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Nonlinear Filtering by Threshold Decomposition

Jean-Hsang Lin, Nirwan Ansar§enior Member, IEEEand Jinhui Li

Abstract—A new threshold decomposition architecture is in-
troduced to implement stack filters. The architecture is also 220113222 I:> Si(4) l:> 221113222
generalized to a new class of nonlinear filters known athreshold T

decomposition(TD) filters which are shown to be equivalent to the
class of Ll-filters under certain conditions. Another new class of
filters known as linear and order-statistic (LOS) filters result from

the intersection of the class of TD and Ll-filters. Performance
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comparison among several filters are then presented. It was . .
found that TD is compatible with LI, LOS, and linear filters . ¢
in suppressing Gaussian noise, and is superior in suppressing .
salt-and-pepper noise. LOS filters, however, provide a better 000001000 5¢0) 000001000
compromise in performance and complexity.
. . . L. 110001111 Se(- 110001111
Index Terms—L-filters, Ll-filters, linear and order-statistic /()
filters, nonlinear filters, stack filters, threshold decomposition.
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|. INTRODUCTION Fig. 1. Stack filter.

INEAR filters are optimal in eliminating additive white

Gaussian noise (AWGN), but in practice, the noise in a
channel through which a signal is transmitted is not AWGN=X: % -+
it is not stationary, and it may have unknown characteristics.
Therefore, a number of nonlinear filters have been proposed
to suppress non-AWGN noise [1]-[5].

Stack filters [1], [6], [7] are a class of sliding-window
nonlinear filters characterized by two properties: the threshold
decomposition property and the stacking property. They are
effective in suppressing impulsive noise, and allow an efficient
VLSI implementation. Replacing positive Boolean functions
in stack filter by linear operators results in a new class of
filters known asthreshold decompositiofD) filters, which — _ X,
are more analytically tractable. f)

LI-filters [2] are another type of nonlinear filters that gen-
eralize the order statistic filters (L-filters) [8], [9] and the
nonrecursive linear filters (FIR). LI-filters are also effective
in recovering signals from non-Gaussian noise, and capable of
preserving details. Stack filters is a class of sliding window nonlinear digital

Though the structure of TD filters and Ll-filters are quitdilters. Any stack filter can be implemented by the threshold
different, they still form a common subset—a new type dglecomposition architecture shown in Fig. 1.
filters: linear and order-statistic (LOS) filters. Assume the inputr(n) can take on discrete values of

0,1,..-, M — 1, and denote thé samples in the window
at timen as

Fig. 2. The new architecture.
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Fig. 3. Experimental results. (a) Original Lena image. (b) Original womanl image. (c) and (d) Images of (a) and (b) corrupted by Gaussian noise.

In the threshold decomposition architecture, the input signalProperty 2.1: A discrete shift at the input results in a
is decomposed via thresholding into a setidf— 1 binary discrete shift at the output. For example, for any integer
signals, and Boolean operation is applied to each of the
threshold signals in parallel via Boolean table look-up. The S(Z+al) = f(Da+ S(D). (4)
output is the sum of the filtered signals on each level.

It was observed [10] that there are at mdstifferent |f we impose f(1) = 1, then the filtering operation is shift-
threshold signals among th& — 1 threshold signal¥s.(¥), invariant, wherel is a vector of sizeh with each element
k=1,2,---, M — 1. These different binary signals can bequal to one.
denoted asly, (¥), i = 1,2,---, b, wherel; denotes the  Property 2.2: The filtering operation is invariant to discrete
spatial index of theth rank sample in the window. In otherscgle change of the input, i.e., for any integer
words, z;, denotes theith rank sample. Here, a sample of
smaller value is given a smaller rank. S(BE) = BS(T). (5)

By combining repetitive threshold levels, a new architecture

for implementing stack filters is introduced as shown in Fig. Rjote that the above properties hold for general filtering oper-
b ation on each level.
S(f) = Z f(T"’li (f)) (3717- - 3717-71), xy, = 0. (3)
=1

Note that the number of threshold levels is reducetl itothe lll. TD FILTERS

new architecture, but extra ranking operation is needed. Ondn the sequel, we assume different linear operators are used
distinctive feature of this new architecture is that the threshatsh each level in the new architecture, and the resulting class
decomposition is data-dependent. It leads to the followirgf filters will be referred to as TD filters. Let the coefficients
desirable properties. of the linear operators on thi¢h level in the new architecture
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Fig. 3. Continued.) Experimental results. (e) and (f) are (c) and (d) filtered by & 3 linear filter that is configured from (a) and (c). (g) and (h) are
images of (c) and (d) filtered by a & 3 TD filter that is configured from (a) and (c).

be denoted asj;, then the output of the TD filter is we have
b b
b
S(@) =S @il (@5 6) S(@) = E; 8 > wi,. (10)
— : i= =i
=t Furthermore
wherew; T, (¥) denotes the inner product between veelor b b
and vectorl}, (%), andé; = x;, — x;, . In general, a TD  S(&) = Y (w, —a1,_,) Y wiy, (x1, = 0)
filter has? coefficients. im1 =i
Property 3.1: An FIR is a TD filter. b
Proof: Any FIR can be regarded as a TD filter which =z wy g, + T, s Z wy—1,1, — w1,
employs the same operator on each level. =1
Letz; ; = Ty, (z;), and denotew; ; as thejth entry of y y

;. Equation (6) can be rewritten as T Z w1, - Z w11,

b b . .

j=b—2 j=b—1
S@=2 2_) i, 5,56 ™ ) ;
/b ! b + -ty ZW1,1j—Zw2,1j
= Z 67 Z .’L'7j7ljw7j7lj. (8) =t =2

i=1 j=1 b—1 b b

Since =T, W, 1, + Z zy,; Z Wi, 1; — Z Wit1,1,
o i=1 j=i j=i+l
b >4
7 61 = { ’ J = 9
Tty 0 else © (11)
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Fig. 3. Continued) Experimental results. (i) and (j) are images of (c) and (d) filtered by a 3 Ll-filter that is configured from (a) and (c). (k) and
() are images of (c) and (d) filtered by a8 3 LOS filter which is configured from (a) and (c).

The above equation indicates that TD filtering is a linear Property 4.1: An LI-filter is a TD filter iff its coefficients
operation where the weights to a sample depends on bothgigisfy the following conditions:
rank and its spatial location. These operations turn out to be

similar to LI filtering [2]. Vil1 41 — Vielj = Vi j41 — Vi, (13)

or equivalentl
IV. RELATION TO LI-FILTERS g y
The output of an LI-filter can be expressed as Vi1, — Vij = Vie1, i1 — Ui, j41 (14)
forj=1,2,---,b—1and:=2,3,.--,0b.

Proof: Equating (11) and (12), and by successive substi-
tutions, we have

b
L(#) =Y avi, (12)
=1

wherev; ;. is the weight to théth rank sample at spatial loca-

tion /;. The motivation behind the development of LI filtering W, 1, =Vp,1, (15)
is to enhance the impulsive noise suppression capability of b
linear filters. The gain in performance is derived from utilizing Z Wh—1,1; =Vo—1,8,_1 T Vb, 1, (16)
rank information of the samples in the window. g=b—1

Even though TD filters and Ll-filters are similar, they b
are equivalent only when the coefficients satisfy a set of W21, = V2,1, , +V-1,0, , + U0, (17)
conditions. These conditions are established below. j=b—2
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Fig. 3. (Continued) Experimental results. (m) and (n) are images of (c) and (d) filtered by>a 3 median filter. (0) and (p) are images of (a) and
(b) corrupted by salt-and-pepper noise.

permutation of(l;, l;y1, ---, ;). This establishes (13) as a
b sufficient condition.
Z Wi, =i g, 4+ Vet + o, (18) In (18), let th_e subset of indice§; 2, liys, ---, lp) be
gt fixed, then (13) is necessary to keep the RHS constant when
(I;, li+1) 1s swapped. This establishes (13) as a necessary
condition. Hence, we have shown that (13) is a necessary and
b sufficient condition for an LI-filter to be a TD filter.
Z Wa2,1; =V2,1, T U315+ Vb4, (19) Property 4.2: A TD filter is an Ll-filter iff its coefficients
j=2 satisfy the following conditions:

b
Z wy i, =V T U2 T (20) Wi, 5 — Witl,j = Wi j41 — Witl, j41 (22)
=t or
Note that in the above equations, the left hand side remains Wi, j — Wy, jopl =Witl,j — Witl, j41 (22)
the same for any permutation @t;, l;41, ---, [;). Hence,
there exists a solution;;®; for a givenv;®; only if the right fori=1,2,---,b—-1,andj =1,2,---,b— 1.
hand side (RHS) remains constant for any permutation of Proof: The proof is similar to the above, and is thus
(li, li+1, e lb) omitted.
Given the condition in (18), a swap of any two indices From the above two properties, it can be concluded that only
of (l;, l;41, ---, ly) does not change the value of the RHSa small subclass of LlI-filters and TD filters are equivalent. In

Since any two permutations can be related via successthiés subclass, each filter possesg8és- 1 independent coeffi-
swaps of two indices, the RHS of (18) is constant for angients. Following the previous notation, denote the coefficients
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Fig. 3. (Continued) Experimental results. (q) and (r) are images of (0) and (p) filtered by>a 3 linear filter that is configured from (a) and (0). (s)
and (t) are images of (0) and (p) filtered by ax33 TD filter that is configured from (a) and (0).

on theith level as;, then Equations (24)—(26) demonstrate the following two proper-
. ties of LOS filters.
Wi =0+ a;l (23)  Property 4.3: An FIR is a LOS filter.

Property 4.4: An order statistic filter (L-filter) is a LOS
where s containsh independent coefficients. Since there argiter.

only 2b — 1 independent coefficients, one of can be set  The following property results from Property 4.4 immedi-
to zero. For convenience, we do not impose this conditiogtely.

Substituting (23) into (6) Property 4.5: An order statistic filter (L-filter) is a TD filter.
b
S(z) = Z (% + ;1) Ty, (7)0; (24) V. PERFORMANCE COMPARISON
=1 , According to (7), the output of TD filteS(Z) is a linear
combination ofz; ;6; (i =1,2, ---,bandj =1, 2, ---, b).

@Y Ty, (8)85+ Z (b+1—dailz, )yt ike linear filters, the optimal TD filter in this case under
(25) the least mean squares (LMS) criterion satisfies the following

i=1 =1
equation:
WE + UL (26)

E[di*)% = Elid] (27)
whereZ, denotes the sortetl Hence, any filter in the subclass
can be implemented as a linear filter and an order-statistiherew = [z1 161, #1201, -+, T1, 101, 2,102, « -+, T, 0],
filter interconnected in parallel. For convenience, they will b& is the weight vector having the same dimensioniaand
referred to as LOS filters. d is the desired output.



LIN et al. NONLINEAR FILTERING 931

W)

Fig. 3. Continued) Experimental results. (u) and (v) are images of (0) and (p) filtered by &83.I-filter which is configured from (a) and (o). (w) and (x) are
images of (0) and (p) filtered by a:8 3 LOS filter which is configured from (a) and (0). (y) and (z) are images of (0) and (p) filtered by @ Bedian filter.

In practice, the expectation is replaced by the averagimhere R = (wi*) and P = (id), and (-) is the averaging
operator, and (27) is simplified as operator.
When matrixR is nonsingular,s = R~1P. Otherwise,
R =P (28) the number of solutions will be infinite. Any solution can be
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TABLE |
MAE AnD RMSE ofF Noisy (GAussiaN NOISE)
IMAGES AND OUTPUT OF VARIOUS FILTERS

1(‘,[1 a WOIInan I
MAE] RMSE | MAE[ RMSE
Noisy image 21.90 | 27.32 | 22.37 | 28.04 Nonrecursive linear filters
3 x 3 Linear filtering | 9.47 1234 1 10.59 | 14.17 .

3x3TD filtering | 942 | 12.24 | 1057 | 11.15 LOS filters
3% 3 Ll filtering 9.38 | 12.18 [ 1050 | 14.01
3 % 3 LOS filtering | 9.44 | 12.28 | 10.57 | 14.14
3 x 3 L-filtering 9.57 | 12.68 | 10.81 | 14.87
3 x 3 Median filtering | 10.95 | 14.26 | 12.03 | 16.32

TABLE I
MAE AND RMSE oF NoIsy (SALT-AND-PEPPER
NoIse) IMAGES AND OUTPUT OF VARIOUS FILTERS

Fig. 4. Relationship among different classes of filters.

lena worntanl
- MAE[ RMSE | MAEB[ RMSE included in the figures and tables. The resolution of all images
_ Noisy image | 2043 | 56.37 [ 20.50 | 51.06 is 256 x 256, 8 bipixel. Variances of the original Lena and
3 3 Linear filtering | 1694 22.60 | 17.64 | 2329 woman1 images are 2734 and 1811, respectively. The window
3 x 31D filtering 4.05 9.08 3.67 11.95 . . . .
3% 3L filtering | 441 | 9.21 | 5.61 | 11.05 size used in our experiments is>3 3.
3x 3 LOS filtering | 4.67 | 9.61 | 639 | 12.71
3% 3 I-filtering | 4.61 | 9.68 | 638 | 12.81 VI, CONCLUSIONS
3 x 3 Median filtering | 4.35 9.87 6.17 | 13.10

The relationship among several types of filters is illustrated
in Fig. 4. The intersection between the TD filters and LI-filters
forms the LOS filters, a simple addition of linear operation and
L-filtering. It is evident that LOS filters generalize FIR and L-
filters, and thus FIR and L-filters are subsets of TD filters and
where» satisfies (28), andiy belongs to the null space, i.e. LI-filters.

According to Tables | and I, the performance in suppressing
(30) Gaussian noise among TD filters, Li-filters, LOS filters and
Therefore, each solution yields the same mean square e#ir%?ar filte_rs are similar. M_edian filtering performs poorly @n
(MSE): ' suppressing Gaussian noise as expected. Among the filters
' tested on these images, LI achieves the best performance
in suppressing Gaussian noise while TD suppresses salt-and-
pepper noise the best.

In our experiment, two types of noise are used: Gaussianwjith a window size ofb, it requires b coefficients to
noise and salt-and-pepper noise. To configure a filter, thgnfigure a linear filterp? coefficients to configure a TD or
original lena image is referenced as the desired output, andiiter, and only 2b — 1 coefficients to configure a LOS

its noisy version is employed as the input. That is, given thgter. Therefore, LOS filters provide a trade-off between
two images, the weights of the optimal TD filter is obtaine@erformance and complexity.

by solving (28). This filter is then used to filter the noisy Lena
image and the womanl image corrupted by the same type of
noise.

By the same token, the optimal Ll-filters, LOS filters, [1] P.D. wendt, E. J. Coyle, and N. C. Gallagher, Jr,, “Stack filteiSEE
and linear filters under the LMS criterion also satisfy (28), ;La; S'lgAgg'USt" Speech, Signal Processirg, ASSP-34, pp. 898-911,
except that the definition off and the size of the vectors [2]

F. Palmieri and C. G. Boncelet, Jr., “LI-Filters—A new class of order
are different. In order to configure LI-filters; is defined as statistic filters,”IEEE Trans. Acoust., Speech, Signal Processiuj,
° = [.’L’llts(]. —ll), .’1'116(2— ll), Ty, xh&(b— ll), -T126(1 — 12),

expressed as

W= wWp +Wyn

(29)

Ray =0.

MSE = —&%Radp + d2. (31)
r
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