter 3

Random variables

3.1 Random variables

The sample space S of an experiment or trial has outcomes that might be numbers or might not be numbers.
Think about the experiment of tossing a coin. Sometimes instead of using symbolic values or names to an outcome
such as H or T we prefer to use numeric values such as 1 and O respectively. This mapping is known as random
variable.

As we mentioned earlier, a probability space is a triplet (S,T,P). In the simplest of the cases, S is a finite set,
and T =25 =P(S), that is T is the powerset of S, the set of all posible subsets of S and thus T has cardinality
|T| = 2181, The probability measure P, P: T + [0, 1], essentially becomes, P: S [0,1], i.e. it is defined on the
elementary events, and by extension to any event subset of T. Then

P(A) =) P({w}),

weA

and
ZSP({w}) =1.

Definition 3.1 Random variables: simple definition

A random variable (later, r.v.) X defined on a probability space (S,T,P) is a real-valued measurable function
on S. Random variable X is then a mapping
X:S—R.

Definition 3.2 Random variables

A random variable (later, r.v.) X defined on a probability space (S,T,P) is a real-valued measurable function
that assigns a real value X(s) to an elementary event s of S so that for every x, where —oo < x < oo, set
{s:X(s) <x} is an event contained in T.

For a random variable we can informally write P(X =5) as a simplication of P({X =5}) to be defined formally
as P({s €S:X(s) =5} . Moreover, when we informally write P(5 <X < 11) we actually mean P({s € S:5<
X(s) < 11}).

Definition 3.3 Convention

For a random variable X, when we write P(X = x) we mean P({X =x}). Furthermore, we also mean

PUX =x}) =P(X =x) = P({s € S: X(s) = x} = P(X "' ({x})).

17
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For a random variable X, when we write X € A for A CR, we mean {s € S:X(s) € A}. Then,

PX€eA)=P{seS:X(s) €A}).

We have discrete and continuous random variables if the range of R(S,X) is restricted on Z instead of R.

3.2 Discrete random variables

The discussion below applies to a discrete random variable.

Definition 3.4 Discrete r.v.

A random variable is discrete if its domain consists of a finite or a countably infinite set of outcomes S (sample
space).

We usually denote an event involving random variable X by writing X = x. This indicates event E={s € S:
X(s) =x}. Moreover, it should be the case that E C T.

Definition 3.5 Range

The range R(S,X) of random variable X is the set of numeric values assigned to outcomes of a sample space §

by random variable X, i.e.
R(S,X)={X(s): Vs €S}

Random variable X is a discrete random variable if its range Z = R(X,S) is countable.

Definition 3.6 Discrete r.v.:formal definition

Let (S,T,P) be a probability space and let Z be a set. A Z-valued discrete random variable on (S,7,P) is a
function
X:S—Z,

where X(S) = {X(s) : Vs € S} = Z is countable.

Example 3.2.1

In an experiment a six-faceted die is rolled. Let X detone the outcome of this expriment. The sample space
§=1{1,2,3,4,5,6} and X : S+ Z, where X(1) = 1. An event is a subset of S; for example event E is the event
that the die is rolled event, i.e E = {2,4,6}.

We usually denote an event involving random variable X by writing X = x. This indicates event E={s € S:
X(s) =x}. Moreover, it should be the case that E C T.

Example 3.2.2

For tossing a pair of dice sample space S has 36 ordered pairs (a,b) as elements where a shows the number
(top face) of one die and b shows the number of the other die during a toss.

S={(a,b):1<a,b<6}
Random variable X is defined as follows

X:S—R where X(s) =X((a,b)) =a+b, seES.
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Thus for an element s = (a,b) of S, random variable X assigns a value to this element that is equal to the
sum of the numbers of the faces of the two dice. The range of X is R(S,X) ={1,2,3,4,5,6,7,8,9,10,11,12}.
Random variable Y is defined as follows

Y:S—R where Y((a,b)) = min(a,b).

Thus for an element s = (a,b) of S, random variable Y assigns a value to this element that is equal to the
minimum of the two values of the two faces of the two dice. The range of Y is R(S,Y) = {1,2,3,4,5,6}.

Example 3.2.3
Flip a coin twice. The probability space defined is (S,7,P). S={H,T}*>={H,T} x {H,T}, |S| =4 and for
every elementary event (outcome) of S, say s = (a,b) € S we have P(s) = 1/4. Let X be a r.v. representing the

number of head outcomes obtained.
X:5~{0,1,2},

where X ((a,b)) is the number of heads in the two flips a,b, where a records the outcome of the first flip, and
b of the second. If we had denoted an H with 1 and a T with a 0, then X((a,b)) would have been more easily
defined as X((a,b)) =a+b.

(a) In order to calculate the probability of having exactly two heads we have the following.

P(X=2)=P(X '({2})) =P({(H,H)}) = 1/4.

(b) In order to calculate the probability of having at least one head we have the following.

P(X >1)=P({s€S:X(s) > 1}) = P(X "' ({1,2})) = P({(H,T),(T.H),(H,H)}) = 3/4.

3.2.1 Probability mass function (p.m.f.)

Definition 3.7 Probability mass function

Let (S,7,P) be a probability space and let X be a Z-valued discrete random variable on (S,7,P) X : S+—Z. A
probability mass function (p.m.f.) of the discrete r.v. X is the function fy that associates a probability to each
sES:

fx:Zw—[0,1],

where
fx(2)=P(X =2z),Vz€Z.

Note that P(X = z) is equivalent to
fe(z) =P(X =2) = P({s € S:X(s) = 2}) = P(X"' ({z}))-

We used the notation X = z instead of the more formal {X = z}. Then we would have written the previous set of
equations as follows.

P({X =2}) = P({s € S:X(s) =2}) = P(X"' ({z})).
In other words the p.m.f. of r.v. X is a function that calculates P(X = z) for each s in the domain of X with
X(s) =z
For a discrete random variable X that also takes discrete values Z = {xy,...,x,}, we have that

P(X :x,‘) :P({S € SZX(S) :x,-}) :fx(xi).



20 CHAPTER 3. RANDOM VARIABLES

Example 3.2.4
For Example 3.2.3
fX : {07 172} — [07 1]7

where

Example 3.2.5

We have two dice. The sample space of rolling two dice is of cardinality 36, as there are so many pairs (d;,d»),
where d; is one of the outcomes of one die, and likewise for d>. Define random variable X as follows.

X:S—R where X(s) =X((d1,d2)) =d1+da, sES.

Use the definitions to calculate P(X =4). The range of X is R(S,X) ={2,3,4,5,6,7,8,9,10,11,12}. Thus we
can replace R with Z = R(S,X) instead.

Proof. It is clear that P(X =4) = 1/12. We properly define for ACR or A C R(S,X), the set X 1(A) ={s€S:
X(s) € A}, that is the set of outcomes of S that result in getting mapped by X to a value in A. A will be set to
A = {4}. This implies,

P(X € A)=P(X 1(A)).

The set X !(A) must be measurable and thus it should belong to 7 i.e. X~'(A) € T. Say A = {4}. Then
x! (A4)={(1,3),(2,2),(3, 1)}
Therefore
P(X €4) = P({(1,3), (2,2),(3,1)}) = 3/36 = 1/12.
We can also define similarly and analogously

PXecA)=Y fx(z).

€A

Theorem 3.1
Let (S,T,P) be a probability space and let X be a r.v. onZ. The events {X =z} for z € Z are mutually exclusive
and their union is S.

Proof. We need to show that events {X = z} for z € Z are mutually exclusive with union in S. Consider 71,220 € Z
then for all s in S we have

se{X=u}n{X=2n} < scX '{a)nx'{zn})
&S X)) =zuAX(s)=2
< 21 =22
If z1 £z then {X =z} N{X =2} = 0. So the events are mutually exclusive. Furthermore, s € S implies

s € {X =X(s)} which gives S = U,cz{X =z}. Moreover, if p.m.f of X is fx(z) = P(X =z),then ¥ . fx(z) =
Y.czP(X =z) = 1. It follows from

Y P(X =2) = P(Uez{X =2}) = P(S) = 1.
7€Z
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3.2.2 Composition of random variables

Definition 3.8 Sum and product of a random variables

Let X,Y be two random variables on the same probability space (S,7,P). Then X+Y, X-Y and a-X, ae R
are also random variables and functions on S defined as follows.

VseS: (X+Y)(s)=X(s)+Y(s), VseS:(X-Y)(s)=X(s)-Y(s), Vs€S,acR:(a-X)(s)=aX(s).

Likewise for any polynomial function f(x,y,...,z) we define f(X,Y,...,Z) to be a function on S defined analo-
gously.
VseS: f(X,Y,....,Z2)(s) = fF(X(s),Y(s),...,Z(s5)).

3.2.3 Expectation

The term expectation is associated with a random variable. The terms mean and average can be used inter-
changeably with (mathematical) expectation, but the term mean usually refers to a distribution. The expectation
of a random variable X would be denoted as E(X) though it is more often to encounter E[X], and errors might
creep in. The term for mean is usually u or X.

Definition 3.9 Expectation

Let (S,T,P) be a probability space, with X a r.v. on Z and let fx(z) = P(X =z) be its p.m.f.. The expectation
of X also known as the expected value of X, if it exists, is a real number E(X) (or E[X]) defined as follows.

E(X)=E[X] =Y X(s)P(s).

seS

Theorem 3.2
For a random variable X on Z and fx(z) = P(X = z), the following is given.

E(X)=E[X] =) X(s)P(s) = }_ 2/x(2)-

seS €Z

If the series (sum) converges, then X has finite expectation. If ¥ |z|f(z) diverges, then X has no finite
expectation.

Proof. Note the following.

Y X(s)P(s) = ), ) X($)P(s)

ses 2€Z5 X (s)=z
= Z P(X =2)
€Z
= Y 2/x(2).
€2

Definition 3.10

Let (S,T,P) be a probability space, with X a r.v. on Z. Let X be a discrete random variable taking finite values
X1,...%,. Then the expectation of X, if it exists, is a real number E(X) (E[X]) defined as follows.
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If X takes infinitely many values x1,x3,..., then the expectation is defined as follows.

Theorem 3.3

E(X) = E[X] = ix,-P(X —x).

For a discrete and integer r.v. X on Z with p.m.f fx(x) the following applies.

E(X)= gP(x > ).

Proof. Consider E(X) =Y ;x;P(X =x;) =Y,;iP(X =i). Note that if there is an integer x; for which P(X = x;) #0,
then let x; =k for some integer k. The term x;P(X =x;) appears not only in the first sum but also in the second sum
for i =k =x;. For an i that appears in the second sum but not the first sum, the implication is that P(X =i) =0
and thus why it is absent from the first sum, and in the second sum its contribution is i- P(X =i) =i-0.

We note the following

E(X)

Example 3.2.6

I+ + +

E(X) = lejP(X:x,)
o
= ;:’P(X:i).

iP(X>1)
i=0
P(X>0)+P(X>1)+P(X >2)+P(X >3)+
PX=1)+P(X=2)+P(X=3)+P(X =4)+
P(X=2)+P(X=3)+P(X =4)+
PX=3)+PX=4)+...
P(X=4)+..
1-PX=1)42-P(X=3)+3-P(X =3)+4-P(X =4)...
Y ip(x =i)

A coin is tossed twice. The sample space S ={HH,TH,HT,TT}. We count the number of heads and this
becomes random variable X. Thus R(S,X) = {0,1,2}. The probabilities assigned by function f(x;) = P(X = x;)

are as follows.

P(X=0)=1/4P(X =1)=1/2,P(X =2) = 1 /4.

Then the expection of r.v. X becomes

L=EX)=0-Px=0)+1-PX=1)+2-P(X=2)=0-1/4+1-1/242-1/4=1

(We thus expect half of the tosses to be H.)
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Definition 3.11 Expectation of g(X)

Let (S,T,P) be a probability space, with X a r.v. on Z and let fx(z) = P(X =z) be its p.m.f.. The expectation
of g(X), if it exists, is a real number E(g(X)) defined as follows.

=) 8(X(5))P(s)

seS

Theorem 3.4

For a function g(X) as defined above,

E(g(X)) =} s(X(5)P(s) = Y 8(x) fx (x).

seS X

Proof.

= Z Y s(x(s)P({s})

X s€8,X(s)=x

= )Y Y s&P({s)

X 58X (s)=x

= Ys Y P(s})

s€8.X(s5)=x

= Y s()P(X=
= Y s()fx(x)

3.2.4 Joint probability

Definition 3.12

Let (S,T,P) be a probability space, and two random variables X and Y. Let fx(x) and fy(y) be the p.m.f of X
and Y respectively. The fx y(x,y) is the joint probability of X and Y. It is the case,

foyxy and fy(y foyxy

The joint probability fxy(x,y) is the probability P({s: X(s) =x}N{s:Y(s) =y}) that is usually simplified in the
following form P({X =x} N{Y =y}) or P({X =x} A{Y =y}) or P({X =x},{Y =y}). We summarize all these
forms as follows.

fxy(xy) = P({s:X(s) =x}N0{s:Y(s) =y})
= P{X=xin{r=y}
= P(X: AY =)
= PX=xY=y).
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(a) Consider the following experiment. A urn contains three balls colored R, G, B. We draw two balls from the
urn (without replacement). The outcome of the first drawing is represented by r.v. X and of the second by Y.

Calculate fxy(x,y) and fx(x).

(b) Repeat (a) when we draw two balls from the run with replacement: after we draw the first ball and record

the outcome (color) it is placed back into the urn.

Proof.
(a) fxy(x,y) is displayed on the table.
fxyy(x,y) R G B
R 0 | 1/6]1/6
G 16 0 |1/6
B 1/6 [1/6 | 0

It is clear that fx(R) = fx(G) = fx(B) = 1/3. Moreover,

xR =Y fry(xy) =0+1/64+1/6=1/3,
yeS
xG) = Y fer(xy)=1/6+0+1/6=1/3,
yeS
fxB) = Y fry(xy) =1/6+1/6+0=1/3.
yeS
(b) fxy(x,y) is displayed on the table.
quy(x,y) R G B
R 1/9 [1/9 ] 1/9
G 1/9 [ 1/9 | 1/9
B 1/9 [1/9 | 1/9

Theorem 3.5

Let (S,T,P) be a probability space, and two random variables X and Y. Let fx(x) and fy(y) be the p.m.f of X
and Y respectively. Then, fxy(x,y) is the joint probability of X and Y. The expectation of g(X,Y), if it exists,

is a real number E(g(X,Y)) defined as follows.

E(g(X,Y)) =) glx,y)P(X =x,Y =)
xy

Proof. Let W = g(X,Y). For fiy(w) the following is applies.

fww) =
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Then we have the following.
EW) = Ywfw(w)
— Ywrv =
= ﬁvwmg(x,m —w)

= ZW Z P(X=xY=y)

W xywiw=g(x,y)

= Z Z wP(X =x,Y =)

XY wiw=g(x,y)
= Y s(xy)P(X=xY=y).
Xy

|

3.2.5 Independent random variables
Definition 3.13 Independent discrete r.v.
Let X and Y be two random variables taking values xi,...,x, and yi,...,y, respectively. We say X and Y are

independent (random variables), if for every i and j, we have the following
P(X :xi,Y :yj) :P(X :x,’)P(Y :yj).
In other words X and Y are independent if the events {X =x;} and {Y =y;} are independent.
By induction, this can generalize to n random variables. Note that for two events A, B we defined the conditional
probability of A on B as P(A|B) = P(ANB)/P(B) and defined A is independent of B when P(A) = P(A/B).

Substituting the left-hand side of the latter for the left-hand side of the former we conclude P(A/B) = P(A) =
P(ANB)/P(B) from which we further derive P(ANB) = P(A)P(B).

Theorem 3.6

If X and Y are two discrete random variables for a probability space (S,T,P) then if X and Y are independent
we have the following.
E(XY)=E(X)-E(Y),

The result extends for continuous r.v. X and Y.

Proof. Let X = U{x;}, and Y = U{y;}. Using prior notation Px(X =x;) = fx(x;) and Py(Y =y;) = fr(x;). If X
and Y are independent, we have P(X =x;NY =y;) =P(X =x;)-P(Y =y;).

Zx,-yjP(X:x,-ﬂY :yj)
iJ

E(XY)
- in}’jP(X:xi)'P(mY:)’j)
i,
= YaPX =x) -+ Y yP(Y =y))
i J

= E(X)-E(Y).
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Example 3.2.8
(Dice tossing continued.) Random variable Y is defined as follows

Y:S—R where Y((a,b)) = min(a,b).

Thus for an element s = (a,b) of S, random variable Y assigns a value to this element that is equal to the
minimum of the two values of the two faces of the two dice. The range of Y is R(S,Y) ={1,2,3,4,5,6}. We
can compute

P(Y =1)=11/36,P(Y =2) =9/36,P(Y =3) =7/36,P(Y =4) =5/36,P(Y =5) =3/36,P(Y =6) =1/36

For example, P(Y = 1) is derived from the fact that the tosses

(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,1),(3,1),(4,1),(5,1),(6,1) have 1 as the minimum value. Furthermore

the following outcomes (4,4),(4,5),(4,6),(5,4),(6,4) have all minimum value equal to 4, and so on. Thus
114+184214204+15+6

w=E(Y)=1-11/36+2-9/36+3-7/36+4-5/36+5-3/36+6-1/36 = 2 =2.527.

3.2.6 Variance

The variance of a random variable is the expected value of the squared deviation from the mean of the random
variable. The variance of X is denoted var(X) or Var(X) or 6*(X) or just o if the reference to X is obvious.
Then y/02(X) = 6(X) or 0 is the standard deviation of X.

Definition 3.14

Let (S,T,P) be a probability space, with X a r.v. on Z. Let X be a discrete random variable taking finite values
X1,...Xy. Then the variance of X, if it exists, is a real number var(X) (Var[X]) defined as follows.

var(X) = 6*(X) = E((X —E(X))?) = E(X?) —E(X)>.

Note that

or

as needed. The standard deviation o(X) of r.v. X is defined as o(X) = /var(X).

The variance exists if the second momdent E(X?) exists. The latter implies that the first moment E(X) also
exists.

Corollary 3.1

For var(X) of a random variable X we have

var(X) = E(X?) — (E(X))>.
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Another way to prove this for a discrete r.v. X is as follows.

Y, (5 +E(X)*E(X) —2x0E (X)) f (x;)

xieX

= Y (f0a))+ Y (EX)-EX))f(x)+ Y (~26E(X))f (x)

xi€X xieX xi€X

= E(X)+EX)-EX)- Y flx)—2E(X)- ) xif(x)

xieX xieX

E(X-E(X)))

For the continuous x a similar proof can be obtained. |
Theorem 3.7
Let X be a discrete random variable with E(X) = . Then

var(X) = E(X - 1)?) = ¥ (x — 1)*P(X = x,).

-

i=1

Note that E(X) =pu, Y;P(X =x;) =1, and thus
E((X — 1)) = E(X) — 24E(X) + 1> = E(X?) — E(X)2,

Theorem 3.8
Let X and Y be two discrete random variables. The following apply.

E(X+Y)=EX)+E(),

var(X +Y) =var(X)+var(Y), for independent X,Y.

Moreover,
E(aX)=aE(X), var(aX)=a*var(X),

for a real constant a # 0.
Proof. Let us assume that X,Y are discrete random variables. Then X takes values xi,xp,... and Y takes

values y1,y2,..., and therefore X +7Y takes values x;+y;,...,1 <i,j..., or equivalently X Y takes values z; =
x,-—|—yj,...,1 <i,j...

EX+Y) = Y qPX+Y=2z)
k

ZZ(xi-l-yj)P(X —x,Y =y))
i

Yo} yiP(X =xi.Y =y;)+ ) y; } xP(X =xi.Y =y;)
! J J i

inP(X =xi)+Zy/'P(Y =yj)
i J
= E(X)+E(Y).

For the variance we first calculate

E(X4Y)?) =E(X*+Y?>+2XY) = E(X?)+ E(Y?)+2E(XY).
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We also consider the fact that X,Y are independent.

E(XY) = Y aP(XY =z)

iZ(xi*yj)P(X =x,Y =y))
szf,y, =x;)P(Y =y;)
;xi =) y;P(Y =y;)

J

= EX)-E®Y).
Then
var(X+Y) = E(X+Y)})—(E(X+Y))?
= E(X*)+E(Y?)+2E(XY)—(E(X)+E(Y))
= EX)4+EY*)+2EX)E(Y)—E*(X)+E*(Y)—-2E(X)E(Y)
= var(X)+var(Y).
Furthermore,
E(aX):ZaxiP(aX:ax, Zax, =x;) =aE(X).

var(aX) = E((aX)?) — E(aX)* = A®E(X?) — d’E(X)? = d®*var(X).

It becomes clear then that var(aX +b) = a*var(X).

Corollary 3.2
For a r.v. X and any a,b € R, we have the following.

var(aX +b) = a*var(X).

3.2.7 Cumulative distribution function

We can also define a cumulative distribution function for a discrete r.v. X. Then

Fx(x) = Z fx(t).

t=X(s)<x,s€S

Definition 3.15 Distribution of a random variable

For a random variable X let fx(x) be it p.m.f. We can define Fx(x) its cumulative distribution function (c.d.f.)
as follows.

Fx( ) X<x fo

1<x

Definition 3.16

Let X be a random variable taking values xi,...,x,. Let x| <xp <...<x,. The cumulative distribution function
(c.d.f.) of X is given as follows.
i
Fx(xi)=P(X <x) =) P(X=x).

m=1
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Moreover,
P(X = x,') = Fx(xi) —Fx(xi_l).

3.2.8 Probability generating function

Definition 3.17

Let X be a random variable taking values x1,...,x,. The probability generating function of X is the power series
defined as follow.

gx(x) = ZP(X = xi)xi.

Theorem 3.9
Let X be a random variable taking values x,...,x,. Let gx(x) be the probability generating function of X. The
following apply.
(a)gx() =) PX=x) =1,
i
(P)E(X) = [(8x (%)) Le=1,
and ,
(e)var(X) = [(gx (%)) =1 +E(X) —E(X)*.
Proof.

(a) Direct derivation.
(b) By taking a first derivative, we obtain

(ex(x) = Y P(X =x;)-i-x"

i
Setting x =1 we then obtain the following.

(gx(1)' = L P(X =x;)-i = E(X).
(c) By differentiating twice, we obtain the following.
(gX(x))N = ZP(X =x)-i-(i—1) X2

Setting x =1 we then obtain the following.

(ex(1)) =Y P(X =x))- (2 —i) == E(X?) — E(X)

Adding E(X) — E(X)? we obtain the following.

(gx(1)) +E(X) — E(X)? == E(X?) — E(X) + E(X) — E(X)? = var(X).

3.2.9 Miscellanea
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Theorem 3.10
Let X,Y be r.v. and a,b € R. Then

E(aX+bY)=aE(X)+DE(Y).

Proof.
E(aX+bY) =Y (aX +bY)(s)p(s) =a)_X(s)p(s)+bY Y (s)p(s) = aE(X)+bE(Y).

seS s

Corollary 3.3

For X and Y r.v. as before,
EX+Y)=EX)+E(Y),

obtainable by setting a =b=1.
The result below applies to any probability space.

Theorem 3.11
For any random variables X1, ..., X, of a probability space, we have that

Proof. By induction on n. We alread proved it for n =2, the base case. Inductive step follows trivially. |
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3.3 Continuous random variables

Definition 3.18 Continuous r.v.

A random variable is continuous if its domain is uncountably infinite.

3.3.1 Cumulative distribution function

Definition 3.19 Distribution of a random variable

The cumulative distribution function of a continuous r.v. X is described as the distribution of a random variable
and is denoted by Fx(x) (sometimes, just F(x)).

We note that 0 < Fy(x) < 1.

Given X the cumulative distribution function F can be defined as Fy(x) = P(X < x), for —eo < x < 0. One can
also define Fx(x) = P(A), where A = (—oo,x], where x € R. Function Fx(x) or simply F(x) when it implicitly infers
to X, is a monotonically increasing continuous from left function with

lim F(x) =0, lim F(x) = 1.

X—r—o0 X—oo
Furthermore, if there is f(z) such that
X
P = [ r,

then f(¢) is the probability density function of X. Function f(z) to exist it means that F(x) is differentiable. In
the remainder, as needed, it will be assumed that F(x) is differentiable. An interpretation of the density function

is
F(X)dx ~ P(x < X <x+dx).

Theorem 3.12

Let (S,T,P) be a probability space. The (cumulative) distribution function Fx(x) of r.v. X has the following
properties.

1. F is nondecreasing.

2. iy F(x) = 1, limy_, oo F(x) =0,

3. F is right continuous lim,._, .+ F(y) = F(x),
4. P(X <x) =lim,_, - F(y),

5 P(X=x)=F(x)—P(X <x).

F' is nondecreasing since for x <y,
Fx(y)—Fx(x) =PX<y)—PX<x)=P(x<X<y)>0.

The distribution of X is called continuous if there is a function fx(x) (called the probability density function)
such that

Fx(B) = /B Fe()dx,

for every interval B (or in mathematical analysis terms, for every Borel set B) and in that case Fx is continuous.
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3.3.2 Probability density function (p.d.f.)

Definition 3.20 Probability density function
When the distribution function Fx(x) = P(X < x) has the form

P(X < x) = [ Xw Ao,

we refer to fx(x) as the probability density function of X and sometimes we denote it f(x) implicitly referring
to r.v. X. Moreover,
. dFX (x)

fx(x) T

If F(x) is differentiable, then f(x) exists. It is possible however that F(x) is not differentiable.
Moreover

Pl <X <x2) = F(e) ~ F(v) = [ (o).

3.3.3 Expectation of a continuous r.v.

Definition 3.21 Expectation of a continuous r.v.

Let X be a continuous and differentiable random variable on probability space (S,T,P), with probability density
function fx(x). Then the expectation or (expected value) of r.v. X is defined as follows.

E(X) = /_ ixfx(x)dx.

If E(X) = —c or E(X) = oo we say the expectation E(X) does not exist.
A function f is absolutely continuous say on a closed interval [a,b] if it has a derivative f” almost everywhere,
the derivative is Lebesgue integrable and thus f(x) = f(a) [ f'(z)dz for all x € [a,]].

Definition 3.22 Expectation of g(X)

For an absolutely continuous random variable X, with probability density function fx(x), let g: R— R. Then
the expectation of g(X) exists and

=

E(s(0) = | _s(fx(x)dx.

Definition 3.23 Expectation of h(X,Y)

For jointly absolutely continuous random variables X,Y, with joint probability density function fx y(x,y), let
h:R xR+~ R. Then the expectation of #(X,Y) exists and

E((X.Y) = [ h(XY)fer(xy)dy

3.3.4 Independent random variables: continuous case

Definition 3.24 Independent r.v.: continuous case

Let X and Y be two random variables with Fx(x) and Fy(y) distribution functions. Let fx y(x,y) be their joint
distribution function. Then X and Y are independent r.v. if, for all x,y,

Sey () = fx(x)- fr ().
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3.3.5 Variance of a continuous r.v.

33

Definition 3.25 Variance of a continuous r.v.

For a continuous random variable X, its variance var(X) is defined as follows.

0% = var(X) = E((X — px)?) = E((X — E(X))%) = E(x?) ~ E(X),

where oo
E(X?) = / 2 fie(x)dx

Oy is known as the standard deviation of X, and Ly is the expectation (mean) of X.

Theorem 3.13
Let X be a continuous r.v. with E(X) and var(X). The following apply.

)=

1. var(X

2. var(aX +b) = a*var(X), for any real a,b € R.

3. var(X) = E(X?) - E(X)>.
(

4. var(X) < E(XZ)

Proof.
(1) Follows from the definition var(X) = E((X — ux)?) > 0.
(2) By linearity of expectation E(aX +b) = aE(X)+b. Therefore
var(aX +b) = E((aX+b)—E(aX +b))?)
= E((aX+b)—aE(X)+b)?)
— E((@X—aE(X)P)
— PE(X—E(X)P)
= d*var(X).

(3) Using again the linearity of expectation the following is derived.
warX) = E((X - B
= E(X? 2XE( X)+E(X)?)
= E(X?)-2E(X)E(X)+E(X)*
= EX*)-EX)%

(4) By the previous part
var(X) = E(X*) —E(X)? <E(X?),
since the last term E(X)? is positive.
Definition 3.26

The covariance of two random variable X,Y is given by the following expression.

cov(X,Y) = E((X —E(X))- (Y — E(Y))).

Covariance
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Theorem 3.14
Let X,Y be two random variables. Then

cov(X,Y) = E(XY)—E(X)E(Y).

Proof.
cov(X,Y)=E(X-EX))- (Y—E({Y))=EXY)—EX)E(Y)—EX)E(Y)+E(X)E(Y).

Theorem 3.15
Let X,Y be two random variables. Then

var(X +Y) =var(X) +var(Y) + 2cov(X,Y).
The result is generalized as follows.

var(ZXi) = Zvar(Xi) +2 Z cov(X;,X;).

i i<j

Proof.

var(X+Y) = E((X+Y)?)—(E(X+Y))?
= EXY)+EY?)+2EXY)—E(X)>—E(Y)2—2E(X)E(Y)
= var(X)+var(Y)+2(E(XY)—-E(X)E(Y)
= var(X)+var(Y)+2cov(X,Y).

If X and Y are independent E(XY) =E(X)E(Y) and thus cov(X,Y) =0. We the obtain the following.

Corollary 3.4
For r.v. X, Y that are independent we have the following.

var(X +Y) =var(X) +var(Y).

The results can be generalized for n > 2 variables. Proofs are by induction on n.

Definition 3.27 Correlation

The correlation of two random variable X,Y is given by the following expression.

X,Y
Corr(X,Y) = L;_( (; )
X Oy

Example 3.3.1
Let X be a r.v. such that P(a <X <b)=1 in other words a <X < b. Show that

(b—a)’

var(X) < 2
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Proof. Forany X, we have var(X) < E((X —t)?), for any ¢. (Easy to prove if one expands var(X) = E((X —E(X))?).
Equality is for t = E(X). Consider t = (a+b/2. This is the midpoint of the interval [a,b]. Therefore |X —¢| <
(b—a)/2. Therefore

var(X) < E((X—t)z) < (b—a)2/4.

3.3.6 Median and other quartiles

Definition 3.28

For a random variable X, the median m, lower quartile /, and upper quartile u are defined as follows.
Fx(m)=1/2, Fx(q)=1/4, Fx(u)=3/4.

The n-th percentile of X is defined as the valye x, such that

Fx(x,) =n/100.

3.3.7 Logarithmic and other inequalities
The primary source for the listed inequalities is [1], [17], [2] , [11].

Inequality 3.3.1

For every x > —1 and x # 0 we have the following.

l.x? <ln(1—|—x) < X.

For every x > 0 we have the following.
In(x) <x—1.

For every x < 1 and x # 0 we have the following.

x
< —In(l1—x)< .
X n(l—x) T

Inequality 3.3.2
For every 0 < 6 < 1 we have the following.

(1—-8)In(1—8)>—5+8%/2.

Proof. For 0 <x < 1,

In(l—x) = i{xi/i

= x—x2-X/3-x*/4—...
(1-x)In(l1—x) = —x—x*/2—x/3—x*/4—...

+ P23 A
(1—x)In(1—x) = —x+x/24+x2/6+...
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The missing terms in the last form of the equation are positive. We can then conclude

(1—x)In(1 —x) > —x+x?/24x%/6 > —x+x/2

Inequality 3.3.3
For every 0 < 8 < 1 we have the following.

(148)In(1+8) > 5+ 82/3.

Proof. For 0 <x <1,

In(1+x) = x—x*/2+4x/3-x"/4+...
(I+x)In(1+x) = x—x*/2+x°/3—x"/4+ ...
+ =242 34+
>

(I+x)In(14x) x+x2/2-x3/6

We can then conclude since 0 < x <1 that
(14x)In(1+x) >x+x/2—-x°/6 > x+x*/2—x*/6 > x+x*/3.
Set x = 6 and the result follows. [ |

Inequality 3.3.4
For every 2¢ — 1 < & we have the following.

(148)In(148) > (2e)%.

Fact 3.1

From prior discussion n! < n" and n! =~ (n/e)". Moreover
(n/e)" <n!<en(n/e)"
Also for (}) we have (}) <n* or

ik < () < (nei

(s

22n n 22m
— < < —.
2\/ﬁ - ( n ) T \2m

For all k <n we have

Furthermore for (Zn") we have

Fact 3.2

For all real x ¢* > 1 +x. Moreover (1 —x)" for x >0 and small (1 —x)" <exp—np. Also | —x>e > if x < 1/2.
For all x > 1 we have 1 —1/x < 1/e.
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Definition 3.29 Distribution of a random variable

The cumulative distribution function of a continuous r.v. X is described as the distribution of a random variable
and is denoted by Fx(x) (sometimes, just F(x)).

We note that 0 < Fx(x) < 1.

Given X the cumulative distribution function F can be defined as Fx(x) = P(X < x), for —eo < x < . One
can also define Fx(x) = P(A), where A = (—oo,x], where x € R. Function Fx(x) or simply F(x) when it implicitly
infers to X, is a monotonically increasing continuous from left function with

lim F(x)=0, limF(x)=1.

X—y—o0 X—o0
Furthermore, if there is f(z) such that
X
P = [ rar,

then f(¢) is the probability density function of X. Function f(¢) to exist it means that F(x) is differentiable. In
the remainder, as needed, it will be assumed that F(x) is differentiable. An interpretation of the density function
is

F(X)dx =~ P(x <X <x-+dx).

Theorem 3.16

Let (S,T,P) be a probability space. The (cumulative) distribution function Fx(x) of r.v. X has the following
properties.

1. F is nondecreasing.

2. limyse F(x) =1, limy, o F(x) =0,

3. F is right continuous lim,_, .+ F(y) = F(x),
4. P(X <x)=lim,_,- F(y),

5 P(X=x)=F(x)—P(X <x).

The distribution of X is called continuous if there is a function fx(x) (called the probability density function)
such that

FX(B):/fo(x)dx,

for every interval B (or in mathematical analysis terms, for every Borel set B) and in that case Fx is continuous.

Definition 3.30 Probability density function
When the distribution function Fx(x) = P(X < x) has the form

P(X <x) = /_ ); Ao,

we refer to fx(x) as the probability density function of X and sometimes we denote it f(x) implicitly referring

to r.v. X. Moreover,
dFx (x)

fxx) = dx
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If F(x) is differentiable, then f(x) exists. It is possible however that F(x) is not differentiable.
We can also define a cumulative distribution function for a discrete r.v. X. Then F(x) = ¥,_x(s)<xsesf(t)-

3.3.8 Composition of random variables

Definition 3.31 Sum and product of a random variables

Let X,Y be two random variables on the same probability space (S,7,P). Then X+Y, X-Y and a-X, a€ R
are also random variables and functions on S defined as follows.

VseS: (X+Y)(s)=X(s)+Y(s), VseS:(X-Y)(s)=X(s)-Y(s), Vs€S,acR:(a-X)(s)=aX(s).

Likewise for any polynomial function f(x,y,...,z) we define f(X,Y,...,Z) to be a function on S defined analo-
gously.
VseS: f(X,Y,....,Z)(s) = f(X(s),Y(5),...,Z(5)).

3.4 Conditional expectation

Definition 3.32
For a discrete r.v. X and an event A with P(A) > 0, the condiional expectation of X given A is given by the

following expression.
=x A)
E(X|A) ZxP =x|A) Zx

Consider a die with A ={2,4,6}. Let X be the outcome of rolling a die. P(X =3|A) =0 but P(X =4|A) =1/3.

Definition 3.33

For two discrete r.v. X,Y with P(Y =y) > 0, the condiional expectation of X given ¥ =y is given by the
following expression.

P(X =x,Y =y) -y fX,Y(xvy)'

X|Y y Z.XP —x|Y=y):Zx:x' P(Y:y) - xx' fY(y)

Definition 3.34

For two discrete r.v. X,Y the condiional expectation of X given Y is a random variable E(X|Y) which is equal
to E(X|Y =y for Y =y.

Definition 3.35 Conditional expectation: continuous case

For two continuous random variables X and Y, with joint density fxy(x,y) the conditional expectation of X
given Y is given below. Note that fx y(x,y) = fxy (x[y) - fr ().

EX|Y =y)= /;o;xfx‘y(x\y)dx = fy;(y) /:cxfxvy(xy)dx.

Definition 3.36

For three discrete r.v. X,Y,Z, let A be an event and a,b,z be real numbers. Moreover let W =aX +bY. Then
the following apply.
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E(W]A) = aE(X|A) +E(Y|A).
EW|Z=z7)=aE(X|Z=7)+bE(Y|Z=72).
E(W|Z) = aE(X|Z) +bE(Y|Z).

Similar definitions apply for absolutely continuous random variable analogs of the variable in the previous

definitions.

Definition 3.37

For two r.v. X,Y with joint density function fx y(x,y) the conditional expectation of X given Y =y is given by
the following expression.

E(X|Y =) = [ afy (xly)dx = /ffiy)y)d

Example 3.4.1
Let X,Y be two r.v with fxy(x,y) =x>+y? for 0 <x,y < 1 and 0 otherwise. For 0 <y < 1 we have

I 1 1
fy(y)Z/ fx,de=/0 (x2+y2)dx=x3/3+y2)C‘O=y2+1/3.

Then

(X‘Y y / fXY __/ x? +y 3—|—6y2
y +1/3 12y2+4'

Definition 3.38

For two r.v. X,Y that are (absolutely) continuous, the condiional expectation of X given Y is a random variable
E(X|Y) which is equal to E(X|Y =y for Y =y.

Definition 3.39

If X,Y are random variables then

E(E(X]Y)) = E(X).

Theorem 3.17
If X,Y are random variables and g : R — R then

(@)E(E(X|Y)g(Y)) = E(Xg(Y)),
and
(DE(g(Y)X|Y) =g(Y)E(X]Y),

and

(E(EX[Y)[Y) = E(X]Y).
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Proof. (a) The first result is proven as follows for the discrete case. The continuous case proof is similar.

E(EX[Y)g(Y) = Y eWEX|Y =y)PY =y)

= Y ) xe()fxr(x,y)
Xy

= E(g(Y)X).

(b) The second result is proven as follows for the discrete case. The continuous case proof is similar.

E(Y)X|Y) = E@Y)X|Y =2z)Vz
= Y Y e(xP(X =x,Y =y|Y =2)
Xy

= Y g()xP(X =aly =2)
= g Y xP(X =x|y =2)
= g(V)EX|Y =2)Vz.

Because E(g(Y)X|Y =2) =g(Y)E(X|Y =z), Vz then E(g(Y)X|Y) =g(Y)E(X|Y).
(c) The third result is proven as follows for the discrete case. The continuous case proof is similar.

E(EX|Y)Y) = E(E (XIY)I =2)Vz
= ZE Y =y)P(Y =y|Y =2)
= (X\Y:z)v.
Because E(E(X|Y)|Y =z) = E(X|Y =z), Vz then E(E(X|Y)|Y) = E(X|Y). [

3.5 More on expectations

Theorem 3.18
Let X be a discrete r.v. with values x1,x3,.... and pj=P(X =x;). Then

X) = Zx,'p,' = /:P(X > t)dt—/iP(X <t)dt

assuming the two integrals [;" P(X > t)dt < oo, [0 P(X < 1)dt < oo.
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Proof. We separate the positive x from the negative x's. (In other words assume below that all x's are positive,
and then all x's are negative: a combination of the two cases yields the final result.) For the positive case.

Y pixi = Zpi/Xidl
i i 0
/ Z p,'dt
0 ix;>t

/OOOP(X>t).

For the negative case.
0
Y pixi = —ZPi/ dt
i i Xi
0
—/ Y pidi

Tix<t

0
— / P(X <1).
The combination yields the result. |

Theorem 3.19
Let X be an absolutely continuous r.v. with p.d.f fx(x). Then

E(X):/:fx(x)dx:/owP(X>t)dt—/j;P(X<t)dt,

assuming the two integrals [° P(X > t)dt < oo, [ P(X < 1)dt < oo.

Proof. Similarly to the discrete case we work as follows. For the positive case.

/0 w( /; " e (x)dx)de

_ /0 " /O " e (0)dt)dx
= [ A

/OOP(X > t)dt
0

For the negative case.
/0 P(X <)di — /O ( /t Fe()dn)di
0 0
= (] fwdnax

= [ Cafeas

—oo

= [ (acwax

—o0

The combination yields the result. |
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Theorem 3.20

For 1 <i<n, let X; be a random variable with c.d.f. Fx, (x). Let Z be a r.v. that is a combination of the X; so
that for Y;a; =1, and a; >0 (or >0), Fz(z) = ¥ a;Fx,(x). Then

E(Z) = ZaiE(Xi).

Proof. Consider P(Z > 7).

P(Z>z) = 1-P(Z<2)
= 1-F(z)
= I—ZaiFXI. ()C)
= Zai — Za,-FXi (x)
i
= ZaiP(Xi > Z).
One can show a similar result for P(Z < z). Then
o0 0
E(Z) = / P(Z > z)dzf/ P(Z < z)dz
0 —oo
o 0
= /0 ZaiP(X,- > z)dz—/ ZaiP(Xi < z)dz
i -
= ZaiE(Xi).
i



Chapter 4

Standard distributions and random
variables

4.1 Standard distributions
4.1.1 Uniform distribution

Definition 4.1

Uniform U(a,b) random variable. Let a,b be real numbers with a < b. A uniform random variable X ~ U(a,b)
on the interval [a,b] has p.d.f as follows.

fxx)=1/(b—a), a<x<b, fx(x)=0 otherwise.

Moreover,
Fx(x)=0if x<a, Fx(x)=1if x>b, and Fx(x)= Zﬁa if a<x<b.
—a
Furthermore
E(X)=(a+b)/2,
and
var(X) = (b—a)*/12.
4.1.2 Bernoulli distribution
Definition 4.2 Bernoulli Trials

A Bernoulli trial is an experiment that has two outcomes. One outcome is called a success and the other a
failure. Let p be the probability of success and g =1— p be the probability of failure. We denote such Bernoulli
trial with b(p).

Several times 1 indicates success and 0 indicates a failure in the context of a Bernoulli trial. If however 1/2
indicates success and —1/2 a failure we call the experiment a Rademacher trial.

Corollary 4.1

Let X be a random variable that follows a Bernoulli distribution with parameter p that is, X ~ b(p). Sometimes
we use g = 1 — p. The probability of success and failure are P(X = 1) = p and P(X =0) = 1 — p = g respectively.

43
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The expected value E(X) of X and its variance var(X) = o are as follows.

EX)=p,  var(X)=pg=p(l—-p).

Proof. For E(X) we have the following.
EX)=p-1+(1-p)-0=p
Furthermore for E(X) we have the following.
EX*)=p-1’+(1-p)-0=p
Then for var(X) we have the following.

var(X) = E(X*)— (E(X))* = p—p* = p(1—p) = pq.

4.1.3 Geometric distribution

Definition 4.3

A geometric distribution can be described as the number of Bernoullis trials to get the first success, or equiv-
alently the number of failures before the first success. If random variable X describes the number of Bernoulli
trials and variable Y the number of failure to the first success, then X =Y + 1. We then say X ~ g(p), where
p is the probability of success in a Bernoulli trial.

Corollary 4.2

Let X be a random variable that follows a geometric distribution with parameter p that is, X ~ g(p). Sometimes
we use ¢ =1 — p. The probability of the first success after k— 1 failures is P(X = k) = (1 — p)*~'- p. The expected
value E(X) of X and its variance var(X) = 6 are as follows.

EX)=1/p,  var(X)=(1-p)/p*.

Proof. Let X ~ g(p). One can show E(X)=1/p and var(X) = (1 —p)/p?. A straightforward method to derive
the expectation is to argue that with probability p we are done in one trial, otherwise with probability 1 — p we will
will need one trial (the just wasted trial) plus E(X) for the remaining trials. Then E(X) = p+ (1 —p)(1+E(X))
gives E(X) = 1/p. Otherwise, Start with P(X =k) = (1 —p)*~!p. Then

(aok
»
=
e
|
Ko

E(X) =

=~
Il
_

I
aok
Fan
-
\
=
3
|
BS]

k=1
= p/1-p)- Y k(1 p)
k=1
= p/(1—p) Y k(1 p)
k=0
p l1l—p 1
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The expected number of failures is one less 1/p—1=(1—p)/p. Thus E(Y) = (1—p)/p as well. For var(X) =
E(X?)— (E(X))* we only need compute the first term E(X*). We have ¥ x' = 1/(1 —x) for x < 1. Then
Yo ixi~t=1/(1—x)? for x < 1, that was used before for E(X). Then ¥, i(i—1)x"2=2/(1—x)3 for x < 1.

E(X*) = ikzP(X:k)
k=1
= Z —k+k)(1—p)'p

—p) '+ Y k(1—p)'p
k=1

I
n[ij T

- >ik<k71><1—p>"—2+fs<x>
k=1

— (=P = (1=p))+1/p

= 1/p+2(1-p)/p°

Then
var(X) = E(X*) = (E(X))* =1/p+2(1—p)/p* = (1/p)* = (1-p)/P".

4.1.4 Binomial distribution

Definition 4.4 Binomial process or trial

A Binomial process or trial is the independent repetition of identical Bernoulli trials. Independent means the
outcome of a Bernoulli trial (or experiment) is not dependent of previous outcomes. We denote such a Binomial

process with B(n, p), where n indicates the number of Bernoulli trials b(p), and p the property of the Bernoulli
trial (probability of success).

Let B(n,p) denote a binomial process or trial or experiment of n independent Bernoulli trials each one b(p).

Theorem 4.1
The probability of k successes in a binomial process B(n, p) is denoted by B(n, p;k) and given by

k) = () (1=

Corollary 4.3

The probability of one or more success is 1 —B(n,p;0) =1—(1—p)" =1—¢", where ¢ =1 — p is the probability
of failure.

Corollary 4.4

We toss a (fair) coin 8 times. Thus p =¢q = 1/2. The probability of no heads is 1/2% = 1/256. The probability
of at least one head is is 1 — (1 —1/2)% =1—1/256.

Theorem 4.2 Binomial Distribution B(n, p)
For the binomial distribution, we have that P(X = k) = B(n, p;k) = (}) p*q"~*, where g=1—p. Then

u=EX)=Y kP(X =k) =np.
k
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var(X) = E((X —)*) = npq.
o(X) = ox = \/npq.

Theorem 4.3

Let X be a random variable that follows a binomial distribution with parameters n and p that is, X ~ B(n,p).
Sometimes we use g =1— p. The probability of k successes in n trials is B(n,p;k). The expected value E(X) of
X and its variance var(X) = 6 are as follows.

E(X) =np, var(X) = 6>(X) = npq.

Proof. We will use the binomial theorem that states

(a+Db)" Z (’J’) @b,

and therefore also

E(X) = ik-Pr(X:k):ikB(n,p;k)
k=0 k=0

= kZ:Bk- <Z)pk(1—p)”k

* n—1)! _ me ] (e
= n p.,;l(kl)!(;(zl)(kl))‘pk 1(1 p) 1—(k—1)
o (nfl) n—1—
= np.g{)j!(n—l—])'pj( -p) 1—j

The binomial theorem was used in the last step. We then calculate E(Xz). When we split the major sum, the
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latter second term is E(X) above.

EX* = Zn:sznpk
= nk—k K- (") g1 = pyr*
LWkt ()t
y n! kv n! -
- ,;0("2"‘>‘kz<n_k)z"k(1‘1’) k+,;)k'kz(n—k)!pk(l_p) ‘
— - (n—=2)!
- H(n=1) ; W=D k=) pi? 1P “rnp
= p n- (nfl) kiz ’2 k) pk—Z(lip)n—Z (k 2>+np
n—2 _
= pn-(n—1)- 0],(”@2)})1)’(1 p)" np
=
= n(n=1)p* (p+1-p)"?+np

= n’p>+np(1—p).
Finally, we combine the two results for E(X?) and E(X) in the definition of variance to obtain the following.
var(X) = E(X*) = E*(X) = n*p* +np(1 = p) — (np)* = np(1— p) = npq.

Having provided those two detailed proofs, since X is the sum of n identical and independent Bernoulli random
variables X;, which implies X =Y ;X;, we have E(X) = E(Y;X;) = n x E(X;) = np. By properties of variance

var(X) =Y, ar(X;) = npq, thus proving the result directly without mathematical manipulations. |
Example 4.1.1
Let X;, i=1,...,n be n independent Bernoulli variables representing the outcomes of a sequence of n coin tosses

with bias p, where 0 < p < 1 that is, X; ~ b(p). Consider A, = %Z?=1Xi- The latter is the fraction of Heads in
the n trials i.e. in space X" = (Xi,...,X,). Show the following.

E(An) =p, var(A,)=p(l—p)/n.

Proof. By way of the definition of A, = %Z?:lXi we have the following
1
=E(YX) = ZE = (1/mnp=p.
By the definition and properties of the variance, and the fact that X; are independent we have the following.

var(A,) = var( ZX Zvar = (1/n*)n- pq = pq/n.

4.1.5 Normal distribution
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Definition 4.5
Normal N(u,c?) random variable. A normal random variable X ~ N(u,6?) has p.d.f as follows.

1

2 /2
=— —exp(—(x—p)%/20
() =~ exp(~(v— )’ /207)
Furthermore
EX)=u
and
var(X) = 6°.

If X ~N(u,0?) the Y = (X —u)/o ~N(0,1).
4.2 Exercises

Exercise 4.2.1 Coin toss again

Toss a coin n=2m times. What is the probability of exactly n/2 = m heads?

Solution. Let pi = (})p*(1— p)"* Assuming the coin is fair p=g=1—p=1/2 and thus n=2m and n/2 =m,
we have

p= ()t (o)== ()i = (2 agpn = (), )asr,

Furthermore we use Stirling’s formula for n > 10 i.e. n! ~v/2nn(n/e)"

n! 1 V2mn(n/e)" 1 V2

P= (n/2)!(n/2)!2" 27n/2(n/2e)"/2\/21n/2(n/2e)"/2 2n Jn




Chapter 5

Generating functions

5.1 Generating functions

In this and later sections we will interchangeably use the following notation for the exponential function: exp(Z)
will denote €.

5.1.1 Probability generating function

Definition 5.1
Let X be a discrete random variable. Then the probability generating function (p.g.f.) is denoted as

forr e R.

Theorem 5.1

Let X be a discrete random variable. Let X : S+ Z, and Z is a subset of N. For px(t) let there exists p such
that px(p) < oo. Then the following apply.

px(() = P(XZ()
Pe0) = 11.PX=1)
pye(0) = 21.P(X =2)
pg(m)(O) = m!-P(X =m).

Proof.
px(t) =E(t*) = irkp(x =k)="PX =0)+1'PX =1)+*P(X =2)+... +1"P(X =m) +...
k=0

Set 1 =0. Then px(0) = P(X =0 since all term but the first vanish. Take m time the derivative of both sides.
The following applies.
P () =m!P(X =m)+ O(1)t(P(X =m~+1)+...).

Setting t = 0 the second summand vanishes and the general result is obtained. |

49
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5.1.2 Moments

Definition 5.2
Let X be a discrete random variable and m a non-negative natural number. The m-th moment of X is E(X™) ;
it exists provided this given expectation exists.

5.1.3 Moment generating function

Definition 5.3

The moment generating function Mx(¢) of a random variable X, with cumulative distribution function Fy is
defined as follows, provided that the expectation E(exp (X)) is defined for ¢ in some neighborhood of 0, in
other words there exists an & > 0 such that for all ¢ in [—h, k], E(exp (X)) exists.

My(t) = E(exp(t)) = | & fy(x)d

Note that using Taylor's expansion

t2x2 t3X3 Mmxn
exp(tX)=1+1X+ o + 3 +...+ P +...

Taking expectations of both sides we derive the following.

2 2 3 3 n n
t°E(X r’E(X t"E(X
2! 3! n!

E(exp(tX)) = 14+tE(X)+

Differentiating n times My (r) with respect to 7 and setting = 0 we obtain the n-th moment m, = E(X") of r.v.
X.

Theorem 5.2
Let X be any random variable. Let for some p >0 we have mx(t) < oo for —p <t < rho. Then the following
apply.

Mx(0) = 1

My(0) = EX
My(0) = E(X?)
M 0) = Exm)

Proof.
(a) Mx(0) = px(e°) = E((e")*) = E(1) =
(b) Take m times the derivative of Mx ()

My (t) = E(Xe'™X) & My (0) = E(Xe"Y) = E(X).

1.
= E(e'X). The first time

The second time
MY (1) = E(xe™) & MP (1) = E(X%eX) & MP (0) = E(X2"%) = E(X?).

By induction, the general term is derived.
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Corollary 5.1
If X,Y are independent,
myyy (1) = mx (t)my(t), px+y(t) = px(t)py (1),

Theorem 5.3

Let X; be independent random variables, with m.g.f Ex,(t) respectively, i=1,...,n. Let S, =Y} | X;. Then the
following applies for the m.g.f. of random variable Y .

my(t) = Mx, (t)... My, (1) = ﬁMX[. (7).
i=1

Furthermore, if X; are identically distributed to random variable X, then

my (t) = (Mx(1))".

5.1.4 Some examples

Example 5.1.1
The Uniform distribution U(a,b) has

Example 5.1.2
The Bernoulli process b(p) has Mx(t) =1—p+ pe'.

Proof. Let X ~ b(p). X takes two values, 1 with probability p, and 0 with probability g =1— p. Then
Mx(t) =E(exp(tX)) =p-exp(t-1)+(1—p)-exp(r-0) = pe' + 1 —p.

Corollary 5.2

For a Bernoulli process b(p),
Mx (1) = E(exp (X)) < exp(p(e —1)).

Proof. Starting with Mx (¢) = E(exp (tX)) = pe' +1—p, we rewrite pe' +1—p=1+p(e’' —1) and apply e* > 1+x
to obtain 1+ p(ef —1) <exp(p(¢e' —1)), as needed. |

Theorem 5.4

Let X; be independent random variables, with MGF Mx,(t) respectively, i=1,...,n. Let S, =Y | X;. Then the
following applies for the MGF of random variable S,,.

Msn(t) :1\4)(1 (l) ...Mxn(t) = ﬁMXi(t)'
i=1

Furthermore, if X; are identically distributed to random variable X, then

Ms, (1) = (Mx (1))" .
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Example 5.1.3

The binomial distribution B(n, p) has
My (1) = (1= p+pe')".

Note that My (0) = 1. Moreover My (t) = n(1— p+ pe')" ' pe', and M (0) = np = E(X). Similarly My (0) =
E(X?).

Example 5.1.4
The normal distribution N(u,c?) has

My (1) = exp (ur +0.56%%).

Example 5.1.5
The Poisson distribution Poisson(A) has

Mx (1) = exp (A(¢ — 1)).

Example 5.1.6
The exponential distribution with (1) has

Example 5.1.7
The geometric distribution g(p) with parameter p, has

pe' pe'

Mx(t) = = .
x(1) I—(1=p)e 1—é +pe

Proof. Let X ~ g(p). One can show E(X)=1/p and var(X) = (1 — p)/p*. For the moment generative function
we observe the following

Mx(r) = Y e (1-p)'p
k=1
_ pet i et(k—l)(l p)k—l
k=1

I
]
NN
D18
—~
N"\
=
|
]
N—
T

~
Il
=

Note that the sum converges for ¢/ (1 — p) < 1. |

5.2 Indicator random variable
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Definition 5.4 Indicator random variable

For an event A we define the indicator random variable I, as follows.
o Ih(s)=1if s€A, and
o I4(s)=0if s€A.

The indicator random variable sometimes uses 1 for I. It is also known as the characteristic function of A.

Theorem 5.5
For any event A, we have
E(I;] = P(A).
Proof.
E(Iy) =Y Ia(s)p(s) = Y Ia(s)p(s) + Y La(s)p(s) = Y Ia(s)p(s) + Y 0- p(s) = P(A)
SES SEA SEA SEA SEA

|
Theorem 5.6
Let X =I5, +...+14,. Then

E(XX)=E(Ip, +...+1,) = Y P(A)).
i

Example 5.2.1
The expected number of fixed points on a random permutation p on {1,...,n} is one. We define a random

variable A with
A(p) = [{i=p(i) = i}|
Then we generate A;(p) =1 if p(i) =i and 0 otherwise. Then A(p) =Y Ai(p).

and

5.3 Characteristic function

Definition 5.5
Let X be any random variable. The characteristic function cx of X is defined as follows

cx(t) = E(e™), t € R.

Note that i = v/—1. Moreover,
cx(t) = E(cos (1X) +isin (X)), t € R.
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Theorem 5.7

Let X be any random variable with finite first k moments. Then the following apply.
Ccx (0) = 1
&(0) = i-E(X)
x(0) = —i-E(X?)

" (0) - E(X™).
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Inequalities in probability theory
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Chapter 6

Probability inequalities

6.1 Probability inequalities

Definition 6.1 Convex function

Let f(x) be a real valued function on some interval [a,b] with b > a. Function f is called convex if for all
x| #xp € [a,b], and for all A such that 0 <A <1 we have

FAxi+(1=2)x2) <Af(x1)+(1—2)f(x2).

In other words, a function f is convex if the line segment between any two distinct points on the graph of the
function lies above or on the graph between the two points.

Equivalently, A differentiable function of one variable is convex on an interval if and only if its graph lies above

all of its tangents i.e. f(x) > f(y)+ f'(y)(x—y). If function f on one variable is twice differentiable, then f is
convex if f11(x) > 0.

57
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6.1.1 Markov’s inequality

Theorem 6.1 Markov’s inequality

For a non-negative r.v. X with expectation L that is thus non negative and every positive a > 0 the following
applies.

E(X)

PX>a)<
(K=< =

Proof.
a X>a
7=
{0 X<a
It is clear that Z < X. Therefore E(Z) < E(X).
E(ZY=a-P(Z=a)+0-P(Z=0)=a-P(Z=a)=aP(X > a).

By way of E(X) > E(Z) > aP(X > a), the result follows.
Another proof considers an Indicator function, and deals with the intrinsic case above.

I— 0 X<a
11 X>a

Then

A traditional proof for the discrete and continuous cases works as follows.

(a) Discrete case. If X is non negative then X(s) >0 and we then obtain the following. Note that we write X (s)
for an s € S rather that x; = X(s;) for an s; € S to keep things simple and to separate the s with X(s) < a from
X(s)>a.

EX) = Y X(5)p(s)



6.1. PROBABILITY INEQUALITIES 59

(b) Continuous case.

_ L :xfx(x)dx—i— :xfx(x)dx
> /:xfx(x)dx

> a :fx(x)dx

> (1= [ toas)

v v

Technically, the latter (last line bound) is P(X > a). We could then rephrase the inequality as P(X > a) <E(X)/a.
An alternative unified proof is as follows.

6.1.2 Cauchy-Schwartz inequality

Theorem 6.2 Cauchy-Schwartz inequality

For any r.v. XY, assuming var(X),var(Y) exist, are non-zero, and are finite, the following applies.
|cov(X,Y)| < y/var(X)var(Y).
Ifvar(Y) > 0 equality above is for X —E(X) =a(Y —E(Y)), with a = cov(X,Y)/var(Y).

Proof.
If var(Y) = 0 then since var(Y) = E(Y —E(Y))?) > 0 we have Y = E(Y) with probability 1. Then

cov(X,Y) =E(X —E(X))(Y —E(Y)) = E(X — E(X))(E(Y) —E(Y)) = 0 = \/var(X) - 0.

Assume now that var(Y) #0 (i.e. var(Y) >0). Set S=X—-E(X), T=Y —E(Y).

E((S—aT)*) = E($*)+d*E(T?*) —2aE(ST)
E((X—E(X))*)+d®E((Y —E(Y))?) — 2aE(ST)
= var(X) +d*var(Y) — 2acov(X,Y)

The left-hand size E((S—aT)?) >0 for all a. Thus the right-hand side should also be so for all a. Therefore the
discriminant of the corresponding quadratic equation must be < 0. Therefore

4eov(X,Y)? —dvar(X)var(Y) < 0= cov(X,Y)? <var(X)var(Y) = |cov(X,Y)| < v/var(X)var(Y)

Moreover |cov(X,Y)| = /var(X)var(Y) when the discriminant is zero which implies that the quadratic equation
has one real root. There is an a such that E((S—aT)?) =0 and therefore S = aT with probability one. Then

cov(X,Y) = E(ST) = E(aT?) = aE(T?) = avar(Y),

and thus a = cov(X,Y)/var(Y) for var(Y) > 0. |
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Another formulation with a more compact proof follows.

Theorem 6.3 Cauchy-Schwartz inequality
Let X and Y be two random variables. with E(X?) < o and E(Y?) < . Then

E(XY)| < /E(X2)\/E(Y2).

Proof. Consider E((X —tY)?) > 0. Then
E((X —1Y)*) = E(X*)+?E(Y?) = 2tE(X)E(Y) > 0.

Choose t = ZXY)  Then we have

E(Y?)
2
E(X2)+<§(g/§))) E(Yz)—zi(éf))E(XY) > 0
E*(XY E*(XY
E(X*)+ E((Yz))zE((Yz)) > 0
E*(XY
) - = 0

E(X?)E(Y?) > E*XY).

The last inequality, after taking square roots concludes the proof. |
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6.1.3 Tsebyshev’s or Tchebychef’s inequality
From now use we use the more frequently spelled out Chebyshev.

Theorem 6.4 Chebyshev’s inequality

Let X be a random variable with finite expected value u and non-zero and finite standard deviation & (variance
62). Then for every positive t >0,

1
P(X —u| =z o1) < .

Proof. It derives directly from Markov's inequality. Note that in Markov's case it must be non-negative. This is
not needed here since the use of (X — ut)? implies an expected value that is non-negative.

P(X —p| > ot) = P(X — > > 0°2) < E(X —p)) /0’ = 0> /o™ = 112,

|
An alternative formulation follows.
Corollary 6.1 Chebyshev variation 1
An alternative form is the following bound.
var(X o’
P(X—u[=1) < t§ ):Tz'
Proof. Consider Y = (X — E(X))?. Use Markov's inequality on Y.
E(X—E(X))? X
P(X ~ E(X)| 2 1) = P(X — EQr) > ) < EXZECOR  YarlX),

|

Note that for any m > 0 there is a r.v. Z with the inequality being turned into an equality. For example
consider r.v. Z with P(Z=1t) =1/2=P(Z=—t). Then E(Z) =0 and Var(Z) =12, and P(|Z| > ) = 1.
The following form starts from P(|X| > t) instead of P(|X — u| >1) or P(|X — u| > ot).

Corollary 6.2 Chebyshev variation 2
An alternative form is the following bound.
E(X?)

PX| 1) < =5

One can obtain sharper bounds for small variance by considering P(|X — u|*¥ > ot), where k > 2.

Derivative results

If we repeat an experiment n times we can consider the outcome of each experiment a random variable and thus
talk about X1,X5,...,X,, where X; is the random variable associated with the i-the outcome. If the experiments
are independent of each other, then P(X; = x;,X; = x;) = P(X; = x)P(X; = x;).
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Corollary 6.3

Let S, be a random variable that is defined as S, = X +...+ X),, where X; are independent random variables.
Then var(S,) = Y,;var(X;). Chebyshev's inequality is then given in the forn below

f|ZXE )| >t ii
(o)<

where 62 = (1/n) Y;var(X;).

Proof. For S, as defined, let E(S,) = ¥, E(X;).

var(S,)
P(|S, —E(S,)| >nt) < —7ﬁjl
1 var(Sy)
R
1 no?
P(;|ZX:'—E(ZX1')\ZI) S g
2
o
7|2X —EX))|>1) < ey

Corollary 6.4

Let X;, i=1,...,n, be n (independent) Bernoulli trials with X; ~ b(1/2). (X; are 0 or 1.) Let S, =Y,X; as
before. Show that Pr(S, >3n/4) <2/n.

Proof. We have that E(X;) = 1/2 and so is E(X?) = 1/2. Thus var(X;) = (1/2) — (1/2)?> = 1/4. For S, = ¥ X;

we have var(S,) = n-var(X;) =n/4, and E(S,) =n/2. Applying Chebyshev's inequality,

P(S,>3n/4)=P(S,—n/2>n/4)= L P(|S,—n/2| >n/4) =0.5P(|Sy —E(S,)| > n/4) <0.5-var(S,)/(n/4)*> =2/n.
|

Definition 6.2 Sample, mean, average

Let X be a r.v. with mean u and standard deviation o. Let an experiment is repeated n time with repetitions
independent of each other. Let X; be the random variable associated with the i-th repetition. Then the sample
mean or average of X,...,X, is defined as follows.

Xi+ X+ ...+ X,
. :

Y =
The sample mean X is also a random variable.

Example 6.1.1

Let Xi,...X, be bernoulli b(p) random variables. Then S, =Y, X; is such that S, ~ B(n,p). Then E(S,)=np=p
and var(S,) = Y,;var(X;) = npq as noted earlier. Let us reformulate this as follows: let nX ~ B(n,p) that is
S, =nX. For any € > 0 we have the following using Chebyshev’s inequality.

P(L 18y~ E($,)| > 1) = P(X ~ E(X)| >1) < pa/nt’
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Proof. By Chebyshev's inequality
P(|Sy — E(S,)| > 1) < var(X)/1?

Starting with
POLIS)— E($2)| > 1) = P(1S, ~ E(S,)| > n-1)
and the latter by Chebyshev's inequality
P(|S, — E(Sy)| > n-t) <var(S,)/n*t?
Therefore

1
P(=|S, — E(S,)| > 1) < var(S,)/n** = E var(X;) /n’t* = npq/n*t* = pq/nt*.
n .
]

Furthermore we note, S,/n=X and E(S,)/n = E(X) and the result follows. |

6.1.4 Jensen’s inequality

Theorem 6.5 Jensen’s inequality

Let g be a convex function on R that is, g: R+— R. Let X be a random variable, and Y = g(X) another random
variable defined. The the following applies

E(g(X)) = g(E(X)).

Proof.
Continuous case. Since g is convex for every t, graph of g lies above its tangent at ¢ that is

8(x) = g(1) +S(x—1),

where § is the slope of the tangent on t. Then set X = x and r = E(X). We have the following, after taking
expectations of both sides,

gx) = gt)+S(x—1) =
gX) = (EX))+Sx—EX))
E(g(X)) = EQEX)))+ESK—-EX))) <
E(g(X)) = g(EX))+S(E(x)-EX))) <
E(g(X)) > g(EX)).
Discrete case. For a discrete random variable the proof follows. Let S ={aj,...,a,} and let X be a random

variable with x; = X (a;). Then let f(x;) = P(X =x;) and thus }; f(x;) = 1. Moreover, E(X) =Y, x;f(x;). Let g(x)
be a convex function and thus for ¢; + ¢y =1, we have g(cix; + caxa) < c18(x1) + c2g(x2) and this generalizes
for n> 2, so that for ¢;+ca+...+ ¢, =1, we have g(cix; +...cpxn) < c18(x1) +... +cug(xn). We then obtain
E(g(X)) > g(E(X)). The proof of the latter is by induction on n > 2. For the base case n =2 using the convexity
of g and the fact that }; f(x;) =1, we have

E(g(X)) Sx1)glxr) + f(x2)g(x2)
g(f (er)xr + f(x2)x2)

g(E(X)),

v
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as needed. For the inductive step, assuming that the result is true for n— 1 and will be shown true for n, we have.
n
E(g(X)) = Y f(x)glx)
i=1

= flx)g(x1) + f(x2)g(x2 +foz

— () f(xf)(ﬁ}(xz)g(xl )+ f(xf)(f}(xz)gm)) WS

By the convexity of g(x) the first two terms of the right-hand side get combined as follows

00 = 00+ S (G e+ ™) B et 6.)

On the right-hand size there are the n—2 terms of the sum (from i = 3 through i = n) plus the newly generated
one further on the left, a total of n— 1. By the inductive step we have the following.

f(x1) f(x2)
E(g(X)) > (fx)+f(x))g ((f(x1)+f(x2)x1+(f(x1)+fx2 >+fo,

flx)
(f (x1) + f (x2)

Y

X1+(f(x1)+f(xz))L +fol z>

g( Sfx1) + f(x2)) GO

= g(fx] x1—|—fxzx2+2fx, l>
i=3

-+ (e

= g(EX)

as needed.

Equality above is for f(X) = aX +b for some a,b € R. If f(x) =x?, this provided (E(X))?> < E(X?), which has
alread been derived.

6.1.5 Law of large numbers

Definition 6.3 Sample mean or sample average

Let X be a r.v. with expectation (mean) E(X) = u and standard deviation o. Let an experiment is repeated
n times with repetitions independent of each other. Let X; be the random variable associated with the i-th
repetition X; ~ X. Then the sample mean or sample average of Xj,...,X), is defined as follows.

X1 +Xo+...+X,
" .

X:

The sample mean X is also a random variable.



6.1. PROBABILITY INEQUALITIES 65

Definition 6.4 Law of Large Numbers

For any r > 0 the probablity that the sample mean X of n independent experiments has a value in the interval
[ —r1+r]is to the limit for large n equal to 1.

limyeP(|X — | <r)=0

Theorem 6.6 Law of large numbers

LetX;, i=1,...,n, ben independent trials with finite expected value E(X;) = p and finite variance Var(X;) = .

Let
S =X1+Xo+...+X,.

Then for any € > 0 we have the following
Sn
P(|;—u| >¢€)—0,

as n — oo and equivalently,
Sn
P(|—— €)—1
(|=F —uf<e) =1,
asn —» oo,
A proof follows by Chebyshev's inequality for X =S, /n, and E(X) = E(S,)/n=nu/n=u and Var(X) =Var(S,/n) =
(1/n*)Var(S,) = (1/n*)nVar(X;) = o2 /n.
In other words, For any € > 0 the probablity that the sample mean X of n independent experiments has a
value in the interval [u — &, + €] is to the limit for large n equal to 1.

lim P(|X —pu| <€) =1.

6.1.6 Holder’s inequality

Theorem 6.7 Holder’s inequality
For any r.v. XY, and a,b € (1,00) satisfy 1/a+1/b =1, the following applies.

E(|XY]) < (E(X|)"“(E(Y ")/,
For a = b =2 the following form of the Cauchy-Schartz inequality is derived.

E(IXY]) <A\J(E(X?)(E(Y?).

6.1.7 Liapunov’s inequality

Theorem 6.8 Liapunov’s inequality

For any r.v. X,Y, and a < b € (1,), the following applies.

E(X[%)/* < (E(X[")/".

6.1.8 Minkowski’s inequality
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Theorem 6.9 Minkowski’s inequality

For any r.v. XY, and c € [1,), the following applies.

E(|X+Y|a)l/a < (E(‘X|a)l/a+(E(|X‘u)l/a.

For a =1 the triangular inequality is derived.

Definition 6.5

For three discrete r.v. X,Y,Z, let A be an event and a,b,z be real numbers. Moreover let W =aX +bY. Then
the following apply.

1. E(WJA) =aE(X|A)+E(Y|A).
2. EW|Z=2)=aE(X|Z=27)+DE(Y|Z=2).
3. E(W|Z) = aE(X|Z) + bE(Y|Z).

6.1.9 Tails of the binomial distribution

The following result in the form of Equations (6.3) and (6.4) appears in Feller [9] and in its complete form
including Equation (6.2) as Theorem 1.1 in Bdllobés [3], where B(n, p;m) is expanded and bounded,

Theorem 6.10 Feller[9], Béllobas[3]

Let random variables X; be inpdependent and follow a Bernoulli distribution that is, X; ~ b(p), and let S, =
Y X;. Then form= [upn], u>1,

u

P(S, >m) < 1B(n,p;m). (6.2)
u—
Furthermore, ( )
m(l—p
> < —=. .
P(Sn— )— (m—np)2 (6 3)
and ( )
n—m)p
P(S,<m) < 4
The first form appears in [3]; the other two in [9].
Proof. Let B(n,p;k) = (})p*(1— p)"~*. Consider
B(n,p;k) (n+1)p—k
————— 1 —_— .
Bnpk—1 ' Ki-p) ©9)

If k< (n+1)p the binomial terms form an increasing sequence. If k> (n+ 1)p the binomial terms form a
decreasing sequence. If (n+ 1)p =M, for integer M, then B(n, p;k) = B(n, p;k — 1), since the fraction above is
equal to 1. Then there are two maxima for k and k— 1 or in other words for M = (n+1)pand M —1=(n+1)p—1.
Otherwise there exists only one integer T such that (n+1)p—1<T < (n+1)p. The same conclusion can be

drawn if
B(n,p;k+1) (n—k)p
= . (6.6)
B(n,p;k (k+1)(1-p)
If (n—k)p > (k+1)(1—p) or equivalently k < (n+1)p —1 then the sequence is increasing, if (n—k)p < (k+
1)(1 = p) or equivalently k > (n+1)p— 1 then the sequence is decreasing, and for (n—k)p = (k+1)(1—p) or
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k= (n+1)p—1, the sequence attains a maximum at two points M —1=k=(n+1)p—1land M =k+1=(n+1)p.
In the remainder we work with the second form. Note that m = [upn] > (n+1)p.
Therefore B(n,p;m+1)/B(n,p;m) is a decreasing sequence. From Eq. (6.6) we have that

Bn,pym+1) (n—m)p
B(n,p;m (m+1)(1-p)

(n=mp (a=m)p
i) = mi_p)- et

Therefore P(S, > m) is a geometric series with largest term B(n, p;m) and ratio at most 0
us call the ratio r. Then

1
P(Sy = m) < 7—B(n, p;m). (6.7)
—r
For r= U="P \ye have
m(1=p)
, o (n=mp
m(1—p)
1 _ 1
1—-r 1— (n—m)p
m(1-p)
1—
_ m(1—p) (6.8)
m—np
Therefore Eq. (6.7) by way of Eq. (6.8) becomes.
1 11—
P(5, 2 m) < T Blnpim) < Blnpin) e L) (69)
Between M = (n+ 1)p and m there are at least (m —np) terms that are at least B(n, p;m). Then we have
(m—np)B(n,p;m) < ) B(n,psi) <1
i=M
1
B(n,pym) < ——. 6.10
pim) < s (6.10)
Therefore we conclude that Eq. (6.9) by way of Eq. (6.10) is as follows.
1- 1-
(S, > m) < B(n, pym)"U—P) o m(1=p) (6.11)

m—np ~ (m—np)?’

as needed in Eq. (6.3). We derive Eq. (6.4) by using the antisymmetry of the result of Eq. (6.3). In Eq. (6.4)
we are interested in at most m successes therefore at least n —m failures. Therefore we rewrite the just derived
Eq. (6.3), where g =1—p is replaced by p and m is replaced by n—m and p is replaced by g i.e. 1 —p. We then
obtain the following.

(n—m)p (n—m)p
P(S,>n—m) < < . 6.12
2= S Gy = (1= )7 = (mp—n)? (612
This is a bound for failures > n—m that also translates to a bound for successes < m and this is Eq. 6.4, as
required. For Eq. 6.2 consider r < 1/u and thus in the derivation of Eq.6.8 1/(1 —r) <u/(u—1), as needed. W
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Chapter 7

Hoeffding’s method

7.1 Hoeffding’'s inequality

We now present Theorem 1 and Theorem 2 of Hoeffding [13]. The work [13] deals with random variables that are
not necessarily Bernoulli but are bounded e.g. 0 <X; <1 or a; <X; <b;. Theorem 1 [13] for the case of Bernoulli
trials takes the form of Corollary 8.6 associated with a Chernoff bound.

That's why several times the terms Chernoff and Hoeffding refer to the same bound. Theorem 1 of [13] is the
strongest among the Hoeffding bounds. The bounds are sufficient for large deviations. Otherwise one can use
bounds available in [3] and [9]. Angluin-Valiant bounds [2] are weaker but more useful; the latter are or may be
more useful for small p.

7.2 Derived right tails

Note that all random variables X in the two theorems that follow are to have finite first and second moments.
This Theorem 1 of [13] follows.

Theorem 7.1

Let X; be an independent random variable, i =1,...,n. Let S, =Y,;X;, X =S,/n and p=E(X). Then for any
h such that 0 < h < 1— p we have the following.

P(X—p>h)) P(S, > (p+h)n)

exp (=D((p+h)[|p)n)

R A B

Note that if 7> 1— p, then Eq. (7.1) remains true, and for h = 1 — p, the right-hand side can be replaced by
the limit & — 1 — p which is p".

We provide a proof below for the Theorem following the techniques of the Chernoff’'s method also attributed
to Cramér [7]. The theorem also appears as Theorem 5.1 in [15].

IN

Proof. In order to prove Eq.(7.1) we perform the following transformation, using in the last step Markov's
inequality, and before that the monotonically increasing function X s ¢'X. Consider a ¢ > 0 and the monotonically

69
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increasing function f(x) = ¢". Note that 0 </ < 1— p below.

PX—p>h) = P

= P(S,>(p+h)n) (7.2)

en(p+ht
e A (7.3)

We then examine E(e').

E(S) = E( T
n

= J]E™) (7.4)

i=1

By the convexity of function f(x) = exp (tx) we have the following: the line segment connecting the points (a, f(a))
and (b, f(b)) lies over f(x). The equation of the line segment is as follows.

y— el = etZ:Zm (x—a). (7.5)
Therefore,
yzetb% —|—e’“Z:Z. (7.6)
Because of the convexity of f we also have the following.
Or <y TG el TX (7.7)
b—a b—a
We now consider E(e/Xi). We have the following.
E () §e’bE(ﬁ;a +e’“b;€(f). (7.8)
Because 0 < X; <1,a=0and b =1, Eq.(7.8) can be simplified.
E(e™) < E(X;)+ (1 -E(X;) <e'pi+1—pi, (7.9)
where p; = E(X;). Then we plug Eq.(7.9) into Eq.(7.4). We derived the following.
EE@) = [EE)
ijl
= TIpit1-p) (7.10)

i=1

Given that geometric means are at most their arithmetic means we have the following.

n

i=1

n 1/n . .
(H(e’piﬂ—pi)) SZMS(e'p—i—l—p). (7.11)
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Therefore Eq.(7.11) into Eq.(7.10) yields the following.
n
E(e’s”) _ (etpi+l_pi)
i=1
< (dp+1-p)
From Eq.(7.3) utilizing Eq.(7.12) we finally derive the following.

S

P(r—pzh) < e "PHIE(eS)
< e PN 41— p) (7.12)
< exp(—n(p+h)i+n-In(ep+1—p))
< exp(g(t)) (7.13)

We consider the monotonicity of function g(r).

!

g (1) =—(p+h)n+npe'/In(1—p+pe'). (7.14)

Setting g/(t) =0 and solving for t we have,

h)(1— h)(1—
o = In P p)’ Jo pth)(1-p) (7.15)
p(l=p—h) p(l=p—h)
Moreover (p+h)(1 —p) > p(1 —p—nh) and thus 7 > 0, since h < 1—p and thus 1 —p—h > 0. Substituting
Eq.(7.15) for ¢ in g(¢) in Eq.(7.13) the result in the form of equation Eq.(7.1) follows. |

Theorem 1 of [13] includes (weaker) upper bounds of Eq.(7.1) of the form exp (—nh’k(p)), where

1 1-p
k(p) = ———In——
(p) 2",
for 0 < p<1/2, and
1

~2p(1-p)

for 1/2 < p < 1. The proof arguments are tedious and we refer to [13]. Furthermore, a weaker bound of the
form exp (—2nh?) can also be derived. This can be established also through Theorem 2 of [13] that is stated and
proved below.

Theorem 2 of [13], utilizes the following result that is proven separately.

k(p)

Proposition 7.1 Hoeffding [13], Eq (4.16)
For a random variable X such that a <X < b with E(X) =0 and for any ¢ > 0, we have the following.

)

E[e*] <exp ( g

Proof. The function f(x) = exp (¢x) is a convex function. Therefore by Eq.(7.7), we have the following.
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Moreover, E(X) = 0. By taking expectations on both sides we conclude the following.

(=

(X)
b—a b—a

ae+b0
—a b

—a
th ta

—e "+ ——¢

b—a b—a

E(elX) <

D':l

m

<

IN
o

IN
@

Consider

B@) < e (1e(he 1 500" ) —eplna()

The function g(¢) will be rewritten as f(¢) = In(g(¢)), and furthermore by some change of variables, using
p=>b/(b—a) and therefore 1 —p = —a/(b—a), and x = (b—a)t. Then we have, after renaming variables
with substitution, the following. Note that ra = x/(b—a)) ca=(x/(b—a))-(p—1)(b—a)=x(p—1).

f(t) = In

o) = (b
(

((1- )e +p))
= ta—i—ln(( p)e*+p)

fx) = x(p—1)+In((1-p)e'+p) (7.16)
Function f(x) as indicated in Eq 7.16 has the following properties: f(0) =0 and f’(0) =0. We point out that

(1-p)et

f(x):P_l'f‘ma

nd
i = =Dt (1= p)e) (L= p)e(—ple” __pl1—p)e
(p+(1=p)er)? (p+(1=ple)*

Using Taylor's formula we obtain
F) = FO0)+£0)+f (r)x*/2!,
for some r. We are going to find the maximum of f”(x). We observe that f”(x) =A-B, where A+ B =1, with

A=(p)/(p+(1—p)e) and B=((1—p)e)/(p+ (1 — p)e*). Therefore the second derivative is maximized for
A=B=1/2 and f"(x) < 1/4. This implies.

£ = FO) + £(0)+ £ (r)x? /20 S0+ 0+ (1/4)(1/2)x* < /8.
Moving backwards, Equation (7.16) then yields, after recovering the original variable names,
E(¢¥) < exp(In(g(t)))
< exp(x2/8)
< exp ((bfa)tz/S).

A
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Theorem 2 of [13] is stated and proved below. Whereas in Theorem 1 of [13] variables X; were bounded in
range by 0 and 1, the bounds next are variable, in the sense that a; < X; < b;.

Theorem 7.2

Let X; be an independent random variable, i = 1,....n. Let S, =Y¥,;X;, X = S,/n, where a; < X; < b; and
p=E(X) and E(S,) =np. Then for any h such that 0 < h < 1 — p we have the following.

22
P& 1) = (5,2 (i) <ewp (s ). (7.17)

i=1

Proof. In order to prove Eq.(7.17) we work out similarly to the other bound of Eq.(7.1). Consider a # >0 and
the monotonically increasing and convex function f(x) = €.

PX—p>h)) = P(S,—E(Sy)
p(el(Sn*E(Sn))
E(el(SrE(Sn)))

ehin
efhtnE(el(Sn*E(Sn))) (7.18)

inf e*hmE(et(S,,fE(Sn)))
h>0

hn)
ethn))

AVARLY,

IN

IN A

We then examine E(¢!(S»~E(52))  Note that X; are independent random variables for Eq.(7.19) to be valid.
B EG)) = p(aEX-EEX)
n
= HE(et(Xi’E(Xi”) (7.19)
i=1

Since E(X; — E(X;)) = 0, the conditions of Proposition 7.1 are satisfied. Therefore

2 2
E(e/%—EX)) < exp (t(b’_a’)) (7.20)
- 8

Eq.(7.18) by way of Eq.(7.19) and Eq.(7.20) yields the following.

PR-p2h) < jote E(@SE)
>

S inf e—htn ﬁE(et(Xi—E(X;)))
i=1

h>0
n 2 2

e t=(bi — a;)
< f htn L i
< prre [ow (S5

. 2 “ (bi_ai)2
< ;ggexp <—htn+t ;8) (7.21)
< infexp(g(r)) (7.22)

Function #(¢) is a parabola. Its minimum is for

4hn

- 2
1 (bi —a;)? (7.23)

=
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Substituting ty for # in Eq.(7.21) yields the following equation.

= . no(p _a.)Z
PX—p>h) < inf hn42y B @) 7.24
X—p=h) < ;goem< n+ ; g (7.24)
2h*n?
< —_—— . 7.25
= P ( iz1(bi ai)2> (725)
The proof is complete as Eq.(7.25) is Eq.(7.17). u
By symmetry one can also prove the following e.g. by ¥; = —X;.
Theorem 7.3

Let X; be an independent random variable, i =1,...,n. Let S, =Y;X;, X = S,/n, where a; < X; < b; and
p=E(X) and E(S,)) =np. Then for any h such that 0 < h we have the following.

022
PR—p < =) = P(5, < (p—hn) <exp (s ) (7.26)

In [15], Theorem 7.1 appears as Theorem 5.1, and Theorem 7.2 and Theorem 7.3 appear as Theorem 5.7
there.

There are variants of Theorem 7.1 and Theorem 7.2. These include the following ones.

Corollary 7.1

Let X; be an independent random variable, i = 1,...,n, such that a < X; <b. Let S, =Y,;X; and E(S,) = np.
Then for any 8 such that 0 < 6 < (1 — p)/p we have the following.

02822
P(S, > (14+06)pn) < exp (n(zb—safz> (7.27)

Proof. Set h=6p in Theorem 7.1. Moreover a;=a, bij=b, i=1,...,n. |

A similar corollary to Corollary 7.1 can be proven for P(S, < (1 — &§)pn), if one bounds the number of failures

rather than successes with Theorem 7.2 or if @; =0 and b; = 1, equivalently consider ¥; = —X;. The upper bound
would be identical then.

Corollary 7.2 appears in [15] as 5.3 in Corollary 5.2 for a=0 and b = 1.

Corollary 7.2

Let X; be an independent random variable, i = 1,...,n, such that a < X; <b. Let S, =Y, X; and E(S,) = np.
Then for any & such that 0 <& <n—np we have the following.

—2K?
P(S, > +h) < exp| ——mmm— ). 7.28
(S0> pnth) < p( th_my) (7.28)

Proof. Replace hn in Theorem 7.2 with h. |

Moreover one can combine Corollary 7.2 and Corollary 7.6 to bound P(|S, — pn| > h).
The following is due to [2]. It also appears as Corollary 8.5 and Corollary 8.7
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Theorem 7.4 Angluin-Valiant[2]
For everyn, p, b with0 < p <1 and 0 < b <1, we have the following.

k=

[(1=b)np]
Y B(n,pik) <exp(—b’np/2),
k=0

and

Y. B(n,p:ik) <exp(—b*np/3).
k=T Topp]

For the case of a binomial distribution of Bernouli trials the following becomes available.

Corollary 7.3

Let X; be an independent random variable, i = 1,...,n, such that X; ~ b(p), where 0 < p < 1. Let S, =Y, X;
and E(S,) =np. Then for any § such that 0 < § < (1 —p)/p we have the following.

P(S,>(1+6)pn) < exp (72n52p2). (7.29)

Corollary 7.4

Let X; be an independent random variable, i = 1,...,n, such that X; ~ b(p), where 0 < p < 1. Let S, =Y;X;
and E(S,) =np. Then for any h such that 0 < 2 <n—np we have the following.

—2hK?
P(Sy>pnth) < exp(——). (7.30)

7.3 Derived left tails

Corollary 7.5

Let X; be an independent random variable, i = 1,...,n, such that a < X; <b. Let S, =Y, X; and E(S,) = np.
Then for any 8 such that 0 < § < 1 we have the following.

2282 p?
Proof. Bound the number of failures rather than successes with Theorem 7.2 or equivalently consider Y; = —X;. W

Corollary 7.6 appears in [15] as 5.4 in Corollary 5.2 for a=0 and b= 1.

Corollary 7.6

Let X; be an independent random variable, i = 1,...,n, such that a < X; <b. Let S, =Y,;X; and E(S,) = np.
Then for any h such that 0 < h < 1— p we have the following.

—2h*
P(S,<pn—h) < . 7.32
sz < o (g ) (72
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For the case of Bernoulli trials we have the following simplifications.

Corollary 7.7

Let X; be an independent random variable, i = 1,...,n, such that X; ~ b(p), where 0 < p < 1. Let S, =Y;X;
and E(S,) =np. Then for any 8 such that 0 < § < 1 we have the following.

P(S, < (1-8)pn) < exp(—2n8%p?). (7.33)

Corollary 7.8

Let X; be an independent random variable, i = 1,...,n, such that <X; ~ b(p), where 0 < p < 1. Let S, =Y}, X;
and E(S,) =np. Then for any h such that 0 < 2 < 1— p we have the following.

—2n?
P(S,<pn—h) < exp . (7.34)
n

7.4 Derived concentration bounds

The following Corollary combines Corollary 7.1 with Corollary 7.5.

Corollary 7.9

Let X; be an independent random variable, i =1,...,n, such that a < X; <b. Let S, =Y,;X; and E(S,) = np.
Then for any & such that 0 < d < 1 we have the following.

02822
e € )

o—ay (7.35)

The following Corollary combines Corollary 7.2 with Corollary 7.6 instead.

Corollary 7.10

Let X; be an independent random variable, i = 1,...,n, such that a < X; < b. Let S, =Y,;X; and E(S,) = np.
Then for any & such that 0 <h < 1— p we have the following.

—2h?
P(|Sy—pn|>h) < 2exp <n(b_a)2> (7.36)

i=1



Chapter 8

Chernoff’s method

8.1 Chernoff’s inequality

In [4] bounds on the tails of a set of Bernoulli trials are discussed in the form of Theorem 1. Theorem 1 of
[4] is restated below as Theorem 8.1 after some relevant definitions. One can extract a variety of bounds out
of Theorem 8.1. Such bounds can lead to a sequence of lemmas such as Lemma 8.1, Lemma 8.2, Lemma 8.3,
and Lemma 8.4 for the right tails, and Lemma 8.5, and Lemma 8.6, and Lemma 8.7 for the left tails, and their
associated corollaries along with some obvious concentration bounds (left and right tail bounds).

Definition 8.1

Let X;, i =1,...,n be independent random variables identical in distribution to random variable X whose
moment generating function is My(t) = E(e'X), and its cumulative distribution function is Fy(x) = P(X < x).
Let E(X) = p=u and define S, =Y} | X; and E(S,) =nE(X) = nu, and

m(r) = infE(e'*™") = infe "My (1) = infe " E(e').

The infimum is with respect to the #'s values. Mx(z) attains a minimum value m(0).

Skipping some other details, the 7 value for the minimum is finite unless P(X > 0) =0 or P(X <0) =0 and then
m(0) =P(X =0). If P(X <0) >0 and P(X >0) >0 then m(0) > 0. The following is Theorem 1 of Chernoff [4]

Theorem 8.1 Chernoff [4]
IfE(X) <oo and r > E(X) then

P(S, > nr) < (m(r))". (6.)
IfE(X) > —co and r < E(X) then

P(S, <nr) < (m(r))". (8.2)
If0 <u <m(r) and E(X) might not exist,

Jim =W (8.3)

n—o P(S, < nr)

Proof. In order to prove Eq.(8.1) we perform the following transformation, using in the last step Markov's
inequality, and before that the monotonically increasing function X s ¢'X. Consider a ¢ > 0 and the monotonically

77
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increasing function f(x) = €.

IN

IN

CHAPTER 8.

P(tS, > tnr)
P(etSn > enrt)
E(ets")

enrt
efnrtE(erS,, )
einrlMSn (l) .

We then examine Ms, (1) = E(e'S"). Since S, = ¥, X;, then

E (&)

E(ef):ixi)
E(HEIX,-)
HE(etX,-)
HMXi (1)

(Mx (1))"-

From Eq. (8.5) by way of Eq. (8.6) we obtain the following.

P(S, > nr)

This completes the proof of Eq.(8.1).

INIA

The proof of Eq.(8.2) is similar. Consider a # <0 now.

P(S, <nr)

The rest is identical to the previous case.

IN

IA

efnrtE(etS,,)
e—nrt (MX (t))n
n

(e "Mx(1))
inf (e "Mx(1))"

>0

inf (m(r))".

>0

P(tS, > tnr)
P(etS,, Z enrt)
E(e'S)

et
e—nrtE(etS,,)
e Ms (7).

CHERNOFF'S METHOD

(8.8)

In most of the discussion to follow we will assume that X; and X follow a Bernoulli distribution i.e. X; ~ b(p)
and X ~ b(p) and thus E(X;) = E(X) = p, where 0 < p < 1. Then, S, ~ B(n, p). Therefore we have the following.

Mx(t)=E(X)=¢ -p+1-(1—p)=1+p(e —1) )

The last part is because for all x, we have ¢* > 1 +x.
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Definition 8.2 Kullback-Leibler

The Kullback-Leibler divergence Dgy or just simply D is defined as follows for two distributions of n elements
P=Ud{pi}, pi>0, 0=U{qi},¢>0,i=1,...,nsuch that Y;p;=Y,q; = L.

D1 (P||Q) = D(P||Q) Zpllnf (8.9)

8.2 Derived right tails

We derive the first Chernoff bound for a Binomial r.v. S, which is the sum of n Bernoulli random variables, using
Eq.(8.1).

Lemma 8.1

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l1. Let S, =Y;X;. Then, for any r such that p < r <1 we have the following.

P(S, > m) < exp (~Dlrp)n) = [(”)r (=2) ] ) (5.10)

r

Sometimes r = p+t and the bound p < r < 1 becomes p < p+1t < 1 or equivalently 0 <t < 1— p. We report
this variant in Corollary 8.6.

Proof. (Of Eq. (8.10))
By Eq. (8.7) we have the following considering that My (t) = E(¢X) = 14 p(e' — 1) < e 7.

P(S,>nr) < inf (e ""Mx(r) )

>0
< 1nf(e "(1+ple —1)))"
-1))
< inf +pe ) (8.11)
< inf(exp(f (8.12)
l>0

As indicated by Eq. (8.12), f(t) = In((1+ p(¢' —1)) —rt. Consider f (t) = pe'/(1+ pe' — p) —r. Equating to
zero f (t) = 0 and solving for t we obtain ¢ = (1—p)r/(p(1 —r)). Continuing with the second derivative we
find ' (t) = p(1—p)e' /(14 pe' — p)? > 0. Therefore f(t) has a minimum for ¢’ = (1 — p)r/(p(1—r)). We then
continue with Eq. (8.11) as follows.

P(S,>nr) < inf((l—l_p(et_l))>n (8.13)

- >0 et

The denominator exp(rz) for ¢! = (1 —p)r/(p(1—r)) is as follows.

exp (1) = (1= P/ (p(1 =) = S (814)

Likewise the numerator is as follows.

(1+p(¢ +1-p=—-"L (8.15)
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Therefore we have the following for the quantity below.

. B 1 — ) NN
(1+p£n 1)):11_1?’.?1(_117)35 l(i’) (11_’;) ] , (8.16)

The proof is completed. |

We generate one more bound from Eq.(8.1). The bound is stronger than the Corollaries to follow that bring
it into an easier to deal with form.

Lemma 8.2

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l1. LetS,=Y;X;. Then, for any r such that p <r <1 we have the following, after we substiture
=(1406)p, 6 >0.

r

e -p\" ed "
P(Sn Zrn):P(SﬂZ (1+5)pl’l) S (ep ir) <(1+5)1+5> (817)

Proof. By Eq. (8.7) we use Mx(t) = E(¢’X) = 14 p(¢' — 1) < eP® P, to obtain the following.

P(S,>nr) < (6 (1+p(e *1)))
< ,125 o ePe p) (8.18)
< 1nf(e p(pe — —rt))n
< inf (exp(f(1)))" (8.19)

The second to last part is because for all x, we have ¢* > 1+x. By Eq. (8.18) and Eq. (8.19) we have f(z) =
pé' —p—rt. Since f (t) = pe' —r, setting f (t) =0 we obtain t =In(r/p). Moreover, f (1) = pe' is equal to
f"(n(r/p)) = r> 0. Therefore f(¢) has a minimum at t = In(r/p). Substituting this value for 7 in Eq.(8.19) the
following is obtained.

P(S,>nr) < tigg(eXP(Pez—p—rt))”
< (exp(p(r/p)—p—rin(r/p))"
= (Zpi) (8.20)

Finally we substitute r = (1+68)p in Eq. (8.20) to obtain our result

(1+3)p . p(1+8)p "
P(S, > <
(S 27 (15 8o

ed "
< ((—1—5)1+5> (8.21)

A simpler proof of Eq. (8.10) for binomial random variables is found in [5] and the proof is presented below.
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Lemma 8.3 [5]

Let X; be independent Bernoulli random variables following the same distribution as random variable X, X ~ b(p),
where 0 < p < 1. Let S, =Y,;X;. Then, for any r such that p <r < 1 we have the following.

r 1—r

P(S, = m) < exp(—D(r||p)n) = l(p)r <l_p> lr] n. (8.22)

Proof. Let B(n,p,k) =Y" ,B(n,p;i). For any x > 1, we have

B(n,p,k) < i (’:) pi(1— pyr—ixik

i=0

< x_kii‘é(’z)pi(l—l’)"_ixi
< L (T a-pr
< x¥1+@x=1)p). (8.23)

For r > p consider x = (1 — p)r/(p(1 —r)) and substitute for the x of Eq. (8.23). We obtain the following.

B(nvpak) S x_k(1+(x71)p)n

< Gan) (= (Gass-m)) (820

The result then follows. [ |

We present an alternative Chernoff bound formulation which follows the simple case of Hoeffding bounds,
where a; =a =0 and b; = b = 1. Naturally it applies to Bernoulli or binary random variables (e.g. Rademacher).

Lemma 8.4

Let X; be independent Bernoulli random variables following the same distribution as random variable X, X ~ b(p),
where 0 < p < 1. Let S, =Y,;X;. Then, for any r such that p <r < 1 we have the following.

P(S, > rn) < exp (—2n(r—p)?). (8.25)
Proof. The proof follows the steps of the proof of Theorem 8.1 to Eq.(8.4).

P(S, > nr)=P(tS, > tnr) < < e "E(eS) (8.26)

We then proceed differently as follows.

P(S,>nr) < e ™E()
< efnrtenptE(et(S,Lfnp))
< efnrlJrnptE(Het(Xifp))
i
< efnrlJrnptHE(et(X,-fp)) (827)
i
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We note that r.v. X; — p is bounded and E(X;—p) = E(X;) —p=p—p =0. Then, Proposition 7.1 that is being
utilized in Hoeffding bounds can be used to show the following.

2
E(¢%P)) < exp (tg) (8.28)
Eq.(8.27) by way of Eq.(8.28) yields the following.

P(Sn > nr) < e—nrt-‘rnptHE(er(X,-—p))
i
t+npt r?
—nrt+npi -
e Hexp ( g >

[2
e*ll}’l“rl’lpl exp (ng)

< et (8.29)

IA

IN

Consider the exponent of Eq.(8.29): f(t) = —nrt +npt 4+ ni?/8. Its first derivative is f (1) = —nr+np+1/4.
Equating it to zero and solving for r we have that f/(t) =0=—nr+np+t/4 yields

t=4(r—p). (8.30)

Given that f(f) = 1/4 >0, we have a minimum at = 4(r — p) for f(¢). Therefore Eq.(8.29) by way of Eq.(8.30)
yields the following.

P(Sn 2 nr) S efnrt+npr+%
< g*"f'4(rfp)+np-4(r*p)+7""“;”’)2
< e (8.31)
Eq.(8.31) is Eq.(8.25) as needed. |

The following corollary is more widely known than Lemma 8.4.

Corollary 8.1

Let X; be independent Bernoulli random variables following the same distribution as random variable X, X ~ b(p),
where 0 < p < 1. Let S, =Y;X;. Then, for any r such that p < r <1 we have the following.

P(Sy — E(Sy) > rn) <exp (—2nr?). (8.32)

Proof. In Lemma 8.4 substitute r+ p for r. Then P(S, > (r+ p)n) = P(S, > rn+ pn) = P(S, — E(S,) > rn) and
then substitute »+ p for r in Eq.(8.25) to obtain Eq.(8.32). |

The following Corollary can be obtained from Lemma 8.2. It provides a more tangible upper bound than the
generic one of the Lemma.

Corollary 8.2

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l. LetS,=Y,;X;. Then, for any § >2e— 1. we have the following,

P(Sy > rn) = P(S, > (1+8)pn) <2700, (8.33)
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Proof. From Lemma 8.2, we have

8 148
e e e < p-(1+8).

< <
(1+5)(1+6) - (26)(1+5) - (26)1+5 -
The result follows then. [ |

146

The following Corollary is also obtained from Lemma 8.2. Note that 6§ > 0 is better than the § used in
Corollary 8.5 that follows it.
Corollary 8.3

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l1. Let S, =Y,;X;. Then, for any § >0 we have the following.

_s2
P(S, > (1+8)pn) < exp <2fa -pn). (8.34)

Proof. We would like to upper bound the bound of Eq.(8.17) of Lemma 8.2, as follows.
&0 < ( —82
(1+5)0+8) =P

2+6)

Consider function f(¢) defined as follows.
2

f0)=8-(1+8)In(148)+ 5.

Note that for any § > 0 we have the following.

Therefore we have the following result

f) < 5—(1+5)1n(1+5)+2i26 - 5(2+5)_(21:55)(25>+52 L

The Corollary then follows. |

A small improvement has been proposed by McDiarmid in the following form.

Corollary 8.4 [16]

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l1. Let S, =Y,;X;. Then, for any § >0 we have the following.

52
P(S, > (1+06)pn) <exp (2+266/3 ~pn). (8.35)

Proof. The proof utilizes the following inequality for all x > 0.

2
(I4+x)In(14x)—x> PRNCYEF:

The following Corollary can also be obtained from Lemma 8.2. It is similar to the one in [2] for the binomial
case.



84 CHAPTER 8. CHERNOFF'S METHOD

Corollary 8.5

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l. LetS,=Y;X;. Then, for any & such that 0 < § < 1 we have the following.

52
P(Sy, > rn) =P(Sy > (1+68)pn) <exp <35 ~pn>. (8.36)

Proof. By inequality (9.4.8) we have for 0 < § < 1, (14+8)In(1+8) > &+ 8%/3. This results to

Py P 52

(1+8)110) = g+073 =€

The result follows. Note that as proved, 6 < 1. However, we can improve the upper bound § <1 by a more
tedious approach. We show it below. Consider as before in Corollary 8.3, function f(t) (¢ substitutes for §)

defined as follows. )

t
f)=t—(0+t)In(1+1)+ 3
We would like to show f(z) > 0. We first calculate its first derivative.
f()=2t/3—In(1+1).

We note that £ (0) =0 and f (1) <0. In order to study the monotonicity of f (1) we go on calculating the second
derivative.

f)=2/3-1/(1+1).
We note that " (0) <0 for # < 1/2 and f" (1) >0 for t > 1/2. This means that f (¢) is monotonically decreasing

for £ < 1/2 and given f (0) =0, negative for < 1/2, and monotonically increasing and since f (1) < 0 also
negative for 1 >¢ > 1/2. One can also separately confirm that f(1/2) < 0. Thus f(8) <0 forall0 < <1. The
0 > 0 is needed since r > p. |

We report below a corollary variant of Lemma 8.1. This is Corollary 8.6.

Corollary 8.6

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l1. Let S, =Y;X;. Then, for any t such that 0 <7 < 1— p we have the following.

G5) (55 ] L e

P(Sy = (p+1)n) <exp(=D((p+1)|lp)n) =

8.3 Derived left tails

We proceed to deriving a Lemma identical to Lemma 8.1 for the left tails. This is stated next.

Lemma 8.5

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l1. Let S, =Y;X;. Then, for any r such that 0 < r < p we have the following.

P(S, < rm) < exp (~D(r]|p)n) = [(”)’ (1 ”) H} ) (8.38)

r 1—r
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Sometimes r = p —t, and the bound 0 < r < p becomes 0 < p—1t < p or equivalently 0 <t < p.

Proof. (Of Eq. (8.38))
Method 1. A simple argument works as follows: the upper bound on the number of successes generates a
corresponding lower bound on the number of failures. Thus for F; =1—X;, we have Y F; =n—Y; X; or equivalently
Y, =n—3S,. Therefore

P(S, <rn)=Pn—S,>n(1—r))=PY, >n(1-r))

The latter bound by Lemma 8.1 is bounded above by Eq.(8.10) adjusting it with r replaced by the 1 —r of
Y, >n(1—r) and p by 1 — p to account for the failures not the successes of random variable ¥,,. The end result
is that

P(Sp <rn) <exp(=D((1=1)[[(1—=p))n).

However D((1—7)||(1—p)) = D(r||p) and therefore

P(Sy <rn) <exp(=D((1=1)[|(1 = p))n) = D(r[|p)-

Method 2. Now let us reprove it following the method of the proof of Lemma 8.1. Consider ¢t > 0, and apply
the Chernoff trick and finally use Markov's inequality as we did earlier.

P(S,<nr) = P@S,<tnr)

= P(—tS, > —tnr)
P(eils” 2 efnrl)

IN

enrtE(eftS,,)
enrt(E(e—Xt))n (839)

IAIA

We calculate E(e ™) = 14 p(e " —1) < e’ '~P. The rest of the calculation are similarly to the ones before

inf (" (14p(e”" = 1)))"
< inf(exp (/)" (8.40)

IN

P(S, <nr)

As indicated by Eq. (8.40), f(t) =In(1+ p(e~" —1))+rt. Consider f (t) = —pe™*/(1+p~"' — p)+r. Equating to
zero f (1) =0 and solving for 7 we obtain ™' = (1 — p)r/(p(1—r)). Continuing with the second derivative we
find f" (1) = p(1—p)e™"/(1+ pe™" — p)® > 0. Therefore f(¢) has a minimum for e™* = (1—p)r/(p(1 —r)). We
then continue with Eq. (8.40) as follows.

P(S,<nr) < inf (e"(1+p(e—1)))" (8.41)
The term exp (rt) for e " = (1 —p)r/(p(1—r)) is as follows.
exp(rt) = —————. (8.42)

Likewise the other term is as follows.

(I+ple=1))= a = (8.43)
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Therefore we have the following for the quatinty below.

S o (DI RS

We generate one more bound below.

Lemma 8.6

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l. LetS,=Y,X;. Then, for any r such that 0 < r < p or, equivalently, for any & such that 0 < § < 1
we have the following.

r

e -p\" e ?d "
P(S, <rn) =P(S, < (1-8)pn) < (el’ P;,) = ((1—5)(15)> (8.45)

Proof. We calculated earlier E(e™™X) =1+ p(e™" —1) < eP* '~P. By way of Eq.(8.40) we have the following.

IN

P(Sy<nr) < inf(e"(14ple ~1))"

t>0

inf - " 4
inf exp(pe ' —p+rt)) (8.46)

inf (exp (/(1)))" (8.47)

t>0

IN

—

IN

By Eq. (8.46) and Eq. (8.47) we have f(t) = pe' — p+rt. Since f (t) = r— pe™", setting f (1) = 0 we obtain
t =In(p/r). Moreover, " (t) = pe' is equal to f (In(p/r)) =r > 0. Therefore f(¢) has a minimum at r =1In(p/r).
Substituting this value for ¢ in Eq.(8.46) the following is obtained.

P(S, <nr) < ing (exp(pe™" —p+rt))"
>
< (exp(pr/p—p+rin(p/r))"
er .pr n
< .
< (e"-r’) (8.48)

Finally we substitute r = (1 —8)p in Eq. (8.48) to obtain Eq.(8.45).
e1=8)p p1=8)p \"
(1= 8)p)1 o7

e d "
((1 — 5)(16>> (8.49)

P(S, <nr)

There is a weaker but more easier to deal bound for small p. This is shown next. It is similar to the one in
[2] for the binomial case.
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Corollary 8.7

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l1. LetS,=Y;X;. Then, for any § such that 0 < 6 < 1 we have the following.

52
P(S, < (1—90)pn) <exp (26 -pn). (8.50)

Proof. By inequality (9.4.7) we have for every 0 < 8§ < 1, (1—8)In(1—8) > —8 — 8%/2. This results to

675 - 676 - 75722
(1=06)0-8 = 582 "

The result follows. [ |

The symmetric case for the left tails to Lemma 8.4 is stated below.

Lemma 8.7

Let X; be independent Bernoulli random variables following the same distribution as random variable X, X ~ b(p),
where 0 < p < 1. Let S, =Y,;X;. Then, for any r such that 0 < r < p we have the following.

P(S, < rn) < exp(—2n(r—p)?). (8.51)

Proof. The proof is by symmetry to Lemma 8.4 for ¥;=1—X; and };Y; =n—3S, instead. |

The following corollary is then evident.

Corollary 8.8

Let X; be independent Bernoulli random variables following the same distribution as random variable X, X ~ b(p),
where 0 < p < 1. Let S, =Y,;X;. Then, for any r such that 0 < r < p we have the following.

P(S,—E(S,) < rn) <exp(—2nr?). (8.52)

8.4 Derived concentration bounds
Finally the following Corollary can also be obtained from Corollary 8.5 and Corollary 8.7.

Corollary 8.9

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l. LetS,=Y;X;. Then, for any § such that 0 < 6 < 1 we have the following,

52
P(|Sy —np| > 8pn) <2-exp <f ~pn). (8.53)

Proof. We have the following
P(|Sy —np| > 8pn) = P(S, —np > 8pn) + P(S, —np < —=6pn) = P(S, > (1+6)pn) + P(S, < (1 —8)pn)

By Corollary (8.5) we bound P(S, > (14 0)pn). By Corollary 8.7 we bound P(S, < (1 —38)pn). Simple manipu-
. _52 _§2
lations show exp (T) <exp(—5-). The result then follows. |
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The following is a direct consequence of Corollary 8.1 and Corollary 8.8.

Corollary 8.10

Let X; be independent Bernoulli random variables following the same distribution as random variable X, X ~ b(p),
where 0 < p < 1. Let S, =Y,;X;. Then, for any r such that 0 < r < p we have the following.

P(|S, —E(S,)| >rn) <2-exp (—2n(r—p)2). (8.54)



Chapter 9

Combinatorial inequalities

9.1 Combinatorial inequalities

Inequality 9.1.1

For any integer n > we have the following.

We also have the following.

Proof.

Starting with n! =1-2-...-(n—1)-n, we have that

Likewise n!=1-2-...-(n—1)-n leads to

n!

Ignoring /n terms we have the following.

n!

n!

AVARLY,

AVARRAVARI

Y

= 1-2-...-(n—1)-n
< ‘n- n-n

g H.
1-2-...-n/2-...(n—1)n
1-1-...-n/2-...n/2-n/2
(n/2)"/?),
1-2-...-/n-...(n=1)n
1-1-...-v/n-...(n—1)-n
(\/ﬁ n—/n

n_yn

n2 2.

The corresponding upper bound can be proven similarly.

Stirling's approximation for the factorial.

89
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Inequality 9.1.2
For any integer n > 0 we have the following.

(n/e)" <n!<en(n/e)".

Inequality 9.1.3
For any integer n >0 and 1 < k <n we have the following.

B'=()=(0)

Proof.

+) = mw

n-(n=1)-...-(n—k+1)
k!

o L
= Stirling’s approximation

nk

(k/e)k
en\k
- (%)

Instead of using Stirling's approximation for the factorial we could have used the following Taylor expansion for

ek
oo 7 i=k i
P N Lok
N A A AR 1
The last one implies e /kk > 1/k!.
For the lower bound we have the following.
n _ n!
k) kl(n—k)!
n=1)-.. . (n— k=1, . k=l .
_on-(n—=1)-...-(n k—i—l):Hn IZH22<E>
k-(k—1)-...-1 ok—t T gk k

Fort=0, (n—1t)/(k—t)=n/k >n/k. Fort =1 through t =k — 1, we have that (n—1r)/(k—1t) > n/k, as long as
k <n. [ |

Inequality 9.1.4
If k=o0(y/n) then
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Proof.
n _HI Ol(n_l)
(k) N k!
Then
X k—1 ) ‘ . k ‘ ‘ k2 ‘
n Zg(n—l)Z(n—k) k(1= 2 2 nk(1 =) = (1 - (1)

Furthermore by Stirling's approximation
k! = (1+o0(1)V2rk(k/e)*

we obtain

Inequality 9.1.5
If k= w(1) and k = o(n) then

() = 0ot g (1)’ (nnk)"’;lg (3) = 0 otpme

Proof.

Then by Stirling's approximation we obtain

(1) = 0ron [ () ()

ny\k n ne\k
(0) = () =(%)
k k k
we obtain klg% <lg(}) <klg™ =k(lg# +1ge). The, as n/k grows to infinity for large n, the result follows from
the two inequalities above. |

By

Inequality 9.1.6
If k=Q(n) then

(Z)Z(Ho(l)) Mk(nn_k(Z)%nik)nk = lg(z>:(1+o(1))(ilgz+”;klgn;k)n

= (+o(mE),

n

where E(x) = —xlgx— (1 —x)lIg(1 —x) is the entropy function.

(0) =

Proof.
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then

(Z>:(1+0(1)) 2”"(’1""(2>k(nik>k

i (}) = 0o o (8 ()

Taking logarithms

Inequality 9.1.7

For any integer n > 0 and k < n we have the following.
n
<2n
(1)<

Inequality 9.1.8

For any integer n > 0 we have the following.

22n - 2n
2y/n =\ n

IN

N,
|

Inequality 9.1.9
The following holds.

Proof.
(2n)! _ (2n)-(2n—1)-...-(n+1)
n!-n! n-(n—=1)-...-1
_ 2n)-2n—1)-...-2n—i)-...-2n—(n—1))
n-(n=1)-...-(n—i)-...-(n—(n—1))
_ (2n) 2n—1)  (2n—i)  2n—(n—1)
n n—1 "7 n—i 7 n—(n—1)
n_ (n—1/2) (n—1i/2) n—(n—-1)/2
A S e u S P §
> 2"
The latter is due to the fact that
%zlén—iﬂzn—i@iﬂgi.



9.2. SERIES 93

Inequality 9.1.10 [3]
Let b<b+x<aand 0<y<b<a. The following hold.

a—b—x x< a—x\ (a\ " < a—>b x<ef(,,/a)x.
a—x “\ b b - a -

by\' o (a3 (@) 2 (B) < b,

a-y) ~\b—y/\b “\a) —

The following also holds.

9.2 Series

The primary source for the listed inequalities is [1], [17].

Inequality 9.2.1 Mercator-Newton

For every —1 <x <1 we have

=) . i
n(l4+x) =Y (-1 -2 42

Proof. Obtained from Inequality 9.2.4 after a Taylor series expansion of In(x) for x = 1, and then substitution
x+1 for x. |

Inequality 9.2.2
For —1 <x < 1 we have the following equality by substituting —x for x in Inequality (9.2.1).

Moreover we obtain the following.

1 1 1
ln(n+1)—1n(n—1):2<n+3n3+5ns—|—)

Furthermore we can also conclude that for a finite r we have the following.

t
n(1-x) <Y (-,
i=1 !
and the following trivially holds.
In(1—x)> Xt:(—l){l — X—I
o 1 t

Inequality 9.2.3
For x > 1/2 we have as follows.

> 1 =1\ x—=1 1/x=1\> 1/x—1\"
1 — _. = — —
n(x) Z{i < X ) X +2( X ) +3( X ) +

=
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Inequality 9.2.4
For every 2 > x > 0 we have the following.

(D)™ (= 1) /i

™

Il
-

In(x) >

Inequality 9.2.5

For we have as follows.

9.3 Exponential inequalities

The primary source for the listed inequalities is [1], [17].

Inequality 9.3.1
Note that for positive integer n > 0, we have the following.

(14+1/n)"<e, (1+1/n)"1>e, (1—1/n)"" 1>l

They can proved by taking logarithms of both sides, then set r = 1/n, t > 0, and finally clear determine the
monotonicity of a function f(r) of # by calculating its first derivative and f(0).

Inequality 9.3.2

The following are true.
e&>14+x VxeR.

For integer k > 1, we have that

k+1 k
e1/k2%’ and e—l/(k+1)2ﬁ.
In other words,
k
> (14 1/k)* d eVt > &
e>(1+1/k)f, and e 2
Inequality 9.3.3
For all x € R and different from zero and x < 1.

() <l-x<ep(—), ——>exp(x)
xp (——— — xp (— _—
exp(—7— x <exp(—x), T >exp(r),

Furthermore,
. x
x<e'—1<

1—x
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Inequality 9.3.4
For every x > —1 we have the following.

1—e™ .
1+x<( e ) <x

For every x > —1 we have the following.
X
1 > —).
+x > exp( 1 —l—x)

For every 0 < x < 1.5936 we have the following.

et <1 (x/2).

Inequality 9.3.5
For every x > 0,y > 0 we have the following.

x X =
&> (1+-) >e.
y

Inequality 9.3.6
For all x € R and different from zero and x > —1

X
] +x> e)(p(m>7

and

Inequality 9.3.7
Itis (1—1/N)"> (1—n/N) for any integer n>1 and N > 0.

Proof.
Proof by induction on n. For n = 1 obviously (1—1/N)! > (1—1/N).
Forn=klet (1—1/N)*>1—k/N. Then for n=k+1 we have

(1-1/N = (11N -(1-1/N)
(1—k/N)-(1—=1/N)
1—(k+1)/N+k/N*
1—(k+1)/N.

(1Y

v

9.4 Logarithmic and other inequalities
The primary source for the listed inequalities is [1], [17], [2] , [11].

Inequality 9.4.1
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For every x > —1 and x # 0 we have the following.

lx? <11'1(1+X) < X.

For every x > 0 we have the following.
In(x) <x—1.

For every x < 1 and x # 0 we have the following.

x
<—In(l1—-x)< .
X n(l—x) T

The following is true.

Inequality 9.4.2
For every x > —1 and x # 0 we have the following.

x x(64x)
—— <In(1 <
Ty <40 s Zms <
Inequality 9.4.3
For every x > 0 we have the following.
X
In(1 > .
n(l+x) 2 77

Proof. Consider f(x) =In(1+x)—x/(1+x/2). Itis f(0) =0. Take the first derivative, and it is positive, for all
x>—1. f(x) =x2/((2+x)%(x+1)), therefore f(x) is increasing for x > 0. |

Inequality 9.4.4
For every e > x > 0 we have the following.
2x x(x+2)

<In(1 < —F
= S+ <757

For every —1 < x < 0 we have the following.

2x x(x+2)
>In(1 > —
x n(1+x) 2 2-(x+1)

Inequality 9.4.5

For every x > 0 we have, as a consequence of Inequality 9.2.1, the following hold.
In(14x) <x—x*/2+x/3,

and
In(14x) 2x—x2/2.
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Inequality 9.4.6
For every 0 < x < 0.5828 we have the following.

[In(1—x)| < 1.5x.

Inequality 9.4.7
For every 0 < § < 1 we have the following.

(1-8)In(1-8)>—-&+8%/2.

Proof. For 0 <x < 1,

In(l—x) = i{xi/i

= x—x2-X/3-x*/4—...

—x—x?2-x/3—x*/4— ...
+ 4224345 A+

(1—x)In(1—x) = —x+x2/24+x2/6+...

(I—=x)In(1—x)

The missing terms in the last form of the equation are positive. We can then conclude

(1—x)In(1—x) > —x+x>/24+x2/6 > —x+x*/2

Inequality 9.4.8
For every 0 < 6 < 1 we have the following.

(1+8)In(1+8)>5+8%/3.

Proof. For0<x <1,

In(l1+x) = x—x*/24+x/3—x*/4+...
(1+x)In(1+x) = x—x*/24x/3—x*/4+...
+ =243 -4+
(1+x)In(1+x) > x+x*/2-x/6
We can then conclude since 0 <x <1 that
(14x)In(1+x) >x+x*/2—-x°/6 > x+x*/2—x*/6 > x+x*/3.

Set x = 6 and the result follows.

Inequality 9.4.9
For every 2¢ — 1 < 0 we have the following.

(1+8)In(1+8) > (2¢)*.

97
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Inequality 9.4.10

(a) For integer n > 0 the following holds.

1 1 1
—— <In(14+-)< -
n+1 n(l+ )_n
(b) For integer n > 1 the following holds.
1 1 1
< -(l--o)<
n- n( n)*n—l

Proof.

Both are also a consequence of Inequality 9.4.1. (a) Graph y = 1/x on the Euclidean plane. Consider x =1 and
x=1+1/n. The curve y =1/x between the two x points is bounded below by a rectangle of x side 1/n and y
side 1/(1+1/n). It is also bounded above by a rectangle of x side 1/n and y side 1. Then we have the following.

1 1 1+1/n 1 1
- < / —-dx< -1 <=
n 1+1/n 1 X n
1 1
< In(l+-)< - =
n+1 n
n 1
< n:ln(l+-)<1 <
n+1 n
n

The second part above proves (a). Furthermore, We take the limit lim,_,e In (1 + %)" We have

1
limIn(14=)" > lim =1

n—oo n n—eo -+ 1

and
1

limIn(1+-)"<lim1=1

n—soo n n—soo
Therefore lim, . In (1 + %)” =1 or equivalently lim,_.(1+ %)” =e.
(b) Graph y=1/x on the Euclidean plane. Consider x=1 and x=1—1/n. The curve y = 1 /x between the two
x points is bounded above by a rectangle of x side 1/n and y side 1/(1 —1/n). It is also bounded below by a
rectangle of x side 1/n and y side 1. Then we have the following.

1 'l 1 1 1
1-— < / —-dx < —— - —=
n Ji-1/n x 1-1/n n
1 1 1
S o< —m(1-9)< —
n - n( n)_n—l
1 < mi-ty< "
_n.n —_——
- n~ n—1

The second part above proves (b). Furthermore, We take the limit lim, .. —In(1—1)". We have

1
lim —In(1—=)">1lim1 =1

n—o0 n Nn—yo0
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and |
lim —In(1— -)" < lim —— =1
n—yoo n n—oop — 1
Therefore lim, . —In(1—1)" =1 or equivalently lim, (1 —1)" =1/e. |
Inequality 9.4.11 [3]

For every 0 <t < 0.45 we have the following.
In(141)>t—12/2+7 /4.
For every 0 <t < 0.69 we have the following.
In(1—1)>—1—1%
For every 0 <t < 0.431 we have the following.

In(1—1)>—t—12—13/3.

9.5 Combinatorial equalities

All numbers are non-negative integers unless otherwise stated.

(0=("0)

Proof. The number of ways to select k objects out of n is the number of ways to UNselect n — k objects out of n
thus selecting the remaining k objects. |

n\ (n—1 n—1
()= ()0
Proof. The number of ways to select k objects out of n is equal to the number of selections of k objects that
contain 1 plus the number of selections of k objects that DO NOT contain 1. If the selection of k objects contains
1 the number of such selections is to select out of the (out of 1) remaining n— 1 objects k— 1 of them and add
to the mix 1. This is (',:}) If the selection of k objects does not contain 1 the number of such selections is to
select out of the (out of 1) remaining 1 — 1 objects k of them. Thisis (",'). [ |

Lemma 9.1

For any n,k we have the following.

Lemma 9.2
For any n,k we have the following.

Theorem 9.1

For any x,y € R, and n we have the following.

o= § (B)er

k=0
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Corollary 9.1
We have the following.

(1+1)":2":zn:<2).

k=0

Corollary 9.2

Corollary 9.3

The number of subsets of {1,2,...,n} of even cardinality is equal to the number of subsets of {1,2,...,n} of
odd cardinality and thus we have the following.

(1-1)=0= i (Z) (—1)k.

k=0

Proof.
(1-1)" :0:2 (Z)(—l)k
implies
)+ () = () 6)+
|
Corollary 9.4

For n and a, we have the following.

Lemma 9.3

For any n,k,m, with k < r <n, we have the following.
n\(r\ (n + n—k
r)\k) \k r—k

Proof. The number of ways to choose k balls for bin RED and r—k balls for bin BLUE is to select first r balls
out of n and then out of the r balls choose the k balls to go to bin RED with the unchosen going to bin BLUE.
This is the first left-hand side. Equivalently, First pick out of n the k RED bin balls. From the remaining n—k
ones pick the r —k BLUE bin balls. |
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Lemma 9.4
For any p,q, and r we have the following.

kZ()(Z) (rf,) - (atb>

Proof. We have a+b call it n balls, a are RED and b are BLUE. In how many ways can we pick r balls out of
n? |

Lemma 9.5

For n and m, where m < n we have the following.
n n) k n— 1
¥ () ev=cr(" ).
= (k m

Proof. Use induction on m. [ |
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Part |V

Probability problems
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Chapter 10

Introductory problems

10.1 Entropy

Exercise 1.
Find the maximum of the entropy function f(x) = —xlgx— (1 —x)lg(l —x). 0 <x < 1.

Solution.
We are using logarithms base two. Note that by 2 =e¢ i.e. y =Ige. Taking In of both sides we hage yln2 = 1.
Thus Ige=y=1/In2. It is easy with a calculator to establish that Ige > 1 and in fact lge ~ 1.442. Consider

now,
Zlgx _ elnx =

Take lg of both sides. Therefore Igx =Inxlge. We use it to convert f(x) into
fx)=—xlgx— (1 —x)Ig(l —x) = —xInxlge— (1 —x)In(l —x)lge = g(x)1ge

where g(x) is as follows.
g(x) =—xlnx— (1 —x)In(1 —x).

Note that f'(x) = g (x)lge. Find the first derivative of g(x).

!

g(x)=—Inx—x/x+In(l—-x)—(1=x)(=1)/(1 —x) = —Inx+In(1—x)
Setting g (x) = 0 and solving for x we get x = 1/2. This is also the case for f (x). We note that
f(1/2) =1,

and that's the minimum value. For this to be the case we should have confirmed earlier that f”(x) <0 or
equivalently g”(x) < 0. Note that /" (x) =g (x)(Ige)?, and the last term is always positive. The monotonicity of
f"(x) is the monotonicity of g" (x). Needless

"

g () =—1/x=1/(1-x)

and thus g" (1/2) = —4 < 0. This means that f(x) and also g(x) has a maximum at x=1/2. It is not difficult to
establish that f(1/2) = 1. |

105
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Exercise 2.
Find the minimum of F(x) =x1g(x)+ (n—x)lg(n—x), 0 <x <n, for n > 0.

Solution.
For 0 <x < n we use y=x/n that is x = yn, and then 0 <y < 1. Then

=
—

=
~—

Il

xlg(x)+ (n—x)1g(n—x)

ynlg(yn) + (n—yn)1g (n—yn) = ynlgy+ynlgn+n(1 —y)lg(1 —y) +n(1 —y)lgn
ynlgy+n(l—y)lg(1—y)+nlgn

nG(y)+nlgn

1
—
=

Ny
S

Il

In the remainder we study G(y) with 0 <y < L.

Gy) = ylg)+1-y)lg(1-y).
But
where f(y) is the function of the previous problem (it does not matter that we called the function there f(x), the

alias x or y does not matter). The maximum of f(y) at y=1/2 (previous problem) translates into a minimum
for G(y) at y=1/2 and a minimum for F(yn) and y =1/2 or a minimum for F(x) at x =yn =n/2.

If the previous problem was not there, and you do not like change of bases then we proceed as follows.

We first find f(y).

Iny+y-1/y—=In(1-y)+(1-y)(=1)/(1+y)
In2

Sy =

Iny—In(1—y)
In2 '

f')=0fory=1—yie y=1/2. Then we find the second derivative of f.

" 1 1 1
o= a(rs)

Then we conclude f"(1/2) =4/In2 > 0. Thus f has a minimum for y=1/2 and so does F at x=yn=n/2. B
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Exercise 3.
Analyze then entropy function f(x) = —xlgx— (1 —x)lg(1—x), with 0 <x < 1,

Solution.
f(x) = —xlgx—(1-x)lg(1 —x)
We have already determined that in 0 < x < 1, function f(x) has a maximum at x =1/2. Then f(x) = f(1 —x)

i.e. function f(.) is symmetric around x = 1/2.
What is the limit lim,_,o f(x) ?

lim f(x) = lim (—x1gx — (1 —x)Ig(1 —x)) = lim (—xlgx— (1 —0)1g (1 — 0)) = lim —xIgx.
x—0 x—0 x—0 x—0
Let us change variables y =1/x. Note x — 0, or 1/y — 0, we have y — o. Therefore
. . L gy UHopirar . (lgy) . 1)y
lim, f(x) = lim —xlgx = lim —(1/y)1g(1/y) —}13{307 = Jim o) = lim == =0

Thus the limit lim,_,o+ f(x) = 0 from the right side It also suggests that lim,_,; f(x) = 0. |
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10.2 Spaces

Exercise 4.
An (S,T) pair is a topological space where S = {a,b,c} and T = {0,S,{a,b},{b,c},{b}}. Butitis not a o-algebra.
Explain.

Solution.
The complement of {a,b} is not in T for example. |
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Exercise 5.
A finite intersection of open intervals M, 353(a— %,b—k %) preserves the open interval notion.
How about a countable intersection of intervals?

Solution.
No. Npen(a— %,b—i— %) is a closed interval [a,b]. Consider also the case a =b =0 or a=0,b = 1. Consider also

Mmen(a—2,a+ L) =[a,a] = {a}. .
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Exercise 6.

(a) For a probability space (S, T, P) show that P(0) =0.

(b) For a probability space (S,T,P) show that for all events A € T,
P(S—A)=1-P(A).

Solution.
Note that SU@ =S and SNO =0. Thus S an 0 are obviously disjoint. Since P is a probability measure we have

S=SU0= P(S) = P(S)+ P(0)

Given that P(S) =1 by the definition of a probability measure, solving for P(0) we obtain the obvious P(0) = 0.
Note that (S—A)NA =0. Moreover (S—A)UA =S. Therefore

S=(S—A)UA= P(S)=P(S—A)+P(A) = 1=P(S—A) +P(A),

and we conclude the proof. |



Chapter 11

Probability of events

11.1 Events and their properties
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Exercise 7.
For an event A we define the indicator function I as follows.

o Iy(s)=1ifs€A, and
o I4(s)=0if s€A.

The indicator function sometimes uses 1 for I. It is also known as the characteristic function or indicator function

of A.
Later on we might refer to it as the indicator random variable. The indicator function is also known as the

characteristic function.
Show that for any two events A, B we have for all s € S, the following.

Ling(s) = La(s)Ip(s), Iaup(s) = IA(S) +1Ig(s) —Linp(s), Ly(s) =1—1I4(s).

Solution.

For every s € S we have if s € ANB then s € A and s € B. Therefore Iynp(s) = Ia(s) = Ig(s) = 1. Then Isnp(s) =
Ia(8)Ig(s) = 1. If s¢ ANB then either s ¢ A or s & B. First s € ANB implies Isnp(s) =0 and one of I4(s), Iz(s)
is also zero. Therefore Iynp(s) = 0 = I4(s) - Ip(s). The result is proven. The other two cases can be proven
similarly. |
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Exercise 8.
Let A,B€T and A C B. Then P(A) < P(B).

Solution.
Consider A and B—A. The two are disjoint since A C B. The following then applies.

P(AU(B—A)) = P(B) & P(A) + P(B—A) = P(B) < P(B—A) = P(B) — P(A).

Since P(B—A) >0 then P(B) —P(A) >0 i.e. P(A) <P(B). |
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Exercise 9.

CHAPTER 11. PROBABILITY OF EVENTS

Inclusion-exclusion. Let (S,7,P) be a probability space and A,B€ T. Then

P(AUB) =P(A)+ P(B)—P(ANB).

Solution.

Let for each s € S we define p; = P({s}). Then utilizing the previous problem we obtain the following.

Y. pslas(s)

P(AUB)

seS

Y. pslas(s)

sES

Y pe(Ia(s) +Ip(s) — Iara(s))

sES

P(A)+P(B)—P(ANB).

Another way to prove this result is by applying the three axioms of Kolmogorov. Let C=ANB, D=A—B and
F = B—A. Note that the three sets are mutually disjoint. Moreover AUB=CUDUF.

P(A)+P(B)—P(ANB)

(P(C)+P(D))+ (P(C) +P(F)) = P(C)

P
P

(
(

C)+P(D)+P(F)
AUB)
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Exercise 10.
Show that for any collection of events Ay, ...,A,,

P(AjU...UA,) <P(A1)+P(A2)+...+P(Ay) = Zn:P(Ai).
i=1

Solution.
Consider, events B; such that
Bi=A;—(A1U...UA;_)

Then U;B; = UA; and P(B;) < P(A;) and the events B; are disjoint. By additivity of the probability measure we
have
P(AjU...UA,) =P(BiU...UB,) =) P(B) <Y P(A))
i i

Alternatively, for two events, we use the previous problem. Then induction can be used.
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Exercise 11.

Let S be a sample space and A; C S events. For each non empty subset I C {1,...,n} we define
Ar = NiefA;.
By default Ag =S.
We have
ATUUA = Y DA = Y (D) Ay
IC{1,...,n} IC{l,...n}
Solution.

By induction on n. For n =1, trivially |A{| =|A;|. From n to n+ 1 we use the n =2 case.

1
| U Al

| (Ui 1A:) UA1 |

| U1 Ail + [Anga | = [ (U2 14i) NAna |

| Uit Al + [Ansa | = ULy (AN A

(DM Al A = Y (D (MigrAi N Ay

|
g

IC{l,...n} IC{1,....n}

= Yy (=) s Ail + A | - Y (_I)VHI|(mielu{n+1}Ai)|
IC{l,....n} IC{1,...n}

= Y (=) ey Ay + Y (=D (Miesdy)|
IC{1,...n+1},n+1¢1 IC{1,....n+1},n+1€l

= Y D) Al
IC{1,...n+1}
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11.2 Toys: dies, coins and cards
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11.2.1 Throw or roll a die or dice

Exercise 12.

The singular form of dice is die. A die has six faces associated with six possible numbers, one on each face of a
die. Each number is indicated by an appropriate number of black filled dots.

An experiment is performed by rolling a (pair of) dice and the number indicated at the top of the dice (opposite
to the base that sits on a surface) is recorded. Give the sample space S and calculate its cardinality.

Solution.
The sample space S has 36 outcomes
S=A{(a,b):1<a,b<6}
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Exercise 13.
Throw or roll? We again toss a pair of dice. Sample space S contains 36 ordered pairs (a,b) as elements where
a shows the number (top face) of one die and b shows the number of the other die during a toss.

S=A{(a,b):1<a,b<6}
Random variable X is defined as follows
X:S—R where X(s) =X((a,b))=a+b, seS.

Thus for an element s = (a,b) of S, random variable X assigns a value to this element that is equal to the sum
of the numbers of the faces of the two dice.

What is the range of X?

Random variable Y is defined as follows

Y:S—R where Y((a,b)) = min(a,b).

Thus for an element s = (a,b) of S, random variable Y assigns a value to this element that is equal to the minimum
of the two values of the two faces of the two dice.
What is the range of Y7

Solution.
The range of X is R(S,X) ={1,2,3,4,5,6,7,8,9,10,11,12}.
The range of Y is R(S,Y) ={1,2,3,4,5,6}. |
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Exercise 14.

We have two dice. The sample space of rolling two dice is of cardinality 36, as there are so many pairs (d;,d2)
where d; is one of the outcomes of one die, and likewise for d». Use the definitions to calculate P(X =4) , where
X is a random variable defined to be the sum dj +d.

Solution.
It is clear that P(X) = 1/12. We properly define for A C R, the set X '(A) = {s € S: X(s) € A}, that is the set
of outcomes of S that result in getting mapped by X to a value in A. This implies,

P(X €A)=P(X"'(A)).
The set X !1(A) must be measurable and thus it should belong to T i.e. X~'(A) € T. Say A = {4}. Then
X71(4)={(1,3),(2,2), 3, 1)}

Therefore
P(X €A)=P({(1,3),(2,2),(3,1)}) =3/36 =1/12.
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Exercise 15.
(a) We roll a die six times. How many outcomes?
(b) We roll a die six times. What is the probability that all outcomes of the six rolls are distinct from each other?

Solution.
() 6Xx6x6x6x%x6x6.
(b) 6!/6°. [ |
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11.2.2 Toss a coin
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Exercise 16.

All coins hereafter are fair coins unless otherwise stated.

An experiment is performed by throwing (tossing) a coin. The experiment is repeated twice. The combination of
the results of the two individual experiments is the experiment in question.

What is the sample space S7

Solution.

The sample space S is then S={HH,HT,TH,TT} and indicates the outcomes of the first and second toss of
the coin: H indicates heads, T indicates tail as an outcome. AB indicates that A is the outcome of the first
experiment (toss of the coin), B is the outcome of the second experiment (second toss of the coin), where A, B
is H or T. Define event X, where X = {HH,TT} i.e. even number of H or T. Likewise define event Y, where
Y={HH,HT,TH} i.e. at least one H. u
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Exercise 17.
An experiment is performed by tossing a coin. The experiment is repeated until an H is encountered.

Is the sample space finite or infinite?

Solution.
The sample space is infinite. Why? Because S={7,TH,TTH,TTTH,TTTTH,...}. |
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Exercise 18.
Let p be a real number 0 < p < 1. We toss a biased coin; p is the probability that coin comes H and thusg=1—p
that it comes T. The coin is tossed repeteadly until the the first H comes. The outcomes of such a sequence of
coin tosses can be described by a variable length vector
k
——
(T,T,...,T H),
k+1
of length k41, where k is the length of T tosses. Such a sequence can be uniquely identified by the number k of
tosses. We can thus define the sample space S to be S = N. For each k € § we then define

P({k}) = (1—p)*p
Show that P(.) is a probability measure.

Solution.

Y PR =Y (1=pfp=p- Y (=D =p;——=1,

keN keN keN (1-p)
since 0 < p< 1. |
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Exercise 19.

A coin is tossed twice. The number of heads is recorded. What is its sample space S7
What is the probability model assigned to S’s elements?

For event A = {1,2} what is P(A)?

For event B = {2} what is P(B)?

Solution.
The sample space is S ={0,1,2}. The following probability model is assigned p(0) =1/4,p(1) =1/2,p(2) = 1/4.
Event A with A = {1,2} has p(A) =3/4, and event B with B= {2} has p(B) = 1/4. |
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Exercise 20.

Flip a fair coin three times. The probability of H or T each time is 1/2 respectively.
(a) What is the probability of having exactly one tail?

(b) What is the probability of having at least one head?

Solution.

(a) 3/8: Out of the 8 outcomes only three maps two one tail: THH, HTH,HHT.

(b) 7/8: The probability is 1 minus the probability of have three tails. The only such even TTT has probability
1/8 thus 1 —1/8 is the answer. |
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Exercise 21.

When we toss a coin 4 times (as we did before), and we call this an experiment each toss is a subexperiment that
is known as a trial. Thus this experiment has 4 identical trials. The two outcomes H and T can be characterized
as success and failure and assigned probabilities p and ¢ respectively with p+¢ = 1. For a fair coin p=¢g=1/2.
In a Bernoulli trial the two outcomes labelled success and failure (H and T respectively in this example) are also
indicated with 1 for success and 0 with failure. In a Rademacher trial success is indicated with +1/2 and failure
with —1/2.

Multiple Bernoulli trials can be independent of each other or not. They are usually the former.

A coin is tossed four times. What is the probability of having exactly two successes (i.e. two H or equivalently
two ones)? If we add the labels of the outcomes this is equivalent of getting 2 (successes, heads) as well.

Solution.
There are 16 possible outcomes for this experiment.

HHHH, HHHT,HHTH,HHTT,HTHH,HTHT,HTTH, HTTT,

THHH,THHT,THTH,THTT,TTHH,TTHT,TTTH,TTTT.

Each such outcome occurs with probability 1/16. 6 of those outcomes correspond to the event of exactly 2 Heads
occurring. Thus the probability is 6-1/16. Equivalently

e =2)= (3) /270727

The first term indicates the possibility of getting two H, when we flip of coin 4 times, the second is the probability
of having 2 Heads and the third one of having 4 —2 =2 Tails T in such tosses. The tosses are indpependent.
In general for k successes and n — k failures in a toin coss that is repeated (independently) n times is as follows
capturing also the possibility that the coin is not fair (p is the probability of success i.e. H, and g=1—p of
failure): the probability of k successes and n—k failures is p*q"~*. But there are C(n,k) = (}}) ways of having k
successes in n trials. Thus P(n,k) = C(n,k)p*q"~*. Note that by the binomial theorem,

n

Y P(nk) = Y Cnk)phg"™ = (p+q)' = 1.
k=0 k=0
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Exercise 22.
Toss a coin n=2m times. What is the probability of exactly n/2 = m heads?

Solution.
Let pr = (})p*(1— p)"~* Assuming the coin is fair p=¢g =1—p=1/2 and thus n=2m and n/2 =m, we have

p= (Z) pr(1 = p)r* (i’?) Pl — p)2nm — (2’;") (1/2)"(1/2)%m = (2;) (12 — <n'/12> (1/2)".

Furthermore we use Stirling's formula for n > 10 i.e. n! = v2nn(n/e)"

n! 1 V2rn(n/e)" 1 V2

P i) (n/2)1 27~ J2mnj2(n)2e)/2/2an ) 2(n)2e)2 27 J7n
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Exercise 23.

You have a fair coin where in a coin toss the probability of Heads is py = 1/2 and so is the probability of Tails
pr =1/2. (From now on we use H or T to indicate one or the other outcome.)

(a) What is the expected number of tosses for a T? (For example, in the experiment HHHT we have four tosses
toaT.)

(b) What is the expected number of tosses to get TH? (For example, in the experiment TTTH we have four
tosses to a TH.)

Solution.

(a) It is a geometric distribution with expected number of tosses equal to 1/pr, where pr =1/2, i.e. two tosses.
(b) First in an expected number of two tosses i.e. 1/pr we get a T. From that point on in an expected number
of 1/py tosses we get an H. By the sum of expectations E[A + B] = E[A] + E[B] we get that the answer is the

sum 1/pr+1/py =4.
|
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Exercise 24.
We toss a fair coin n times. It comes H in each one of the n tosses. We toss it once more. What is the probability
that it comes H?

Solution.

1/2. Implicit is the assumption that the tosses are independent of each other. Drawing any other conclusion or
using any either biased and thus incorrect information is also not correct.

That is, H is not more likely to occur because it has already occurred n times : therefore we should not use the
biased assumption that the toss is not fair and favors H, thus making sense to bet on H again. Furthermore we
should not assume T is now more likely to occur : for a fair coin to land H n times in a row is an indicator that
next time is the time for a T. Past history gets wiped out priot to the next toss of fair coin toss of a fair coin! W
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Exercise 25.
We roll a die three times. What is the probability (a) all outcomes are distinct (three distinct values), (b) we get
two distinct values, (c) we get one distinct value, (d) what is the expected number of distinct outcomes?

Solution.
Let N be the number of distinct outcomes.

P(N=1)=6/6=1/36, P(N=3)=6-54/6°=5/9, P(N=2)=1-P(N=1)—P(N=2)=1-1/36—20/36=15/36.

The
E(N)=1-(1/36)+2-(15/36)+3-(5/9) =91/36.
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11.2.3 Deck of cards
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Exercise 26.

Deck of cards. A deck of cards consists of 52 cards. There are 4 suits known as clubs(C), diamonds(D), hearts(H),
and spades(S). The hearts and diamonds are red and spades and clubs are black. Each suit contains 13 cards
numbered 2 through 10, three face cards, jack (J), queen (Q), and king (K), and ace (A) for one.

From a deck of cards we select one card c. We define two events A and B as follows.

A ={c is diamond }, B={c is a face card }.
Compute P(A), P(B), P(ANB).

Solution.
P(A)=13/52=1/4. P(B) = (3%4)/52=3/13. P(ANB) =3/52. |
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Exercise 27.
(a) Partition a deck of cards among 4 people each one getting 13 cards.
(b) What is the probability each person gets a King?

(1) (1) () () =i

(ala2...a12a13)(b1b2...b12b13)(c1c2...c12¢13)(d1d2. ..d12d13)

Solution.

Or

Set 52 place holders a...b...c...d... and parentheses on a line. We have 52! to arrange the cards of the deck
in each group. Within a group order does not matter, thus we divide by 13! for each group Total 52!/(13!)*.
(b) Partition the King first in 4-3-2-1 ways. And then the remaining 48 cards into the 4 players in 48!/(12!)*
ways. Combining (a) and (b) so far we have the following

4.3-2-(481/(121)%)
521/(131)¢
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11.3 Conditional probabilities
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Exercise 28.
For two events
P(X|Y) = P(XﬂY)/P(Y).

Furthermore
P(XNY)=PX|Y)P(Y)=PY|X)P(X).

If X and Y are independent events, then
P(XNY)=PX)P(Y).

This implies P(X|Y) = P(X) and P(Y|X) = P(Y).

(a) Let P(A) =1/2 and let P(ANB) = 1/8. Find the probability P(B/A).

(b) A bin contains 8 balls, three of them are black and the remaining red. A person draws a ball and then draws
a second ball from the bin. What is the probability that are BOTH black if there is no replacement of the first
ball, after it is drawn.

(c) Same problem as in (b). Now the ball gets reinserted into the bin after the drawing.

Solution.

_P(ANB) _1/8 1
PBIA) =50 = 1h =7

Let B be the event the first ball is black. P(B) =3/8. Let C be the event the second ball is black as well. Then
P(C/B) =2/17. Therefore,
P(BNC) =3/8-2/7=6/56.

Let B be the event the first ball is black. P(B) =3/8. Let C be the event the second ball is black as well. Then
P(C/B) =3/8. Therefore,
P(BNC) =3/8:3/8 =9/64.
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Exercise 29.
(a) Let A, B be two events with 0 < P(B) < 1. Then show the following.

P(A) = P(A|B)P(B)+ P(A|B")P(B').

(b) In a class of 50 kindergarten students 30 are boys and 20 are girls. 10 of the boys and 10 of the girls are
allergic to peanuts. A child is drawn of the 50 students. What is the probability P(A) that is allergic to peanuts?

Solution.
(a) Note that
A=ANS=AN(BUB)=(ANB)U(ANB).

The two events (ANB) and (ANB') are disjoint (mutually exclusive). Therefore
P(A)=P(ANB)+P((ANB).

Use the definition of conditional probability to conclude the proof.

(b) Let A be the even that a child is allergic to peanuts. We would like to computer P(A). Let B be the event
that a child is a boy. Then P(B) =30/50. Moreover P(G) = P(B’') = 20/50. Furthermore P(A|B) = 10/30 and
P(A|B') =10/20. We use the formula from part (a) to derive the following.

P(A) = P(A|B)P(B) + P(A|B')P(B'). = (10/30)(30/50) + (10/20)(20/50) == 10/50 + 10/50 = 0.4
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Exercise 30.

139

Let (S,7,P) be a probability space. Let B be an event of it with 0 < P(B) <1, BET. Then define (S,T,P’) as

follows.

P'(A)=P(A|B), VAE€T.

Show that P’ is a probability measure.

Solution.

Moreover,

as needed. Note that

P(ANB)
PB)
s L PUs)

(B) SEANB

Y, P({s}lB)

SEANB

Y P({s}|B)

SEA

Y P'({s}),

SEA

P(A|B) =

Y P({s}B)=") P({s}B)+ Y. P({s}B)= ) P({s}B)+ ) 0= ) P({s}B).

SEA

SEANB’

SEANB

SEANB’ SEANB
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Exercise 31.

Show that P(A,|Ay) = ZA2A0PA).

P(A;)

Solution.
Note that P(AzlA])P(Al) = P(A1 ﬁAz). Moreover, P(A1|A2)P(A2) = P(A1 ﬂAg). |
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Exercise 32.

Let S be a sample space, A€ T and Sy,...,S,, be a partition of S. Show the following.

m

P(A) =Y P(A[S))P(S)).

i=1

Solution.

A=ANS=AN(U;S) =UL (ANS;).

Then the following applies.
P(A) =P(UL,(ANS;)) =) P(ANS)),
i

141

Since S; are pairwise independent and so are AN S; subsets of them. We have that P(ANS;) = P(A|S;)P(S;), and

the result follows.
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11.4 Independence of events
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Exercise 33.
(Repetition of definition.) Two events A, B are independent if

P(ANB) = P(A) - P(B).

Show that if A and B are independernt, so are A and B, the latter being the complement of B.
Conclude then that A’ and B’ are also independent.

Solution.
Note that A= (ANB)U(ANB'). Then

P(A) =P(ANB)+P(ANB')=P(A)P(B)+P(ANB).
Solving for P(ANB') we obtain
P(ANB') = P(A)(1 - P(B)) = P(A)P(B'),
and the result follows.

B inter A’ |

inter means intersection

Repeat the same for A and B’ now. |
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Exercise 34.
For three events (or more), A,B,C are pairwise independent if and only if

P(ANB) = P(A)P(B),P(BNC) = P(B)P(C),P(ANC) = P(A)P(C).
For three events (or more), A,B,C are mutually independent if and only if
P(ANB) = P(A)P(B),P(BNC) = P(B)P(C),P(ANC) = P(A)P(C).P(ANBNC) = P(A)P(B)P(C)

In general, for n events Ay,...,A,, they are mutually independent if and only if for every k, k < n and for every k

indicesi) <ip<...iyp<n
k

P(nf_iA;) =TT PA).

Jj=1

Thus the condition is a formula that it is true for all 2" — 1 —n subsets of those n events.

Consider throwing two independent coin tosses. The coin is fair. Let event A be first toss is H. Let event B be
second toss is H. Let event C be two tosses are identical.

(a) Are A,B,C pairwise independent ?

(b) Are A,B,C independent ?

Solution.
(a) Clearly P(A) =1/2 and so is P(B) =1/2. For C, we have C = {HH,TT} and thus P(C) =1/2. We thus
obtain the following.

P(A) = P(B) = P(C) = 1/2,P(ANC) = P(ANB) = 1/4,P(BNC) = P(BNA) = 1/4,

and therefore
P(ANC)=P(A)P(C),P(ANB) =P(A)P(B),P(BNC) = P(B)P(C),

implying A, B,C are pairwise independent. That is A,C are independent, and so are B,C and of course A and B.
(b) We calculate P(ANBNC) =1/4. But P(A)P(B)P(C) = (1/2)(1/2)(1/2) =1/8. Therefore

P(ANBNC) # P(A)P(B)P(C).
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Exercise 35.

A passage from S to D consists of three bridges. They are raised bridges and have probability of failure to be
down (and passable) of ¢1,¢2,¢3 and thus they work ok with py =1—gl,p» =1—¢q2,p3 =1—gs.

(a) Serial setup. The bridges are set one after the other. What is the probability of failure to reach D from S?
Assume bridges are working independently of one another.

(b) Parallel setup. The bridges are set up in parallel. What is the probability of failure to reach D from S? Assume
bridges are working independently of one another.

/---1 B1 |-=—=—- \
/ o _ | \
/ \
/e \
§-mmmmmm- | B2 | \ D
\ | | /
\ /
N\ e /
\---1 B3 |-==———- /
o __ |
Solution.

(a) Let OK1, OK2, OK3 be event that bridge B1, B2, B3 is passable. Let OK be the event that we can move
from S to D. Thus P(FAIL) = 1 - P(OK).

P(FAIL) =1—P(OK) = 1 — P(OK1NOK2NOK3) = 1 — p pap3

(b) Let OK1, OK2, OK3 be event that bridge B1, B2, B3 is passable. Let OK be the event that we can move
from S to D. Thus P(FAIL) = 1 - P(OK).

P(FAIL) = 1-P(OK)=1-P(OK1UOK2UOK3)

= 1—(1—P(FAILINFAIL2 N FAIL3))
=  P(FAIL1)P(FAIL2)PFAIL3

= q192q3 = (1= p1)(1 = p2)(1 = p3).
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Exercise 36.

A (pair of) dice is rolled. The probability of any elementary event (outcome) of S is 1/36.

Let A be the event a dice is 5. What is P(A)?

Let B be the event the sum of the dice is 6. What is P(B)?

What is P(A|B)?. This reads probability the event A occurs given that B has already occurred.

Solution.
P(A) = 1/6. We define B as follows.

B= {(175)7 (254)5 (353)7 (472)3 (Sa 1)}
It follows that P(B) =5/36. The probability that a dice is 5 if the sum is 6 is 2/5. Then A|B
A|B = {(175)7 (57 1)}
Obviously P(A|B) =2/5. Moreover P(ANB) =2/36. And it follows that

P(A|B) = P(ANB)/P(B) = (2/36)/(5/36) = 2/5.



11.4. INDEPENDENCE OF EVENTS 147

Exercise 37.

We toss a coin 8 times. Assume it is a fair coin i.e. P(H)=p=1/2 and thus P(T)=(1-p) =1/2.

(a) What is the probability we have 3 heads? Call this event A.

(b) What is the probability we have 3 tails?

(c) What is the probability the first two tosses give an H each, and the remaining ones one H only for a total of
3 H? Call this event B.

(d) Call event C that the first two tosses give an H. What is the probability P(C|A)?

Solution.
a) (P10 —p)" 3 withn=8and p=1/2.
3
(b) (3)p"*(1—p)® with n=8 and p=1/2. For p=1/2 it is identical to the result of (a).
App-("p(1—p) 2t withn=8and p=1/2.
i
(d)

_P(Cna) _PB) _pp("P)p(1-p) T n—2
P(C|A) = P(A)  PA) M) pP1—py3 =)
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Exercise 38.

We roll a die twice. Let A be the event that the first roll is a three. Let B be the event that the second roll is
odd. Let C be the event that the sum of the two rolls is a six.

(a) How much is P(A), P(B), and P(ANB)?

(b) Are A,B independent?

(c) How much is P(C).

(d) Are A,C independent?

Solution.
(a) For S we have
S={(,j):1<i,j<6}.

For event A we have the following.
A={(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)}.
Therefore P(A) =]A|/|S| =6/36 =1/6. For event B we have the following.
B={(i,1),(i,3),(i,5): 1 <i<6}.
Therefore P(B) = |B|/|S| = 18/36 =1/2. For P(ANB) we have the following.
ANB=1{(3,1),(3,3),(3,5)}.

Therefore P(ANB) =3/36 =1/12.
(b) We note the following
P(ANB)=1/12=(1/6)-(1/2) = P(A) - P(B).

Therefore A, B are independent.
(c) For event C we have the following.

C= {(1’5)’ (2’4)7 (373)7 (472)7 (5, 1)}

For event ANC we have the following.
ANC=1{(3,3)}.

Therefore P(ANC) = 1/36.
(d) We note the following
P(ANC)=1/36#(1/6)-(1/36) = P(A)-P(C).

Therefore A, C are not independent. [ |
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Exercise 39.

Out of a deck of 52 cards (four suits of thirteen cards) we pick two cards without replacement.

(a) What is the cardinality of S?

(b) Let event A be the event that the second card is a diamond. What is P(A)?

(c) Let event B be the event that the second card is a diamond given that the first card is a spade. What is P(B)?
(d) Let event C be the event that the first card is a spade. For event A|C, calculate P(A|C).

Solution.
(a) |S| =52-51.
(b) There are two possibilities for A. Both card picked are diamonds. Or the first card picked is NOT a diamond,
but the second card picked for A is indeed a diamond. Let us call the events A|,A; respectively Thus Aj is the
event (x,y) where both x,y are diamonds. And A, is the even (z,y), where z is anything but a diamond and y is
diamond. Obviously

A =13-12, |As| = (52—13)-13.

A1 NA; =0, and therefore

A1+ 42| 13-12+413-39
P(A) = = =13/52=1/4.
W="55 52.51 3/52=1/

(c) We now calculate P(B).
B={(s,d):1<s<13,1<d<13}.
Then
1313

P(B) = —— =13/204.
(B) 52-51 3/20

(d) We note that |C| =13 and thus P(C) = 13/52 = 1/4. Moreover P(ANC) is the probability the first card
is a spade and the second a diamond. The cardinality of ANC is then |[ANC| =13-13 and thus P(ANC) =

13-13/(52-51). Therefore,
P(ANC)  (13/52)(13/51) 13
P(A|C) = = =—
Al == 1/4 51
Thus the apriori P(A) = 1/4 =13/52 has been slighly increased into the P(A|C) = 13/51 now that we have the
knowledge that the first card is a spade. |
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Exercise 40.
Bayes theorem. For probability space (S,7,P), let A,B be two events, with P(A),P(B) # 0. Then show the
following.
P(BJA)P(A)
P(B)
Caution: Some books use / instead of |. This is because A/B then means A — B rather than A|B.
(a) Then deduce the following.

P(A|B) =

P(B|A)P(A)
(BIA)P(A) +P(B|A")P(A")
In a population of 100,000 individuals, 15 of them have myocarditis. A test has been develope which is accurate

98% of the time. An individual takes the test and it says positive. What is the probability that the individual
indeed has myocarditis?

P(AIB) =

Solution.
(a) Use P(ANB) =P(BNA), and P(A|B) = P(ANB)/P(B) and its analogue. From a prior result,

P(B) = P(B|A)P(A) + P(B|A")P(A"),

and the result follows.
(b) Let A be the event that an individual is infected with myocarditis, and let B be the event that the test comes
positive. We need to compute P(A|B). We thus use the following formula.

P(BJA)P(A)
(B|A)P(A) + P(B|A")P(A")

P(AIB) = 5

We calculate P(B|A) = 0.98 and thus P(B|A’) =0.02. Moreover P(A) =15/100000 and thus P(A’) =99985/100000.
The result follows. |
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Exercise 41.

Two statistics professors, Alan and Bob, go out for pizza lunch. They decide who pays for the lunch by tossing a
coin.

(a) They toss a fair coin thrice. If number of H is greater than number of T, Alan pays. Otherwise Bob pays.
Who is more likely to pay?

(b) They toss the coin for the first time and it is H. Who is more likely to pay ?

Solution.
(a) None. By symmetry (swap H and T) they have the same probability of paying 1/2.
(b) They toss the coin for the first time and it is H. The event A (first toss H) is then

A= {HHH HHT ,HTH HTT}

Let Alan be the even alan pay and Bob be the event Bob pays. Then P(Alan) =3/4, and P(Bob) = 1/4. This is
because,
Alan = {HHH,HHT,HTH}, Bob= {HTT}.
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Exercise 42.
Show that two events A and B with P(B) # 0 are independent if and only if P(A|B) = P(A).

Solution.
(a) If A,B) are independent we know that P(ANB) = P(A)P(B). Then,

paB) =" (If(g)B) _P (ﬁzg ;B) — P(4).

(b) Moreover if P(A|B) = P(A), then we have the following.

P(ANB
pap) = PADE) iy,
P(B)
The latter implies P(ANB) = P(A)P(B), i.e. A and B are independent. Give that P(B) appears in the denominator
above, it explains the requirement that P(B) # 0. |
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Exercise 43.
This 4th of July, it is expected to have sunshine with probability 50%, to have cloudy weather with probability
25%, and to have rainy weather with probability 25%. An ice cream van expects to have a sell out in the former
case with probability 75%, in the second case with probability 25%, and in the third case with probability 25% as
well.

What is the probability of a sell out?

Solution.
Let S,C,R be the events sunshine, cloudy and rain accordingly.

P(S)=0.5 P(C)=0.25 P(R)=0.5.
Let P(T) be the probability of sell-out. We know the following
P(T|S)=0.75, P(T|C)=0.25, P(T|R)=0.25.
We need to calculate P(T).
P(T)=P(T|S)P(S)+P(T|C)P(C)+P(T|R)P(R) =0.750.5+0.25%0.25+0.25%0.25 = 0.375+0.0625+0.0625 = 0.5.
|
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Exercise 44.

In an urn we have two dimes, one quarter, and one nickel. We draw two coins without replacement.
(a) What is the probability that the first one is a dime.

(b) What is the probability that the second one is a dime.

Solution.

(a) The first one is a dime with probability 2/(2+1+1) =1/2.

(b) Let D be that the first draw was a dime, Q it was a quarter, and N a nickel. Then P(D)=2P(Q)=2P(N)=1/2.
Let S be the event the second draw is a dime.

P(S) = P(S|D)P(D) +P(S|Q)P(Q) + P(N|Q)P(N) = (1/3)(1/2) +(2/3)(1/4) +(2/3)(1/4) = 1/2.
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Exercise 45.
For n events Ay,...,A, assuming P(A;N...NA,_1) # 0 show than

P(A] n... ﬂAn) = P(An‘Al .. .Anfl) .. .P(A2|A1)P(A1).
Use the result later for the Birthday problem.

Solution.
Use induction and work the case two for A, and Ay,...,A,—1. |
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Exercise 46.

We toss a fair coin thrice (three times). Let A; be the even that the second and third tosses are the same. Let
Aj be the even that the first and third tosses are the same. Let A3 be the even that the first two tosses are the
same. (In other words A; indicates the toss index i not used in the relevant definition.)

It is obvious that P(A]) = P(Az) = P(A3) e 1/2

Are A1,A>,A3 mutually independent?

Solution.

NO. Consider P(A; NA2 NA3). This describes the probability of the event where all coin tosses generate the same
outcome (aII H, or all T). Then, P(A1 NA; ﬂA3) = 2/8 = 1/4. But P(Al)P(Az)P(A3) = 1/8 #* P(A1 NAy ﬁA3).
Thus the three event are not mutually independent. |
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Exercise 47.

At NJIT passing CS 100 occurs with probability 0.75. (You repeat the course if you earned a grade of less than
B.) Moreover if you fail the course for the fourth time you are ineligible to continue with the CS program. What
is the probability of dicontinuing with the program? What is the probability of success.

Solution.
Let F indicates a failure to satisfy the requirement and S a success. The sample space S is

S={P,FP,FFP,FFFP,FFFF}

The probability of discontinuing is (1/4)* = 1/256 ~ 0.0039. The probability of success is 1 —1/256 > 0.996.
One can also compute the latter as follows

0.75+0.25%0.75 4+ (0.25)%0.75 4 (0.25)30.75 = 0.75(1 4 0.25 + 0.25% +0.25>) = 0.99609375.
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Chapter 12

Random variables

12.1 Discrete random variables

159
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Exercise 48.
Consider tossing a coin 10 times. The sample space S is vectors of length 10 that are binary: H for Heads or T
for tails. Several times we simplify notation by using 1 for H, and O for T.

S={(ar,az,...,a10) :a; =0,1}.

Let the coin be biased with p the probability for H (i.e. 1) and 1 — p for the probability for 7' (0).
We ask the question. What is the probability of 3 H in the 10 coin tosses. In other words we are interested in
P( 1121 a; — 3)

Solution.
(a) We define random variable X

10
X =a +a2+...+alo=Zai,
i=1

from S to Nie. X:S+ N. When we ask for P(L}%, a; = 3) this is equivalent to P(X = 3). Formally the latter is
P(X™({3})).
We calculate

) =P =3)= () )=
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Exercise 49.
Let X,Y be discrete r.v. and a,b € R. Show the following.

E(aX +bY)=aE(X)+DbE(Y).
Conclude that for continuous X,Y the result also applies.

Solution.
Let X, Y be two discrete random variables taking also discrete values x1,...,x;,... and y1,...,y},.... The following
derivations can be obtained. Let Z=aX +bY.

E(Z) = Yafz(u)e
k
E(Z) = YaPZ=u)&
k
E(aX+bY) = Y zPaX+bY =z)

k
E@X+bY) = Y)Y Y afkry)e

i J kaxi+byj=z
E(aX+bY) = ) Y (axi+by)P(X =x.Y =y;) &
T

E(aX+bY) = Y Y (axi+Dby;)P(X =x;,Y =y;)

ij
= ZZ(I}C,‘P(Xin,YZyj)+ZZbyjP(X :xi7Y:yj)
i i

= ainZP(X:x,»,Y :yj)—l—bzy/ZP(Y:yj,X :x,-)
i J J i

= a) xP(X=x)+bY yiP(Y =y))
i J
= aE(X)+DbE(Y).
Of course, utilizing Theorem 3.5 we can skip directly to step

E(aX+bY) =YY (axi+by,)P(X =x;,Y =yj),
ij

for g(X,Y)=aX +bY. For X and Y r.v. as before,
E(XX+Y)=EX)+E(Y),

obtainable by setting a = b = 1. Similarly, the corresponding continuous case bound can be proven. Random
variable X,Y must be jointly absolutely continuous, and a,b € R.

| [ (avrby)pear (xydsay
_ / / xfcsy (6,y)dxdy + b / / Yfcay (6,y)dxdy

= a/:x (/fou(xay)d)’> dx+b/:cy (/fow(x»)’)d?f) dy

— a/o:oxfx(x)dx+b/_i)’fY(Y)dy

= aE(X)+bE(Y).

E(aX +bY)
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Exercise 50.
For any random variables X1,...,X, of a probability space, we have that

Solution.
By induction on n. (Number of random variables must be countable.) We alread proved it for n = 2, the base
case with the previous example X; = X and X, =Y. Inductive step follows trivially. |
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Exercise 51.
For any random variables X,Y that are independent,

E(XY)=E(X)-E(Y).

Solution.

Random variables X,Y are independent. Moreover they are jointly absolutely continuous. Therefore fxy(x,y) =
Sx(X)fr(y) =P(X =x)P(Y =y). If X,Y are continuous given that they are independent, we have the following,
utilizing the continuous version of Theorem 3.5.

E(XY) = /:o /_O;x}’fxy(x,y) sy
- /Z /, zxyfx(x>fy<y>dxdy

= /j;)’fY(y) /:oxfx(x)dx
= E(X)E(Y).

If X,Y are discrete and X,Y independent, X # 0, we have the following using Theorem 3.5 with g(X,Y) = XY.
EXY) = Y)Y xyPX=xY=y)
Xy
= Y)Y wP(X=x)P(Y =y)
Xy
= ZxP(X =x) ZyP(Y =y)
x y

= EX)E(Y).
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Exercise 52.
For two random variables X,Y with X <Y show that E(X) < E(Y). The implicit assumption is that X,Y share
sample space. Therefore X <Y more formally means the following

VseS:X(s) <Y(s).

Solution.
Consider random variable Z=Y —X. Then Z(s) =Y (s) —X(s) > 0 for all s € S. We have the following for discrete
X.Y,Z.
E(Z) = ZzifZ(Zi) = ZZ,’P(Z =z)>0.
i i

Since E(Z) >0 and E(Z) =E(Y —X) = E(Y) — E(X) we have as a sonsequence that E(Y)—E(X) =E(Z) >0
and therefore E(Y) > E(X).

For the continuous case, moreover X,Y are jointly absolutely continuous. Let fxy(x,y) be the joint probability
density function of X and Y. Since X <Y this implies that fxy(x,y) =0 for x >y. Consider random variable
Z=Y —X. Then we have the following

E(Z)= /:; [i(y—x)fx7y(x,y)dxdy.

Since fxy(x,y) =0 for x >y then y—x >0 and of course f(X,Y)(

Y)(x,y) > 0. This implies E(Z) > 0 and furthermore
E(Z)=E(Y—-X)=E(Y)—E(X)>0. We then obtain E(Y) > E(X)
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Exercise 53.

Let X,Y be two random variables. Let X ~ U(a,b). The drawing of real numbers uniformly at random in the
closed interval [a,b] can be represented by X. We would like to use probabilistic sorting to sort those real numbers
but the algorithm works only for reals in the interval [0,1]. Map X into Y as needed.

Solution.

X_
agxgbjogX—agb—a:sogX—agb—a:ogb—agl:sogygl.
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12.2 Continuous random variables
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Exercise 54.

Let X,Y be two random variables. Let X ~U(0,9). Let ¥ = VX

(a) Find the probability density function of X, and cumulative distribution function of X.
(a) Find the probability density function of X, and cumulative distribution function of Y.

Solution.
(a) fx(x) =1/9 and Fx(x) = % =x/9.
(b) If X ~ U(O,g) then Y = \/)?N U(0’3) Moreover YZ — X. Therefore

Fr(y) = P(Y<y)

1
I3
< X
NUSVN
'\<N'\<
NS

for 0 <y < 3. Note that Fy(y) =0 for y <0, and Fy(y) =1 for y > 3, In order to computer fy(y) we take the first
derivative of Fy(y) with respect to y. Then fy(y) =2y/9 for 0 <y <3, 0 otherwise.
In general if Y = g(X), then ¥ <y is equivalent to g(X) <yor X < g '(y).

Y<yY=3X) = gX)<y=X<g'(h)e

F(y) = Fg'D)
dFy(y) _  dFx(g”'())
dy dy

Ko = fxlg ' O) (g7 )
In the example ¥ = g(X) = /(X) and therefore X = g~!(Y) = ¥2. Then,

)= fe(e ™ 0) (67 0)) = 52 =239,

for 0 <y <3since fx(x)=1/9 for 0 <x<9. [ |
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Exercise 55.
Let X ~U(0,9). Then 0<X <9. Let Y =X?. Then 0 <Y <8I.

(a) Find Fy(y) and fy(y).
(b) Find E(X?).

Solution.
(a) -
Yy
Fy(y) =P(Y <y)=P(X*<y)=P(X < \fy) = 5
This means
0 y<0
FO)=q% 0<y<si
1 y > 81
Then aFy (») |
YWy
This means
0 y<0
=4 0<y<sl
0 y > 81.

RANDOM VARIABLES
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Exercise 56.
Let now X ~ N(0,1) and consider Y = X2. Find the p.d.f of Y.

Solution.
We have that for X, fx(x) = (1/v2m)exp(—x%/2). Then Fx(x) = P(X < x). Moreover,

1
F(x) = ——e /2.

V2r

ForY =X2%,Y <y is equivalent to X2 <yie. —\/y<X <y

F(y) = PY<y)
P(=y <X <)

= Fx(Vy) —Fx (=)
Fx(vy)— (1= Fx(v/y))
= 2Fx(yy) — 1L

Then

) = %FY()’)

= 2K (V) (V)
i CaE:
;e*yﬂ
Vimy

For y >0, fy(y) is given by the expression above. For y <0, fy(y) =0. |
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Exercise 57.

(a) Let X,Y be two independent random variables X ~ U(0,1) and Y ~ U(0,1). Let Z=max{X,Y}. Find the
c.d.f. of Z.

(b) Then do the same for W = min{X,Y}.

(c) What is the median of Z?

Solution.
For X,Y we have
0 ifx<O
Fx(x)sz(x)z X |f0§x§1
1 ifx>1

If Z=max{X,Y} <x, the X <x and ¥ <x. Moreover P(X <x) =P(Y <x)=x. (Note that X and Y are also

independent.) The
P(Z<x)=P(X <x)-P(Y <x)=x%

Therefore,
0 ifx<O
Fz(x)=¢x* if0<x<1
1 ifx>1

(b) For W = min{X,Y} we similarly have that W > x if and only if X > x and Y > x. Therefore,

PW > x) = P(X > x)-P(Y > x) = (1= P(X <x)(1 - P(Y <x) = (1 — Fx (x)) (1 — Fy (x))

PW<x) = 1-PW>x)
1= (1= Fx(x)(1 - Fr(x))
2

= 1 (1-Fx()
2

= 2x—x

(c) The median of Z is the value z,, such that Fz(z,) = 1/2, in other words z2, = 1/2 i.e. z,, = v/2/2. |
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Exercise 58.
Consider random variable X with probability density function

fx(x){l x=3

0 otherwise
Consider random variabl X with probability density function

05 x=2
fr() =405 x=4
0 otherwise

(a) Find E(X) and E(Y).
(b) Find Var(X) and Var(Y).

Solution.
(a) EX)=1-3=3. E(Y)=05-2+0.5-4=3.
(b)
Var(X) = E((X —E(X))*) =E((3-3)%) =0.
Moreover,

Var(X) =E((X —E(X))*) =(2-3)2-0.5+(4-3)>.05=0.54+05=1

171
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Exercise 59.

DISK DRIVE LATENCY. On the unit interval [0,1] two points x,y are chosen uniformly at random. What is
the expected distance of |X — Y| of those two points?

On a hard disk drive we have N tracks (labeled 0 to N—1 or 1 to N). A hard-disk drive's head (or heads) moves,
depending on track requests linearly from track i to track j covering a distance |i — j|. If the track requests are
generated uniformly at random what is the average track movement of the head/heads?

Solution.
Let X,Y be the random variable representing the two points chosen. Then the joint p.d.f of X,Y is f(x,y) =1 for
0 <x,y <1 and 0 otherwise.

1 rl
E(x=v) = [ [ jr=yldsay

_ / /xzy(x—y)dxder / / = 0dudy
= /Ol/yl(xy)dxdwr/ol/oy(yX)dxdy

1/6+1/6=1/3
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Exercise 60.
(a) For X ~U(0,1) find fx(x), E(x) and Fx(x).
(b) Repeat (a) for X ~ U(a,b).

Solution.
(a)
fx(x):{l 0<x<l

0 otherwise

Then ) 1 .
E(X):/_wxfx(x)dx:/o x-ldx:%’ozl/z.

FX(x):P(XSx):/:;fx(t)dt:/Oxfx(t)dt:/oxldt:x.

Note that Fy(x) =0 for x <0, and Note that Fx(x) =1 for x > 1.

(b)
fx(x)—{bl“ asxsb

0 otherwise

Then
22

E():/, xfx()dX—/bx- ! dx = 5

b—a

Fe(x) = P(X < x) /fX 1)di = /fX dr=7—2.

Note that Fy(x) =0 for x < a, and Note that Fx(x) =1 for x > b. |
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Exercise 61.
Let X ~ E(A) so that

A
(a) Find E(X).
Solution.
E(X) = [ixfx(x)dx
= /wale X

= —/ xde M
0
—Ax +/ ekadx
0 0

= —xe
= 0+/ e Mdx
0

-A
= e*0A = %

CHAPTER 12.

RANDOM VARIABLES
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Exercise 62.
Let X ~ N(0,1). Find E(X).

Solution.
We have that for X, fx(x) = \/%exp(—xQ/Z). Then Fx(x) = P(X <x). Moreover,

B =
Then

&=
X
Il
—
3 8
=
=
=
&

~ 1 —x2/2
= x——e dx
/;oc vV 21

10 1
= E/ xe’xz/zdx—i—ﬁ/o xefxz/zdx

. 2 . . .
Function xe /2 and the limits of the two summand integrals are symmetric. Then the two terms of E(X) cancel

out and thus E(X) =0 (implied by X ~ N(0,1)).
A more elegant approach is to use moment generating functions f(¢) = E(e'X) for X ~ N(0,1). See a later exercise
|

and its solution.
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Exercise 63.

Let (x1,x2) be a point chosen uniformly at random in the unit square with coordinates (0,0),(1,0),(1,1),(0,1)
counterclock-wise. Form r.v. X =x?, Y =x3 and Z = x| +x,. Show that X,Y are independent but ¥,Z are not
by determining the Fx y(x,y) and Fy z(x,z).

Solution.
We note the following.

Likewise, Fy(y) = /y. Consider then

Fx7y (x,y) = P

=
—1
=

=
=1 o= N
NI
IN
=

55

[ [
5N ~
5 F T
AN AN

$

R2

[
|
|
|
[
[
[
[
|
[
|
1

0,0) 1

For the other part consider Fyz(y,1) and conclude that the r.v. Y and Z are not independent similarly. Then
Fyz(y,1) is the area of Ry and Tj.

* <Ll =x1+3x2=1

sqrt (y) R

—— — — x
*

|
|
|
|
(0,0) 1-sqrt(y) 1
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Exercise 64.

You are given a random vector a = (ay,...a,), where g; is equally likely and independently to be 0 or 1, i.e.
Pr(a;=1) = Pr(a; =0) = 1/2. Answer the following questions.

(a) (Warmup) What's the probability that a is the all zero vector ?

(b) Suppose that a,b are two 0-1 vectors of length n whose components were chosen uniformly at random as
discussed previously. What is the expected value of the inner product a-b =Y" | a;b;? Explain.

(c) Let d be a vector of integers mod p (i.e. elements of d are 0,...p—1), where p is a prime. Let a be a random
vector of 0-1's chosen as before. What is an upper bound on the probability that Y d;a; = 0 mod p? Explain.

Solution.
(a) 1/2™.
(b) n/4.
Ec] =Elab] = E[Zaibi] = ZE[aibi]

a;b; is 0 with probability 3/4 and 1 with probability 1/4 (when both a; =b; =1).
Elaib]) =0(3/4)+1(1/4)=1/4

Therefore

E[] = Elab] = E[Y_aib)] = Y Elaib;] = n(1/4)

(c) The vector d is given (and is not necessarily random). Assume d # 0, i.e. at least one component of the
vector is non-zero since otherwise the problem is trivial. } d;a; =0 mod p.

Zd,-ai = Omodp
diay+dyar+...+dpa, = 0modp
diay = (—drap—...—dya,) mod p
diay = Zmodp
where Z = (—dyay — ... — dya,) mod p. Then,
Zd,ui = Omodp
diay = Zmodp
ap = (d)"'Zmod p
ay = Bmodp

The inverse of d; exists since dix = 1 mod p has a single solution for x by the fact that d; < p is such that
(d1,p) =1 and pis prime. B=(d;)~'Z mod p is an integer in 0,...,p— 1. aj is a (uniformly at) random (chosen)
0,1. What is the probability that the random a; is B? Naturally this probability is at most 1/2, as after we fix
B, aj can agree with this fixed value of B half of the time only. If the a;'s were not binary but ternary, then the
probability bound would be 1/3 instead. |
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12.3 Birthdays
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Exercise 65.

Birthday problem.

In a room n people are gathered. What is the probability that (at least) two of them have the same birthday?
Ignore leap years i.e. a year has 365 days and thus 365 birthdays are possible.

If E is the event that at least two people have the same birthday then E’ is the event that no two (or even more)
people share the same birthday.

Solution.

The first of the n people can have any of the 365 birthdays. Then the second one does not share a birthday with
the first if the birthday is any one of the remaining 364 other than the first person’s birthday. Thus the probability
that the two have different birthdays is 364/365. Continuing like this we generate the probability P(E’).

_365-364-...(365— (n—1))

P(E) 365k

And thus
B 365-364-...-(365—(n—1))

365k

P(E)=1-P(E')=1
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Exercise 66.

Birthday problem revisited: conditional probabilities.

In a room n people are gathered. What is the probability that (at least) two of them have the same birthday?
Ignore leap years i.e. a year has 365 days and thus 365 birthdays are possible.

Solution.

Let A, be the event person 2 has different birthday from person 1. Let A3 be the event person 3 has different
birthday from persons 1,2. Let A4 be the event person 4 has different birthday from persons 1,2,3. Etc. Let A,
be the event person n has different birthday from persons 1,2,...,n. Then

P(Ay) =1—1/365.

Moreover,
P(A3]Ay) =1-2/365.

And by induction,
P(An|A2A3... Ap1) =1—(n—1)/365.

Then
p(E') =P(A2NA3N...NA,) = P(An|A2A3...Ay_1) ... P(A3]A2)P(A2) = (1—(n—1)/365)...(1—2/365)(1—1/365).

We can then calculate P(E) =1— p(E'). |
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Exercise 67.

Birthday Problem generalized

We have m people that have birthdays that take n values, and let for siplicity they are drawn from the set
{1,2,...,n}. The probability that all m have different birthdays is

nn—1)...(n—m+1

nm

p:

How large should m be so that this p at least 1/2=1—1/2, 1 —1/4, 1 —1/8, etc 1 —1/210.

Solution.
Let m — 1 = ky/n where k is some small integer. We can also use that for x < 1/2 we have e < 1—xor
equivalently 1 —x >e™. Then (1—1)> o—2i/n

i
n

(1-Ha-Hu-2 a-"

p

> exp(—2-1/n)-exp(=2-2/n)-exp(—=2-3/n)-...exp(=2-(m—1)/n)
> oLy > (-0
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Exercise 68.
Planet CS has an n-day year. Among a population of k people of this planet find the expected number of triples
of these people who have the same birthday. How large should k be for the expected value to be at least 17

Solution.
The number of triples of people is (]3‘) and the persons in a triple have all the same birthday with probability

”—12. Therefore the expected number of triples of people having the same birthday is (é‘)ni . This value is 1 when

k= cn?/3 for a constant c.
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12.4 Miscellanea
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Exercise 69.
A coin is tossed with probability p € [0,1] coming H. If it is H, dealer pays player lc. If it is T, player pays dealer

2c. What is the smaller p that player is not expected to lose money.

Solution.
E(X)=p-14(1—p)(—2) is expected payoff. Since it is expected E(X) > 0 this is equivalent to p >2/3. |
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Exercise 70.

Expected value. A random variable-free definition: An experiment has outcomes that take numerical values
x;. The probability that the outcome with value x; appears is p;. Then the expected value of the experiment is
E=Y%,pixi.

(a) A (fair) coin is tossed four times. What is the expected number E of Heads?

(b) Number game. 100 numbers from 0 to 99 are to be used for drawing one number. A player can bet a dollar
to a number. If the player wins the win is 67 dollars. Else player loses a dollar. What is the expected profit?

Solution.
(a) There are five outcomes when a coin is tossed four times: OH,1H,2H,3H,4H. The corresponding numerical

values are 0,1,2,3,4. It is easy to calculate that E = 2.
(b) With probability 1/100 the profit is 66 = 67 — 1. With 99/100 the profit is —1 (a loss of 1).

99/100- (—1) +1/100-66 = —0.33

Thus if you play this game 1000 times you will lose on the average 330 dollars. |
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Exercise 71.

You flip a fair coin in a casino. You have 50% probability of winning. Let the bet be one dollar. You devise the
following tactic: you decide to play repeatedly until the first way when you stop. Let N be the number of games
(tosses) played.

(a) What is the expected number of games played i.e. E(N)?

(b) What is the fraction of Wins and thus what is the fraction of Losses in the N games played?

(c) What is the expected fraction of Wins and thus what is the expected fraction of Losses in the N games played?

Solution.

(a) The game is a geometric distribution with 1 —p = p =0.5 Thus the average number of games played before
awinis E(N)=1/p=2.

(b) If N is the number of games, one is a win and thus (N —1) is losses. The fraction of wins is 1/N and the
factions of losses is (N—1)/N=1—1/N.

(c) If L is the losses E(L) = E(N)—1=1. We have 1 win out of N games. Thus the fraction of wins as an
expected value.

™

—_

E(1/N) = ) P(N=i)(1/i)

(1—p)~'p(1/i)

Il
s

Il
—

=) (1/2)(1/i).
i=1
Using a previous sum manipulation using integration
il 1
Y x = &
i=1 I—x
=1
fo = —In(l-x) <
i=1!
< | ‘
Z;(l/zy = —In(1/2)&
i=1
Y -(1/2) = 2,
i

we obtain the following result.

E(1/N) = ) (1/2)(1/i)

i=1

= In2~0.693.

Note that the reciprocal of the expection (1/2) is not equal to the expectation of the reciprocal of the random
variable (0.693). For the expected fraction of losses.

E(N—1)/N)=E(1—1/N)=1—E(1/N)=1—1n2~0.307.
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Exercise 72.

Alice-Bob game. There are two boxes containing dollar coins. One given to Alice the other to Bob. Both are
told that one box contains X and the other 2X. They are not told which box is which. Alice is given the possibility
to switch.

Alice makes the following calculation. Let a be Alice's current take. With probability 1/2 can end-up with 2a and
with probability 1/2 can end-up with a/2 if she switches with Bob. Thus the expected profit is

1/2(2a)+1/2(a/2) = 5a/4 > a

Alice decides to switch.
Is Alice correct and rational?
What if Bob is given the opportunity to switch?
What if Alice or both are given ANOTHER opportunity to reconsider (and switch)?
What if this goes on ad infinitum?

Solution.

Alice is not correct. She makes the assumption that she has a, and then the possible outcomes are a/2 and 2a.
These are three different amounts of money. We know there are only two between the two of them, one is X the
other is 2X. Consider this example: the boxes have 10 and 20 dollars. If Alice has 10 dollars it can’t be that Bob
has 5 dollars. If Alice has 20 dollars it can't be that Bob has 40 dollars. In the first case the PROFIT for Alice
is 20 — 10 if she switches. In the latter case the PROFIT is 10 —20 = —10 in fact a loss if she switched. The
expected profit is thus 10— 10 =0. |
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Exercise 73.

St Petersburg’s paradox. In a casino a (fair) coin is tossed. The number of tails T before the first head
determines the payoff. Therefore is Z is the number of T before the first H, the payoff by the casino is 2% (say
dollars). A player pays the casino once at entering the game.

(a) What is fair price for a player to pay the casino to enter the game? Explain.

(b) Now the casino changes its policy. The payof is fixed to 8,192 dollars. Thus the award the casino would pay
would never exceed min (10,000,2%) = omin(13.2) \What is fair price for a player to pay the casino to enter the
game? Explain.

Solution.
(a) The probability of having Z tails and then a head is (1/2%)(1/2) = 1/2%*!. The payoff then is 2. Therefore
the expected payoff P is as follows.
1 7 wl
7T 27 = Z 3=

s

E(P) =
Z=0

Note that the number of T''s before an H follows a geometric distribution with expected value 1/p. Therefore on
the average in two tosses we have a head. Thus the payoff is 2! as there is only one T on the average.
(b) The expected payoff now is as follows.

E(P) — ;O;H.Zmin(13,z)
EI
= 7+2132—h=7+0.5=7.5.
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Exercise 74.

Linear Search. An array A[l..n] contains n distinct and comparable keys. Part of the input is an arbitrary key
value k. With probability p, key k is in A and it is equally likely to be in any of the n positions of A, and we want
to find that i such that A[i] is equal to k, but with probability ¢ =1 — p keys k is not in A and then lin search
returns not FOUND (say n+ 1 value is not FOUND). What is the average number of comparisons performed in
line 27

LinSearch(A[1..n],n,k)

1. for( i=1 ; i<=n ; i++ ) {

2. if cmp(A[i],k)==EQUAL

3. return(i); // FOUND at i
4. %}

5. return(n+1); // NOT FOUND
Solution.

If key k is in position i then i comparisons are to be performed. Then x; =i. The probability that key is in i would
be p/n. Furthermore, x,.1 =n with p,.1 =g=1—p. Then

E — Zip[xiz(p/n)izn;i—l-qn
_ le_l))n
= 2D
= (n;1)+(1—p)n

Ifg=0and thus1—p=0and p=1,then E=(n+1)/2. If g=1and thus I —p=1and p=0, then E=n. If
0<g<l1 then E<(n+1)/24+n=3n+1)/2. |
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Exercise 75.

CHAPTER 12. RANDOM VARIABLES

Binary search. Let N be the length of a sorted sequence A[0..N — 1], where N =2" —1. We are looking for

key k into A. What is, for Binary Search, (a) the minimal number of comparisons, (b) the maximal number of

comparisons, (c) the average number of comparisons to find & (i.e. determine i such that A[i] = k) or determine

kis not in A (and return say —1).

Solution.

(a) The minimal number of comparisons is obviously one.
(b) The maximal number of comparisons is n. In the worst case

CR"—1)=1+4+C(2"-1-1)/2) =14+C(2" ' —1) = c(n) =14+ c(n—1), for c(n) =C(2"—1).

Solve for c¢(n) =n=1g(N+1).

(c) Calculate P(X =), where X is the number of comparisons performed to find an element of A. Let us split A
into A;, where A is the set of keys of A that can be determined for equality with k in one comparison. Obviously

|A1| =1, and the middle element A[(N —1)/2] is the only element of A;. Furthermore |A;| =2"'. Then

E(X)

We utilized

n .
Z l _xlfl
i=0

G .
Z i- 2171
i=0

= ;nP(X:i)~i

2!'—1

= ann_l-i

i=1

(W -1/ r—1) =

m+Dx"(x—1) =@ =1/ (x—1)*=

2".n—-2"+1.

Note that the analysis applies to the case where k is IN A. If k is not in A, then n comparisons are needed to

draw that conclusion.
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Exercise 76.
Let a sample space S ={1,2,3,...}. Let P(n) =1/2" for all n =1,2,3,....
What is the probability that an outcome (pick a positive integer) is an even number?

Solution.

P(even):1/4+1/16+...:i%:i /A1 1A+ 142+ = 1/4(1)(1 - 1/4)) = (1/4)(4/3) = 1/3.
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Exercise 77.

You are given a random vector a = (ay,...a,), where g; is equally likely and independently to be 0 or 1, i.e.
P(a;=1)=P(a; =0) =1/2. Answer the following questions.

(a) (Warmup) What's the probability that a is the all zero vector ?

(b) Suppose that a,b are two 0-1 vectors of length n whose components were chosen uniformly at random as
discussed previously. What is the expected value of the inner product a-b =Y" | a;b;? Explain.

(c) Let d be a vector of integers mod p (i.e. elements of d are 0,...p—1), where p is a prime. Let a be a random
vector of 0-1's chosen as before. What is an upper bound on the probability that Y d;a; = 0 mod p? Explain.

Solution.
(a) 1/2™.
(b) n/4.
Ec] =Elab] = E[Zaibi] = ZE[aibi]

a;b; is 0 with probability 3/4 and 1 with probability 1/4 (when both a; =b; =1).
Elaib]) =0(3/4)+1(1/4)=1/4

Therefore

E[] = Elab] = E[Y_aibi] = Y Elaibi] = n(1/4)

(c) The vector d is given (and is not necessarily random). Assume d # 0, i.e. at least one component of the
vector is non-zero since otherwise the problem is trivial. } d;a; =0 mod p.

Zd,-ai = Omodp
diay+dyar+...+dpa, = 0modp
dia, = (—drap—...—dya,) mod p
diay = Zmodp
where Z = (—dyay — ... — dya,) mod p. Then,
Zd,ui = Omod p
diay = Zmodp
ar = (d)"'Zmod p
ay = Bmodp

The inverse of d; exists since dix = 1 mod p has a single solution for x by the fact that d; < p is such that
(d1,p) =1and pis prime. B=(d;)~'Z mod p is an integer in 0,...,p— 1. aj is a (uniformly at) random (chosen)
0,1. What is the probability that the random a; is B? Naturally this probability is at most 1/2, as after we fix
B, aj can agree with this fixed value of B half of the time only. If the a;'s were not binary but ternary, then the
probability bound would be 1/3 instead. |
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Exercise 78.
Needles. We draw parallel lines one unit apart. A needle of length one unit is thrown at random. We observe

whether the needle crosses one of the parallel lines. What is the probability of this happening
Hint. Consider the distance D from the middle of the needle to the closest parallel line. Consider also the angle

of the needle with the parallel lines.

Solution.
Needle: 1 unit long
/
/
/
/
/
/
Needle’s x Center H = D /sin(phi)< 1/2
/1 (we have a crossing)
H<1/2 / | D
/|
/ N\
/ \ angle phi between needle and a parallel line

/

If ¢ is the angle between the needle and the parallel lines (consider ¢ <90 degrees). Moreover 0 < D <1/2, and
0<¢ <m/2. A crossing occurs when D/sin(¢) < 1/2 as shown above. For a throw of the needle D and ¢ are
uniformly at random drawn from the ranges indicated.

2 0<D<1/)2
d)= - T
fo(d) {0 otherwise,
2/r 0<¢<m/2
0 otherwise,

fo(9) Z{

Then fpg =2 for 0<D<1/2and 0< ¢ < /2 and 0 otherwise. For a crossing to occur D/sin(¢) < 1/2, or
equivalently, for the probability density function of the center of the needle distance D from a parallel line we have
The needle crosses a line for D < 1/2sin(¢). The probability that the needle crosses a parallel line is then

m/2 r1/2sing 4
P:/ / —dDd¢ =2/x.
0 0 T
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Exercise 79.

Monte-Carlo approximation of 7 or not.

(a) We throw darts on or inside a unit square. Insider the unit square there a circle inscribed with diameter one.
If darts are thrown uniforlmy at random and all hit the square, what is the probability that they hit the circle (i.e.
fall on or insider the inscribed circle)?

(b) What is the probability that a dart hits a circular UNIT radius target at distance x, where 0 <x < 1.

Solution.
The probability a dart hits the circle is the area of the circle over the area of the square. Square S has area

al§)=1-1=1,
and the circle with diameter 1 has radius 1/2 and thus area
alC)=n-(1/2)> =n/4.
Therefore if E is the event the dart hits the circle,
p(E) = a(C)/a(S) = /4

In a montercarlo simulation we throw N darts and count the ones hitting inside the circle n < N. The by the law
of large numbers n/N = /4 and thus an approximation to  would be

4n
approx(7m) ~ N

(b) At distance x the area of the circlue is x> versus -1 the area of the target circle. Thus the probability of
hitting the target within distance x is x> |
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12.5 Permutations and Derangements
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Exercise 80.

(a) Calculate P(n,k) the number of permutations of n objects taken k at a time.

(b) Calculate C(n,k) the number of combinations of n objects taken k at a time. Order in the set (of a combination)
makes no difference.

Solution.
(a) We have n possibilities for the first element of the permutation, n— 1 for the second, etc. Total is

P(n,k)=n(n—1)...(n—(k—1)) = (n—k)!

(b) We have P(n,k) possibilities but then need to adjust because order is not important by dividing with k!. Total
is

n! n
C(n,k) =P(n,k) k! =n(n—1)...(n—(k=1)/k! = R = (k)
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Exercise 81.

Give the number of derangements of permutations on n elements {1,2,...,n}.

A permutation 7 is a derangement if and only if it does not have a fixed point. Point i is a fixed point of a
permutation 7 if (i) =i. Therefore in a derangement 7 we have w(i) #i Vi,i=1,...,n.

Solution. Let S be the set of all permutations. Let A; ={mw € S: n(i) =i}. A permutation 7 is a derangement if

and only if
TEAIU...UA,

Moreover A;, I C {1,2,...,n} with |I| =k contains all permutations with k fixed points. There are |A;| = (n—k)!
of them. Let us try to count instead
nl—AU...UA,

or
AlU...UA,

By the principle of inclusion exclusion we get
L . n " .
|A1U...UAn|ZAi|—Zi<j|A,~ﬂA,~|+Zi<j<k|A,-ﬁAjﬁAk|—...:Z(—l)‘“(,)(n—i)!:n!Z(—l)’“/i!.
- : :

Thefore n! — |A; U...UA,| =Y o(— 1)1 /il [ |
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Exercise 82.
Give the number of derangements of permutations on n elements {1,2,...,n}.

Solution.

An inductive approach. Let p(n) be the number of derangements of n objects. Let p(1) =j. If p(j) =1 then we
are left with n— 2 objects and positions. The are n— 1 choices for j and p(n—2) choices for derangements on n—2
objects. If on the other hand p(1) = j but p(j) # 1, the for the 2,...,n objects we have 1,2,...,j—1,j+1,...,n
i.e. n—1 numbers to derange. Therefore combining the two cases

p(n) = (n—1)pn—=2)+(n—1)pr—1).

Furthermore, by induction
p(n) =np(n—1)+(-1)",

as follows.

p(n) (n—1)p(n—2)+(n—1)p(n—1)
= (n—1pn—-1)+(n—-1)p(n-2)
= (m—1pn—-1)+pn—1)—phr—1)+(n—-1)p(n-2)
= np(n—1)—pn—1)+(n—1)p(n—2)
= np(n—1)—(n=1)p(n—2)—(=1)""+(n—1)p(n—2)
= npn—1)—(=1)""
= np(n—1)+(-1)"

Py = mpla— 1)+ (1)
gy = 2D Caym
an) = gn—1)+(-1)"/n!

Then
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Exercise 83.

Let Y be the number of fixed points in a random permutation of n distinct objects. Show that E(Y) = 1.
Example. Consider two objects {1,2} One permutation is p(1) =1, p(2) =2 with 2 fixed points; the other one is
q(1) =2,g(2) =1 with 0 fixed points. THe expected number is 1!

Solution.
Let X be a random permutation. Let X; be 1 if X fixes i and 0 otherwise. Then let Y denote the number of fixed
points.
Y=X1+X+..+ X, =EY)=EXi+X+...+X,) = Z(X,») =nE(X;)=n(1/n)=1.
E

We used E(X;) = 1/n. |
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Exercise 84.
A coin is tossed once. Let X be a r.v. with X =1 for Heads and X =0 for Tails. Let Y =1—X. So that X and

Y are not independet.

Solution.
We have E(X) =1/2=E(Y). Moreover X -Y =0.

0=E(X-Y)£EX)-E(Y)=1/2-1)2.
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Exercise 85.
Let (x,y) be a point of a unit cicle chosen uniformly at random. We have seen before for R = \/x2 +y2, Fg(r) = r?
for 0 <r <1. Moreover fg(r) =2r. What is the expected value E(R)?

Solution.

E(R):/OlrfR(r)dr:/Oerrdr:/OlerS/3 ==12/3
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12.6 Bin and Balls
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Exercise 86.
What is the probability that among three digits integers with all distinct digits we pick a three digit denary integer
that has no 0 (leading or otherwise), 8 and 9 and all of its digit are distinct.

Solution.

Viewing integers as ordered this means we have 7 choices for the first digit, 6 for the second and 5 for the third
for a total of 210. Our universe of three digits integers with distinct digits is 10-9-8 = 720. Thus the probability
of generating one is 210/720. |
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Exercise 87.

(a) In an urn we have 50 balls of which 25 are red and 25 are blue. We select 10 balls from the urn. What
is the probability that 5 of the balls are red and 5 are blue (of the 10 drawn)? Assume balls are selected with
replacement.

(b) Repeat without replacement.

Solution.
(a) There are |S| = 50'° possible selections of 10 balls with replacement. There are 25 -25° ways to pick 5 red
balls, followed by 5 blue balls. But this is one possible scenario out of the (150) possible ones. So for the event A
of having 5 red balls and 5 blue balls we have that |A] = 25%-25% - ('). Therefore the probability P(A) for event
A is calculated as

25525 (¥) 252

= = ~0.25.
) 5010 1024

(b) What if the selection is without replacement? Then |S| = 50!/40! =50-49-...41. Then, |A| = (25!/20!)%- (7).
Then
251.25!-40!- (10 25.2.252

(4)= 301201401 T 20-1024-3

where we used Stirling's approximation for the factorial for 20!,25!,40!. |
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Exercise 88.

Find the number of ways you can throw n balls into N bins for the following scenarios.
(a) Distinct balls into distinct bins.

b) Indistinct balls into distinct bins.

) Indistinct balls into distinct bins with at least one ball per bin.

) Indistinct balls into distinct bins with at least k; balls into bin i?
) Indistinct balls into distinct bins at most one ball per bin.

) Distinct balls into distinct bins at most one ball per bin.

) Distinct balls into indistinc bins at least one ball per bin.

) Distinct balls into indistict bins at most one ball per bin.

(i) Indistinct balls into indistict bins at most one ball per bin.

C
d
(S
f
g
h

Solution.
(a) We describe the distribution as a n-digit sequence, each digit taking one of N values representing a bin's ID
(e.g. from 1 to N). There are

NxNx...x...N=N"

since there are n digits

(b) This is equivalent to n; the number of balls in bin i: ¥ n; = n. In other words, the number of solutions n;
of this equation in the non-negative integers is the answer to the original question. This is (”;Nl 1) = ('“LN 1).
Think also N + 1 vertical lines (inclusive of first and last). First and last are fixed, they can be ignored thus the
position of the remaining N — 1 varies. Total number is out of n+N — 1 marked positions we pick N —1 and turn
them into vertical line markers (N[tﬁl) Between the markers we count balls per corresponding bin.

(c) Place one indistinct ball per bin. The remaining n— N balls remain to be distributed into the N bins. By case

n

(b ) we have (Nfl) Equivalently, the n balls create n — 1 gaps between them. Pick k— 1 out of the n—1 gaps in
(d ) Slmllar to (c). Put k; balls as neede into bin i. The remaining balls are handled as in (b) above.
n—Yiki
N—-1 )’
(e) Implied is that N > n. We need to choose which n of the N urns will be assigned a ball! Thus (2’)

(f) N choice for first ball, N—1 for second and so on. Total N(N—1)...(N—n+1). Note that if N =n, then
the answer is n!. Moreover, n > N, answer is 0.

(g) That's a Stirling number { ]’\1]

(h) Not many choices: if n < N the answer is 1; otherwise it is zero!
(i) See the previous question. Not many choices: if n <N the answer is 1; otherwise it is zero! |
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12.6.1 ... or not
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Exercise 89.

We throw n (indistinguishable) balls into N (indistinguishable) bins. Label them 1,...,n and 1,... N respectively.
(a) What is the probability all balls fall into bin k? What is the probability that bin & is empty?

(b) What is the expected number of balls in bin k?

(c) What is the expected number of empty bins ?

Solution.

(a) All balls fall into bin k with probability (1/N)". Bin k remains empty with probability (1 —1/N)".

(b) Let us use a random variable X; is 1 if ball i goes to bin k, and 0 if it goes to another bin. Then ¥, =Y, nX;
counts the number of balls into bin k. We have

E(X;))=1-1/N+0-(1—1/N)=1/N.
Then using the linearity of expectation.

E(Y}) = E(ix,») =Y EX;))=n-1/N=n/N.

i=1 i

(c) Let Ay be the event that bin k is empty. Then, p(Ay) is the probability bin k is empty. Let By be a random
variable that is 1 if bin k is empty and 0 otherwise. Then, B =Y, By counts the number of empty bins. First,

P(Ay) =(1-1/N)"
Then by linearity of expectation.

E(B)=E().Bx) =) E(By)
% %

Finally
E(Bi) =1-P(Ax) +0- (1 —P(Ar) = (1-1/N)"
We conclude that
E(B)=Y E(B)=N(1—-1/N)".
k

The latter is ~ Ne /N .

If n =N, it says that 1/e of the N bins are empty. If we throw n more balls 1/e-1/e-N of the bins will be empty.
How many times m do we need to repeat this so that (1/e)”N < 1 ? Solving for m we find m > In(N).

Let C be the event that there is an empty bin. Then we have the following.

P(C) = P(3eptybin) = P(UY_,empty — bink) < ZP(empty —bink) < N(1—1/N)".
k

We could have proved the same by Markov's inequality.
P(B>1)<E(B)/1=N(1-1/N)".

What is n so that P(C) is w.h.p? Let us say we want P(C) < 1/N or equivalently we want Ne~/N < 1/n. Set
n=2NInN. Then Ne "/N < 1/N indeed. [ |
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Exercise 90.

We throw n (indistinguishable) balls into N (indistinguishable) bins. Label them 1,...,n and 1,... N respectively.
Continuing the previous problem for what value of n do we expect to see two balls in one bin, say bin k7 This
assumes there is one ball already into bin k.

Solution. The probability p of no second ball is as follows. We use ¢* > 1+x for all x € R in the form e™* > 1—x.

1 2 3 n—1 ~1/N,2/N  ,~(n—1)/N _ ,~n(n—1)/(2N)
(==)(1=2)(1=2)...-(1-—) < =
B(1= ) (=) (=) (1= ) < e e ¢ ¢

The birthday paradox says that if we bound this probability by 1/2
efn(nfl)/(ZN) S 1/2

the probability of a collision becomes > 1/2. Solving the equation above for n we have n~ /2In(2)N. For a
planet (Earth) with 365 days on a non-leap year this means that in a group of 23-24 people there would be two
with same birthday (with probability at least 0.5). |



12.6. BIN AND BALLS 209

Exercise 91.
Assume n = N. What is the probability that bin & has at least ¢ balls in it?
We provide the following definition

Definition 12.1

We say an event E dependent on n occurs with high probability, if P(E) < 1—1/n° for some constant ¢ > 1.

“

Instead of writing " with high probability” we shall write "w.h.p.” or “whp” instead.

Solution. Our current scenario simplifies to n balls into n bins the fullest bin has O(Ign Iglgn) balls w.h.p.
Let bin k has ¢ balls. The probability this is the case is B(n, p;t). A reminder

B(n,p;t) = (’;)p’(l —-p)"

The following result in the form of Equations (12.2) and (12.3) appears in Feller [9] and in its complete form
including Equation (12.1) as Theorem 1.1 in Bdllobas [3], where B(n, p;m) is expanded and bounded,

Theorem 12.1 Feller[9], Bdllobas[3]

Let random variables X; be inpdependent and follow a Bernoulli distribution that is, X; ~ b(p), and let S, =
" 1 Xi. Then form= [upn], u>1,

P(Sy = m) < ——B(n,p:m). (12.1)
Furthermore,
P(Sy > m)< (’j;“_; ;’))2 (12.2)
and
Pis, <m) < (123)

The first form appears in [3]; the other two in [9].

By Eq.(12.1) with t = [upn], p=1/nand t = [u], u > 1. In Eq.(12.1) the u/(u— 1) becomes at most 1.5 for
u >3 or equivalently r > 3. Therefore for t >3

P(Bink>1)=P(S, >1) < —

B(n,pit) < 1.5 <”) (1/n)". (12.4)
u—1 t
This bound makes sense if we can put (1 —p)"" into use that we obviously did not do.

An alternative is to argue as follows (for bin k that is).

P(Bink>1) < Y JJPballi € Syisin bin k) < ('Z>p’ = <’Z) (1/n)! (12.5)

SnC{l,..n},[Sul=t 1

Note that in this set-up, we guarantee the balls of S, fall into &, but there might be other balls falling into it; we
do not use (1 — p)"* and thus this effectively become 1% or the other balls are free agents: they can fall into
k or not.

The difference between Eq.(12.4) and Eq.(12.5) is a 1.5. We proceed discarding 1.5 as follows.

Using inequality 9.1.3 we obtain from Eq.(12.5) the following.

P(Bink>1) < (';—e)' < (f)t.

n t
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Assume n > ¢? implying a Inn > 2. Furthermore choose ¢ = cIn (n), with ¢ = ¢%. Then if t = ¢?In(n) we have the
following. Note that 2¢ = 2¢> ~ 14.778 > 14

1
PBink>1) < (;)Cn"

IN
/
8
S5}
—_
.’:SQ
S
N———
2
=]
N

IN

IA
TN TN

IN

IN
|
IN
|

Then

P(number of balls any bin >7) = P((number of balls of bin 1> )
U(number of balls of bin 2 >1)

U

U(number of balls of bin k > 1)

U

U(number of balls of bin n >¢))

ZP((number of balls of bin k >1)
i

IN

n-P((number of balls of bin k > 1)
n-P((Bin k >1)

1
14

IN

n-
n

‘ -

)

w

nl

since ¢ = €. This means ¢ = ¢In(n) is too generous. We can make it smaller.
The bound ¢ = clnn/Inlnn for ¢ = 2¢* gives. First let's bring our bound in an exponential form that we did
not do so before.

P(number of balls any bin >7) < n-P((number of balls of bin k > t)
t
e

IN
3

12
exp(Inn+t—tlnt)
1
n®’

IN

IN

L"l . . .
The bound holds for n > 4000000 > ¢ . This is to make sure Inlnlnn/Inlnn is small enough. Thus the result
has been proven w.h.p i.e. that with probability at least 1 —1/n® every bit has no more than 2¢*Inn/Inlnn =
O(Inn/Inlnn) balls. |
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Exercise 92.

If we throw n balls into n bins, what is,

(a) the expected number of empty bins?

(b) the expected number of bins with exactly one ball?
(c) the expected number of bins with exactly two balls?

Solution.

Part (a) has been answered earlier for the general case. Set N = n to obtain the answer in (a) below. For all the

parts below, let X be a random variable that takes values 1 or O depending on whether a bin is empty (for part

(a)), contains exactly one ball (for part (b)), or exactly two balls (for part (c)). Then let ¥ be a random variable

that counts the number of empty bins for part (a), or the balls with exactly one/two ball(s) for parts (b) and (c)

respectively. It is clear that E(Y) = nE(X).

(a) Let's consider one bin and call it for convenience only, bin 1. The probability that a ball falls in it is 1/n (and

therefore the probability that a ball does not fall in it is 1 — 1/n). The probability that none of the n balls falls

into this bin is thus (1 —1/n)". Then for the X variable we get that E(X) = (1 —1/n)". Summing for the n bins

we get that Y is such that: E(Y)=n(1—1/n)" <n/e.

(b) Again, for bin 1, we find the probability that exactly one ball falls into that bin. Among n balls, the

probability that exactly one falls into bin 1 is equal to (})(1/n)(1—1/n)""! = (1—1/n)""!. As in part (a), we

get EX)=1-P(X=1)4+0-P(X =0) = (1—1/n)""!, and therefore for Y (that gives the number of bins with

exactly one ball) we find that E(Y) =n(1—1/n)""! = %(1 —1/n)" < e(;:liil)

(c) Asin parts (a), (b), the probability that bin 1 has exactly two balls is now: (5)(1/n)*(1—1/n)""%, and therefore

the X (the random variable that take values 1 or 0 depending on whether a given bin has exactly two ball or not) has
n—1)

expectation E(X) = (3) (1/n)?(1—1/n)" 2. Then for ¥, we get that E(¥) =nE(X) =n"tl LUUnl <
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Exercise 93.

Let us throw ¢ balls into n bins. What is the probability that bin 5 is empty?

Implicit in the statement above is that we have enough bins to allow for bin 5 (i.e. if we label them 1,2,,3,...
we have 5 bins or more)!

Solution.

There is nothing specific about bin 5. We just want to stress that the question is for a specific bin. The possible
outcomes is n'. We can write down an ¢-digit sequence, and every 'digit’ is a value from 1 to n indicating a bin
number (that identifies a signle bin). The number of outcomes is n’ as each one of the ¢ digits take n values.
The event we are interested in is the one where the ¢-digit sequence contains no 5 at all. We have (n—1)" such
sequences (all possible digits other than 5). Thus the probability of bin 5 being empty is (n—1)" divided by n’ i.e.
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Exercise 94.

Let us throw ¢ balls into n bins. What is the probability that bins 5, 8 is empty?

Implicit in the statement above is that we have enough bins to allow for bin 5, 8 (i.e. if we label them
1,2,,3,...,5,...,8,...), we have 8 bins or more!

Solution.
It is not difficult to conclude that
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Exercise 95.

Let us throw balls into n bins one by one. Let Y; be a random variable that counts the number of balls needed to
fill one more bin, the i-th bin (not necessarily bin i). Obviously ¥; =1, since before the throw of the first ball we
assume all bins are empty.

Examine the properties of random variable Y, where Y =Y'1" | ¥,.

The problem is also known as the coupon's collector problem. Consider also an alternative view let us call it
baseball-player cards. Bob has decided to to build a collection baseball cards of n players. For that he purchases
individual enveloped baseball cards; one card is contained in an opaque envelope. The chance that he gets one
of any of the n players of his election is 1/n. How many cards should he gather to make sure that he has at least
one of its one of the n players?

Solution.
For Y, = 1. Random variable ¥, follows a geometric distribution with ¥, ~ g(p>), where p, = (n—1)/n. We can
even say that Y; ~ g(p1), whre py =n/n=1. In general p;j= (n—(i—1))/n. The expected number of balls
thrown to fill a second bin is E[Y], etc to fill the i-th bin is E[Y;] and so on. Since ¥; g(p;) with p—(n—(i—1))/n
the E[Y;] = 1/p;. Therefore, using also the linearity of expectation,

< n

E(Y) :E(ZYi) :ZE(Y:‘) = Zm =n(1+1/24...+1/n)nH,,
i i i=1

where H, is the harmonic series of order n. H, = In(n)+ 7, where ¥ is Euler's constant. Furthermore,

Var(Y) = var(Z Y,) = ZVar(Yi)

(1—Pi)/17i2

Il
—

IN Il
= 1=
=

RS

=0

n2

n—i+1)?
1
n—i+1)>2

Il
™=

Il
—

Il
S
[\
M-
—

N[\.)‘ —

|
S
S
'Mﬁ

= n’m?/6,

utilizing the Basel problem’s sum due to Euler that provides the following result.

1
=
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Exercise 96.

We have m balls and n bins.

(a) What is the probability that two balls fall into the same bin?

(b) What is the probability that bin 5 is empty? (Implicit in the statement above is that we have enough bins to
allow for bin 5 to exist!)

(c) What is the expected number of (ball) collisions?

(d) What is the expected number of empty bins.

(e) What is the probability bin 5 has k balls? Show that it is < 1/k! for m = n.

(f) What is the probability that there is an empty bin (whether it is 5 or some other bin or more than one)?
(g) What is the probability bin 5 has AT LEAST k balls?

(h) What is the probability that the maximum number of balls in a bin is at least k ?

Solution.
(a) Obviously it is 1/n. Pick two arbitrary balls i and j. The throws are independent of each other. Let ¢;; be
the event that they are in the same bin.

P(eij) ZP (Ball i into bin k, AND Ball j into bin k) Zf -===1/n

(b) There is nothing specific about bin 5. We just want to stress that the question is for a specific bin. The
possible outcomes is n”*. We can write down an m-digit sequence, and every 'digit’ is a value from 1 to n indicating
a bin number (that identifies a signle bin). The number of outcomes is n™ as each one of the m digits take n
values. The event we are interested in is the one where the m-digit sequence contains no 5 at all. We have
(n—1)" such sequences (all possible digits other than 5). Thus the probability of bin 5 being empty is (n—1)"

divided by n™ i.e.
(l’l— l)m _ . _1 m
o n)

m
(1 _ 1) < efm/n.
n

If n =m this is at most 1/e. One also could prove the same using indicator random variables. Here let us define
Y5 being 1 if bin 5 is empty and O otherwise. Obviously

Note that 1 —1/n < e~ /" and therefore,

E(Ys) = P(bin 5 is empty) = H P(ball j fall into 5) = | [(1 - 1/n) = (1—1/n)"
j=1 j=1

(c) This derives from (a). The probability of a collision P(e;;) is 1/n. Let X;; be an indicator random variable
that is 1 if there is a collision between i and j and 0 otherwise. Then

E(Xij) = 1-P(e;ij) +0-Irrelevant = P(e;;).

The number of collisions X is given by

X=3 ) X;

P i

Therefore,

X;"/EIXU ;,/E.IE(XU) = @E(XU) - m<m2_ ])% 2n

(d) Directly from (b). The probability a bin is empty is (1 — %)m Let ¥; be an indicator variable for bin Y}, and
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let Y =Y"_,Y; counts the number of empty bins. Using the same trick-methodology from the previous step we
have, after noting E(Y;) = E(Ys) for all ;.

E(Y)= Xn:E(Y,-) —n. (1—1)m

i=1 n

For the same reasons as in (b) this is at most ne="/". And for m = n it is at most n/e.
(e) This is a binomial distribution B(m, p;k) = B(m,1/n;k).

B(m,1/n:k) = (’z) (i)k(l—l/n)m—k< (Z’)nlk < (%)k%

Obviously the last expression is at most 1/k! for m =n.

()

P(some bin is empty = P(bin 1 is emptyUbin 2 is emptyU...Ubin n is empty)
Y P(bin i is empty)
i

Y (1=1/n)"

1

= n(l-1/n)™.

IN

IN

(g) Pick k out of the m balls heading for bin 5. There are (Z) choices. And the chosen k balls ARE heading to

bin 5 with probability 1/n*. We do not care about the remaining balls (they might be heading to bin 5 or not).
Therefore the probability bin 5 has k or more balls is overestimated to be

P(bin 5 has at least k balls) < <’Z> (1/n")

Not bad! Compare it to the bound of (e) prior to the last step there of upper bounding.
(h) Let X; be the number of balls in bin i.

P(maxX; > k) =P(3i: X; > k) <Y P(X; > k) = nP(X; > k).
1 ~
1
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12.7 Collecting coupons
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Exercise 97.

Coupon Collector

Let {1,2,...,n} be a set of n cards (coupons). In a collection of m randomly drawn coupons how large should m
be so that there is at least one instance of each one of the n coupons? We will show that m = (1+ €)nlnn for
some € > 0.

Solution.
For any fixed i € {1,2,...,n}, the probability i is not chosen in m choices is given by p;

" m
Pi—(l—n) _exp(—;)

Then the probability p1V p2Vp3 V...V p,is at most ¥, p; =nexp (—*). The latter probability for m = (1+4-&)nlnn.
m
nexp(——) =nexp(—(1+¢€)lnn) = 1/n®.
n

Anothe way to view this problem is by introducing an indicator variable X; = 1 if coupon i is never drawn and
X; = 0 otherwise. The number of coupons NOT drawn is X =Y ,;X;. The expected number of coupons NOT

drawn is
ElX) = E[Y X = ¥ EX)
But EX;)]=1-P(X;=1)=(1—1/n)"™. Thus

EX] = E[Y.X] = Y EIX] = n(1 — 1/n)"

i i

For m = (1+€)nlnn this becomes E[X] = 1/nf. Therefore if E[X] < 1 there is a way that all coupons have been
drawn.
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Exercise 98.

Coupons revisited. We have a box of coupons labeled 1 through n. We perform with replacement the following
experiment. We draw a coupon. If it has not be drawn before and is labeled i we check label i on a sheet as
drawn and put it back into the box. We keep on drawing until all label have been checked on the sheet. How
many coupons m are we expected to draw before all n labels are checked on the sheet.

Solution.

Let X; be a random variable that indicates the number of draws to check on the sheet the first coupon with
label label(i). Note that the coupon checked on the sheet is not necessarily i but say label(i). Note that X; =1
as the first coupon drawn from the box will have its label label(1) marked on the sheet. The total number of
coupons drawn would be X =Y, X;, where X; = 1. Moreover after the k—1 coupon has been marked, we have
drawn so far Xj +...+ Xy_ coupons (with replacement). In the box k— 1 coupons have already be marked, but
(n— (k—1) have not P(X; = r) follows a geometric distribution where r— 1 draws are to one of the k— 1 already
picked coupons with the (k— 1)-th draw to a new (k-th coupon). Thus X ~ G((n—k+1)/n).

Parenthesis: Let ZY G(p), where G is the geometric distribution with parameter p. The expectation E(Z) is given

as follows.
1 1

IRt (= (i

Therefore, using E(Z), we conclude E(X;) = since p=(n— (k—1))/n for X, Y, G(p). Then

_n_
n—k+1"
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Chapter 13

Distributions

13.1 Distributions

13.1.1 Binomial process and Bernoulli trials

221
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Exercise 99.
Let neNand p € [0,1] and let X ~ B(n,p). Then show E(X) = np.

Solution.
Let X =X; +...+X, be the sum of n Bernoulli trials. Then

EX)=EXi+...+X,) = Y. Xi =n-E(X;).
i=1
The X; are identically distributed X; ~ b(p). Therefore

EXi)=p-1+(1-p)-0=p.

Therefore E(X) =n-p =np.

DISTRIBUTIONS



13.1. DISTRIBUTIONS 223

Exercise 100.
Bernoulli distribution. Let (S,7,P) be a probability space. A 0-1 random variable Z follows the Bernoulli
distribution with parameter p and we write Z ~ b(p) if its mass function fz: {0,1} — [0,1] satisfies fz(1) =p
and fz(0)=g=1-p.

For a Bernoulli random variable Z the experiment is known sometimes as a trial and the event Z=1 is
identified as a success and the event Z =0 as a failure.
Binomial distribution. Let (S,7,P) be a probability space. A {0,1,...,n} valued random variable X follows the
Binomial distribution with parameters n, p and we write X ~ B(n, p) if its mass function fx : {0,1,...,n} — [0,1]
satisfies

fx(k) = (Z) P —p)

for all k in {0,1,...,n}. Moreover Y} fx (k) =1.
A binomial random variabl X counts the number of successes in n independent Bernoulli trials with parameter
p.
(a) Reason part (a) of the previous problem in this context.
(b) For a Bernoulli random variable Z conclude E(Z) = p and Var(Z) = pg = p(1 —p).
(c) For a Binomial random variable X conclude E(X) = np and Var(X) =npqg =np(1 —p).

Solution.
(a) The i-th toss of a coin follows a Bernoulli distribution. Thus X; =Z ~ b(p). The experiment with the 10 coin
tosses follows a Binomial distribution. Let X =X; + X +...+Xj9. Then X ~ B(10,p). Formally, X; : §+— {0,1}.
X(s) =k if and only if k of the X;'s are 1 and the remaining 0. For each V C [n] =[10] ={0,1,...,n}, |[V|=k=3,
we define

Ay = {SESIX,’(S) :OVl'ﬁv,X,(S) =1 VlGV}
Then

P(Ay)=p*(1-p)'*7,

since X; are mutually independent. Sets Ay : |V|=k=3,V C{0,1,...,n} partition {X =3} and therefore

fX(3) = Z P(Av) = Z p3(1 7[7)10_3 _ (130)p3(1 7p)10—3'

Ve, v|=3 vCinl,v|=3

The number of subsets of [n] of cardinality 3 is (1) and this justifies ('y) above. The result easily generalizes for

n and k instead of 10 and 3.

(b)
E(Z)=1-p+0-q=p.

Moreover,
Var(z) = 0*(1—p)+ 1’p—p* = p(1—p) = pq.

(c) If X is the sum of n independent Bernoulli trials Z; then we have the following.

=

E(X)=E() Z) =) E(Z)=np.
i=1 i

Furthermore,

n
Var(X) = Var(z Z;) =nVar(Z;) = npq.
i=1
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Exercise 101.

Examine the monotonicity of the binomial process B(n, p).

Solution.
Let B(n, p;k) = (}) p*(1— p)"*. Consider

B(n, p;k) (n+1)p—k

B(n,p;k—1) k(1—p)

If k< (n+1)p the binomial terms form an increasing sequence. If k> (n+ 1)p the binomial terms form a
decreasing sequence. If (n+1)p =1 then B(n,p;k) = B(n,p;k— 1), since the fraction above is 1. Otherwise there
exists only one integer m such that (n+1)p—1<m < (n+1)p. |
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Exercise 102.

Toss a coin n=2m times. What is the probability of exactly n/2 = m heads?

Solution.
Let pr = (}) p*(1— p)"~* Assuming the coin is fair p=¢g =1—p=1/2 and thus n=2m and n/2 =m, we have

p= (Z) pr(1 = p)r* (i’?) Pl — p)2nm — (2’;") (1/2)"(1/2)%m = (2;) (12 — <n'/12> (1/2)".

Furthermore we use Stirling's formula for n > 10 i.e. n! = v2nn(n/e)"

n! 1 V2rn(n/e)" 1 V2

P i) (n/2)1 27~ J2mnj2(n)2e)/2/2an ) 2(n)2e)2 27 J7n
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Exercise 103.

Let S, =X) +...+X,, where X; are individually independent Bernoulli processes with X; ~b(p). Then S, ~ B(n, p).
Given the expectation, and the variance of S, and show that

P(S, > 1) <t(1=p)/(t —np)?
for t > np.

Solution.
if £ > np this impliest > np+ 1> (n+1)p since p < 1. Let B(n,p;k) = (Z)pk(l — p)"*. Consider

B(n,p;k) - (n+1)p—k
B(n,psk—1) k(1—p)
If Kk < (n+ 1)p the binomial terms form an increasing sequence. If k> (n+ 1)p the binomial terms form a

decreasing sequence. If (n+1)p =t then B(n, p;k) = B(n, p;k— 1), since the fraction above is 1. Otherwise there
exists only one integer m such that (n+1)p—1<m<(n+1)p. |
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Exercise 104.
Let S, = Y7 | X;, where X; are individually independent Bernoulli processes with X; ~ b(p). Then S, ~ B(n,p).

Show that for r < np,

P(S,<r)< r’(w _I;)B(n,p;r).

Solution.
Consider

P(S, <r)=P(B(n,p)<r)= EB(n,p;i).

Now take the ration

B(n,p;i—1) i l—-p
B(n,p;i - on—i+1l p
A e 4
- n—r p
_ q
(n—=r)p

The inequality above follows from 1/(n—i+1) <1/(n—r) < r>i. We then call a the ratio a =rq/((n—r)p).
Note that a < 1 since r(1 —p) < (n—r)p < r < pn, with the latter given as a condition in the problem statement.
Therefore for all i =0,...,r—1

B(n, p;i—1) <aB(n, p;i),

which implies

r—1 r
Y B(n,pii) < Y d'B(n,p;r)
i=0 i=1
,
< B(n,p;r Z (n,p;r)
< B(n,p;r ZarB n,p;r)
i=1
< ( 1)3 n,pir
l—a
< B(n.pn).

l—a
Note that a/(1 —a) =rq/(np —r). |
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Exercise 105.
Geometric distribution.

Let X be a random variable that counts the number of trials to obtain the first success. Let the probability of
success be 0 < p < 1.

(a) Show that E(X) =1/p.

(b) Show that Var(X) = q/p>.

Solution.
(a) For X =k we have k— 1 failures before the first success. Therefore P(X =k) = (1 —p)*~!p. Then

EX)=YkPX=k)=Yk (1-p)p=pYk (1-p)".
k k k

We note that

=

Z(lfp)k:ﬁﬁ (i(lp)k> = <1_(:_p)> i*ik(lfp)k_lz—iz.

k=0 k=0

Combining the two we obtain the following.

EX)=Yk-PX=k)=pY k-(1-p)'=p/p>=1/p.
k k

(b)
Var(X) =E(X*) —E(X)>=E(X?*) —1/p*

We work as before.

oV

k;()(l P) —(-p)
v ke
k;)k(l ) 2 =
ik(l—p)kzl_zp =
k=0 p

For the latter E(X?) term we have the following.
EX*) =YK -(1-p'-p=—(p-2)/p"
k
Therefore

Var(X) =E(X*)—E(X)? =E(X?)— 1/p* = —p/p*+2/p* —1/p* = (1 - p)/p* = q/P*.
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Exercise 106.

We would like to determine whether k € A or not. We would attempt to examine the problem from a deterministic
and randomized point of view.

(a) Give a deterministic algorithm for this problem and its solves this problem deterministically in time O(n) is
linear search.

(b) Say there is a randomized algorithm that determines membership in A i.e. whether k € A or k ¢ A. The
randomized algorithm performs a test 7' (k) that take time ®(1) i.e. constant time. If k € A then T (k) is always
a YES indicating indeed k € A. If k € A then T(k) is a YES appears with probability 1 — p indicating k € A (false
positive) and a NO appears with probability p indicating k & A correctly. A test T(k) is independent of any
previous tests involving k or other keys. Thus it is possible for the same key k to have a YES followed by a NO.
The randomized algorithm is repeated m times for each key k. What is its running time?

(c) if k € A what is the probability that k passes all m tests?

(d) Let Q be some fixed parameter. How large should m be so that a key k is incorrectly labeled is at most Q7
(You may assume 0 < 0 < 1.)

(e) How many tests do we need until we can conclude with cetainty k ¢ A? Give the expected number of tests
ET].

Solution.

(b) Obviously ®(m).

(c) Itis (1—p)™.

(d) The probability for a key k such that k ¢ A we have to have a false positive conclusion is (1 — p)™. THis is
(I—p)"<Q form<1gQ/lg(1—p). Thus for m >1gQ/1g(1 — p) the probability of false positive is Q or less.
(e) This is a geometric distribution. The probability that we have a proof of non-membership in i tests is
P(T =i)=(1—p)~'p. Then the expected number of tests E[T] is

ET] = Yi(l-p)i'p

i=0

- p/(l—mgi(l—p)'

_ P l1-p
[y T-(-p)p

_p 1-p

- 1-p p?

_ 1

- L

The latter step come from another problem when x — o0 and x < 1. We then substitute 1 — p for x. |
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Exercise 107.

The following question relates to the results of the previous problem.

You have a fair coin where in a coin toss the probability of Heads is py = 1/2 and so is the probability of Tails
pr =1/2. (From now on we use H or T to indicate one or the other outcome.)

(a) What is the expected number of tosses for a T? (For example, in the experiment HHHT we have four tosses
toaT.)

(b) What is the expected number of tosses to get TH? (For example, in the experiment TTTH we have four
tosses to a TH.)

Solution.

(a) It is a geometric distribution with expected number of tosses equal to 1/pr, where pr =1/2, i.e. two tosses.
(b) First in an expected number of two tosses i.e. 1/pr we get a T. From that point on in an expected number
of 1/py tosses we get an H. By the sum of expectations E[A + B] = E[A] + E[B] we get that the answer is the

sum 1/pr+1/py =4. |
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13.2 Randomness

Exercise 108.
We have the following function call RandomBit () that returns a zero or one with equal probability (1/2). We
use if the as follows.

flip(int n) {

1 m = 0;

2. for(i=0 ; i < n ; i++){

3. m = 2 * m + RandomBit();
4. %}

5. return(m)

(a) What is the minimum and the maximum value returned by m?
(b) Does flip(n) generate a uniformly at random drawn integer?

Solution.
(a) Obviously min m is 0 and max m is 2" — 1. One can prove it inductively. Prior to i =0, we have m = 0. At the
conclusion of i =0, the only possible values for RandomBit() are 0 and 1, and thus of m 0 or 1 respectively. If by
induction at the conclusion of the i = k iteration the min and max value of m are 0 and 2¥ — 1 respectively, then
at the conclusion of the i = k+ 1 iteration m is minimally O (one more RandomBit() that is 0), and the maximum
value is

m=2xm+1=2%2F-1)+1=2k1_1

Thus at the conclusion of i =n— 1, we have that the maximum value of m is 2" — 1.

(b) When m is equal to N at the conclusion of iteration n— 1 then, m has generated the righmost bit of N. In other
words, m generates in iteration i the i-leftmost bit of N. The range of values for NisOand 20 +...4+2n—1=2"—1,
and each such value is generated uniformly at random with probability 1/2x1/2x...x 1/2.

n times
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Exercise 109.
In order to find the minimum (MIN) of n keys of A[0..n— 1], the following algorithm can be used.

Min(A[O..n-1],n)

1. min = A[0];

2. for(i=1 ; i < mn ; i++){
3 if A[i] < min

4. min=A[i];

5.}

6

. return(min) ;

Assume all elements of A are distinct

(a) What is the probability that A[i] is the MIN?

(b) What is the probability that line 4 is executed?

(c) What is the expected number of times line 4 is executed?

Solution.

(a) The probability that A[i] is the MIN is 1/n, as there are n numbers distributed over the n slots of A.

(b) The probability that line 4 is executed is the probability that A[i] is the minimum of the i keys A[0],...A[{] i.e.
1/(i+1) using the same argument as in (a) above.

(c) Let X; be a random variable that is 1 if line 4 is executed and 0 otherwise. Then X =Y, X; is the number of
times line 4 is executed. We are interested in finding

EX] = E[}.X]] = }_E[X]
We note that
EX]=1-P(X;=1)40-P(X;=0) = P(X; = 1)
From part (b) P ( X; =1) = 1/(i+1). Therefore,

n—1 1

E[X]:ZE[X,-]: ;)l_ﬂ.

The latter sum is the harmonic series H,, thus

EX]=Inn+1.
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Exercise 110.

Alice and Bob have each received a sealed envelope and an assurance that each contains some money and that
one contains exactly twice as much as the other. They are given the option of making the following agreement:
they both open their envelopes and whoever has the more money gives it to the other person.

Alice convinces herself that taking up this option is advantageous to her by the following argument: Assume
her envelope contains x amount of money. Then Bob's envelope contains either 2x or x/2, each possibility being
with probability one half. Hence Alice's expected gain in taking up the option is

1 1
§~2x—§~x—x/2>0

Since she has a positive expected gain it is worth her while to play the game. By an analogous argument Bob
also concludes that taking up the option gives him an expected gain. Surely this is a contradiction.
Identify the fallacy in the previous paragraph.

Solution.

Alice and Bob are mistaken in assuming that the probabilities that the other envelope contains 2x and x/2 are
both one half. That depends on the distribution of how the envelopes were originally filled, which is unknown
and by no means necessarily uniform. So for different values of x, the probability that x is the larger of the two
amounts is likely to vary, in which case this expected value calculation is not correct.
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Exercise 111.
Show that n!{n" for n > 2.

Solution.

It suffices to show that (n—1)!{n"~!. Assume by way of contradiction that (n—1)!|n""!.

We have two cases two consider.

(a) n is a prime number. Since (n—1)[(n—1)! and (n—1)!]n"~! we have (n—1)[n"~!. We have two subcases
then.

(a.1) n—1is a prime number. Since (n—1)|n"~! and n is also a prime number (case (a)), we have n— 1|n. Since
n—1ln—1then n—1jn—(n—1), i.e. n=2 but this is impossible since n > 2.

(a.2) n—1is NOT a prime number. From the decomposition theorem, n—1 = p{'...p{*, where 1 < p; <n—1.
Since p{’|(n—1) and (n—1)|n""!, we obtain p{i|n"~! i.e. p;=n. This is a contradiction since p; <n—1<n.
(b) nis NOT a prime number. Consider its decomposition n = 9}111 g Sayn—1= pi'...pi¥ asin case (a.2).
Then piln—1 and (n—1)![n""! i.e. p; divides one of the ¢;. Then p; =g, and this is true for all i. Pick any one
of them arbitrarily. Say it is pi. Therefore since pi|n—1 and p; = g; we have that pi|nie. pi[(n—(n—1)) ie.
pi|l i.e. py = 1. This contradicts the primeness of pj. |
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Exercise 112.

PermutE(A,n) // A is an array A[1..n]
for(i=1;i<=n;i++) {
//random(1,n) returns
//a uniformly at random integer between 1 and n
swap(A[i]l, Alrandom(1,n)]);
}

return(A);

OO WN -

(a) Does PermutE(A,n) generate a permutation?
(b) Does PermutE(A,n) generate a random permutation?

Solution.

YES and NO.

(a) YES, one can show easily that a permutation is returned.

(b) NO. Algorithm PermutE generates permutations but not uniformly at random. Consider for example the case
of n=3. On 3 keys, there are 3! = 6 different permutations. Algorithm PermutE can generate 3% = 27 possible
outcomes each one corresponding to a permutation; however not all of them are distinct from each other. Given
that there are only 6 distinct permutations on 3 items, and that 6 does not divide 27, some of these 6 permutations
will be generated more often than the others, i.e. there is a bias towards certain permutations over others. If you
exhaustively generate all possible 27 outcomes of the algorithm, you can see that three permutations show up 5
times and 3 show up 4 times, i.e. there is a bias in favor of certain permutations such as (2,3,1). You can see
in the drawing below the possible outcomes after only the first two swaps have been performed. Out of the 9
possible permutations that can be generated so far (2,1,3), (1,2,3) and (2,3, 1) appear twice already. In general
the " decision tree” corresponding to the outcomes has n” leaves, each one reached with the same probability. The
number of permutations for n items is however n!. The leaves can not be divided equally among the permutations
since n" is not a multiple of n! for n > 2. Thus each permuation is not available with the same equal probability
1/n! and thus the algorithm is incorrect.

Starting Input A[i]=i for i=1,2,3
1 9 27
ist 2nd (2,1,3)

1,2,3)
(1,3,2)

|

I

|

|

I

|
v
~
[
N
w
~

|

|

I

1st 2nd (1,2,3) 3rd not shown
(1,2,3) -—---—- > (2,1,3) (2,1,3) .... and so on
(2,3,1)

1st 2nd (2,3,1)

------ > (3,2,1) --- (3,2,1)

(3,1,2)
1st = Possible outcomes after swap ( A[1], A[random(1,3)] ) is done
2nd = Possible outcomes after swap ( A[2], A[random(1,3)] ) is done
3rd = Possible outcomes after swap ( A[3], Alrandom(1,3)] ) is done
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Exercise 113.
Consider the following algorithm.

FunPermute(A,n) // A is an array A[1..n]

1. for(i=1; i<= n-1 ; i++){

2. swap(A[i], Al[random(i+1,n)];
3.}

4. return(A)

Does this code generate any permutation ? Does it produce a uniform at random non-identity permutation?

Solution.
No or not if n > 2. The element in the first position is swapped out at i = 1; in the remainder it cannot be
re-occupy A[l].
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Exercise 114.
You are given RAND(a,b) that returns a random integer number between a (inclusive) and b (inclusive) with
uniform probability. Show how to use this RAND function to generate a random permutation in O(n) time of n
distinct objects stored in array X[1..n]. You may assume that a call to RAND takes constant time O(1).

For example if X has three items < 10,20,30 > then after your algorithm is run it is equally likely that the
output is < 10,20,30 > or < 20,10,30 > or any one of the remaining 4 permutations of the three distinct objects
10, 20, 30.

Solution.

Permute(A,n) // A is an array A[1..n]
for(i=1;i<=n;i++) {
//random(1,n) returns
//a uniformly at random integer between 1 and n
swap(A[i], Al[random(i,n)]);
}
return(A) ;
or
Permute(A,n) // A is an array A[1..n]

OO WN -

1. for(i=n; i>=1 ;i--) {

4. swap(A[i], Alrandom(1,i)]);
5. }

6. return(A);

The algorithm (second version) works in-place. At the start, at the conclusion of iteration I =1, where i=n+1—1,
the items at index i =n+1—1 stores any one of the items in position n+1—1I,n—1,...,1, a choice among
n+1—1I=nitems. By induction, in iteration I, where i =n+1—1, the items at index i = n+ 1 —1 stores any one
of the items in positions n+1—1I,n—1,...1, a choice among i of them. Therefore for iteration I = 1 (equivalent
to i =n), there are n outcomes for Ali], for iteration I =2 (equivalent to i =n — 1) there are n— 1 outcomes
for A[i]), and so on. The decision tree has n! leaves, corresponding to the outcomes of Permute. Each of the
outcomes is generate with the same probability 1/(n(n—1)...1) =1/n!.

The running time is obviously O(n) if a single call to RAND is O(1).

Inductive hypothesis: Before the start of iteration i, A[l..i — 1] contains an (i — 1)-permutation (i—1 of the n
keys) with probability (n—i+1)!/n!. (For a base case this is true as well by default.)

Inductive step. An i-permuations is an (i — 1)-permutation followed, in the i-th iteration by the element picked
for A[i]. Let the (i —1)-permuation of the induction step be p. Its probability of occurence is by the inductive
hypothesis (n—i+1)!/n!. The even that a given item is picked among the A[i..n] and swapped at A[] is
1/(n—i+1). Thus the probability that the i-permuation generated at the end of the i iteration is as is is
1/(n—i+1)-(n—i+1)!/n! = (n—i)!/n!. At the completion of the i = n iteration, a given permutation formed
appears with probability (n—n)!/n! = 1/n!, as required. |
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Exercise 115.
The Higlander Casino plays a game of random permutations on 4 items as follows.

e The client bets on a permutation of his/her choice.
e The casino uses the incorrect one of the algorithms (i.e. PermutE) to generate a random permutation.

e The casino pays the client the fair amount of money if the client won (i.e. guessed right). Fair money
means in the long run neither the client nor the casino would make any money IF their algorithm chose
correctly and fairly a permutation (i.e. for n items the casino pays n dollars for every dollar bet right).

Since the casino's algorithm is incorrect, what methodology could you follow to gain over the casino? What edge
(percentage-wise) do you expect to gain over the casino? Explain.

Solution.

The casino is using PermutE. With 4 items the decision tree has 4* = 256 leaves. There are however 4! = 24
permutations on 4 items and these 24 permutations correspond to the 256 leaves. So, on the average 256/24
leaves correspond to each permutation (or a given permutation appears on the average that often as outcome
of PermutE). The ratio 256/24 is equal to 10.666. A permutation can appear as a leaf 10 or 11 times but
not 10.666 times. Therefore there must be a permutation that appears at least 11 times since otherwise all
permutations appear only 10 times and therefore the 24 of them can only appear 24 x 10 = 240 times as leaves
but there are 256 leaves permutation generated by PermutE. Therefore our algorithm in beating the casino is to
identify this permutation (keeping track of what shows up as a result of successive games and histograming these
outcomes) and after doing so, to bet on it time after time. Our expected probability of winning would thus be
(at least) 11/256. Since the casino pays fair money, if we bet 1 we win 24$. So our expected return would be
11/256%24 =264/256 = 1.03125. So our edge over the casino is 3.125%.
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Exercise 116.

You are given a random vector a = (ay,...a,), where g; is equally likely and independently to be 0 or 1, i.e.
P(a;=1)=P(a; =0) =1/2. Answer the following questions.

(a) (Warmup) What's the probability that a is the all zero vector (3 points)?

(b) Suppose that a,b are two 0-1 vectors of length n whose components were chosen uniformly at random as
discussed previously. What is the expected value of the inner product a-b=Y" ,a;b;? Explain (17 points).

(c) Let d be a vector of integers mod p (i.e. items of d are 0,...p—1), where p is a prime. Let a be a random
vector of 0-1's chosen as before. What is an upper bound on the probability that Y d;a; = 0 mod p? Explain.

Solution.
(a) 1/2™.
(b) n/4.
Ec] =Elab] = E[Zaibi] = ZE[aibi]

a;b; is 0 with probability 3/4 and 1 with probability 1/4 (when both a; =b; =1).
Elaib]) =0(3/4)+1(1/4)=1/4

Therefore

E[] = Elab] = E[Y_aib)] = Y Elaib;] = n(1/4)

(c) The vector d is given (and is not necessarily random). Assume d # 0, i.e. at least one component of the
vector is non-zero since otherwise the problem is trivial. } d;a; =0 mod p.

Zd,-ai = Omodp
diay+dyar+...+dpa, = 0modp
diay = (—drap—...—dya,) mod p
diay = Zmodp
where Z = (—dyay — ... — dya,) mod p. Then,
Zd,ui = Omodp
diay = Zmodp
ap = (d)"'Zmod p
ay = Bmodp

The inverse of d; exists since dix = 1 mod p has a single solution for x by the fact that d; < p is such that
(d1,p) =1 and pis prime. B=(d;)~'Z mod p is an integer in 0,...,p— 1. aj is a (uniformly at) random (chosen)
0,1. What is the probability that the random a; is B? Naturally this probability is at most 1/2, as after we fix
B, aj can agree with this fixed value of B half of the time only. If the a;'s were not binary but ternary, then the
probability bound would be 1/3 instead. |
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Exercise 117.

SomelT has two types of professors: mean and nice. A generous professor gives A's to all 100% of the students
in his class. A mean professor gives A's to 80% of the students and B+ to the remaining students. Let's assume
that all course/class grades are available in the form of arrays and all arrays have the same size n. How fast can
you determine reliably (i.e. you are confident on your estimate 51% of the time or more) whether the grades of
a given professor correspond to a mean or a nice one?

Note that your algorithm does not need to be correct all the time. However it needs to be fast. An obvious O(n)
solution that is correct 100% of the time is to go through array G and if we find a B+ we return mean otherwise
we return generous.

This is too slow however.

Solution.

We look at say 11 random indices iy,...i;.
1. SomeIT(A.roster,n,A.instructor)

2. for(j=1;j<=11;j++){

3 k=ChooseRandom(1,n) //Choose random index in 1..n
4 i[j1=k;

5. if A[k] == "B+’

6 printf ("mean");

7 return;

8. }

9. printf("nice");

10. return;

SomelT is an instance of a probabilistic algorithm. It always returns an answer, but sometimes the answer might
be incorrect (unreliable). When SomelT returns mean through lines 6-7, we know that the instructor is indeed
"mean", since a B+ grade has been found in the roster. When SomelT returns nice through lines 9-10 we might
have of two cases.

Case 1. The instructor in question is nice and there was no chance of finding a B+ whether 11 or n of the grades
were to be examined. The answer given is thus correct.

Case 2. The instructor in question is mean and thus the answer given is misleading and unreliable. SomelT failed
to detect a B+ in 11 trials, i.e. it detected an A in 11 trials.

What are the chances that the answer is unreliable i.e. Case 2 applies? The chance that we get an A answer to a
lookup given a mean professor is 0.8 (80%). The chance that we get an A 11 times in a row in randomly picked
probes is 0.8'1 < 0.086 < 0.10. Therefore > 1 —0.10 = 90% of the time a mean professor would be detected
through lines 6-7, but only < 8.6% of the time a potentially unreliable answer will be given through lines 9-10.
A probabilistic algorithm similar to SomelT always tells the truth when it says mean. Every time it says nice the
result is reliable with confidence 90% or more. SomelT is what we call a Monte-Carlo algorithm. |
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Exercise 118.

Planet CS has an n-day year. Among a population of k people of this planet find the expected number of
triples of these people who have the same birthday. How large should k be for the expected value to be at least
17

Solution.
The number of triples of people is (%) and the persons in a triple have all the same birthday with probability nLZ
Therefore the expected number of triples of people having the same birthday is (’3‘);—2 . This value is 1 when

k ~ cn?/3 for a constant c.
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13.3 Ramsey numbers

Exercise 119.

Let r = R(C3,k) be the smallest number of vertices so that no matter how the edges of K, are colored using k
colors, K, has a monochromatic (i.e. all edges are of the same color) C3 (a cycle of length 3) as a subgraph.
Show, by using constructive rather than probabilistic arguments, that:

2K < R(C3,k) <3-k!

Solution.

a) We first prove the lower bound through the use of induction (over k)! We are going to prove that R(Cs, k) > 2*.
For k =1 the result is trivially true (R(Cs,1) = 3). Suppose it is true for all values up to k. We are going to prove
the bound for k+ 1, namely that R(Cs,k) > 2k+1 " Since we assume the result true for k, we pick two copies of the
complete graph on 2% vertices. We can color the first copy with k colors without a monochromatic triangle from
the inductive hypothesis, and similarly the second copy using the same k colors. Then we can color the edges that
go from the first copy of Ky to the second one with a new, k+ 1-st color. Since no triangle exists in any of the
two copies for the first k colors then we can't have a triangle of the k+ 1-st color (this would require an edge of
k+1-st color in a single copy of K,¢) and thus, we get that the complete graph on k%" is free of monochromatic
triangles. We now prove the upper bound. |
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Exercise 120.

Show that the bound of the previous problem can be as small as ek!+ 1.

Solution. We prove that R(C3,k) < 3k! by induction. It is trivially true that R(C3,1) < 3. Assume it is true for all
colors less than or equal to k— 1. We will prove the claim for k colors (and let us use colors 1,...,k). Let us pick
a complete graph on 3k! vertices. Color its edges in some way. Pick an arbitrary vertex and let's call it v. Let S;
be the vertices w that are connected to v thru an edge of color i. We have k colors and 3k! — 1 vertices adjacent
to v. Then there must exist a set S; for some color j of size at least 3(k—1)! (because if all sets had sizes at most
3(k—1)!—1, then we would have had at most 3k! —k vertices adjacent to v, but for k > 1, we have 3k! —1 of
them). If in S; we can find two vertices u, w connected by an edge of color j, then we are done, a monochromatic
triangle is (v,u,w). Otherwise no edge of color j connects any two vertices in set S;, i.e. the edges of this set
utilize the other k—1 colors only and the size of set §; is at least 3(k—1)!. We apply the inductive hypothesis on
this set and we can find a monochromatic triangle in S;. This completes the induction. (Replace 3 by e noting
that the base case is still true.)
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Exercise 121.
For any k > 4, show R(k,k) > 2%/2.

Solution.
Let n = R(k,k) < 2¢/2.
We (uniformly at random) color the edges of K, with red or blue color. Edges are colored independently of each
other P(red) = P(blue) = p=1/2=¢g=1—p. Think of flipping a coin for every edge and if it comes H we
interpret it as red and we interpret T for blue. Or we interpret H for an edge to include and likewise a T for an
edge not to include

For every fixed set of k vertices, the probability that they form a clique (are all red) is p = 2_(15).

Likewise for every fixed set of k vertices, the probability that they form an independent set (are all blue) is
also p = 27(5).

There are (Z) k-sets of vertices that can give rise to a clique or an independent set. If we use Lemma 2.1 the
probability of a union of events is at most their sum of probabilities. Thus

P(Graph has k-clique or k independent set <2 (Z) 2*(5).

Noting n < 2¥/2 we have the following.

" . e 2,\ % 71\ kk=1)/2
2@(;)(2’ = <k>k<§>k“”/2=<2k ) (i)

2k/2¢ k_ e k_ V2e :
k2k=1)/2 _(k2—1/2> “\ ok

For k > 4 the probability is less than one. Thus there are graphs that contain neither a k-clique or k-independent
set. This implies R(k, k) > 2¢/2,
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Exercise 122.
Show that there is a constant ¢ > 0 such that for all k, r(3,k) > % Find a similar lower bound for r(4,k). (Hint:
Use a random graph argument with edge probability p appropriately chosen.)

Solution.
The stated bound for R(3,k) is trivial since n < k. But to find the bound for R(4,k) we will use a probabilistic
argument that we present first for the R(3,k) case.

We shall prove a lower bound for R(3,k), by showing that for lesser n, the chance a random graph with edge
probability p has either a 3-clique or k-independent set is less than 1. Such a result (for any value of p) means
there must exist some graph that has neither. This probability is bounded above by

<Z>P3+ (Z) (1-p)&) < %f k(- p)t

If we pick p=n"!, then the first term becomes 1/6, and we need only prove that the second is less than 5/6.
To do this observe that each each of the following relations implies the one above it.

1.2 5
k K
1—-)7 < =
n'( n) S g
l k2n 5
k
- )@ < Z=
n"( n) < g
nkeJA%2 < éé
- 6
6 K2
kl h- < =—
nn-—+ n5 < 4n:>
k
Inn < —-=
n
Ink
Inc+Ink —Inlnk K
C

which is certainly true for ¢ = % For R(4,k) we get the similar expression of

N0+ () a-p® < st
(4> <k> 24

_2
3

bounding the probability, and instead chose p =n~3. Following the above reasoning, it suffices to show that

2 2
Inn < kn 3 =k>n3lnn

. 3 : . -
To do this we can let n = (%)7 (with ¢ = .5 works), thus improving our bound to be non-trivial.
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Exercise 123.

The Noisy Ramsey number NR(k,k) is defined to be the minimal number of vertices a graph can have so that
it has a k-noisy-clique or a k-noisy-independent set. A k-noisy-clique is defined to be what we get from a k-clique
if we delete %kz edges. A k-noisy-independent set is a set of k vertices joined by %kz edges (or if we delete so
many edges, when no multiple edges are allowed, then we get a k-independent set). Show that NR(k,k) > 28k,
for some properly chosen €.

Solution.

In order find a lower bound for NR(k,k) we show that for sufficiently small n, the probability that a random n
vertexgraph has either a k-noisy independent set or a k-noisy clique is less than one. This means some graph
must have neither. For a random n vertexgraph G,

Pr (G has a k-noisy clique) < (Z) Pr (A particular set of k vertices is a noisy clique)

()

(Z) (k2/10) - (6)=00)
(s

nk K2/2 o AP +k/2
k2/10

In order to bound this, observe the following noting that the second step uses a crude form of Stirling's approxi-
mation that n! > (n/e)".

K22 (k2/2)C1°
<k2/10) S /o)

(k2/2)k2/10
_ (56)18/10

IA

Using this result and substituting 2&* for n we get the upper bound
Pr(G has a k-noisy clique) < 2K€(5¢)k"/10p—4k /2

Since this bound also applies for a k-noisy independent set, it suffices to chose € such that this quantity is less
than 1/2. l.e. we must have

2k2(87.4)2(k2/10)]g5e2k/2 < l
2
This is true as long as
11 Ig5e 11
<4—-—=——— ~.0235— —= — —.
ES9TR2 7% 10 22k

As k gets larger, chosing € = .02 suffices. (One could get a better bound by a more careful approximation or
approximation arguments.) |
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13.4 Van der Waerden

Exercise 124. )
(Van der Waerden's conjecture) Show that if n < v/k22 then for some coloring of the integers {1,2,...,n} with
two colors, neither color contains an arithmetic progression of length k.

Solution.
Observe that for a random coloring the probability that any particular arithmetic progression is monochromatic
is 2~ (k=1) (once the first element is assigned a color, the remaining k — 1 elements must be given the same one).
If N is the number of such arithmetic progressions, and N < 2!, the claim must be true since that implies an
upper bound on the probability that a random coloring makes some progression monochromatic is less than one,
which means there is some chance a random coloring makes no such progression monochromatic, which means
there must be some particular coloring that fails.

To calculate the number of progressions we count the number of possible starting positions for each possible
size for the gap between elements (i). This gap must be less than n/(k—1) as otherwise the first and last elements
would be separated by n or more places.

N < (n—i(k—1))
i=1
l’l2 =1
= k_lf(kfl)l;z
n? 21T
= o kT
_ n® n+k—1
k=1 2(k—1)
o }’l2 I’l2 n
T ok—1 2(k—1) 2
o n2 n
T 2k—-1) 2
< k2K n
2(k—1) 2
< zkfl

The bound given is based on using 27 for the probability a progression is monochromatic, and bounding the
number of progressions by (n/k)n.
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Exercise 125.

For m, r, n positive integers the set {1,...,m} has property B(r,n) if for some collection of r subsets of size n of
{1,...,m} any 2-coloring of {1,...,m} results in some member of the collection being monochromatic. Find a
lower bound on r such that {1,...,m} has property B(r,n).

Solution.

The chance for a random coloring that a particular set of size n is monochromatic is 2=~ _ If we have r such
sets, the chance that there exists one of them that is monochromatic is no more than 2= (=1 Thusif r < on—1
any collection of r sets of size n has some chance of having no monochromatic elements in a random coloring,
which means there is some particular coloring for which it has no monochromatic elements. So {1,...,m} cannot
have property B(r,n) unless r >2""!.



Chapter 14

Generating functions

14.1 Generating functions
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Exercise 126.

Find the m.g.f of a discrete uniform random variable. Let X have Z={1,2,...,n} with fx(x;,) = fx(i) = P(X =
i)=1/n.

Solution.

my(t) = E(%)

If we use the expression

<e’+e2’+...+e’"

!/
1
) =—(+1 42" +.. 41’y = (14+2+...4n)/n=(n+1)/2.
n n

"

E(X?)=my(0) = > = %(eo—l—leo—l-Zeo—&-...—i—neo) =(14+2°+...4n%)/n=(n+1)(2n+1)/6.

" et+e2’+...+em
n

Therefore Var(X) = E(X?) — E(X)? = 151, -
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Exercise 127.
(a) Find the probability generating function of the Binomial distribution i.e. X ~ bin(n,p).
(b) Find the moment generating function of the Binomial distribution i.e. X ~ bin(n, p).

Solution.

(@)

I
(ng|
3

<

I

(b) mx(t) = px(e') = (¢'p+1—p)". ]
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Exercise 128.
Find px(0) , pk(0) for X ~ bin(n,p).

Solution.
P(X =0) = px(0) = (1—p)".
P(X =1) = px(0) =np(1—p)"". u
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Exercise 129.

253

(a) Find the probability generating function of the Poisson distribution i.e. X ~ Poisson(A).
(b) Find the moment generating function of the Poisson distribution i.e. X ~ Poisson(A).

Solution.

()

(b) mx (1) = px(e') = =1 .
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Exercise 130.
Find px(0) , p&(0), for X ~ Poisson().

Solution.
P(X =0)=px(0) =e*.
P(X =1) = ph(0) =Ae*. |
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Exercise 131.
(a) Find the variance of X ~ E().

{0 14

(b) Find the variance of ¥ ~ N(u,c?).

Note that for X ~ N(0,1), fx(x) = ——exp(—x*/2). Then Fx(x) = P(X < x). Moreover,

V2r

1
F(x) = ——e /2.

Solution.
(a) Var(X) = E(X?*) —E(X)> = E(X?) — 1/A%.

E(X?) = /wxzkexp(—lx)dx
0

= —/wxzdexp(—lx)
0

= +/w2xexp(flx)dx
0

= %~/0wxlexp(—lx)dx
2
= IE(X)
2
= ﬁ'
Therefore
2 2 1 1
Var(X)=E(X")—1/A =G

(b) Var(Y) = E(Y?) —0= E(Y?). We have that for X ~ N(0,1), the following.

E(X*) = /szfx(x)dx

il 1 2
2 —x2/2
xt——e dx
/_m V21

bl 1 2
= - xd——e " 2dx
/_m V27

= (—xie*xz/z)’oo +/w Le*)‘z/zalx

V2r —o V2m
_ Tl g,
— (o>+/_wm d
= (0)+1=1

Therefore Var(X) = E(X?) —E(X)>=1>-0>=1. For 6 >0 we write ¥ = g+ 0X. Then Y ~ N(u,c?).
Furthermore,
E(Y)=E(u+0X)=pu+0EX)=pu,
and
Var(Y) = Var(u+ 6X) = 6*Var(X) = ¢°.
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Exercise 132.
What is the variance of X, X ~ bin(n,p)?

Solution.
X =YY" Y, where Y; ~ Bernoulli(p). Therefore

Var(X) = Var( Z ZVar = nVar(Y;)
i=1 i
For a Bernoulli random variable Y ~ Bernoulli(p) we have the following.
E(Y)=p-1+(1=p)-0=p, E(Y*)=p-1’+(1-p)-0*=p, Var(Y)=E(X*)—E(X)*, =Var(Y)=p—p’=pq.

Therefore, Y; ~ Y ~ Bernoulli(p) and we have the following.

Var(X) = nVar(Y;) = npg = np(1 — p).
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Exercise 133.
Let X ~ E(A) so that

Aexp(—A 0
fX(x)_{oexp( K iio.

(a) Find the m.g.f of X.

Solution.
my (t) = E[¢’X]. Consider the case t < A where 7 — A < 0 and it will be used in the evaluation of e'~*)* for x = oo,

E[eX] = /oo e fx (x)dx
= /w & he M dx
0
= l/me(tfl)xdx
0
A

_ A [T e
—) /0 de
(-

Mx|”

>

I
\
>
I
—_
I
p‘
L
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Exercise 134.

Let X ~ E(A); we have determined mx () = %

Let X ~ bin(n,p); we have determined my () = px(e') = (e'p+1—p)".
Let X ~ Poisson(A); we have determined my (1) = py(¢') = *€~1) .

Use my(t) to determine E(X),E(X?),Var(X) for each of the three random variables.

Solution.
(a) We start with the exponential random variable. myx(0) = 1 confirmed.

mly (0) = (0)=1/A =E(X).

Moreover

my (0) = 22 (0) =2/A% = E(X?).

We conclude then

Var(X) =2/A* = (1/2)(1/1) = 1/A>.

(b) We continue with the binomial random variable. mx(0) =1 confirmed.
my(0) =n(e'p+p—1)""p-e'(0) =np = E(X).

Moreover

"

my(0) = pn(n—1)(¢'p+p—1)""2pe'e' +np(e p+p—1)"""(0) = n’p* —np* +np = E(X?).

We conclude then
Var(X) =n’p* —np* +np— (np)* =np(1 - p).

(c) We continue with the Poisson random variable. my(0) =1 confirmed.

my (0) = il A et (0) =2 = E(X).

Moreover Y
my (0) = eT(e'e“ + e )(0)=A(A+1)=E(X?).

We conclude then

Var(X) = A(A+1)—A* = 1.
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Exercise 135.
Find the m.g.f of the r.v. X that follows a geometric distribution fx (k) = ¢

Solution.

GENERATING FUNCTIONS

Note that ge’ < 1 for convergence.. We can find E(X) and Var(X) then.

Then

E(X) = mj(0) = —2°
() mX() (1—q€t)2
" !+ pge*
E(X2) = 021767
() = mig(0) = Ee P
144
Var(X) = —= — — =
(X) ps

t

_p=g)+pg 1

k—

=

O_

t=0

1

p

2

(1—-q)?

l1+gq

e

lp.

>

259
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Exercise 136.

Let a discrete r.v. X has m.g.f. mx(¢). Find the m.g.f of X +a and X/b.
Note that X,Y independent r.v.

myy (1) = mx (t)my ().

Solution.
Let Y =X+a.
m(t) = E@%)
_ etaE(etX)
= “mx(t).
Furthermore let Z=X/b.
mz(t) = E(X/?)
= myx (l/b)

Thus if X ~ N(0,1), let ¥ = *=£. Then

my(t) = e M/%my (1 /o).
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Exercise 137.
Let X,Y follow a binomial distribution and are independent. Thus X ~ bin(n,p) and Y ~ bin(n,p). Then

n n B
f(k)=fr(k) =Y, (k)p"q" g
k=0
Let Z=X+Y. Find the p.d.f of Z.

Solution.
We have my .y (t) = mx (t)my(t) = (pe' +q)"(pe' +q)". Moreover px.y(t) = (pt +¢)**. Then

_ 2n _ o (20 k 2n—k
P =0 = 3 (3 s

The coefficient of ¥ is 5
n _
px4y (k) = ( k)p"qz” k,
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Exercise 138.

CHAPTER 14. GENERATING FUNCTIONS

Let X,Y follow a geometric distribution and are independent. Thus X ~ G(p) and Y ~ G(p). Then

Let Z=X+Y. Find the p.d.f of Z.

Solution. 3o
We have my .y (1) = mx(t)my (t) = =%

have the following
1

I;’)XI 1=y

Then substitute in the last sum x = gt.

pxiy(t) =

The coefficient of ¥ is

fx(k) = fy(k) =4 p.

g+ Moreover py.y(t) = (p*t*)/(1 —qt)*. Be reminded, for |x| < 1, we

™~ o 2
. X . X
ix! = , l'lerl _ )
= (1—x)2 = (1—x)2
2.2 2 P2 .- i+1
(P?) /(1 —qt)* == Y i(gt)™".
4 i=o
P2 k
fxrv (k)= q*(k* L)q".
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Exercise 139.
Let X; be 1 if k-th toss is H and —1 if it is tails. Let Sy =0 and for n > 0 we define

Si=X1+Xo+...X,.

Solution.
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Exercise 140.

Find the characteristic function of X ~ Bernoulli(p).

Solution.

x(t) = E("™)

elt-l 'p—|-€lt'0'(1
= pe'+(1-p)
= pcost+ipsint+ (1 —p).

—-p)
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Exercise 141.
For an event A we define the indicator function I as follows.

o Iy(s)=1ifs€A, and
o I4(s)=0if s€A.

The indicator function sometimes uses 1 for I. It is also known as the characteristic function or indicator function
of A.

Later on we might refer to it as the indicator random variable. The indicator function is also known as the
characteristic function.

(a) For any event A, we have
E(14) = P(A).

(b) For any two events A, B we have for all s € S, the following.
[AQB(S) = IA(S)IB(S), IAug(S) = IA(S) +IB(S) 7IA|"|B(S)7 IA’ (S) =1 7IA(S).

Solution.

E(lx) = ) 1a(s)p(s) = Y La(s)p(s) + Y La(s)p(s) = Y Ia(s)p(s) + }_ 0- p(s) = P(A)

SES SEA SEA SEA SEA

For every s € S we have if s € ANB then s € A and s € B. Therefore Iynp(s) =Ia(s) =Ip(s) = 1. Then Iynp(s) =
Ia(8)Ig(s) = 1. If s¢ ANB then either s ¢ A or s & B. First s € ANB implies Iynp(s) =0 and one of I4(s), Iz(s)
is also zero. Therefore Iynp(s) = 0 = I4(s) - Ip(s). The result is proven. The other two cases can be proven
similarly. |
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Exercise 142.
Let X ~ N(0,1). Find E(X).

Solution.
We have that for X, fx(x) = \/%exp(—xQ/Z). Then Fx(x) = P(X <x). Moreover,

! e 2,

Fr(x) = —
X( ) \/ﬁ
A more elegant approach is to use moment generating functions f(t) = E(e'X) for X ~ N(0,1).

E(X) = / ™ fx (x)dx
= we'x—l e 2dx

—w 2T

1 “ tx tx7x2/2
— ee dx
V2T /foo

1 12/2/00 (x—1)2
= —c¢ e dx
V2T —oo

-V S N3 / * k=122
= e . e e dx
V2om —oo

2
= &2

The second term is the sum of fy(y) where ¥ ~ N(¢,1) and thus the integral is 1, and the last term is obtained.

Furthermore 5
¢ 2= E(e) =14+ 1E(X) /11 +12E(X?) /2! + ...

Take the first derivative of the left-hand side and the right-hand side. Then equate r = 0. One then obtains
E(X)=0. |
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Probability inequalities

15.1 Probability inequalities

Exercise 143.
Let S, =Y | X;, where X; are individually independent Bernoulli processes with X; ~ b(p). Then S, ~ B(n,p).
Show that for 6np < n we have the following

P(S, > 6np) <27,
using Chernoff bounds.

Solution.
For 6 >2e—1 in a Chernoff bound, the following applies.

P(S, > (1+8)pn) <2~ (1+3)rm,

If we pick (14 8) = 6 the result follows. |

267
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Exercise 144.
Let S, =Y} | Xi, where X; are individually independent Bernoulli processes with X; ~ b(1/2). Then S, ~ B(n,1/2).
In n coin tosses (p =1/2 of a fair coin), what is the probability of having r Heads, where r < n/2?

P(r Heads, r <n/2)?

Use a Chernoff or Hoeffding bound. Do not browse later questions.
Use the bound to answer the following question: What is the probability that in 100 coin tosses we have 25 or
fewer heads?

Solution.
Use a chernoff bound
P(Sy < (1—8)np) <exp(—8°np/2).

with (1—-90)n/2=mie 8 =1-2m/n. Now n=100, m =25, § =1—50/100 = 1/2 we have

P(S, < 25) < exp—(1/4)25 < 2/1000.
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Exercise 145.

(Coin tossing continues.) Let S, = Y7 | X;, where X; are individually independent Bernoulli processes with X; ~
b(1/2). Then S, ~ B(n,1/2).
In 1 coin tosses (p =1/2 of a fair coin), what is the probability of having  Heads, where r < n/2?

P(|S,/n—1/2| > 8)

Use a Chebyshev and then a Chernoff or Hoeffding bound.
Consider the cases § =1/2, § = y/1.5In(n)/n and § =2+/1.5In(n)/n. Observe variation when delta doubles for

the last two choices.

Solution.

Chebyshev first.
Var(Sy) < 1

P(|Su/n—1/2| > 8) = P(|Sy —n/2| > 8n) <

Note that Var(S,) = npg=n(1/2)(1/2) =n/4.
The term below (n/2) is introduced to form np = n/2 next.

P(ISy/n—1/2] > 8) = P(1S, —n/2| > 8n) = P(S, —n/2| > 28(n/2)) < 2exp (—(n/2)45%/3) < 2exp (—(2/3)n8).

The latter one
( ) for 8 = 1/2 becomes 2¢~"/,

) for 6 =+/1.5In(n)/n becomes 2/n, and
) for § =2/1.5In(n)/n becomes 2/n*.

Consider now a Hoeffding bound.
P(ISy/n—1/2] > 8) = P(|Sy —n/2| > 28(n/2)) < 2exp(~2n8?).

The latter one
( ) for 8 = 1/2 becomes 2¢~"/2,

) for 8§ =+/1.5In(n)/n becomes 2/n3,
) for 8 =24/1.5In(n)/n becomes 2/n'2. |
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Exercise 146.

Let S, = Y7 | X;, where X; are individually independent Bernoulli processes with X; ~ b(p). Then S, ~ B(n,p).
Show that for r > np,

P(S,—np>r) < (%)r.

r

Solution.
We use the Chernoff trick with the moment generating function. For this we note the following.

E(expt(X;—p))=p-" P 4 (1=p)-e® = pe''"P) 41— p < pe' +1< e

In the application of the Chernoff trick, the first inequality is by Markov's inequality’s application. The last step
uses the result above

P(S,—np>r) = P{t(S,—np)>tr)

= P(expt(S, —np) > exptr)
e "E(exp (t(Sy —np)))
e "E(exp (1(}_Xi —np)))

e TTEExp (X~ p))
= eitrHe(pet))

IN

We have thus concluded the following.

P(S,—np>r) < ef"Hepel

i

_ !
e T ePe

_ !
e tr+npe

The exponent is f(t) = —tr+npe’. We find f/(t) = —r+npe’. We then equate it to zero and solve for ¢ that is,
£ (t) = —r+npe' =0 implies ¢’ = r/(np) and consequently 7 = In(r/(np)). Deriving f (t) =npe' =np(r/(np)) =
r>0. Thus f(t) has a minimum at ¢t =In(r/(np)). Substituting for ¢ the right-hand side value we have.

—In(r/(np))r+np(r/(np)y — (P yrr — (PENr
e )= (Lye = ("y.
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Exercise 147.
Let S, = Y7 | X;, where X; are individually independent Bernoulli processes with X; ~ b(p). Then S, ~ B(n,p).
Show the following for 1 <r < n.
,
Pz < (M)
.

P(Sn<r)<( " )(1—p)"’.

n—r
Solution.
We prove a variation of the previous problem i.e.
,
Pz < (M)
,

Consider all subsets S of cardinality » of {1,2,...,n}. There are (f) of them and for j € S we consider experiment
X; a success. We call the event related to the given S, event Es (where all experiments described by S are a
success). P(Eg) = p". Thus P(S, > r) is upper bounded by the union of all such events possible.

P(S, > r) < P(UEs) < ZIWMS<Dﬂ- (15.1)
S,|S|=r
However, the problem in question asks for a bound of the following.

P(S,<r)

The probability of having fewer than r successes is also the probability of having at least n — r failures. This is
Eq.(15.1) substituting failure for success and thus probability of failure 1 — p for probability of success p. Therefore

m&<ﬂ=PwmmM<wHMmu—mxzn—ng(mq

" )a-or
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Exercise 148.

We throw n identical balls into n distinct bins with equal probability. Let X; be the number of balls in bin i.
Obviously 0 < X; <n and n=Y,;X;. Moreover, X; ~ B(n,p;k) with p=1/n, ¢g=1—p=1—1/n. Furthermore,
E(X;)=np=n(1/n) =1 and var(X;) =npg=n(1/n)(1=1/n)=1—-1/n=1—q.

(a) What is the probability that a given bin i gets more than 2,/n balls? Use Chebyshev and Chernoff or Hoeffding
bounds.

(b) What is the probability that any bin gets more than 2/ balls or equivalenty every bin has no more than 2,/n
balls?

Solution.
(a.1) Let X; be the r.v. associated with the number of balls in bin i. Noting that E(X;) = 1, and using Markov's
inequality we have the following.

P(X; >2vn) = P(X;>1+2y/n)

— PG> E(X)+2v)
= P(X;—E(X;) >2vn)
— (X —E(X) = 4n)
< E((Xi—E(X)))/4n
< var(X;)/4n

< (1—1/m)/4n

< 1/4n.

(a.2) We first utilize the Chernoff bound of Corollary 15.1. We pick 6 =2./n > 2¢—1 for sufficienly large n, and
remind ourselves pn = 1.

P(X; > 2y/n) = P(X; > 1+42v/n) = P(X; > np+2y/n) = P(X; > (14 8)np) =279 =272Vn

We next pick Lemma 15.1 with r =2/sqrtn. The bound is an even better ~ l/nﬁ’. Hoeffding provides the
same bound through Theorem 15.1. Corollary 15.2 or Corollary 15.3 of Hoeffding's theorem provide lesser bound
exp(—8n).

(b) Let E; be the event that a given bin i gets more than 2,/n balls? By part (a) we proved P(E;) < 1/(4n. We
want to calculate the probabibility of event E where E is the event that any bin get more than 24/n balls. Then

P(E)=P(E\UE,U...UE,) <ZP ) < nP(E;)

Using Chebyshev's bound nP(E;) <n(1/4n) <1/4

One could prove the latter as follows. Let ¥; be a random variable that is 1 if bin i has more than 2,/n balls
and 0 otherwise. Then E(Y;) =1-P(X; >2+/n) < 1/(4n). Let us then define random variable Y such that Y =Y, V;
i.e. it counts the number of bins with more than 2y/n balls. Obviously E(Y) =nE(Y;) P(E) is P(Y > 1). The
latter can be computed through Markov's inequality

PY>1)<EY)<nE®Y;) <n(l/(4n))=1/4.
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Exercise 149.

We throw n identical balls into n distinct bins with equal probability. Let X; be the number of balls in bin i.
Obviously 0 < X; <n and n=Y,;X;. Moreover, X; ~ B(n,p;k) with p=1/n, ¢g=1—p=1—1/n. Furthermore,
E(X;)=np=n(1/n) =1 and var(X;) =npg=n(1/n)(1=1/n)=1—-1/n=1—q.

(a) What is the probability that a given bin i gets more than 2,/n balls? Use Chebyshev and Chernoff or Hoeffding
bounds.

(b) What is the probability that any bin gets more than 2/ balls or equivalenty every bin has no more than 2,/n
balls?

Solution.
(a.1) Let X; be the r.v. associated with the number of balls in bin i. Noting that E(X;) =1, and using Markov's
inequality we have the following.

P(X;>2yn) = P(X;>1+2Vn)
= P(X; > E(X;) +2v/n)
= PXi—E(Xi) >2vn)
= P((X;—E(X;))*>4n)
< E((Xi—E(X:)*)/4n
< Var(X;)/4n
< (1-1/n)/4n
< 1/4n.
(a.2)
Lemma 15.1

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l1. LetS,=Y,;X;. Then, for any r such that p <r <1 we have the following, after we substiture
r=(14+38)p, 6 >0.

e p" n 68 pn
P(Sn > I"I’l) :P(Sn > (1 +5)pl’l) < (ep P;},) = ((1+5)(1+6)> (152)

The following Corollary can be obtained from Lemma 15.1. It provides a more tangible upper bound than the
generic one of the Lemma.

Corollary 15.1

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l1. Let S, =Y;X;. Then, for any § >2e¢—1. we have the following,

P(S, > rn) = P(S, > (14 8)pn) <2~ (+9pm, (15.3)

We first utilize the Chernoff bound of Corollary 15.1. We pick 6 =2+/n > 2e — 1 for sufficienly large n, and
remind ourselves pn = 1.

P(X; > 2/n) = P(X; > 1+2v/n) = P(X; > np+2+/n) = P(X; > (14 8)np) =277 =27 2V"

We next pick Lemma 15.1 with r =2/y/n. The bound is an even better ~ 1/nV". Hoeffding provides the same
bound through Theorem 15.1. Corollary 15.2 or Corollary 15.3 of Hoeffding's theorem provide a lesser bound of
exp(—8n).
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Theorem 15.1

Let X; be an independent random variable, i =1,...,n. Let S, =Y,;X;, X =S,/n and p=E(X). Then for any
h such that 0 < h < 1— p we have the following.

P(X—p>h)) P(Sy = (p+h)n)

exp (=D((p+h)[|p)n)

) ()T

IN

Corollary 15.2

Let X; be an independent random variable, i =1,...,n, such that a < X; <b. Let S, =Y,X; and E(S,) = np.
Then for any 8 such that 0 < § < (1 —p)/p we have the following.

—_on282p? )

b—a? (15.5)

P(S,> (1+06)pn) < exp(

Corollary 15.3 appears in [15] as 5.3 in Corollary 5.2 fora=0 and b= 1.

Corollary 15.3

Let X; be an independent random variable, i = 1,...,n, such that a < X; <b. Let S, =Y, X; and E(S,) = np.
Then for any & such that 0 <& <n—np we have the following.

P(S,>pn+h) < ex ( —2’ > (15.6)
W > pn < =5 |- .
P PAEE (o —a)?

(b) Let E; be the event that a given bin i gets more than 2,/n balls? By part (a) we proved P(E;) < 1/(4n. We
want to calculate the probabibility of event E where E is the event that any bin get more than 24/n balls. Then

P(E)=P(E;UE,U...UE,) < ZP(Ei) <nP(E;)

Using Chebyshev's bound nP(E;) <n(1/4n) <1/4

One could prove the latter as follows. Let ¥; be a random variable that is 1 if bin i has more than 2,/n balls
and 0 otherwise. Then E(Y;) =1-P(X; > 2y/n) < 1/(4n). Let us then define random variable Y such that ¥ =Y, Y;
i.e. it counts the number of bins with more than 2y/n balls. Obviously E(Y) =nE(Y;) P(E) is P(Y > 1). The
latter can be computed through Markov's inequality

P(Y = 1) < E(Y) <nE(Y) < n(1/(4n)) = 1/4.
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Exercise 150.
We pick random points P; in the unit square i.e. B, = (x;,y;), with —1/2 <x;,y; <+1/2. We then check whether
P; is inside the circle C with center (0,0) i.e. x> +y?> < 1. Then p; = P(P, € C) = m/4, as the probability that P,
falls into C is proportional to the area of the circle relative to that of the square. We define random variable X;
that is equal to one if P, € C, and 0 otherwise.

We generate n random points P;. Let S, be another random variable with S, =Y, X;. We have X; ~ b(p;). It is
pi = p=mn/4. Furthermore E(S,) =nE(X;) =np =nn/4. Consider then another random variable ¥, = (4/n) - S,,.
Then

E(Y,) = (4/n)E(S,) = (4/n)(nw/4) ==

Therefore ¥, = (4/7)S, — =.

Compute

P(Y, ~E(Y,)| < e)

for some 0 < € < 1. Use a Chebyshev inequality and a Chernoff bound.

Solution.
Let us find some properties of the relevant random variables.

E(Y,) =E((4/n)Sn) = (4/n)E(Sn) = (4/n)(nm/4) = .
The we find the variance of ¥,; we note p=n/4 andg=1—p=1—n/4.
var(Y,) = var((4/n)S,) = (16/n2)var(Sn) = (16/n2)(npq) = 16pg/n.

We use Chebyshev's inequality below

var(Y,)
P(|Y,—E(Y,)|>en) < Tn;
16pgq
< ZT
~  nex?
< 4—x
~  nme?’
Therfore,
4—m
PlY,—EY,))| <em)>1—-P(|Y,—EXY,)|>€en)>1— .
(¥~ E(t)| < em) = 1= P(Yy ~ E(V)| 2 em) > 1=~

We use Chernoff’s bound below in the form of Corollary 15.4.

Corollary 15.4

Let X; be independent random variables following the same distribution as random variable X, X ~ b(p), where
0<p<l. LetS,=Y;X;. Then, for any & such that 0 < § < 1 we have the following,

52
P(|S, —np| > 8pn) <2-exp <f ~pn>. (15.7)

Note that pn = wn/4 and we use § = €.

PY,~E()| > em) = P8, 1E(S,)|> en)
= P(|Sy —E(Sn)| > nem/4)

elnn
2 —
exp ( 3 4 )

8%mn
2 — .
exp ( K. )

IN

IN
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For P(|Y, —E(Y,)| < em) we do as before.



Chapter 16

Miscellaneous problems

16.1 Hashing

Exercise 151.

(a) In hashing with chaining (uniform hashing assumption) for n keys and N slots, what is the probability that
two keys collide?

(b) What is the exepcted number of collision for key x;, 1 <i<n?

Solution.
(a) From the ball and bin setup, the answer is 1/N.
(b) Using an indicator random variable, (n—1)/N. |

277
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Exercise 152.

Hashing with chaining. A total of n keys are hashed into an N = n slot table T. Answer the following.
(a) What is the expected number of keys per slot?

(b) Show that for n — oo, P(max;n; > 2Inn) = 0.

(c) What is the expected number of empty slots?

(d) What is the expected number of slots with one key?

Solution.
(

a) Let n; be the keys per slot i. Then n; follows a binomial distribution with parameters n and p =1/n i.e.
B(n,p;k). Let g=1—p, i.e. p+q=1. Let n; B(n,p;k). Then E[n;].

Y\ & n—k
=
()7t

i = $i ()

B(n, p;k)

k=0
Nk on—k
En) = Y k- (k)p q
k=1
/! n!
E ; — k k n—k
[ni] LE i
E[ ] Zn: n! k n—k
nj| = .
’ A k=) n—in? 1
- (n—1)! =1 n—k
E - : "
T n—1 o
Eln] = npz.<k_1>pk lqn k
k=1
n—1 -1
Eln] = np (n )pk n—l—k
k=0 k
E[n;] np(p+q)"”"
Eln] = np

Another way to prove the same is the n keys follow a Bernoulli distribution with p =1/n. Thus let X; be 1 if key
kj falls into slot i and 0 otherwise. Then n; =} ;X; and therefore

E[n| = E[} X;] = nE[X;] = np.

Theorem 16.1 Chernoff

Suppose Xi,...X, are independent random variables taking values in {0,1}. Let X = sum;X; denote their sum
and let m = E[X] denote the sum'’s expected value. Then for any 6 >0,

es m
PX>(1406)m) < <(1+5)1+5>
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(b) For 6 =2Inn—1, m=np=n(1/n) =1, we have

1

P(n; >2Inn) < (lfw
- e2lnnfl
- (21nn)21nn
L
— e- nZ ,n21nlnn
< 1
— e,n2ln]nn

Then

P(max;(n;) >2Inn) < nP(n; >2lnn)
n
e- n21nlnn

1
n21n1nn—1

IN

The latter upper bound goes to 0 as n — . Moreover if n > e3>, we have 2Inlnn—1 > 1.0, and thus the probability
is at most 1/n.

(c) Since n; ~ B(n, p;k), we have that P(n; =0) = (i) p°(1—p)" = (1—p)". Let indicator random varible B; be 1
if n; =0, and 0 otherwise. Then C =Y;B; is the number of empty slots.

E(C] = E[Y.B] = Y E[B] = Y. P(r;=0) =n(1—p)"

If p=1/nthen E[C] =n(1—1/n)"~n/e.
(d) Since n; ~ B(n, p;k), we have P(n; = 1) = np(1 — p)"~!. Defining a random variable just like before and call
D, the expected number of slots with one key, we derive similarly,

E[D]=n*p(1—p)""

If p=1/n thisis E[D] =n(1—1/n)""! =~n*/(e(n—1)). |
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Exercise 153.

Hashing with chaining. A total of n keys are hashed into an N = n? slot table 7. Answer the following for simple
uniform hashing (assumption).

(a) What is the probability that slot i is empty after hashing n keys?

(b) What is the probability that slot i has two or more keys?

Solution.

(a) The probability that slot i is empty is the probability that all n keys missed it. In general this is (1 —1/N)".
Probability 1/N is for a key k; to hit i or 1 —1/N is the probability that k; misses i. Given that we have n keys
the equation follows. One can prove the first derivation below by induction on n. It also follows by expanding the
power on the left side

If N> n then > becomes >.
(b) This is a binomial distribution’s term: b(n,k; p), where k=1, p=1/N and thus

()rta-prt = Ea-umy

Given that N > n, we have N > n— 1. Thus from the observation and deriviation in (a) we have

%(1—1/N)"’1 > ;(1—”;]1>

n n(n—1)
N N2

(c) The probability that a slot has two or more keys is one minus the probability it has zero minus the probability
it has one key. From (a) and (b) above we have

n n nn-—1
P(n; >2) < 1_(1_N)_N+ (NZ)
n(n—1)

S TN

P(n,’ Z 2)

If we substitute N = n”> we see that the probability a slot i has 2 or more keys is at most 1/n%. The probability
that there exists a slot (0 or 1 or etc or i or etc N — 1) that has two or more keys is at most n-1/n* = 1/n.
Equivalently all slots have zero or one keys with probability at least 1 —1/n. If we increase N from N = n? to
N =k, k > 2 we can further decrease the bound 1/n or increase 1 —1/n. |
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Exercise 154.

Hashing with chaining (continues with the following problem which also serves as a generalization). Assume
uniform hashing i.e. a key x is equally likely to get hashed into any of the n slots. A total of n keys get hashed
into n slots of table T. Let n; be the number of keys hashed into slot i. Answer the following.

(a) What is the probability p; that k keys get hashed into slot i?

(b) Let k> 1. Show that

P/ Prs1 > 1.
(c) Show that for k > 1,

(d) Show that for n > 20, A = e2+1, and k=A02

Inlnn’

1

(e) Conclude that P(n; > k) < niﬁ
(f) Provide an bound bound for the expected size of n;, i.e. show that

En] <k+1,

where k is as defined in (d) above.
(g) After all keys are inserted into the slots randomly (uniformly at random), let D be the maximum number of
in a slot. Show that gy, the probability D is k is

Gk < npk.
(h) Find the expected value of E[D]. (Hint: use the rationale of (f) above.)

Solution.
(a) The size of slot i, n;, follows a binomial distribution that is, n; ~ B(n, p;k), where p =1/n. Therefore,

=Pl =0) =B /) = () 11 1

(b) Let k> np =n(1/n) = 1. Consider py/pi+1.

P _ Pu=k) (/m A= 1n ™ ) 1)

Per1 Pla=k+1) (1) (1/n)eH(1—1/nn k=1 P

We claim that for k > 1, (k+1)(n—1)/(n—k) > 1. This is true as long as kn > 1. The latter is true as k > 1 and
by implication n > k > 1 as well.
(c) We have that P(n; > k) = Yj_ P(n; = j) = ¥y pj- Since px/pr+1 > 1 by part (b), the terms p; , j >k are
bounded above by p;. Therefore

n
P(ni>k) =Y pj<(n—k+1)pe <npy.
=k

Moreover py = P(n; = k).
(d) From (a) above we have

pe= () amra=ynr,
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and (1—1/n)"* <1. Since (}) < (ne/k)*, we then obtain the following.

(F)am

(ne/k)*(1/n)*
ek ik

exp (ln (ek/kk)>
exp(InZ),

IN

Pk

IN N

IN

IN

where Z = In (¥ /k¥). In the remainder we are going to first form InZ = In(ek /k¥) = k — kInk. Then we are going
to find an upper bound for InZ < —71Inn, which would then translate into an upper bound for exp(InZ). This
way we shall prove the following.

exp(InZ)

exp(—71nn)
1

n’?

Pk

IAIA

IN

We start with InZ after choosing, A =¢*+1, and

Inn

“Inlnn’

Then

InZ = In(ef/k*) =k—kink

Al Al
= ﬁ—ﬁdnfchlnnlnlnn
Inlnn  Inlnn
Al Al
= ﬁ—ﬂ(lnAJrlnlnnflnlnlnn)
Inlnn  Inlnn
1 Ininl
= A(l-InA)—" _Alnn+Alnn- 2101
Inlnn Inlnn
Inn Inlnlnn
= A(l—lnA)ln nn—(A—l)lnn+Alnn- (—1+ ninn )

= 01— (A—1)Inn+0,.

Quantity Q; is such that
Inn

01 =A(l ~InA) ——.

Since A =¢%+1 and thus InA > 2, we conclude Q; < 0. Furthermore, quantity Q, is such that

Ininl
szAlnn-(—H— nnn”).

Inlnn

0, <0ie 1> lrhllrll[llr;l" for n > 20 . Therefore we have the following noting that A =¢?>+1 and thus A — 1 = ¢*> >
7.38.

InZ

O —(A— l)lnn—i—Qz
0—(A—1)lnn+0
0—7.38Inn+0
0—7Inn+0.

IN A CIA
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We then conlude the desired result.

pr < exp(lnZ)
< exp(—7Inn)
4
1
pe=Pni=k < -5

(e) From (c) above, using the upper bound for p; derived from (d) above we have we have that

1 1
P(nizk)énpkénnﬁﬁnfé

(f) We are going to estimate E[n;] for any i =1,...,n. We have, note also from (b) that p;/pi+1 > 1. The value
of k used is

n
Eln] = Y j-P(ni=j)
=0
n
= Zj'P(nl:])
=1
k—1 n
= Z] P(n,—j)-‘rZ] P(n; = j)
j=1 j=k
k—1 n
< Y kPmi=j)+ ) nPni=)
j=1 j=k
k—1 n
< Kk ZP(n,:j)+l’l'Z P(n;=j)
=1 =k
< k 1+n-Z~P(nl:k)
=k
< k+n-n-Pn=k)

Combining with the result from (e) we conclude that

E[nj] k+n-n-P(n;=k)

<
2/.6

< k+n?/nd <k+1.

The value of A =e?>+1 and k is given as described in (d) above.

Inn

Inlnn’

(g) Below k is as defined earlier in (d) above. Let D =max}_, n; = max{ni,nz,...,n,}. We utilize also (b) that
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states P(n; = k) < 1/n’ and this is true for all i, i=1,...,n.

P(D=k) = P(I?Ellxn,-—k)
= PE@i:ni=kAn <kVl#i)
< P@Ei:n=k)
< P(np=kUny=kU...Un, =k)
< nP(ni=k)
< n-(l/n7)—nl—6.

(h) For the expected value of E[D] we work similarly as before for the E[n;]. The conclusion is the same
E[D] <k+1. |
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Exercise 155.

In open addressing under the uniform hashing assumption, let p(n,N) be the probability that there are no collisions,

during the insertion of n keys into a hash table 7" with N slots that is originally empty.

Show by induction that

nn—1
2N

p(n,N) <exp(— )-
Deduce that for n > /N the probability of having a collision grows to close to one.
Note that expx =¢* > 1 +x for any real x.

Solution.

Consider p(n+ 1,N) and argue similarly to the derivation of the number of probes for Insertion. For the n+ 1-st
key not to cause any collision in a hash table with n keys inserted with no collisions, it must hit an empty slot an
event that occurs with probability 1 —n/N. This assumes that the insertion of the n+ 1-st key is independent of
the previous insertions. Therefore p(n+1,N) = (1 —n/N)p(n,N), since the probability that the insertion of say
n+ 1 cause not collision is the probability that the insertion of the n+ 1-st key causes no collisions and the prior
insertion of the remaining n keys caused no collisions; the latter is p(n,N). Therefore

p(n+1LN) =

( )
( (1= (n=1)/N)p(n—1,N)

= (1-n/N)(1—(n—1)/N)...(1—1/N)(1—0/N)p(O,N)
( )(1—(n—1)/m)...(1-1/N)

Since ¢* > 1 +x, setting x = —i/N we obtain that 1 —i/N < e~/N. Therefore

(1-n/N)A—(n—1)/N)...(1—1/N)
exp(—n/N)exp(—(n—1)/N)...exp(—1/N)
exp(—(1+2+...4+n)/N)
exp(—n(n+1)/2N)

p(n+1,N)

IAIA

Therefore p(n,N) < exp(—(n—1)n/(2N)) as required. Consider n>> /N, the n(n—1)/2N > 1, and thus p(n,N)
is upper bounded by exp(—A), where A is large and positive. However exp(—A) goes to zero and thus p(n,N)
goes to zero as well.

Note. One might remark that the probability of having a collision is 0+ 1/N+2/N+...4+n/N =n(n—1)/(2N).
This is not correct. This bound is not exact but an upper bound. Thus, if one uses

P(Nocollision) 4 P(Collision) = 1

given that
P(Collision) < n(n—1)/(2N)

one can derive a lower bound for
P(Nocollision) > 1 —n(n—1)/(2N)

However this is not useful. To understand why the bound above is not exact think of the case of three keys only.

CP=CollisionProbability  NCP= Probability of NO collisions
|--> CP=0
No key-> 1stkey- |--> CP= 1/N
| -->NCP=1-->2ndkey- |-> CP= 2/N
| -->NCP= 1-1/N-->3rdkey-
| ->NCP=1-2/N
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Think of the diagram as a binary tree with root on the left. Let's see for what probability we reach a leaf a CP
or NCP and add the probabilities of reaching all CP leaves and all NCP leaves. There is one NCP leaf on the
rightmost side. We reach this with probability (1—1/N)(1 —2/N) which is the probability of no collisions after
three keys have been inserted. The probability bound is the product of probabilities on all intermediate nodes.
There are three CP nodes. The topmost one is 0, the second one is reached with probability 1/N and the last
one with probability (1 —1/N)2/N. Thus the probability of having a collision after three keys are inserted is
1/N+2/N—(1/N)(2/N) which is close to 1/N+2/N but not equal to. This problem is a variant of a problem
known as the Birthday problem. Let N =365 (forget about leap years). Suppose you have n people in a room.
What is the probability of having no two with the same birthday? For what value of n is the probability of having
two people with the same birthday close to 1? One can see that for n = /N collisions start to show up with a
significant (non negligible) probability, i.e. people exist with the same birthdays.

This problem is also known as the Birthday problem. Let m =365 (forget about leap years). Suppose you have
n people in a room. What is the probability of having no two with the same birthday? For what value of n is the
probability of having two people with the same birthday close to 1?7 One can see that for n = y/m collisions start
to show up with a significant (non negligible) probability, i.e. people exist with the same birthday. |
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16.2 Hashing



288 CHAPTER 16. MISCELLANEOUS PROBLEMS

Exercise 156.

(a) In hashing with chaining (uniform hashing assumption) for n keys and N slots, what is the probability that
two keys collide?

(b) What is the exepcted number of collision for key x;, 1 <i<n?

Solution.
(a) From the ball and bin setup, the answer is 1/N.
(b) Using an indicator random variable, (n—1)/N. |
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Exercise 157.

Hashing with chaining. A total of n keys are hashed into an N = n slot table T. Answer the following.
(a) What is the expected number of keys per slot?

(b) Show that for n — oo, P(max;n; > 2Inn) = 0.

(c) What is the expected number of empty slots?

(d) What is the expected number of slots with one key?

Solution.
(

a) Let n; be the keys per slot i. Then n; follows a binomial distribution with parameters n and p =1/n i.e.
B(n,p;k). Let g=1—p, i.e. p+q=1. Let n; B(n,p;k). Then E[n;].

Y\ & n—k
=
()7t

ol = $i ()

B(n, p;k)

k=0
n\ &k n—k
En) = Y k- (k)p q
k=1
/! n!
E ; — k k n—k
[ni] P> n—ni?
E[ ] Zn: n! k n—k
n;l = .
’ A k=) n—in? 1
C (n—1)! =1 n—k
Eln] = : "
o n—1 o
Eln] = npz.<k_1>pk lqn k
k=1
n—1 -1
Eln] = np (n )pk ik
k=0 k
E[n;] np(p+q)""
Eln] = np

Another way to prove the same is the n keys follow a Bernoulli distribution with p =1/n. Thus let X; be 1 if key
kj falls into slot i and 0 otherwise. Then n; =} ;X; and therefore

Elnj| = E[ZX,»} = nE[X;] = np.

Theorem 16.2 Chernoff

Suppose Xi,...X, are independent random variables taking values in {0,1}. Let X = sum;X; denote their sum
and let m = E[X] denote the sum'’s expected value. Then for any 6 >0,

es m
PX>(1+6)m) < <(1+5)1+5>
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(b) For 6 =2Inn—1, m=np=n(1/n) =1, we have

1

P(n; >2Inn) < (lfw
- e2lnnfl
- (21nn)21nn
L
— e- nZ ,n21nlnn
< 1
— e,n2ln]nn

Then

P(max;(n;) >2Inn) < nP(n; >2lnn)
n
e- n21nlnn

1
n21n1nn—1

IN

The latter upper bound goes to 0 as n — . Moreover if n > e3>, we have 2Inlnn—1 > 1.0, and thus the probability
is at most 1/n.

(c) Since n; ~ B(n, p;k), we have that P(n; =0) = (i) p°(1—p)" = (1—p)". Let indicator random varible B; be 1
if n; =0, and 0 otherwise. Then C =Y;B; is the number of empty slots.

E(C] = E[Y.B] = Y E[B] = Y. P(r;=0) =n(1—p)"

If p=1/nthen E[C] =n(1—1/n)"~n/e.
(d) Since n; ~ B(n, p;k), we have P(n; = 1) = np(1 — p)"~!. Defining a random variable just like before and call
D, the expected number of slots with one key, we derive similarly,

E[D]=n*p(1—p)""

If p=1/n thisis E[D] =n(1—1/n)""! =~n*/(e(n—1)). |
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16.3 Miscellanea
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Exercise 158.

You have a fair die. You want to generate an integer 1 through 5 throwing this die uniformly at random.

(a) Show how to do it; make sure it always comes with an answer i.e. it terminates.

(b) Give the expected number of throws you require.

Now you have an unfair coin what over a toss it comes H (heads) with probability p, where 0 < p <1, and T
(tails) with probability 1— p.

(c) How can you generate a fair toss for H (heads) and T (tails) with this unfair coin?

(d) Give the expected number of tosses you require.

Solution.

(a) Throw the die until it comes 1-5 i.e. ignore 6. If it comes x, where x # 6 report x. Otherwise continue.

(b) The number of throws n follows a geometric distribution with parameter p =5/6. The expected number of
throws is 1/p=6/5. i

(c) Toss the coin twice. It HT with probability p(1 — p) and you report T, or TH with probability (1 — p)p and
you report H. If it comes HH or TT you ignore the outcomes. T and H reporting are equiprobable p(1— p).

(d) Experiment of (c) resembles a geometric distribution with P =2p(1— p). Expectation of eventual success is
1/P=0.5/(p(1—p)). Moreover the number of coin tosses is 2-(1/P) =1/(p(1 — p)) as each experiment involves
two of them. |
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Exercise 159.
We have the following function call RandomBit () that returns a zero or one with equal probability (1/2). We
use if the as follows.

flip(int n) {

1 m = 0;

2. for(i=0 ; i < n ; i++H){

3. m = 2 * m + RandomBit();
4. %}

5. return(m)

(a) What is the minimum and the maximum value returned by m?
(b) Does f1ip(n) generate a uniformly at random drawn integer?

Solution.

(a) Obviously min m is 0 and max m is 2" — 1. One can prove it inductively. Prior to i =0, we have m =0. At the
conclusion of i =0, the only possible values for RandomBit() are 0 and 1, and thus of m 0 or 1 respectively. If by
induction at the conclusion of the i = k iteration the min and max value of m are 0 and 2 — 1 respectively, then
at the conclusion of the i = k+1 iteration m is minimally 0 (one more RandomBit() that is 0), and the maximum

value is
m=2xm+1=2x2F-1)+1=21_1,

Thus at the conclusion of i =n— 1, we have that the maximum value of m is 2" — 1.

(b) When m is equal to N at the conclusion of iteration n— 1 then, m has generated the righmost bit of N. In other
words, m generates in iteration i the i-leftmost bit of N. The range of values for N is 0 and 204 42n—1=2"—1,
and each such value is generated uniformly at random with probability 1/2x1/2x...x 1/2.

n times
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Exercise 160.
In order to find the minimum (MIN) of n keys of A[0..n— 1], the following algorithm can be used.

Min(A[O..n-1],n)

1. min = A[0];

2. for(i=1 ; i < mn ; i++){
3 if A[i] < min

4. min=A[i];

5.}

6

. return(min) ;

Assume all elements of A are distinct

(a) What is the probability that A[i] is the MIN?

(b) What is the probability that line 4 is executed?

(c) What is the expected number of times line 4 is executed?

Solution.

(a) The probability that A[i] is the MIN is 1/n, as there are n numbers distributed over the n slots of A.

(b) The probability that line 4 is executed is the probability that A[i] is the minimum of the i keys A[0],...A[{] i.e.
1/(i+1) using the same argument as in (a) above.

(c) Let X; be a random variable that is 1 if line 4 is executed and 0 otherwise. Then X =Y, X; is the number of
times line 4 is executed. We are interested in finding

EX] = E[}.X]] = }_E[X]
We note that
EX]=1-P(X;=1)40-P(X;=0) = P(X; = 1)
From part (b) P ( X; =1) = 1/(i+1). Therefore,

n—1 1

E[X]:ZE[X,-]: ;)l_ﬂ.

The latter sum is the harmonic series H,, thus

EX]=Inn+1.
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Exercise 161.

Let A be an n x n matrix of zeroes and ones. Let b be an n x 1 vector of —1 and +1 Let y =A X b be a matrix-vector
product. Let vector b's entries are uniformly at random with p =1/2 between —1 and +1
We would like to bound
P(maxx; > VB) = 0(1/n)

What is the value of B that achieves this?

Solution.
Consider a; =Y ;a;j. Therefore ; is the sum of ones of row i of A. If ¢; < /B then Yjaijb; < V/B with probability
1 as there are not enough ones in row i of A. Otherwise a; > v/B. |
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16.4 Random graphs

Exercise 162.

A random graph with edge probability p is a graph that is formed by flipping a coin with probability p and deciding
to include an edge if it comes H and not include edge for a T outcome. Let us assume that we use a fair coin
p=q=1—p=1/2. Is the graph connected?

Solution.

If the graph is not connected there exist at least two subgraphs (" components”) with no edges from one to the
other. If one subgraph G; has i vertices and the other/others G, has n— i vertices it means the i(n —i) vertices
between the two pieces are missing. The probability that this is the case for one possible partion of i and n—i is
2-#n=) " This is the probability the graph is NOT connected for a given split. For each value of i from 1 to n/2
there are ('l’) ways to pick the vertices of G| and the remaining n—i vertices are of G,. The probability the graph
G is not connected is the probability of the union of those events which is at most the sum of those probabilities.
Thus

i=n/2 o =n2  i=n)2 =2 .
p< ; (’:) 27,(,,7,) < ; nzzft(nfl) < ; (nzfnﬂ)z < ; (nzfn/Z)z < n/2-n27”/2 :nz/zn/z

For n/2”/2 < 1i.e. n>5, the sum is a geometric sequence. Being a bit sloppy at the end we realize that p — 0
as n — oo, Thus the graph is almost always connected.
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Exercise 163.

A random directed graph with edge probability p is a graph that is formed by flipping a coin with probability
p and deciding to include an edge in one direction if it comes H and include the edge in the opposite direction
for a T outcome. Let us assume that we use a biased coin with p=a/(n—1) and thus g =1 —p. What is the
probability that for vertex i there is some edge directed into node i?

Solution.
Let us call p; this probability. There are n— 1 other vertices (other than i). If all of them are directed OUT of i
this occurs with probability (1 —a/(n—1))"~1) ~¢=9. Thus p; is given by the following equation

pi=1—e"
What is now the probability Q that this is true for EVERY vertex?
0=T]pi<(i—ey
i

Obviously Q — 0 as n — . node?
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Exercise 164.
A tournament is a directed graph which has one edge between every pair of vertices in one or the other direction.
Some tournament contains n!/2" Hamiltonian cycles.

Solution.
For a given permutation of the vertices the probability it is a Hamiltonian cycles is 1/2". There are n! permutations
of n vertices, so the expected number of Hamiltonian cycles is n!/2".
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Exercise 165.
What is the expected number of Hamiltonian cycles in the random graph with edge probability p =a/(n—1)?

Solution.
Let now i range over the n! permutations of the n vertices of the graph. Let X; =1 if permutation i leads to a
hamiltonian cycle, and X; = 0 otherwise. Then

E[Xi] = (a/(n—1))"
and

E[X] = E[Y_Xi] =n!(a/(n—1))" = (n/e)"(a/(n—=1))" ~ (a/e)"1 /(1 = 1/n)" = (a/e)" - e > (afe)"

i
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Exercise 166.

Show that for sufficiently large n, a random n x n bipartite graph where each possible edge is present with
probability .5 is very likely to have a perfect matching. (Hint: recall Hall's theorem to decide whether a bipartite
graph has a perfect matching).

Solution.

Hall's theorem states that a bipartite graph has a perfect matching unless there is a subset of vertices A on the

left such that | A |>| R(A) |. We shall show that the probability that any A has | R(A) |[<|A | —1 is small. For a

particular A, | R(A) |<| A | only if there are at least n— | A | 41 vertices on the right to which there are no edges

from A. The chance that this happens for some A is less than the sum of the chances it happens for any particular
n

A. Thus
Z n n (0.5)i<n_i+l)
i/ \n—i+1
_ n n i(n—i+1) - n n i(n—i+1)
i—1(i> (”_H‘l)(oj) +in/Z2+]<i) (”_H'l)(oj)

n2ooo n _ o
< Zn1n1(0.5)z(n—t+1)+ Z n"_’n”_l""l(().s)l("_""l)
i=1

Pr(there is no p.m.)

IN

S0
NN

i=n/2+1
n/2 2 n 2
— i " \n—it1
= Yoo+ X G
i=1 i=n/2+1
n/2 2 n 2
n . n .
< Z( )I+ Z (T)n—t—H
S ma 2
—- 0

Thus for sufficiently large n, the chance that a random n X n bipartite graph does not have a perfect macthing is
very small.
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Exercise 167.
Let G(n,p), 0 < p <1, be an undirected graph on n labeled vertices, where each edge ¢ (among the n(n—1)/2

possible edges on n vertices) is included in the graph with edge probability p, independently of any other edge.

If p= UFEen \here &> 0 (the logarithms here are natural ones), show that with high probability (i.e. with

n

probability tending to 1 when n — ), G(n, p) has no vertex of degree less than 11.

Solution.
The probability that a given vertex has degree exactly k is equal to

<nk1>pk(1—p)””‘-

Summing for all values of k from 0 to 10 we get the probability that a vertex has degree less than 11. If we
multiply by n we get an upper bound on the probability that some vertex has degree less than 11. It suffices to
prove that the latter expression (call it P) is upper bounded by a function &(n) such that €(n) — 0, as n — .
This can be proven as follows . We use

p=(1+¢)logn/n,e >0,

and therefore

while 1/(1—p) <2. We also use (",') < n*.

P = ”£<n21>pk(l—p)”lk

O (1+e)loghn

n k
S e
10
< n ]+€Z(l+£)klogkn pk+t
=0
1].211 1 e ]()1 10
< (+8) o8 n—>0whenn—>oo.
n

The sum was bounded above by 11 times its largest term. |
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Exercise 168.

Let G(n,p), 0 < p <1, be an undirected graph on n vertices where each edge ¢ (among the possible n(n—1)/2
edges on n vertices) is included in the graph with edge probability p independent of any other edge. If p = %
show that:

a) With high probability (i.e. with probability tending to 1 as n — o) the maximum size of an independent set in
G(n, %) is no more than (4+¢)logn, for any & > 0.

b) Deduce then, that for some constant ¢ > 0, with probability tending to 1 as n — oo,

cn

— <
logn <¥G),

where ¥(G) is the chromatic number of G.

Solution.
The probability that an n vertex graph with edge probability % has a k independent set is at most

@ 26 < ok

For k = (44 €)lgn, this means the chance there is an independent set larger than that is no more than
25k < (nn 1T
_ nfek
Which converges to 0 for all € > 0.
For part b), simply recall that the vertices of any color class in G must be an independent set. As no color is
used more times than the size of the largest independent set, the fact that with high probability no independent
set is larger than 51gn implies that with high probability y(G) > Sngn
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Exercise 169.
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Show that any bipartite graph G(XUY,E) (| X |=| Y |=n) with edge probability p = % has a perfect matching
with high probability (i.e. with probability tending to 1 as n — o).

Solution.

Hall's theorem states that a bipartite graph has a perfect matching unless there is a subset of vertices A on the
left such that | A |>| R(A) |. We shall show that the probability that any A has | R(A) |<|A | —1 is small. For a
particular A, | R(A) |<| A | only if there are at least n— | A | 41 vertices on the right to which there are no edges
from A. The chance that this happens for some A is less than the sum of the chances it happens for any particular

A. Thus

IN

Pr(there is no p.m.)

_>

i=1 (’Z) (n—ril—k 1) (O'S)i(n7i+l> Z

n2oo n o .
annz(o's)z(nflirl)_'_ Z nnflnnftJrl(O.S)z(anrl)
i=1 i=n/2+1

n/2 1’12 ) n n2 .

Z(Zn_,u,_l )l + Z (?)nﬂJrl

i=1 i=n/2+1

n/2 2 . n n2 .

Z( . )z+ Z (7)n—1+1

i=1 21/2 i=n/2+1 2n/2

0

) (O.S)i<n7i+l)

Thus for sufficiently large n, the chance that a random n x n bipartite graph does not have a perfect matching is

very small.
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Exercise 170.

For an undirected connected graph G = (V,E), let d(i, j) be the shortest path (for graphs with no weights, the
length) between vertex i and vertex j . The diameter (diam(G)) of G is defined to be the maximum among all
the shortest paths between any two vertices in G, i.e.

diam(G) = max d(i,j
(6)= max,_d(i.j)
Show that for an appropriate p all G, graphs have diameter 2 with high probability (i.e. with probability
tending to 1 as n — ),

Solution.

A graph has diameter 2 if between any two distinct points there exist either an edge or a path of length 2, therefore
for the second case, for every two points x, z there exists a point y connected to both x, z. For G, , (we'll fix p
at the end of our discussion) graph y is connected to both x,z with probability p?>. We examine the complement
of the problem, namely we'll try to find the probability (an upper bound) that there exists a set of two points not
connected by a path of length 1 or 2. This is at most

n nz 2
1— 1—p? (n=2) « Z_,—p*(n-2)
<2>( p)1=p )T < e

since, we can choose two points x,z in (g) ways and no other point y (among the other n—2 points) is in the path
between x,z with probability (1 —p)(”’2>. Therefore the above expression is an upper bound on the probability
that there exists two points not connected by a path of length 2 (note that we ignore the case that the graph has
diameter 1 which occurs with probability po(”2) since this term is finally absorbed by the term shown above). Let

p= %. Then the above expression is bounded above by

1
— =0 as n—oo
n&'

and therefore the probability that the graph is of diameter 2 tends to 1 for large n.
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Exercise 171.

One may view a tournament T, on n vertices as a tournament on n players, where an edge exists between vertex i
and vertex j in Ty, if player i beats (or outranks) player j. A tournament T, has property Sy if for every k players
X1,...,X; there is some other player y who beats all of them. Show that for every k, there is a finite T, with
property S;. Find the smallest possible value of n you can, in terms of k, so that a tournament on at least so
many vertices, has property Si.

Solution.
We use a probabilistic argument to show that for n sufficiently large, the probability a random tournament does
not have property Sy is less than 1. This probability is at most

n .
(k) Pr(a particular xi,...,x; are not all beaten by some vertexy)

For any set of k vertices, the probability some other particular vertex “beats” them all is 27%. So the chance it
does not beat them all is 1 —27*, and the chance that none of the other vertices beat the entire set of k is
(1 —2*")”*’(. Thus the probability that a random tournament does not have property Sj is at most

n 1\"* o ek
(k> <12k> < ke
n—k
For this to be less than 1, we want e 2* > n*, or equivalently 2=k > kInn, and hence n > k2¥Inn+k. This can be

2k
achieved by picking n > 2k22k.
|
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Exercise 172.

Let G, , be a undirected random graph on n vertices generated by independently including each edge with
probability p. What is the expected number of (exactly) ten-vertex cycles if p = 27 How does this expectation
grow with n (as n goes to )?

Solution.

We first find the number of cycles we can form with k fixed objects (we will fix k to be 10 at the end). There are k!
permutations among k objects, and k!/k = (k— 1)! cyclic permutations among them (snce any cyclic permutation
gives rise to k ordinary permutations) and these cyclic permutations define (k—1)!/2 unique cycles (since a cyclic
permutation and its reverse define the same cycle, eg. 1 22 —3—>1=3—2—1—3). We can choose k
among n vertices in (Z) ways. From a cyclic permutation we get a cycle in a graph if all the k edges implied by
the cyclic permutation appear, and this occurs with probability p*. For k = 10 we have (1”0) (91/2) distinct cycles
of length 10 and each of them appears with probability p'°, therefore the expected number of cycles of length 10

is:
E_(n>9! X n! 9! 2)10_ n! 20 n(n—1)(n-2)...(n—9) 2'0

10) 27 :10!(n—10)!5(ﬁ T 0(n—10)12-10 nio 2-10

where we substituted p =2/n. For n — oo,

nn—1)...(n=9)
110

— 1,

so we have o

210 =1024

E—
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Exercise 173.
Suppose an n by n bipartite graph is generated randomly by including each edge independently with probability

p-
(i) What is the expected number of perfect matchings?

(i) For what value of p is this approximately 17

(iii) For the value of p from (ii), show that the probability that the graph has a perfect matching is exponentially

small.
(Hint: Consider the probability that there is an isolated vertex.)

Solution.
i) This part has been solved earlier. Once again, every perfect matching in a bipartite graph G = (X UY,E) with
X ={x1,....xn}, Y ={y1,...,yu}, corresponds to a permutation of the elements of X onto the elements of Y.

We have n! permutations (and each mapping of an element of X to an element of Y corresponds to an edge of
a perfect matching) and each one of them has probability p” to appear, and therefore the expected number of
perfect matchings is n!p".

i) nlp" =1 gives p~ e/n (if we use Stirling's aprroximation for the factorial).

i) A given vertex of X is isolated with probability (1 —p)" = (1 —e/n)" ~ e°. The probability that a vertex
is not isolated is (1 —e¢). The probability that all vertices of X are not isolated is (1 —e¢)" (since all these
probabilities are independent of each other). The probability that there exists a perfect matching that saturates X
is at most the probability that all vertices of X are not isolated, and therefore this probability is at most (1 —e~¢)",
which is exponentially small( 1 —e™¢ < 1 and therefore the (1 —e™¢)" — 0 exponentially fast). |
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16.5 Random matrices

Exercise 174.

Show that there exists an n x n matrix of 0's and 1's where each row has seven 1's, but where every % X %
submatrix (a matrix made up of the intesections of subsets of 5 of the rows and % of the columns, not necessarily
consecutive) contains at least one 1.

Solution.
We count the probability that a 5 x 5 submatrix contains only 0 entries. We examine the problem for the general

case where we allow k 1's in a row and therefore the probability we have a 1 in a row is equal to % The probability

2
hat a 4 x 2 submatri ins onl ies i lto (1-4)%7 i | i ith
that a 5 x 5 submatrix contains only O entries is equal to ( ”) 4 since a zero element appears In a row wit

probability (1 — %) and an % x % submatrix has n? /4 elements.

2
The number of 5 x 5 submatrices is equal to < " ) since we can choose 5 rows (out of a total of n) in

2

n
( » | ways (the same holds for columns too).

2
Therefore, the probability that a 5 x 5 submatrix contains only 0 elements as entries is bounded above by

(§) 03

We employ Stirling’s approximation formula. We get an upperbound by ignoring the square root terms.

2 n\n 2
(3)0-D7= <<2'2>n(/§3;e>n/2> (1= ¥ aet (16.1)
since we know that ' k)n L
— )k e_
n
From the equation above we get that
4)167’37" _ (e]:%)n

For k > 6 (and therefore for k=7) the base e,% is less than 1 and therefore the equation goes asymptotically to 0
when n goes to infinity. This means that the probability that a submatrix contains only 0 elements is small and
therefore the probability that all submatrices contain at least one 1 is sufficiently large i.e. such a matrix exists.
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Exercise 175.

Show that for sufficiently large n, there exists an n x n matrix of 0’s and 1's where each pair of rows differs in at
least % positions.

Solution. ,

The number of possible n x n matrices is 2"°. We examine the complement of the problem i.e we would like to
have, for sufficiently large n, that the number of matrices with a pair of rows (at least) that differ in less than %
positions is too small (in our discussion below we would ignore constant +1 differences in positions of the two

rows). We now estimate the number of matrices that have a pair of rows with at most % differing positions (if

we wanted to be correct this should be % — 1 differing positions, but as we said we ignore such constants by
overestimating).

An overestimate on the number of such matrices is the following

49n
n “’O(n) i 2,
Z i Qi pn—i on n
(2)1'0 !

The first term gives the choices of 2 rows out of n. The last term gives the number of ways of filling the other
n—2 rows of the matrix. We now explain the terms in the sum. The first term gives the number of ways of
selecting i differing positions, the second term gives the number of ways of filling these positions. Note, that if
we fix these i positions in the first row, we have the same positions in the second row fixed too (a 0 in one of
these i positions in the first row is a 1 in the corresponding position in the second row and similarly for a 1 in
the first row in one of these positions). The third term counts the number of ways of filling the n— i identical
positions (since they must be the same in the two chosen rows). Now we divide this expression by 2" to find the
probability that we have such a situation. Note that the sum is a geometric series and therefore the dominating

term is ( 4’91,, ) . Since 2/-2"71 = 2" we can move 2" out of the sum, which is at most twice the dominating
100
term.
n n 2_
(2>2( 199 >2n on 2n
100
o
which is
(2)( &)
49
2 )\ iw
on—1

For the ( 4’;n ) we use Stirling's approximation formula which finally yields (after upperbounding the square
100
root that appears in the denominator) the following expression

anl

where a = —%log% — %log%. All logarithms are base 2. The term 2%" is the result of writing as powers

of 2 the terms (49/100)*/1907 " (51/100)°!/190" that appear in the approximation of the ( 4& > term (since
phn = 2blogb~n). 100

Finally, we get that the ratio of "bad” matrices over the total number of 0-1 matrices is equal to

n2

2(1-a)n—1
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The nominator and denominator in the above term become equal for n =~ 116660 and therefore for n sufficiently
large ( say n > 150000, where this ratio is equal to 0.002) we have that the probability of having a "bad” matrix
goes to 0, therefore the result we want to prove holds with high probability. The result, generally holds when
instead of % we have %—8 for € sufficiently small and positive.
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Exercise 176.
What is the expected value of the determinant and the permanent of a n x n matrix if each element takes values
0 or 1 independently with probability a half? The permanent of a matrix A = [g;;] is defined to be equal to:

n
per(4) = ) [Tawo
all permutations ¢ on {1.2,..n} =1

Solution.

We examine the case where n > 1, since the n = 1 is trivial (expectation 1/2). Every a;; element takes equiprobably
only two values. The following trivially holds. [T, a;s;) =1 if and only if a;5;) =1 Vi. The probability that all
ajg(;) = 1,Viis just 27", and the result holds for all permutations ¢. Then:

E([Taiow) =1-Pr(] Jaiowy =1) +0-Pr([ Jaigiy =0)=1-27"=27" (16.2)
i=1 i=1 i=1

We first find the expected value of the permanent. We have that:

E(per(4)) = E( y ﬁam@) - Y Eqﬁlaw(g),

all permutations ¢ on {1,2,..n} all o on {1,2,....n}

since the expectation of the sum is equal to the sum of the expectations. The variable [T}, a;5(;) is equal to 1 iff

Viajs(;y = 1, that is with probability 2% Otherwise, it is 0, and therfore, 4 is also the expectation of [T aisi)

271
for each of the n! distinct permutations ¢). Thus we get,

E(per(A)) = Z 27" =n!.27"
o on {12,.,n}

The computation of the determinant is very similar, using the same observation as above. We need only to note
that half the permutations are odd (and thus of sign 1) and half even (and of sign 0). (The definition of an odd

olr an even permutation can be found in the textbook.) Then (—1)%¢"(9) is half of the times 1 and the other half
E(det(A)) = Y (*1)’“ig"(")E(fIaio<i>)) = Y (—1)en@2m =27 0=0
O on {1.2,...n} i=1 o on {12..n}

We got the first equality by using the formula for the expectation of the sum of random variables, and the
observation that the value of the product does not depend on the permutation chosen but only on the values of
the a;;. The second equality is due to (1), and the third comes from the fact that n!/2 permutations are even
and contribute each one of them an 1, while n!/2 are odd and contribute —1. Another way to solve this problem
is expansion by minors.

Note. In a random bipartite graph (we have two sets of n vertices, the left and the right one, and a vertex of the
left set is connected to a vertex of the right set with probability p, independently of the other choices), we show
that the expected number of perfect matchings is p"n!. The number of perfect matchings is just the permanent
of a matrix with entries g;; that take values 1 or 0 with probabilitites p and 1— p respectively (and a value of 1
indicates an edge from vertex i of the left set to vertex j of the right one). A permutation is just an 1-1 function
on {1,2,...,n}. Each permutation gives a perfect matching, and a given permutation appears with probability p"
(since an edge from vertex i of the left set to o(i) of the right set, for a permutation &, appears with probability
p). We have n! permutations, therefore the expected number of perfect matchings is just n!p". Take p=1/2
and you have another solution for the permanent part of the problem.
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16.6 Puzzle
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Exercise 177.

Alice and Bob have each received a sealed envelope and an assurance that each contains some money and that
one contains exactly twice as much as the other. They are given the option of making the following agreement:
they both open their envelopes and whoever has the more money gives it to the other person.

Alice convinces herself that taking up this option is advantageous to her by the following argument: Assume her
envelope contains x amount of money. Then Bob's envelope contains either 2x or x/2, each possibility being with
probability one half. Hence Alice's expected gain in taking up the option is

1 1
§~2x—§~x—x/2>0

Since she has a positive expected gain it is worth her while to play the game. By an analogous argument Bob
also concludes that taking up the option gives him an expected gain. Surely this is a contradiction.
Identify the fallacy in the previous paragraph.

Solution.

Alice and Bob are mistaken in assuming that the probabilities that the other envelope contains 2x and x/2 are
both one half. That depends on the distribution of how the envelopes were originally filled, which is unknown
and by no means necessarily uniform. So for different values of x, the probability that x is the larger of the two
amounts is likely to vary, in which case this expected value calculation is not correct. |
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Exercise 178.

For m, r, n positive integers the set {1,...,m} has property B(r,n) if for some collection of r subsets of size n of
{1,...,m} any 2-coloring of {1,...,m} results in some member of the collection being monochromatic. Find a
lower bound on r such that {1,...,m} has property B(r,n).

Solution.

The chance for a random coloring that a particular set of size n is monochromatic is 2=~ _ If we have r such
sets, the chance that there exists one of them that is monochromatic is no more than 2= (=1 Thusif r < on—1
any collection of r sets of size n has some chance of having no monochromatic elements in a random coloring,
which means there is some particular coloring for which it has no monochromatic elements. So {1,...,m} cannot
have property B(r,n) unless r >2""!. [ |



Bibliography

[1] M. Abramowitz and I. A. Stegun. Handbook of mathematical functions with formulas, graphs, and mathe-
matical tables. New York: Dover Publications. Ninth printing.

[2] D. Angluin and L. G. Valiant. Fast probabilistic algorithms for hamiltonian circuits and matchings. Journal of
Computer and System Sciences. Volume 18, Issue 2, 1979, Pages 155-193.

[3] B. Béla Bollobds. Random Graphs. Academic Press 1985.

[4] H. Chernoff. A measure of asymptotic efficiency for tests of a hypothesis based on the sum of observations.
The Annals of Mathematical Statistics. 23 (4):493-507, 1952.

[5] V.Chvatal. The tail of the hypergeometric distribution. Discrete Mathematics. 25(3):285-287, 1979, Elsevier.
[6] T. C. Cormen, C. E. Leiserson, R. L. Rivest, and C. Stein. Introduction to algorithms. 3rd edition. MIT Press.

[7] H. Cramér. Sus un nouveau theoréme-limite de la théorie des probabilités. Actualités Scientifiques et Indus-
trielles. No 736. Paris 1938.

[8] P. Erdos and J. Spencer. Probabilistic methods in combinatorics. Academic Press. New York, 1974.

[9] W. Feller. An introduction to probability theory and its applications. Vol. 1. 3rd Edition. John Wiley & Sons.
New York, 1968.

[10] W. Feller. An introduction to probability theory and its applications. Vol. 2. John Wiley & Sons. New York,
1971.

[11] A. V. Gerbessiotis and L. G. Valiant. Direct bulk-synchronous parallel algorithms. Journal of Parallel and
Distributed Computing. 22(1994), pp. 251-267, 1994.

[12] M. T. Goodrich and R. Tamassia. Algorithm design and applications. Wiley. 2014, ISBN 978-1-118-33591-8.

[13] W. Hoeffding. Probability inequalities for sums of bounded random variables. Journal of the American Sta-
tistical Association. 58 (301):13-30, March 1963.

[14] S. Kullback and R. A. Leibler. On information and sufficiency. The Annals of Mathematical Statistics. 22
(1):79-86, 1952.

[15] C. McDiarmid . On the method of bounded differences. In: Siemons J, ed. Surveys in Combinatorics, 1989:
Invited Papers at the Twelfth British Combinatorial Conference. London Mathematical Society Lecture Note
Series. Cambridge University Press; 1989:148-188.

[16] C. McDiarmid . Concentration. In: Probabilistic methods for algorithmic discrete mathematics. M. Habib,
C. McDiarmid, J. Ramirez-Alfonsin, B. Reed (Eds), Algorithms and Combinatorics 16, Springer, 1998.

[17] National Institute of Standards and Technology. https://dImf.nist.gov/4.5

315



