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Abstract—In this paper, we design a new distributed angle
estimation method for localization in wireless sensor networks
(WSNs) under multipath propagation environment. We employ
a two-antenna anchor that can emit two linear chirp waves
simultaneously, and propose to estimate the angle of departure
(AOD) of the emitted waves at each receiving node via frequency
measurement of the local received signal strength indication
(RSSI) signal. An improved estimation method is further pro-
posed where multiple parallel arrays are adopted to provide
the space diversity. The proposed methods rely only on radio
transceivers and do not require frequency synchronization or
precise time synchronization between the transceivers. More
importantly, the angle is estimated at each sensor in a completely
distributed manner. The performance analysis is derived and
simulations are presented to corroborate the proposed studies.

Index Terms—Wireless sensor network, localization, angle of
departure estimation, multipath propagation.

I. INTRODUCTION

OWING to its highly desirable characteristic, self-
localization in wireless sensor networks (WSNs) has

recently attracted considerable interests [1]. Many angle-
based location schemes for wireless sensor nodes have been
designed and can be classified into two categories. The first
category employs a rotating beam [2]–[4] generated from the
anchor node at a constant angular speed, and makes use of
the antenna’s amplitude response. A similar technique has
been developed for the conventional high-frequency direction
finding systems [5]. The second category, on the other hand,
makes use of the antenna’s phase response. By using the
multi-antenna system (MAS), the receiver is able to estimate
the angle of arrival (AOA) of the wave coming from a
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transmitter [6], [7]. Many works in this category assumed
that MAS is equipped at sensor nodes [9]. However, the
hardware requirement of these schemes is substantial in large
scale networks. A more acceptable choice is to equip MAS
at the anchors and to let anchors estimate AOA and then
feed back to the sensors [10]. However, this approach is not
completely distributed, where the communication overhead
and resource cost become heavy when the network density
and scale increase [10].

In order to design a distributed system, several schemes
targeting at angle of departure (AOD) estimation have been
developed [11], [12]. The principle behind is that AOA at
the MAS equipped receiver is equivalent to AOD at the MAS
equipped transmitter. In [11], the anchor was designed to emit
time-division pilots, by which each sensor estimated AOD in
a distributed manner under perfect frequency synchronization
between transceivers. Amundson et al. [12] proposed a radio
interferometric AOD estimation method and also implemented
it on a sensor network platform, where MAS with three
antenna elements was equipped at the anchor. Therein, the
pure sinusoidal waves were transmitted by two antennas, and
the bearing of a receiver was estimated by phase measurement
between the receiver and the third calibration antenna under
time synchronization. Note that both [11] and [12] did not
consider the multipath propagation.

In this paper, we propose a new distributed AOD estimation
method for WSN localization under multipath propagation
environment. We employ a two-antenna anchor that emits
two linear chirp waves [8] with slight frequency difference,
by which an interference field is created and the frequency
of the received signal strength indication (RSSI) signal at
each sensor is made relevant to the AOD information of
the emitted waves. This can provide an independent AOD
estimation at each sensor. In order to cope with the multipath
effect, we utilize the space-alternating generalized expectation-
maximization (SAGE) [13] algorithm to recursively detect the
direct propagation angle, where the polynomial rooting is ex-
ploited for computational efficiency. An improved estimation
method is also proposed where multiple parallel antenna arrays
are adopted to provide the space diversity. In summary, the
main contributions of this paper include the following.

• We introduce the chirp waves for the two-antenna inter-
fering system to provide an independent AOD estimation
at each sensor.

• We develop a polynomial rooting aided SAGE algorithm
to detect the direct propagation angle with multipath
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Fig. 1. Illustration of the network structure and the angle estimation. The
anchor node is equipped with two antenna elements spaced by d.

propagation. We also improve the estimation perfor-
mance by exploiting the space diversity from multiple
parallel arrays at the anchor.

• The proposed methods are featured as distributed ap-
proaches which rely only on radio transceivers and do
not require frequency synchronization or precise time
synchronization between transceivers.

The rest of this paper is organized as follows. In Section
II, the angle estimation method with multipath propagation
is illustrated. We describe the improved method to exploit the
space diversity for angle estimation in Section III. The analysis
of the estimation performance and computational complexity
of the proposed methods is then presented in Section IV.
Simulation results are given in Section V. Finally, conclusions
are drawn in Section VI.

Notations: Superscripts (·)T and (·)H represent transpose
and Hermitian; R{·} and E{·} denote real part and expec-
tation; j =

√−1 is the imaginary unit; diag(·) is a diagonal
matrix with main diagonal (·).

II. DISTRIBUTED ANGLE ESTIMATION

A. System Model

Fig. 1 illustrates the sensor network consisting of three
sensor nodes and one anchor node. The anchor node, equipped
with two antenna elements spaced by d, is assumed to possess
higher energy and longer transmission range than the sensor
nodes. In the estimation stage, the anchor creates an inter-
ference field from its two antenna elements. Specifically, the
elements A and B emit linear chirp waves with a common
sweep slope β and a slight frequency difference; namely,

sA(t) = ej(2πfAt+πβt2+ϕA)

sB(t) = ej(2πfBt+πβt2+ϕB),

where fA and fB stand for the start sweep frequencies of
elements A and B, respectively, while ϕA and ϕB denote the
corresponding initial phases. Without loss of generality, fA >
fB is assumed. The constant frequency offset fA−fB between
the two emitted waves, which is rather small as compared to
the radio frequency, i.e.,

∣∣fA−fB
∣∣ � fA+fB

2 , is then called
the sweep frequency offset (SFO). Since the two interference
linear chirp waves from the two antenna elements are inspired
by a common local oscillator, a dedicated SFO is guaranteed.

Fig. 2. Frequency versus time in the interference field. The black and gray
curves represent the emitted waves at the anchor and the received waves at
the sensor node, respectively.

We denote fn and ϕn as the carrier frequency and the
initial phase of the receiving sensor node, respectively. Then,
in multipath environment, we model the RSSI signal as the
output of an analog squarer at the receiver, with input of the
down converted base-band signal, i.e.,

srssi(t) = ‖r(t)‖2 + w(t) (1)

where w(t) denotes the additive noise and r(t) stands for the
signal after down-conversion which can be expressed as

r(t) =
(∑P

i=1
αAisA(t− τAi) +

∑Q

j=1
αBjsB(t− τBj)

)

× e−j(2πfnt+ϕn)

=e−j(2πfnt−πβt2+ϕn)
(∑P

i=1
αAie

j(2πfAt−2πβτAit+φAi)

+
∑Q

j=1
αBje

j(2πfBt−2πβτBjt+φBj)
)

(2)

where φAi=πβτ
2
Ai−2πfAτAi+ϕA, φBj=πβτ2Bj−2πfBτBj+

ϕB , P and Q denote the number of multipaths from the
two elements to the receiver, respectively, αAi and τAi are
the complex attenuation and propagation delay of the ith
path from element A to the receiver, and αBj and τBj are
the complex attenuation and propagation delay of the jth
path from element B to the receiver. Here, the multipath
components are indexed so that the propagation delays are
in the ascending order. Thus, τA1 and τB1 stand for the
propagation delays of the line-of-sight (LOS) paths between
the two elements and the receiver, respectively. As can be
seen from (2), several different frequency shifts of the two
waves are introduced at the receiver since the two waves
experience different propagation delays τAi and τBj to the
receiver. Here, similar to the assumption made in [4], [15],
during the estimation process, the motion of the sensor and
nearby objects is negligible, and the channel coefficients are
invariant.

B. Single Path Environment as a Special Case

Let us first assume LOS paths only, i.e., P = Q = 1.
As marked in Fig. 2, the black and gray curves represent
the emitted waves at the anchor and the received waves at
the sensor node, respectively. It can be seen clearly that
the two sweep waves reach the receiver through different
propagation delays τA1 and τB1, producing a frequency shift
of −β(τA1 − τB1) at the receiving node. This frequency shift
can be measured by the RSSI signal. In this situation, we
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srssi(t) = 2|αA1αB1| cos
(
2π(fA−fB)t− 2πβ(τA1 − τB1)t+ φA1 − φB1 + ∠(αA1α

∗
B1)

)
+ |αA1|2+|αB1|2 + w(t) (3)

srssi(t) = ‖
∑P

i=1
αAie

−j(2πβτAit−φAi)‖2 + ‖
∑Q

j=1
αBje

−j(2πβτBjt−φBj)‖2 (6)

+ 2�
{∑P

i=1

∑Q

j=1
αAiα

∗
Bje

j(2π(fA−fB)t−2πβ(τAi−τBj)t+φAi−φBj)
}
+ w(t).

can rewrite (1) into (3), where ∠(·) denotes the angle of
a complex scalar. Observed from (3), the RSSI signal is a
sinusoidal tone with frequency fA−fB−β(τA1−τB1). Since
SFO is predetermined, the delay difference τA1 − τB1 can be
directly achieved through the frequency of the RSSI signal.
When the distance between the transceivers is long enough,
the approximation

τA1 − τB1 � d cos θ/c (4)

holds, where c denotes the speed of light and θ stands for
AOD of the emitted waves from the anchor as shown in Fig.
1. The angle estimation is then immediately given by

θ̂ = arccos
(
(τA1 − τB1)c/d

)
. (5)

Remark: In [12], the spacing between the two interfering
antennas should be less than half of the radio wavelength to
avoid the phase ambiguity problem. However, we use chirp
waves to directly transform the delay difference to frequency
offset. Thus, there is no phase ambiguity in our method, i.e.,
we do not have the half wavelength constraint on the antenna
spacing. In fact, we will show later that increasing d improves
the performance of our method.

C. Multipath Environment

With multipath propagation, the structure of RSSI is more
complicated and becomes (6). The first term in (6) can be
rewritten as∑P−1

i=1

∑P

j=i+1
2|αAiαAj | cos

(
2πβ(τAj−τAi)t+φAi−φAj

+∠(αAiα
∗
Aj)

)
+
∑P

i=1
|αAi|2, (7)

where τAj − τAi stands for the propagation interval between
the jth and ith paths from element A to the receiver. Note
that the maximum frequency of the multiple real sinusoidal
components in (7) is determined by the interval between the
latest and the first paths, i.e., β(τAP − τA1). In other words,
these frequency components will be distributed around the
zero frequency in the frequency spectrum within the range of
±β(τAP −τA1). Thus, to some extent, (7) illustrates the delay
spread from the emitting element A to the receiver. Similar
observations can be made for the second term in (6).

Furthermore, we can rewrite the last term in (6) as
∑P

i=1

∑Q

j=1
2|αAiαBj | cos

(
2π(fA−fB)t−2πβ(τAi−τBj)t

+φAi−φBj+∠(αAiα
∗
Bj)

)
, (8)

from which it is observed that at most P ×Q frequency
components are distributed around the SFO fA−fB, whereas

the frequency component fA−fB−β(τA1−τB1) stands for
the direct path propagation difference and can be utilized for
angle estimation. Our task is to estimate fA−fB−β(τA1−τB1)
while considering the other frequency components fA−fB−
β(τAi−τBj) and the first two terms in (6) as the interferences.

It is worth mentioning that the interference from the multi-
ple components in the first two terms becomes negligible when
the spectral separation introduced by SFO fA−fB is set large
enough. The reason will be discussed in the next subsection.
In the following, we omit the influence of the first two terms
and denote Lp = P × Q as the number of total frequency
components. Thus, (6) can be rewritten for convenience as
follows

srssi(t) =
∑Lp

l=1
2 · αl cos

(
2π(fA − fB)t− 2πβτlt+ φl

)
+ w(t) (9)

where τl = τAi−τBj denotes the time difference of the lth
component, φl=φAi−φBj+∠(αAiα

∗
Bj), and αl = |αAiαBj |

stands for the equivalent amplitude of the lth component with
i = 1+�(l−1)/Q� and j = 1+mod(l−1, Q). The operation
�x� represents the integer floor.

In the conventional time of arrival (ToA) estimation, the
path with minimum delay can be directly considered as the
direct path, but in (9), the direct path component τA1 − τB1

is concealed among the Lp components because it is neither
the largest nor the smallest delay. Considering that the direct
path component often possesses much stronger power, we can
recognize the path with the largest power as the hidden direct
path. Once the direct path is retrieved, the angle estimation
can be conducted according to (5).

Remark: From the above discussion, the proposed method
contains at least two advantages: 1) frequency synchronization
or precise time synchronization between the transceivers is not
needed;1 2) the angle can be estimated at each sensor in a
completely distributed manner and each sensor does not need
a complicated MAS.

D. DFT Analysis for RSSI Signal

Following the above discussion, our next task is to esti-
mate the frequency of the LOS component from (9). The
work in [14] provided a sophisticated method to estimate the
multiple frequencies of sinusoidal components from discrete-
time measurements. In our problem (9), however, we only
need to estimate the LOS component, i.e., fA − fB − βτ1 =

1Some time synchronization among the transceivers is still required to
coordinate their transmission and reception. Nevertheless, this requirement
should be much more relaxed as compared to that in the conventional ToA
estimation system [26].
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fA − fB − βd cos θ/c. We see that the LOS component is
naturally restricted within a small range of fA − fB ± βd/c
with the varying scope of 2βd/c. Based on this observation,
we develop an efficient way to estimate the frequency of the
LOS component by using discrete Fourier transform (DFT).

If we perform the DFT conversion on (9) over a period of
T , the frequency resolution will be given by Δf=1/T , i.e.,
the frequency spacing between two adjacent discrete frequency
spectrums. We suppose the anchor set SFO to be an integer
multiple of the frequency spacing, i.e., fA−fB=υΔf where υ
is a predetermined integer. As mentioned earlier, this is not an
unattainable task for the emitting anchor since the two linear
chirp waves are inspired by a common local oscillator. Then,
we need to set the antenna spacing satisfying

d < c/(2βT ), (10)

i.e., d should be set below c/(2βT ), so that the frequency
varying scope of the LOS component is smaller than the
frequency spacing, i.e., 2βd/c < Δf . As a result, the main
contribution of the LOS frequency component, i.e., fA−fB−
βτ1 = υΔf − βτ1, will always be on the υth spectrum after
DFT is performed. In other words, only the υth spectrum is
required to be calculated for the RSSI signal. Specifically,
we divide the sampled RSSI signal into K segments with N
samples in each. Denoted the nth (n=0, 1,· · ·, N−1) sample
in the kth (k = 1, 2, · · · ,K) segment by sk(n), i.e.,

sk(n) = srssi
(
(k − 1 + n/N) · T )+ w(k, n) (11)

where T denotes the duration of each segment, and w(k, n)=
w((k−1+n/N)·T ) stands for the corresponding noise item. We
assume w(k, n) is a real valued independent and identically
distributed (i.i.d) additive white Gaussian noise (AWGN) with
variance σ2

n. We then compute the υth spectrum individually
for the K segments, given by

Y (k) = S(k) + w̃(k) (12)

where w̃(k) has variance Nσ2
n and is also an i.i.d random

noise. Moreover,

S(k) =
∑N−1

n=0
sk(n)e

−j 2πυn
N (13)

�
∑Lp

l=1

αl sin(πβTτl)

sin(πβTτl/N)
ej(

1−N
N πβTτl+φl)e−j2π(k−1)βTτl ,

where the relation fA−fB = υ/T is utilized and the influence
from the negative frequency components due to frequency
separation is omitted. Bearing in mind the first term in (6)
which has been rewritten in (7), we can also compute its
υth spectrum. As discussed earlier, its frequency components
are distributed around the zero frequency. As a result, with
large enough υ and N , its energy leakage to the υth spectrum
becomes negligible. Similar observations can be found for the
second term in (6).

Afterwards, for notational compactness, we can rewrite
(13) as S(k) =

∑Lp

l=1 hle
j2π(k−1)Θl , where Θl = −βTτl

stands for the equivalent frequency and hl = δ
(
βTτl

) ·
Nαl exp(j(

1−N
N πβTτl +φl)) denotes its corresponding com-

plex amplitude with δ(x) = sin(πx)/N
sin(πx/N) . It is worth mentioning

that the amplitudes of the components with large |τl| will be
severely attenuated by δ(βTτl), while the attenuation on the

LOS component is rather limited due to its restriction property,
i.e., |τ1| < d/c. As a result, the number of the components that
have considerable influence on the υth spectrum will be much
smaller than the total number of components Lp. Hence, the
DFT calculation in (13) can suppress the interference, and thus
improve the signal-to-interference-plus-noise ratio (SINR) for
the LOS component estimation to some extent. In the next
subsection, we will design a way to estimate Θ1 associated
with the direct path component. Once the estimation is done,
the angle can be obtained from θ̂ = arccos

(
− c

βTdΘ̂1

)
.

Remark: Define τd = max(τAP , τBQ) − min(τA1, τB1),
which represents the delay spread of the channels between the
two antenna elements and the receiver. Then, to suppress the
interference from the frequency components around the zero
frequency, the SFO should satisfy fA − fB = υ/T 	 βτd,
i.e., υ 	 βTτd. Note that the omitted negative frequency
components in (13) can be expressed as
Lp∑
l=1

αl sin(π(2υ − βTτl))

sin(π(2υ−βTτl)/N)
ej(

1−N
N π(2υ−βTτl)−φl)ej2π(k−1)βTτl .

(14)

Hence, 2υ − βTτl ≤ 2υ + βTτd � N is also required to
support the approximation of (13). Then, we arrive at βTτd �
υ � N−βTτd

2 . Bearing in mind that T = N/Fs with Fs being
the sampling rate at the receiver, we further obtain

βτd � υ

N
Fs � Fs − βτd

2
. (15)

Hence, when Fs−βτd
2 	 βτd, υ can be set based on the

criterion of (15). This also indicates Fs 	 3βτd, i.e., the
sampling rate at the receiver should be much larger than the
value of 3βτd.

E. Estimation Algorithm

Let us first consider the special case when only the LOS
paths exist. In this case, RSSI will be a sine wave and we
stack the K spectrums as

Y =
[
Y (1), Y (2), · · · , Y (K)

]T
= h1a(Θ1) + w̃ (16)

where a(Θ1) = [1, ej2πΘ1 , · · · , ej2π(K−1)Θ1 ]T is a Vander-
monde vector and w̃ is the corresponding AWGN vector. The
maximum likelihood (ML) estimation of Θ1 is given by

Θ̂1 = argmax
Θ

g(Θ), (17)

where g(Θ) = a(Θ)HYYHa(Θ). An important observa-
tion here is that the maximization problem of (17) can
be implemented by polynomial rooting with high compu-
tational efficiency. The basic idea is first obtaining all lo-
cal minimum/maximum solutions by setting the derivative
of the cost function to be zero, and then putting these
solutions back to the original cost function and selecting
the maximum after comparisons [19]. Specifically, we ob-
tain ∂g(Θ)

∂Θ = a(Θ)H
(
ΦYYH−YYHΦ

)
a(Θ) where Φ =

j2πdiag
(
0, · · · ,K−1

)
. Then, according to [19], we know

z = ej2πΘ̂1 is one of the roots for the polynomial Q(z) =∑K−1
k=−K+1 akz

k where

ak =
∑

q−p=k
[T]pq and T = ΦYYH−YYHΦ. (18)
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By putting the roots on the unit circle of Q(z) back to the
original cost function g(Θ) and selecting the maximum after
comparisons, the solution to (17) is obtained.

For the general multipath case, there exist two estimation
techniques, i.e., the SAGE algorithm [13] and the subspace-
based approaches, such as root multiple signal classifica-
tion (MUSIC) [15] and estimation via rotational invariance
techniques (ESPRIT) [16]. In this paper, we focus only on
the SAGE method since the subspace based methods are
sometimes less robust [17]. The SAGE algorithm iteratively
estimates {hl,Θl}Lp

l=1 by maximizing the following likelihood
function L

({hl,Θl}Lp

l=1

)
= −∑K

k=1

(
Y (k)−S(k)

)2
. Similar

to the expectation-maximization (EM) algorithm [18], the iter-
ation of SAGE consists of two steps, i.e., the expectation (E-
step) and the maximization (M-step). Each iteration consists of
Lp cycles, and the parameters are updated sequentially within
each iteration.

Specifically, the (n+ 1)th iteration of the SAGE algorithm
consists of the following steps.

For l = 1, 2, · · · , Lp,
E-step: Estimate the “complete” data for the lth path

X̂
(n)
l (k) =Y (k)−

∑l−1

i=1
ĥ
(n+1)
i ej2π(k−1)Θ̂

(n+1)
i

−
∑Lp

i=l+1
ĥ
(n)
i ej2π(k−1)Θ̂

(n)
i , (19)

where ĥ
(n)
l and Θ̂

(n)
l are the estimations of hl and Θl in the

nth iteration, respectively.
M-step: Update the delay and amplitude of the lth path

Θ̂
(n+1)
l = arg max

Θ
|ζ(n)l (Θ)|2, ĥ

(n+1)
l = ζ

(n)
l (Θ̂

(n+1)
l )/K

(20)

where ζ
(n)
l (Θ) =

∑K
k=1 X̂

(n)
l (k)e−j2π(k−1)Θ. By denot-

ing X̂
(n)
l =

[
X

(n)
l (1), X

(n)
l (2), · · · , X(n)

l (K)
]T

, we have

|ζ(n)l (Θ)|2 = a(Θ)HX̂
(n)
l (X̂

(n)
l )Ha(Θ). Thus, the polyno-

mial rooting approach in (17)-(18) can be adopted in (20)
more efficiently.

The SAGE algorithm can be initialized with the pre-initial
setting of all zeros, i.e., Θ̂(0)

l = 0, (l = 1, 2, · · · , Lp). Such a
technique is commonly referred to as successive interference
cancelation [13]. The first component picked out in the initial-
ization often has the most dominant power indication. Thus,
after convergence, the output of Θ̂(n+1)

1 can be considered as
the direct path.

Remark: As pointed out earlier, the number of components
that have considerable influence on the expected spectrum will
be much smaller than P ×Q. Thus, in practice, the parameter
Lp in the above SAGE algorithm can be set as a value large
enough to capture all the dominant components while it is at
the same time significantly smaller than P ×Q.

III. IMPROVED ESTIMATION WITH SPACE DIVERSITY

Owing to the randomness of the wireless multipath channel,
the correct angle may not be obtained even in the absence
of noise, thus producing the well-known non-line-of-sight
(NLOS) errors, for example, when the LOS path is obstructed
or when the LOS measurements are contaminated by the
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Fig. 3. Illustration of the improved angle estimation with space diversity.
The AODs between the multiple parallel arrays and the receiving sensor, i.e.,
θm, m = 1, 2, · · · , 4, can be considered the same.

reflected and/or diffracted signals. Several techniques to mit-
igate the NLOS error in angle-based localization have been
investigated, see for example [20].

Different from these mitigation approaches, in order to
suppress the NLOS errors, we deploy multiple antenna arrays
at the emitting anchor to exploit the diversity benefit. The key
observation is that AODs between multiple parallel arrays and
the receiving sensor can be considered the same. An example
is given in Fig. 3, where θ1 � θ2 � θ3 � θ4 holds from the
geometry relation, with θm standing for AOD between the mth
array and the receiver. In the following, we denote M as the
number of the arrays equipped at the anchor, and approximate
that the M AODs θm (m = 1, 2, · · · ,M ) are identical and
can be denoted by a single AOD θ. By simple analysis,
this approximation error can be neglected when the anchor-
sensor distance is large enough. Then, if the spacing between
the adjacent arrays is larger than the coherence distance, the
channels between different arrays and the receiver can be
considered independent. Our basic idea is that, although it is
possible that some LOS path is obstructed or contaminated, the
possibility of the LOS paths from M arrays to be all obstructed
or contaminated will be significantly much smaller. Based on
this observation, we then exploit diversity to greatly suppress
the NLOS errors.

Without loss of generality, we assume the channel lengths
between the two elements Am and Bm in the mth array
and the receiver are all equal to P and Q, respectively.
Their channel components are correspondingly denoted by
{τAi,m, αAi,m}Pi=1 and {τBj,m, αBj,m}Qj=1. Besides, we let
the element spacing in each array equals d, and the direct
time differences τA1,m−τB1,m = d cos θ (m = 1, 2, · · · ,M )
are then identical. In the estimation process, each array in the
anchor emits the interference linear chirp waves sequentially.
During the period when the mth array is emitting, the received
RSSI signal at the sensor node is

srssi,m(t) =

Lp∑
l=1

2αl,m cos
(
2π(fA−fB)t− 2πβτl,mt+ φl,m

)

+ wm(t) (21)

where αl,m = |αAi,mαBj,m|, τl,m = τAi,m − τBj,m and
φl,m = φAi,m − φBj,m +∠(αAi,mα∗

Bj,m) with i = 1+ �(l−
1)/Q� and j = 1 + mod(l − 1, Q). Similar to (12), the υth
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spectrum of (21) can be expressed as

Ym(k) =
∑Lp

l=1
hl,mej2π(k−1)Θl,m + w̃m(k), (22)

where Θl,m = −βTτl,m, hl,m = Nαl,m exp(j(N−1
N βTτl,m+

φl,m)) · δ(βTτl,m)
and w̃m(k) is the corresponding AWGN

item with variance Nσ2
n.

We first consider the case when only the LOS paths exist.
Stacking the K spectrums gives

Ym =
[
Ym(1), Ym(2), · · · , Ym(K)

]T
=h1,ma(Θ1,m) + w̃m (23)

where w̃m is the corresponding AWGN vector. Since Θ1,m

will be identical for different arrays m, we denote Θ1 = Θ1,m,
(m = 1, 2, · · · ,M ). Then, the snapshot matrix for estimation
can be obtained as:

Y =
[
Y1,Y2, · · · ,YM

]
= h1a(Θ1) + W̃ (24)

where h1 = [h1,1, h1,2, · · · , h1,M ] and the corresponding
AWGN matrix is denoted by W̃ = [w̃1, w̃2, · · · , w̃M ]. In this
case, the polynomial rooting in (17)-(18) can also be adopted
to estimate Θ1 in the ML sense.

Next, we consider the general case of multipaths. If we
denote the “complete” data in the nth iteration for the lth
component of the received signal from the mth array by X̂

(n)
l,m,

then the estimation for the direct component in the (n+ 1)th
iteration can be updated as

Θ̂
(n+1)
1,m = argmax

Θ

∑M

m=1
|ζ(n)1,m(Θ)|2, (25)

m = 1, 2, · · · ,M , where ζ
(n)
l,m(Θ) =

∑K
k=1 X̂

(n)
l,me−j2π(k−1)Θ

denotes the corresponding cost function. We can describe the
(n+ 1)th iteration of the improved algorithm as follows:

For l = 1, 2, · · · , Lp,
E-step: Estimate the “complete” data for the lth path from

M arrays separately.
For m = 1, 2, · · · ,M ,

X̂
(n)
l,m(k) =Ym(k)−

∑l−1

i=1
ĥ
(n+1)
i,m ej2π(k−1)Θ̂

(n+1)
i,m

−
∑Lp

i=l+1
ĥ
(n)
i,mej2π(k−1)Θ̂

(n)
i,m , (26)

where ĥ
(n)
l,m and Θ̂

(n)
l,m are the estimations of hl,m and Θl,m in

the nth iteration, respectively.
M-step:
(1) Update the delay of the lth path:
If l = 1, i.e., the direct component, update the delay by

using (25).
If l �= 1, update the delay from M arrays separately:
For m = 1, 2, · · · ,M ,

Θ̂
(n+1)
l,m = arg max

Θ
|ζ(n)l,m(Θ)|2. (27)

(2) Update the amplitude of the lth component from M
arrays separately:

For m = 1, 2, · · · ,M ,

ĥ
(n+1)
l,m = ζ

(n)
l,m

(
Θ̂

(n+1)
l,m

)
/K. (28)

Note that the solutions of (25) and (27) can also be derived
by using polynomial rooting more efficiently as (20).

IV. PERFORMANCE ANALYSIS

A. Estimation Performance

In this subsection, we analyze the angle estimation per-
formance of our methods for the special case of considering
only the LOS paths. For comparison, the methods without and
with space diversity are referred to as Basic Angle Estimation
(BAE) and Improved Estimation with Space Diversity (IESD),
respectively. Also, for fairness, we assume that the sweeping
process in BAE is repeated M times and the sensor utilizes
M snapshots to estimate the angle.

From (16), we know that BAE is equivalent to estimate
the single frequency from the observed K complex sam-
ples. The Cramer-Rao lower bound (CRLB) of the frequency
estimation variance for (16) can be computed as σ2

Θ1
=(

1
2π

)2
6N

MK(K2−1)|h1|2 · 1
ρ where ρ = 1/σ2

n stands for the sys-

tem signal-to-noise ratio (SNR) and |h1| = δ
(
βTd cos θ

c

) ·Nα1

[21]. Let us denote γ = |α1|2 and ignore the approximation
errors in (4) and (13), and then CRLB of the angle estimation
is given by

σ2
θ =

( c

βTd sin θ

)2

· σ2
Θ1

=
ε2

γ
(29)

where ε=
(

c

2πβTdδ
(
βTd cos θ

c

)
sin θ

)√
6

ρMK(K2−1)N . Note that the

approximation error in (4) will bring a slight estimation bias.
Also, a trivial noise enhancement will be introduced by the
approximation error in (13). However, we still adopt (29)
as a benchmark to evaluate the performance for simplicity.
Similarly, CRLB of the angle estimation for IESD can be
expressed as

σ̃2
θ =

M · ε2
γ̃

(30)

where γ̃ =
∑M

m=1 |α1,m|2. Note that with a large N , we know

δ(x) � sinπx
πx and then ε � c·cot θ

2 sin(πβTd cos θ)

√
6

ρMK(K2−1)N .

For any given realizations of γ and γ̃, we see that both σ2
θ

and σ̃2
θ can be decreased by increasing d when d is within

the maximum value from (10), implying that a larger antenna
spacing d can improve the performance of our methods.2

Next, we assume |α1| and |α1,m| obey Rayleigh distribution
with unit parameter. Then, γ obeys an exponential distribution
while γ̃ follows a Gamma distribution. Their probability
density function (PDF) can be expressed as

fγ(y) = e−y, fγ̃(y) =
yM−1e−y

(M − 1)!
, (31)

respectively. Averaging the above CRLBs over the random
channels yields∫ ∞

0

σ2
θ · fγ(y)dy = ∞, (32)

∫ ∞

0

σ2
θ̃
· fγ̃(y)dy =

M

M−1
ε2 =

6ς2

(M−1)K(K2−1)Nρ
,

(33)

2Strictly speaking, the approximation error of (4) increases with d.
Nonetheless, this approximation error can be neglected in large scale net-
works.
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where ς= c

2πβTdδ
(

βTd cos θ
c

)
sin θ

. The comparison between (32)

and (33) illustrates the superiority of IESD to some extent.
Practically, the angle estimation error will also be restricted
within π and the estimation variance of BAE cannot become
infinite.

In the following, we assume that the angle estimation
errors obey the Gaussian distribution, which is also a valid
assumption proved in [22]; that is, the estimation error of the
ESPRIT algorithm with enough snapshots, which approaches
CRLB performance, will obey the Gaussian distribution. When
the absolute angle estimation error is larger than a threshold
φ, we claim the estimation fails or there is a NLOS error.
Then, the estimation failure probability (EFP) of IESD can be
computed from

P̃EFP = 2 ·
∫ ∞

0

(∫ ∞

φ

1√
2πσθ̃

e
− x2

2σ2
θ̃ dx

)
fγ̃(y)dy. (34)

Substituting (30) and (31) into (34) gives

P̃EFP =
2Γ(M + 1

2 )√
2πMε(M − 1)!

∫ ∞

φ

1

(1 + x2

2Lε2 )
M+ 1

2

dx (35)

where Γ(·) stands for the Gamma function. Using the equation
[23, eq. (2.271.6)], the closed form for EFP of IESD can be
expressed as

P̃EFP =

M−1∑
k=0

(−1)k2Γ(M + 1
2 )√

π(2k + 1)k!(M − k − 1)!

×
(
1− φ2k+1

(2Mε2 + φ2)
2k+1

2

)
. (36)

At high SNR region, (35) can be rewritten as

P̃EFP =
2M+1Γ(M+ 1

2 )√
πMε(M−1)!

∫ ∞

φ

M
2M+1

2 ε2M+1

x2M+1
dx+O(ε2M )

=
ς2M6M (2M−1)!!

φ2MM !KM (K2−1)MNM

1

ρM
+O(

1

ρM
). (37)

where O(·) is a higher order infinitesimal of (·), and (2M −
1)!! stands for the double factorial notation. From (37), we
observe that the diversity gain of the detection is M .

Likewise, the closed form for EFP of BAE can be denoted
as

PEFP =2 ·
∫ ∞

0

(∫ ∞

φ

1√
2πσθ

e
− x2

2σ2
θ dx

)
fγ(y)dy

=1− φ√
2ε2 + φ2

. (38)

In the high SNR region, it becomes PEFP = ς2 ·
6

φ2MK(K2−1)N · 1
ρ +O( 1ρ). Then, we have

P̃EFP

PEFP
�

( 6ς2

φ2K(K2 − 1)N

)M−1 (2M − 1)!!

(M − 1)!
· 1

ρM−1
.

(39)

From (39), we know that as the SNR increases, the ratio in (39)
will be declined exponentially with parameter M−1, implying
that the gap between BAE and IESD will be dramatically
increased.

B. Computational Complexity Analysis

We provide a brief analysis on the computational com-
plexity of our methods in terms of the number of complex
multiplications (CMs). Note that to derive Θ̂

(n+1)
l,m , a poly-

nomial rooting with the highest order of 2K− 2 is needed
whose complexity is equivalent to calculating the eigenvalues
of a (2K− 2) × (2K− 2) matrix. From [24], we know its
complexity is approximately given by 10(2K − 2)3 if the QR
algorithm is adopted for eigenvalues calculation. In Table I,
we list the required CMs for calculating the different items
of IESD,3 where Lc denotes the number of iterations. For
the most complicated case in our simulations, i.e., N = 256,
K = 16, M = 8, Lc = 2 and Lp = 4, the total complexity is
around 1.39× 107 CMs.

V. SIMULATIONS

In the simulations, the radio frequency is (fA + fB)/2 =
2.45 GHz. Considering a typical delay spread τd = 1 μs [25]
and the largest sweep slope adopted later in our simulations
β = 1.6 MHz/1 ms, the sampling rate at the sensor node has
to satisfy Fs 	 4.8 KHz. In our simulations, we set Fs =
40 KHz and N = 256. We further set υ = 64 to satisfy
the condition of (15), which is also verified later to be able
to suppress the unexpected interference. The duration of one
segment is then T = 6.4 ms. The antenna spacing d is set
below the right hand side of (10).

A. Scenarios with only the LOS Path

First, we consider only the LOS paths between the
transceivers. In the simulations, the sensor nodes are randomly
distributed in the sector area with AOD varied from π/6 to
5π/6 and distance between the anchor from 20 m to 200
m. We assume the amplitude of |α1| and |α1,m| obey the
same Rayleigh distribution with unit parameter. We compare
the angle estimation performance between BAE and IESD,
where four arrays are adopted in the latter, i.e., M = 4. For
fairness, the sweeping process is repeated four times in BAE.
We set K = 8 and d = 5 m unless otherwise specified.
Besides, for comparison, we modify [12] by adopting the
high precise frequency domain phase measurement. We refer
to [12] as PDM, as it relies on the phase difference mea-
surement between the transceivers. Specifically, we assume
in PDM, the frequency difference between the two emitted
sinusoidal waves is the same as ours, i.e., υ/T = 10 KHz.
For fairness, we assume the receiving node collects samples
with the same sampling rate and duration as ours, and then
calculates the phase of corresponding spectrum with a total of
MKN samples. Moreover, phase measurement under perfect
time synchronization is assumed in PDM, and we consider
the calibration antenna has the knowledge of its perfect phase
measurement.

We vary the sweep slope from β = 0.8 MHz/1ms to
β = 1.6 MHz/1ms; thus, the sweep bandwidth increases from
40.96 MHz to 81.92 MHz. The angle estimation root mean
square error (RMSE) versus the SNR is shown in Fig. 4 under

3The results of M = 1 correspond to the computational complexity of
BAE.
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TABLE I
COMPUTATIONAL COMPLEXITY ANALYSIS OF OUR METHOD (IESD).

Calculation items CMs
Ym(k), k = 1, · · · , K,m = 1, · · · ,M KMN

X̂
(n)
l,m(k), k = 1, · · · ,K,

l = 1, · · · , Lp, m = 1, · · · ,M, n = 0, · · · , Lc
LpKM(1 + Lc)(Lp − 1)

Θ̂
(n+1)
1,m , m = 1, · · · ,M, n = 0, · · · , Lc (1 + Lc)(3MK2/2 + 10(2K − 2)3 + 2MK(2K − 2))

Θ̂
(n+1)
l,m , l = 2, · · · , Lp,

m = 1, · · · ,M, n = 0, · · · , Lc − 1
MLc(Lp − 1)(3K2/2 + 10(2K − 2)3 + 2K(2K − 2))

ĥ
(n+1)
l,m ,m = 1, · · · ,M,

l = 1, · · · , Lp, n = 0, · · · , Lc − 1
MLpLc(K + 1)

several scenarios. The results are obtained by averaging 105

independent trials. We make the following three observations.
First, the simulation results illustrate the performance su-

periority of IESD and the performance improvement with the
larger sweep bandwidth. We also show the performance of
BAE under non-attenuation environment by the dotted curve,4

i.e., |α1| = 1. We see that with BAE, there is a large
gap between the attenuation and non-attenuation environment.
However, attributed to the exploited diversity, IESD with four
arrays almost approaches this non-attenuation performance.
Moreover, the analyzed CRLB results computed by averaging
(33) over AOD from π/6 to 5π/6 are also presented by the
dashed curves. It is shown that with the polynomial rooting
approach, the simulation results have closely approached the
CRLB curves. Here, we should note that IESD can work
under the low SNR condition, e.g., -10 dB. This benefits
from the SNR gain introduced by the calculation of the N -
point DFT spectrum in (12). Note that in (9), the power of
the direct path component and the noise is 2|α1|2 and σ2

n,
respectively. After the DFT calculation, from (12) and (13),
we know the power of the direct path component and the
noise become |α1|2 sin2(πβTτ1)

sin2(πβTτ1/N)
� N2|α1|2 sin2(πβTτ1)

(πβTτ1)2
and

Nσ2
n, respectively. Thus, the SNR gain, i.e., the ratio of the

power gains between the direct path component and the noise,
is ρgain = 10 log10(

N sin2(πβTτ1)
2(πβTτ1)2

). It can be easily verified
ρgain > 19.78 dB in our example.

Second, we see that with the high precise frequency domain
phase measurement, the PDM also achieves a satisfactory
performance under perfect time synchronization. However,
our approach can behave better with a large enough sweep
bandwidth; moreover, we do not rely on any precise time
synchronous measurement between the transceivers.

Third, we increase the antenna spacing from 5 m to 10
m and show the results in Fig. 4.5 As expected, we see
that IESD obtains better performance with a larger antenna
spacing. Moreover, we also observe a slight error floor appears
under the relative higher SNR region due to the approximation
error in (4).

The corresponding EFP performance is depicted in Fig. 5,
where CRLB analysis results computed by averaging (38)
and (36) over AOD from π/6 to 5π/6 are also presented
by the dashed curves. We set the threshold for the angle

4In the non-attenuation environment, IESD with four arrays is equivalent
to BAE with four periods.

5The maximum d under the configuration in this example is 14.6 m from
(10).

Fig. 4. RMSE performance comparison versus SNR between our methods
(BAE and IESD) and PDM under scenarios with only LOS paths. Four arrays
are adopted in IESD while the sweeping process is repeated four times in BAE
for fairness.

estimation error φ = 2π/180 in this example. The number
of independent trials is adapted in order to guarantee that
at least 100 estimation failures are achieved. The simulation
results confirm our analysis and the curves closely match
the analytical results derived from CRLB. The results also
verify the superiority of IESD. Especially, the performance
improvement derived from the space diversity can be observed
from the slope of curves, and is in correspondence with our
diversity analysis. We see that BAE requires SNR larger than
5 dB to obtain EFP below 1%, whereas less than 0 dB is
needed in IESD. It is also observed that since diversity is not
exploited in PDM, its slope is significantly smaller than that
of IESD.

B. Scenarios with Multipath Propagation

In the multipath scenarios, following the observations
of [27], [29], we model the interval between the adjacent
propagation paths by an exponential distribution with the
mean parameter μ, i.e., the arrival statistics of the multipaths
are random variables following a Poisson distribution. The
magnitude of channel attenuation αXi,m (X = A,B and m =
1, 2, · · · ,M ) is modeled by the Rician distribution [25], i.e.,

αXi,m =
√

κ
κ+1σXi,mejϑXi,m +

√
1

κ+1CN (0, σ2
Xi,m) where

CN (0, σ2
Xi,m) denotes a circular symmetric complex Gaus-
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Fig. 5. EFP performance comparison versus SNR between our methods (BAE
and IESD) and PDM under scenarios with only LOS paths. Four arrays are
adopted in IESD while the sweeping processing is repeated four times in BAE
for fairness.

sian random variable with variance σ2
Xi,m, and ϑXi,m obeys

uniform distribution from 0 to 2π. The parameter κ represents
the deterministic degree of the channel attenuation. Assume
the power delay profile follows the classical exponential decay
model [27], [28] E{|αXi,m|2} = σ2

Xi,m = e−(τXi,m−τX1,m)/Γ

with Γ = 50 ns being the decay time constant. We set SNR=0
dB, d = 10 m, β = 0.8MHz/1 ms, and K = 16, and thus the
sweep bandwidth is 81.92 MHz.

In the following, we investigate the distribution of the
absolute angle estimation error to evaluate the estimation per-
formance. In the simulations, the sensor nodes are randomly
distributed in the sector area with AOD from π/6 to 5π/6 and
distance from 20 m to 200 m between the anchor. The number
of multipaths between the transceivers is P=Q=9. Although
the total number of frequency components around SFO is up
to P×Q=81, we set Lp=4 in the simulations unless otherwise
specified, which is verified to be large enough to capture all
the considerable components and no noticeable performance
improvement is obtained by a larger Lp. For comparison, we
consider another distributed angle estimation system referred
to as ‘ULA-AOA’, where each sensor is equipped with one
uniform linear array (ULA) with Mr antenna elements and
antenna spacing of half wavelength. Let the sensors estimate
AOA of the wave from an anchor using the ML method in [7]
with a total of MKN snapshots. Assume the channels in
this system follow the same configuration as ours. Moreover,
we assume the incidence angles of the reflection paths at the
receiving ULA are randomly distributed in all directions after
bouncing from the surrounding scatterers [25]. Note that we
will not include the results of PDM due to its much worse
performance under multipath channels. The following results
are obtained from 104 independent trials.

Fig. 6 illustrates the cumulative distribution function (CDF)
comparison of the absolute angle estimation error between
BAE and ULA-AOA. In this example, we assume the channel
attenuations are all completely deterministic, i.e., κ = ∞.
Only two iterations, i.e., Lc = 2, are verified enough to

guarantee convergence and no significant improvement can be
obtained with additional iterations. We make the following
observations. The results demonstrate that, statistically, the
multipaths will be distributed more sparsely with a larger
parameter μ, thus leading to the performance improvement.
On the other hand, we also show the performance with
Lc = 0, i.e., with no iteration, by the dashed curves. As
compared with the original iterative algorithm, there indeed
exists some performance degradation from the simulation
results. However, for some scenarios where sensor nodes are
hard to afford the computational complexity of the iterative
process, this simplified approach may be more acceptable.
Moreover, the results show that with more antennas, ULA-
AOA could work better than BAE under some scenarios.
However, we should emphasize that ULA-AOA needs one
MAS at each sensor which increases the hardware cost for
sensor nodes, whereas this is not required in our methods.
Note that [7] would also work if the sensors are emitters and
only the anchor is equipped with ULA. Similar to [10], the
anchor can estimate AOA and then feed back to the sensors.
However, as we have discussed earlier, this approach is not
completely distributed.

Next, we investigate the performance in completely non-
deterministic channels, i.e., κ = 0. The CDF comparison of
the absolute estimation error between our methods (BAE and
IESD) and ULA-AOA is shown in Fig. 7, where μ = 100 ns
is assumed in this example. The results clearly demonstrate
the superiority of IESD. It can be observed that, in BAE,
there exists slight performance improvement when additional
periods are transmitted because the signals in these periods
experience the same multipath channel. However, in IESD
where multiple periods are transmitted by multiple arrays,
the exploited multipath channel diversity could significantly
improve the performance. Moreover, we see that although
ULA-AOA behaves better than BAE, it still suffers from much
higher occurrence of large estimation errors than IESD, even
with Mr = 16 antennas adopted at each sensor. Again, we
should note that our methods do not rely on MAS at each
sensor, which is a significant advantage especially in large
scale networks. On the other hand, bearing in mind that
PDM relies on pure sinusoids and ULA-AOA works with
narrowband signals, it is fair to say that we obtain these
benefits at the price of using linear chirp waves.

VI. CONCLUSIONS

We have investigated a new distributed angle estimation
method for WSNs in multipath propagation environment. A
two-antenna anchor is employed to emit two linear chirp
waves with slight frequency difference and produce an in-
terference field. Then, AOD of the emitted waves is estimated
at each receiving single-antenna sensor via frequency mea-
surement of the local RSSI signal. Furthermore, an improved
method, which exploits the space diversity from multiple
parallel arrays at the anchor, has been proposed. Both the
performance analysis and simulations have been presented.
The proposed methods deployed in real testbeds are left as
our future work.
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Fig. 6. CDF comparison of the absolute angle estimation error between BAE
and ULA-AOA with completely deterministic channels.

Fig. 7. CDF comparison of the absolute angle estimation error between our
methods (BAE and IESD) and ULA-AOA with nondeterministic channels.
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