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Abstract

The problem of optimal transport, which involves finding the most cost-efficient way of
transporting mass from one location to another, has been widely-studied, going back to the
late eighteenth century. Recent years have revealed numerous applications in areas such as
medical imaging, meteorology, cosmology, oceanography, and economics. Despite the im-
portance of optimal transport, the computation of solutions remains extremely challenging.
In the simplest case, where the cost function is quadratic, the problem takes on additional
structure. In this setting, the constraint that mass must be conserved can be expressed as a
fully non-linear partial differential equation known as the elliptic Monge-Ampére equation.

The numerical solution of the Monge-Ampere equation has received a great deal of
attention in recent years, yet the correct and efficient computation of solutions remains
a challenge. Because of the nonlinearity of the equation, solutions can be singular and
standard numerical approaches can fail. This means that novel solution techniques are
needed to correctly capture the behaviour of weak solutions. We describe a monotone finite
difference discretisation, which provably converges to the viscosity solution of the Monge-
Ampere equation. The accuracy of the discretisation is improved by combining higher-order
schemes with the monotone scheme needed to capture the correct behaviour of solutions near
singularities. In doing this, we provide a general result about the convergence of higher-
order finite difference methods for elliptic equations. The resulting nonlinear equations are
solved efficiently using Newton’s method.

To ensure that mass is mapped into the desired region, the Monge-Ampere equation
must be coupled to a transport boundary condition. This type of boundary condition is
non-standard, and previously has been implemented only in very simple cases (such as trans-
porting a square to a square). We propose a new method for implementing the transport

condition by solving a sequence of more tractable Monge-Ampere equations with Neumann
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boundary conditions. To demonstrate the effectiveness and efficiency of the resulting meth-
ods, we provide computational results for a number of challenging problems including the
recovery of inverse maps, mapping onto unbounded density functions, mapping from a dis-

connected domain, and mapping onto non-convex sets.

Keywords: Monge-Ampere; optimal transport; partial differential equations; viscosity so-

lutions; boundary conditions; finite difference methods
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Chapter 1

Introduction

The elliptic Monge-Ampere equation is a fully nonlinear Partial Differential Equation (PDE)
first described in the late eighteenth century. Since then, the equation has arisen in a number
of important applications and the associated regularity theory has received a great deal of
attention. Despite the importance of the Monge-Ampere equation, until recently, very little
progress had been made in actually solving the equation numerically.

The last several years have seen an explosion of interest in numerical methods for solv-
ing this and other fully nonlinear PDEs. For example, this topic was the focus of an
invited lecture at the 2007 International Congress on Industrial and Applied Mathematics
(ICIAM) [47]. Several methods have been developed for approximating solutions of the
Monge-Ampeére equation. However, the richness and complexity of the equation also lead
to a number of important challenges that place limitations on these numerical methods.
Moreover, the type of boundary conditions that can be enforced using currently available
methods are typically quite different from the boundary conditions that arise naturally in
applications. Consequently, the development of numerical methods for this PDE remains a
challenging problem. The development of methods powerful enough to handle these chal-
lenges would have important implications for several interesting applications.

The goal of this thesis is to construct efficient and robust numerical methods for the
Monge-Ampére equation by bringing this PDE into the framework of modern finite difference
techniques and convergence theory. We are also interested in using the Monge-Ampere
equation to numerically compute solutions to the optimal mass transport problem. With
this in mind, we develop a novel method for implementing the unique transport boundary

condition that occurs naturally in many applications.
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1.1 The Monge-Ampere Equation
The Monge-Ampere operator is given by
det(D%u(z))

where D?u is the Hessian of the function wu.
We consider the equation in a convex bounded subset X € R? with boundary 0X. The

general form of a Monge-Ampeére type equation is
det(D?*u(z)) = F(z,u(z), Vu(z)), in Q.

In order for the equation to be elliptic, which is important both for uniqueness and to ensure
that solutions have a meaningful physical interpretation, we must also impose the convexity
constraint

u is convex. (1.1)

In the simplest case F'(z,u(z), Vu(z)) = f(x) is a continuous function, f € C(X), and
f is bounded away from zero, f(z) > p > 0. These conditions, combined with suitable
conditions on the domain, ensure uniform ellipticity of the PDE and improve the regularity
of solutions. In the most general case, the right-hand side can be a measure [48]. We
consider the case
F(x,Vu(x)) >0,

which permits singular solutions.
Much of the work on numerics for the Monge-Ampere equation has concentrated on the

simple Monge-Ampeére equation of the form
det(D?u(z)) = f(z). (1.2)

To keep the key ideas of this thesis clear, we will begin by considering only this simple form.
However, later in the thesis, we will also consider the numerical solution of the more general
equation

det(D?*u(z)) = F(x, Vu(z)). (1.3)

The dependence of the right-hand side on gradients introduces additional challenges in

correctly approximating this equation.
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1.2 Applications

Part of the beauty of the Monge-Ampeére equation lies in its relationship to so many different
applications.

The most direct application, and the one considered by Monge and Ampere, is the
problem of optimal mass transport [2, 21], 33, [88]. The problem here is to find a mapping
s(x) that transports the source density f(z) to the target density ¢g(y) and minimises the

cost functional

/ c(z,s(x)) f(x) de
R4

where ¢ : R? x R? — [0,00) is some cost function. When the cost is quadratic, the opti-
mal mapping is simply the gradient of a convex function that satisfies the Monge-Ampere
equation

det(D*u(z)) = f()/g(Vu(z)).

One recent application of the Monge-Ampere equation and optimal mass transport is in
the generation of equidistributing meshes [13],[82]. This enables other equations to be solved
on meshes that concentrate grid points in regions of high activity, which allows sharp fronts
to be more accurately and inexpensively resolved.

The Monge-Ampere operator can also appear in inequality constraints in other varia-
tional problems for optimal mappings, where the cost may not be the usual transportation
cost. For example, mapping problems arising in areas such as image registration [49, 50, 51]

85] and computer graphics [24, [53], 63, [64] involve the minimisation of some metric on
dist(X, s(X))

subject to the constraint that s(x) is a mapping between the sets X and Y. Here dist is some
metric between images; an example is the disparity of grayscale levels. For a combination of
modeling and mathematical reasons, it is often natural to restrict to diffeomorphisms with
prescribed or bounded Jacobian

A <det(Vs) <A.

In the case where the mapping is cyclically monotone [7, [78], this mapping s(x) is the
gradient of a convex potential function u(z) and we recover an inequality involving the
Monge-Ampére operator,

A < det(D?u) < A.



CHAPTER 1. INTRODUCTION 4

Another natural application of Monge-Ampere equations is in geometric problems in-
volving the construction of surfaces with prescribed metrics or curvatures, as well as the
associated existence and uniqueness results. For example, the equation describing a con-
vex surface (x,u(z)) in R4 with prescribed Gaussian curvature () is of Monge-Ampere
type [88]:

d+2

det(D?u(z)) = r(z)(1 +|Vu(z)[}) 7 . (1.4)

Other recent applications include dynamic meteorology [52] 56], oceanography [27], as-
trophysics [37], elasticity [80], economics and traffic flow [79], and geometric optics [44) [45]
89, [90, O1].

1.3 Boundary Conditions

Perhaps the simplest setting for a Monge-Ampere equation is in a periodic domain T¢. In

this case, the PDE is expressed in the form:

det(I + D*u(z)) = f(z) x€T?

2
‘xT' + u is convex.

Here the function u must be periodic; aside from this constraint, there are no boundary
effects to worry about.

In the non-periodic setting, some type of boundary condition is necessary to ensure
that the equation is well-posed. In addition to introducing extra constraints that must be
satisfied, boundary effects can cause solution regularity to break down, which can in turn
result in the poor performance of failure of many numerical methods.

The simplest boundary condition, and the one considered in the first part of this thesis,

is the Dirichlet boundary condition
u(z) = ¢p(x), x€ . (1.5)

Alternatively, we could choose to specify normal derivatives at the boundary using a

Neumann boundary condition
Vu(z) -n(x) = ¢(x), =€ N (1.6)

where n(x) denotes the unit outward normal to the boundary 0X. In very simple mapping

problems, this boundary condition is natural.
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In many applications, the gradient of the solution defines a map from its domain to its
range. Often, the range of the map is pre-specified, which leads to the transport boundary
condition

Vu: X —Y. (1.7)

Although this condition is very natural in mapping applications, very little progress has

been made on its numerical implementation.

1.4 Related Work

In the last several years, a number of methods have been proposed for the numerical solution
of the Monge-Ampere equation. We make a distinction between methods for the PDE itself
and methods that address the transport boundary condition, which has received much less
attention from a numerical standpoint. We also distinguish between methods that provably
converge to a weak solution of the equation, and other methods that provide no guarantee
of convergence.

An early work by Oliker and Prussner [76] introduced a discretisation based on a geo-
metric interpretation of the solutions [3]. In two dimensions, this method converges to the
Aleksandrov solution.

Another convergent method for the equation was presented by Oberman [74]; this in-
volves a wide-stencil finite difference discretisation of the two-dimensional Monge-Ampere
equation. While this method is proven to converge to the viscosity solution of , the
scheme introduces an additional discretisation error related to the stencil width. The asso-
ciated CFL condition also limits the speed of this method.

Dean and Glowinski et al. [28] 29, 30, 31} [46] have investigated Lagrangian and least
squares methods for the numerical solution of the Monge-Ampere equation. These methods
perform well when the solutions are in H?. However, the authors point out that for solutions
with less regularity the methods may fail. In [29] they give an example of a solution that is
not in H?2, for which their method diverges.

Feng and Neilan [34] [35] solve second order equations (including the Monge-Ampeére equa-
tion) by adding a small multiple of the bilaplacian. The bilaplacian term introduces an
additional discretisation error and additional boundary conditions, which may not be com-
patible with the weak solution of the equation; this introduces a boundary layer into the

computed solution.
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Sulman et. al. [83] and Budd and Williams [12] have solved the Monge-Ampere equation
by seeking the steady-state solution of different parabolic forms of the equation. If the data
is smooth enough, the (continuous) parabolic equation will converge to the solution of the
elliptic Monge-Ampere equation. Convergence of the discretised problem is not addressed.

Bohmer has studied the consistency and stability of certain finite element approximations
to fully nonlinear elliptic equations [8]. Stable finite element approximations of the Monge-
Ampere equation in two- and three-dimensions have been also been constructed by Brenner
et. al. [10, [II]. These finite element approximations all require solutions to be smoother
than H2.

In the periodic setting, Loeper and Rapetti [65] solve the equation using Newton’s
method. They prove convergence of the Newton algorithm for the continuous problem
(though not the discretised problem) to the solution of (1.2). However, they restrict them-
selves to the case where the source term f is strictly positive. The work of Frisch et. al. [92]
studies the case of periodic boundary conditions in an odd dimensional space. Several
different formulations of the equation appear, including a Fourier integral form.

Much less work has been done on the full L? optimal transport problem. An early work
by Knott and Smith used techniques from complex analysis to construct optimal maps be-
tween uniform densities in two dimensions [59]. Another approach to the optimal transport
problem involves re-framing it as a fluid flow problem. This approach was introduced by
Benamou and Brenier [5] and has been further developed by Haber et. al. [49]. However, it
is computationally expensive as it requires introducing an additional dimension to the prob-
lem. We also mention the work of Delzanno et. al. [32] [36], which involves discretising
using the natural finite difference discretisation and solving the resulting system using an
inexact Newton-Krylov method. Under some assumptions about the boundary conditions,
they are able to map from a rectangular domain into a region with four (possibly curved)

sides.

1.5 Outline of This Thesis

In this thesis, we are concerned with building finite difference methods for solving Monge-
Ampere type equations and the related L? optimal transport problem. The main contribu-
tions of this thesis are also presented in [6], 39, [40] (41} 42].

We begin by providing important background information about the theory of the
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Monge-Ampere equation. This material, presented in Chapter [2, serves to motivate and
guide the methods constructed in the remainder of the thesis. In view of our interest in
developing fast solution methods, we also describe Newton’s method for solving the PDE
and provide a convergence proof in the continuous setting.

In Chapter [3] we investigate the use of standard finite difference discretisations of the
Monge-Ampere equation. We describe several different solution methods and discuss both
their usefulness and their limitations.

In Chapter [ we move on to the theory of convergent finite difference methods. We
describe a new characterisation of the Monge-Ampeére equation which, together with the
general convergence theory, enables us to construct a new monotone finite difference method
and prove that it convergences to the weak (viscosity) solution of the equation.

In Chapter |5, we construct two hybrid finite difference methods that combine the best
features of the standard and convergent finite difference schemes. This allows us to improve
solution accuracy without sacrificing correctness and stability near singularities. For one
of these schemes, we prove convergence to the viscosity solution of the Monge-Ampere
equation. To accomplish this, we also prove a very general result about the convergence of
higher order finite difference methods for a class of degenerate elliptic PDEs.

In Chapter [0} we turn our attention to the problem of optimal transport. We propose
a new method for implementing the transport boundary condition by solving a sequence of
more tractable Monge-Ampere equations with Neumann boundary conditions. By solving
these sub-problems using the finite difference methods developed in this thesis, we produce
an efficient method for solving a wide range of challenging L? optimal transport problems.

In Chapter [7] we summarise the contributions of this thesis. We also suggest several

possible directions for future research that extend naturally from this work.



Chapter 2
The Monge-Ampere Equation

The main purpose of this chapter is to present important background material on the Monge-
Ampere equation. To motivate our study of optimal transport boundary conditions, we
present a derivation of the Monge-Ampere equation in the setting of L? optimal mass trans-
port.

Much of this chapter focuses on the theoretical background of the Monge-Ampere equa-
tion. In order to motivate and guide the methods developed in this thesis, we review several
important properties of the equation and its solutions. We go on to describe the use of
Newton’s method to solve this equation. As part of this discussion, we provide a proof that
Newton’s method converges (for the Dirichlet problem) if the problem is sufficiently regular.

We conclude this chapter by describing several numerical challenges associated with the

Monge-Ampére equation, which we intend to address in this thesis.

2.1 Optimal Transport

We begin by describing the problem of optimal mass transport and explaining how the

Monge-Ampeére equation arises in this context.

2.1.1 Monge-Kantorovich Mass Transport

The problem originally considered by Monge is how to transport a given pile of sand into
a hole with minimum cost, where the original cost is simply the magnitude of the distance

the sand is transported (Figure . That is, the problem is to find a mapping s(z) from
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the original set X to the target set Y that minimises the cost functional

I[s] :/X‘x—s(l‘)‘ dzx. (2.1)

Figure 2.1: The mass transport problem.

The more general Monge-Kantorovich problem describes the transportation of mass
densities using more general cost functions. That is, we want to find a mapping that takes
the density f(x) in the space X into the density g(y) in space Y. We denote the set of such
functions as the admissible set A. We are also given a cost function ¢(z,y), which gives the
cost of transporting a unit of mass from location = to location y. The problem is then to

find a mapping s(z) € A that minimises the cost functional

I[s]—/Xc(:c,s(af))f(w) dx. (2.2)
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Kantorovich contributed to the understanding of optimal transport by reformulating the
problem as a linear program and describing a simple dual formulation [54, [55]. While this
has made many theoretical questions easier to answer, this approach also effectively doubles
the dimension of the problem. Consequently, computing the solution to even a small-scale
problem is prohibitively expensive. This motivates the development of more sophisticated

methods that will enable the efficient computation of optimal maps.

2.1.2 Conservation of Mass

It is useful to consider in more detail the requirement that the minimiser of the cost (2.2)
must push the density f(x) in X entirely onto the density ¢g(y) in Y. Since we require that

mass be conserved, the following equality must hold for any continuous function h(y):

/ h(s(2)) f () do = / h(y)g(y) dy.
X

Y

By introducing the change of variables y = s(x) into the right-hand side of this equation we

obtain

[ ms@ns@)ds = [ n(s()gls(o) det(Vs(a)) da.
X

X
Rearranged, this becomes

[ (560 oot det(T(a) his(e) o =o.

Again, this holds for every continuous function h(x). Consequently, we obtain the equation
det(Vs(z)) = f(x)/g(s(x))-

2.1.3 Cyclical Monotonicity

The simplest and most widely studied cost function is the quadratic cost function

1
C(l‘,y) = §|JJ - y|2'

With this cost, the Monge-Kantorovich problem becomes

. 1 2
minimi —lz — s(x x) dx
> /)(2’ @ /@ (2.3)

subject to det (Vs(z)) = f(x)/g(s(x)).



CHAPTER 2. THE MONGE-AMPERE EQUATION 11

It turns out that a solution of this problem must be cyclically monotone. Intuitively,
this means that mass is not being “twisted.” To see why, we assume that a minimiser s(x)
exists and choose any finite number N € N of distinct points z; € X. Then we denote by
E;. the ball of radius r; centred at x;. Here the r; are chosen so that all of the balls are

disjoint and contain the same total mass €. That is, for every 1 <k < N,

f(x)dx =e. (2.4)
Ey

We also define the points and regions that the xj, E} are mapped onto by
Y = s(a;k), Fk = S(Ek)

We observe that the new regions Fj, also contain mass € since the mapping s(z) conserves

mass:

| sway=[ s
F Ey,
=e.
We can now define a new mapping s'(x) by cyclically permuting the images of Ej and

leaving the remainder of the mapping s(z) unchanged (Figure [2.2).

s(x+ag1—ar) z€EL1<EkE<N
sx)={slx+z1—an) z€EN

N
s(x) ze X\ U Ek.
k=1

By design, this new mapping will also push the density f(x) entirely onto g(y).

We recall that s(x) is a minimiser of the cost functional in (2.3). This means that
I[s] < I[$'].

Substituting in the quadratic cost we see that

2 .2
/X}:c—s(x)’ f(x)de/X}:c—s(x)} f(z)dx.

Expanding the quadratic term, we obtain

/X (‘8(.%)‘2 —2x - s(x)) f(z)dz < /X (‘s’(:r)‘Q —2x - s’(w)) f(z)dz.
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(b)

Figure 2.2: [(a)] A mapping that minimises (2.3). [(b)] A cyclical permutation of the minimiser.
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Since both s(z) and s’(z) push the density f(x) onto g(y), and since these two mappings

are identical over much of the domain, this simplifies to

N
x - (s'(z) — s(x))f(x)dx < 0.
>,

Dividing both sides by e (that is, replacing the integrals by averages over the balls Ej) we

obtain
N
1
- x-(s'(x) — s(x))f(x)dx <0.

In the limit as € — 0 this becomes

N

Zwk “(Yr+1 — yk) < 0.
k=1

This is exactly the statement that the mapping s(x) is cyclically monotone.

2.1.4 The Monge-Ampere Equation

The Monge-Ampere equation emerges from the Monge-Kantorovich mass transport problem

with quadratic cost function via a result proved by Rockafellar [78].

Theorem 2.1. Every cyclically monotone subset of R™ x R™ lies in the subdifferential of a

conver mapping of R™ — R.

This means that the solution to the transport problem (2.3]) can almost everywhere be
expressed as
s(x) = Vu(z)

where u is a convex function [67]. Given the constraints on s(z) in ([2.3]), this convex function
must satisfy the Monge-Ampere equation

det (D?u(z)) = f(z)/9(Vu(z)) z€X

Vu:X - Y (2.5)

u 1S convex.
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2.2  Analysis and Weak Solutions

Although the Monge-Ampere equation is a second order PDE, there is no guarantee that
it will possess a classical C? solution. Consequently, it is necessary to use some notion of
weak solution (either the viscosity or the Aleksandrov solution). In this section we present
regularity results and background analysis that inform the numerical approach taken in this

thesis.

2.2.1 Regularity

We begin by reviewing regularity results for the Monge-Ampere equation and the related
problem of L? optimal transport.

Solutions of the optimal transport problem need not be smooth. An example of a singular

solution (see [Figure 2.3)) is the problem of mapping the circle
X ={(x1,22) |2} +a3 < 1}

onto the disconnected set

Y = {(z1,29) | £1 < —0.25, (z1 + 0.25)% + 22 < 1}
U {(.7}1,1‘2) ’ r1 > 0.25, (.%1 — 0.25)2 + :r% < 1}.

In fact, the solution remains singular even if the disconnected region Y is approximated
by a connected region Y, [18].

While we do not solve the problem of mapping onto a disconnected region, we are able
to solve for the inverse mapping (which takes the disconnected set Y to the connected set
X)in

As long as the sets X,Y are bounded, we are at least guaranteed that the solution of

the Monge-Ampere equation is differentiable almost everywhere with bounded gradient.

Remark. When the solution to the Monge-Ampere equation is not differentiable, the map is
given by the sub-gradient rather than the gradient. This allows a single point to be mapped

onto a region rather than a single point.

More regularity is guaranteed if we restrict ourselves to convex target sets Y.
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Figure 2.3: A transport problem with a singular solution.

Theorem 2.2 (Interior Regularity [16l 18]). Suppose that X,Y are bounded, connected,

open sets and 'Y is convexr. Suppose also that the density functions

are bounded away from 0 and co. Then the solution of the Monge-Ampére equation
(1.2), (L.5), belongs to CIIO’S(X) for some 0 < v < 1.

If, in addition, the density functions f,g € CP for some 0 < 3 < 1 then the solution of
Monge-Ampeére belongs to Cl%)’?(X) for every 0 < a < 3.

If both sets X, Y are uniformly convex, we can obtain regularity up to the boundary as

well.

Theorem 2.3 (Boundary Regularity [17, [19]). Suppose, in addition to the hypotheses of
that the sets X and Y are uniformly convex. Then the solution of Monge-
Ampeére is in C*%(X) for some 0 < a < 1.

One of the primary concerns of this thesis is to correctly approximate the Monge-Ampere
operator in the interior of the domain. For simplicity and concreteness, therefore, much of
this thesis will focus on the Monge-Ampeére equation with a simple right-hand side that

is independent of the solution u. The system will be augmented with a simple Dirichlet
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boundary condition:
det(D?u(z)) = f(z), in X
u(z) = ¢(x), on 0X (2.6)
u is convex.

Even in this simple setting, solutions need not be smooth. For a simple example where
regularity breaks down, consider the elliptic Monge-Ampere equation in a square domain
with constant Dirichlet boundary data and a strictly positive right-hand side. If we suppose
that a C? solution exists, we can also conclude from the boundary condition that the second
derivative

Ugyz, =0
along the boundary xo = 0. Consequently, the equation reduces to

2 _ 2 _
Uz zi Uzoxe — uxla:g - _u:clxg - f > Ov

which is not possible. We conclude that even for this very simple problem with smooth
data (aside from the square domain), the Monge-Ampere equation does not have a classical

solution.

Remark. We can obtain a similar result even if we replace the square domain with a smooth

domain that is convex but not strictly convex.

Using regularity results in [14] [15] 48| [87], we know that the Monge-Ampere equation
with Dirichlet boundary conditions is guaranteed to have a unique C%® solution under the

following conditions:

The domain X is strictly convex with boundary 0X € C%2.
The boundary values ¢ € C*%(9X). (2.7)

The function f € C%*(X) is strictly positive.
Remark. While is it usual to perform numerical solutions on a rectangle, regularity can
break down in convex polygons [77, [88], as in the example presented earlier in this section.
2.2.2 Divergence Form of the Equation

Because the Monge-Ampeére equation may not have a C? solution, the equation must be

interpreted using some notion of weak solution.
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One common approach to constructing a weak formulation of an equation is to multiply
the equation by a smooth test function and integrate by parts. In order to do this, the
Monge-Ampére operator needs to be written in divergence structure. In two dimensions,

this can be done as follows:

1 U —u U
det(D?u) = =div v v v
2 —Ugy  Ugg Uqy,
However, we note that this expression still involves second derivatives of u. As a result,
this approach will still require solutions of the Monge-Ampeére equation to have sufficient

regularity. This tends to limit the use of finite element methods to solutions that have more

regularity than we can expect in general.

2.2.3 Viscosity Solutions

A more useful notion of weak solution for the Monge-Ampere equation, which will guide
much of the work in this thesis, is the viscosity solution. We first recall the definition of a

viscosity solution [26] [60], which is defined for the Monge-Ampere equation in [48].

Definition 2.1. Let u € C(X) be convex and f > 0 be continuous. The function u is
a viscosity subsolution (supersolution) of the Monge-Ampere equation in X if whenever
convex ¢ € C?(X) and zg € X are such that (u — ¢)(z) < (>)(u — ¢)(z0) for all z in a

neighbourhood of g, then we must have

det(D29(0)) = () f(z0)-
The function u is a viscosity solution if it is both a viscosity subsolution and supersolution.

Ezample (Viscosity solution of Monge-Ampere). We consider an example which will later

be solved numerically in two and three dimensions (§4.9) and §5.31{5.4)). Consider (2.6))

with solution v and right-hand side f given by

u(x) = %((IX\ -2 fx)=0-1/x)"

(The function f changes in three dimensions; see . This function u is a viscosity
solution—but not a classical C? solution—of the Monge-Ampere equation.

We verify that this function is a viscosity solution. This only needs to be done at points
where |xg| = 1 (since u is locally C? away from this circle). We note that f is equal to zero

on this circle.
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We begin by checking convex C? functions ¢ < u with ¢(xg) = u(x¢) = 0 (that is,
u — ¢ has a local minimum here). Since Vu(xg) = 0, we require V¢p(xg) = 0 as well. Since
u is constant in part of any neighbourhood of xq, any convex ¢ must also be constant in
this part of the neighbourhood in order to ensure that u — ¢ has a local minimum. This
means that ¢ has zero curvature in some directions, so that det D2¢(xq) = 0, as required
by the definition of the viscosity solution. We conclude that u is a supersolution of the
Monge-Ampeére equation.

We also need to check functions ¢ > u with ¢(xg) = u(x¢) = 0 (so that u— ¢ has a local
maximum). Since ¢ is convex, it will automatically satisfy the condition det D?¢(xq) > 0.

We conclude that u is also a subsolution, and is therefore a viscosity solution.

Viscosity solutions of the Monge-Ampére equation satisfy a very important property

known as the comparison principle.

Theorem 2.4 (Comparison Principle). Let u be a sub-solution and v a super-solution of
equation (1.2) in X with u < v on 0X. Thenu <wv in X.

This property guarantees uniqueness of solutions and plays an important role in the
development of convergent approximation schemes.

The viscosity solution is equipped with a rich L°° theory that includes maximum and
comparison principles. This is a very natural setting for finite difference schemes, which
makes finite difference methods a natural choice for approximating viscosity solutions of the

Monge-Ampére equation.

2.2.4 Aleksandrov Solutions

Next we turn our attention to the Aleksandrov solution, which is a more general weak
solution than the viscosity solution. Here f is generally a measure [48]. We begin by

recalling the definition of the normal mapping or subdifferential of a function.

Definition 2.2. The normal mapping (subdifferential) of a function u is the set-valued func-

tion Ou defined by
ou(zg) = {p:u(z) > u(xg) +p- (xr —x9)}, forallze X.

For a set V C X, we define 0u(V) = |J Ou(z).
zeV
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Figure 2.4: Examples that can be interpreted as @ viscosity or @ Aleksandrov solutions.

Now we want to look at a measure generated by the Monge-Ampére operator.

Definition 2.3. Given a function u € C(X), the Monge-Ampére measure associated with u

is defined as
u(V) =|0u(V)|
for any set V C X.

This measure naturally leads to the notion of the generalised or Aleksandrov solution of

the Monge-Ampere equation.

Definition 2.4. Let u be a Borel measure defined in a convex set X € R?. Then the convex

function w is an Aleksandrov solution of the Monge-Ampere equation
det(D*u) = p

if the Monge-Ampere measure associated with u is equal to the given measure u.

Ezample (Aleksandrov solution). As an example, we consider the cone and the the scaled

Dirac measure
ue) =l (V)= [ x)ax

We verify from the definition that w, u is an Aleksandrov solution of the Monge-Ampere

equation. (Since p is a measure, we cannot interpret u as a viscosity solution of the equation.)
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It is straightforward to check that the subdifferential du is given by

x/|x||, ||x| >0
puy L/ I
Bla X:07

where By = {x |||x|| < 1}. Then the associated Monge-Ampere measure will be

2.2.5 Convexity

The convexity constraint (1.1)) is necessary for uniqueness. As a simple illustration of the
convexity requirement, consider the two-dimensional Monge-Ampeére equation (2.6) with

homogeneous Dirichlet boundary data
¢(x) =0, ze€IX.

Then if u is a convex solution of the Monge-Ampére equation, -u will be a concave solution

of the equation. See Figure
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Figure 2.5: Without the convexity constraint, the two-dimensional Monge-Ampere equation
has @ a convex and @ a concave solution.

For a twice continuously differentiable function w, the convexity restriction ((1.1)) can be

written as D?u is positive definite. Since we wish to work with less regular solutions, this
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restriction can be enforced through the inequality
)\1(D2U) > Oa

understood in the viscosity sense [73] [75], where A;(D?u) is the smallest eigenvalue of the
Hessian of u.

The convexity constraint can be absorbed into the operator by defining

dett (M) = [[ A (2.8)
j=1

where M is a symmetric matrix with eigenvalues A\; <--- < A\, and
" = max(z,0).

Using this notation, (|1.1)) and ((1.2)) become

det™ (D?u(z)) = f(z), =€ X. (2.9)

2.2.6 Ellipticity

The Monge-Ampere equation is a member of the class of PDEs known as elliptic equations.
In order to build correct numerical methods for this PDE, it is important to make use of
the theory for this class of equations.

We say that the linear second-order operator
L[u] = —trace <A(:U)D2u>

is elliptic if the coefficient matrix A(x) is positive definite.
The definition of a nonlinear elliptic PDE operator generalises this simple definition. It

also allows for operators that are non-differentiable.

Definition 2.5. Let the PDE operator F/(M) be a continuous function defined on symmetric

d x d matrices. Then the equation
F(D*u(x)) =0
is elliptic if it satisfies the monotonicity condition
F(M) > F(N) whenever M < N.

For symmetric matrices, the inequality M < N means that 27 Mz < 27 Nz for all z € R
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The Monge-Ampere operator
F(M) = —det™ (M)
is a non-increasing function of the eigenvalues, so it is elliptic. We stress, however, that in
the absence of the convexity constraint, the Monge-Ampere equation fails to be elliptic.

2.2.7 Linearisation

The linearisation of the Monge-Ampére equation will also play an important role in our
numerical methods, particularly when we construct fast solvers.

The linearisation of the determinant is given by
Vdet(M) - N = trace (MadjN)

where M,q4; is the adjugate [81], which is the transpose of the cofactor matrix. The adjugate
matrix is positive definite if and only if M is positive definite. When the matrix M is

invertible, the adjugate, M,q;, satisfies
Mg = det(M)M ™, (2.10)

We now apply these considerations to the linearisation of the Monge-Ampeére opera-

tor [20]. When u € C? we can linearise this operator as
— Vardet(D?u) - v = trace (-(D%)adjp%) . (2.11)
Ezample. In two dimensions we obtain
Vo det(D2u)v = — (umvyy + UyyVaz — QUIyny) .

Lemma 2.1. Let u € C?. The linearisation of the Monge-Ampere operator (2.11) is elliptic

if D2« is positive definite or, equivalently, if u is (strictly) convex.

Remark. When the function u fails to be strictly convex, the linearisation can be degenerate
elliptic, which affects the conditioning of the linear system (2.11)). When the function u is

nonconvex, the linear system can be unstable.
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2.3 Newton’s Method

Since we ultimately want to develop fast solvers for the Monge-Ampere equation, it is
natural to turn our attention to the use of Newton’s method. In this chapter, we restrict
our analysis to the continuous setting. In this situation, Newton’s method can be written

as the iteration

"t = — " (2.12)

where the corrector v™ solves a PDE involving the linearisation of the Monge-Ampere op-

erator (2.11)):
trace((D*u") g D*v™) = det(D*u™) — f  in X
" =0 on 0X.

This equation depends on the determinant of the Hessian of the current iterate, which we
denote by
f = det(D*u"). (2.13)

If the Hessian of the current iterate D?u™ is invertible, then using (2.10) and (2.13)), the
equation for the corrector ([2.12]) can be re-expressed as
frtrace((D?u™)"1D?v") = f* — f in X

(2.14)
" =0 on 0X.

In order for this linear PDE to be well posed, we require it to be elliptic. From
Lemma 2] it is elliptic provided the current iterate u™ is convex.

In general, an arbitrary Newton step will not produce a convex iterate u”. The problem
is that while 4”1 is convex, the corrector v"~! may not be. The solution to this problem is
to incorporate sufficient damping into the iteration to ensure convexity of the new iterate.

Thus, we replace the Newton iteration (2.12]) with the damped iteration
't =y — " (2.15)

for some 0 < o < 1. With a suitable damping parameter 7, which will depend on the given
data, we can prove convergence of the Newton iteration to sufficiently regular solutions of

the Monge-Ampere equation.
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2.3.1 Convergence of Newton’s method

In this section we restrict our attention to cases where the conditions are met, which
ensure C%® regularity of solutions.

To ensure convergence of Newton’s method, we will also require an initial iterate with
the properties

;

u’ € C*9(X).

0 is strictly convex.

u
0 . . . o .
u” satisfies the Dirichlet boundary condition (|1.5).

u is sufficiently close to the exact solution of (I.1),(1.2]) in C%.

(2.16)

Theorem 2.5 (Newton’s Method for the Monge-Ampere Equation). Suppose the condi-
tions (2.7)), (2.16]) hold. Then for sufficiently small 0 < 7 < 1 the damped Newton itera-
tion (2.15)) converges to the exact solution of the Monge-Ampére equation (2.6)).

We prove the convergence of Newton’s method using an approach similar to the proof for
the periodic case in [65]. We begin with the following result about the sequence produced

by the Newton iteration.

Lemma 2.2. Suppose the conditions ([2.7)), (2.16) are satisfied. Then we can choose 7, € (0, 1]
so that the damped Newton iteration (2.15) produces sequences (u") € C>%, (f") € C¢
with the properties

1. Each u™ satisfies the Dirichlet condition in (|1.2)).
2. Each u" is strictly convex.
3. Each f* > C f for some constant C7.

4. Each [|[f" = fllce < [|f° = fllce.

Proof. Part (1) of the lemma is trivial. We prove the remainder of this result by induction.

The base case holds trivially from (2.16]) and suggests a choice of

0<C < igl(f(fo/f).

We proceed with the inductive step by assuming parts (2)-(4) of the lemma for u™ € C%2.



CHAPTER 2. THE MONGE-AMPERE EQUATION 25

We denote the eigenvalues of the Hessian of u™ by

AT <. <AL

Since u" is strictly convex, the PDE for the corrector v" is elliptic. From Schauder elliptic

theory [43] and property (4), the corrector satisfies the bound
"oz < CoAD NS = fllce < Ca(AT).

An immediate consequence is u"t! € C?® and f"*! € O«
We can separate the term f"*! into terms linear in the corrector plus a remainder:
= det(D?(u" — T,0™))
= det(D*u™) — 7, det(D*u™)trace((D?*u™) " D?v") + 721,
= " =" = ) + .

Here the remainder r,, consists of products of at least two second derivatives of v™ and at

most d — 2 second derivatives of u". Thus we can bound the remainder by
[rallce < C3ALNDIS™ = fllZe-

We now choose the damping parameter to satisfy

1 . f(1=0Ch)
Tpn < =—————min{ 1, ——5— 5.
= G5O, AD) { £ = fllZa }

We recall that by assumption, f — f* < f(1 — C1). Thus we have

f=f"=(f—fMA-1) -1,
< f1— O — 1) + 7T L= CV)

Y Cs(AL ADIF™ = FlIEe
GO I — J, AT = Tl

:f(1_01)7

which gives us f**1 > Cif > 0.
To show that u™t! is strictly convex, we recall that the eigenvalues of the Hessian of

w1 depend continuously on the damping parameter 7. In addition, if we set the damping
parameter to 0, we simply have u"*! = u”, which is strictly convex. Thus for 7 = 0, all the

)\?H are strictly positive. We have just shown that f"*!, the product of the eigenvalues,
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remains strictly positive for any choice of damping parameter between 0 and 7,,. Thus all
the /\;-‘+1 must also remain positive for any damping parameter in this range. We conclude
that «"*! will also be strictly convex.

Finally, we observe that

1F"* = Fllee < (1 =)Ilf" = fllee + mallrallce
< (= m)If" = fllos +7all f* = flle
<|f° =1l

where the last step requires || f© — f|| < 1, which follows from the conditions (2.16)). O

We also show that the sequence f™ = det(D?u™), which is produced by Newton’s Method
and defined in ([2.13]), will converge.

Lemma 2.3. Suppose the conditions (2.7]), (2.16]) are satisfied. Then we can choose T €
(0,1] (independent of n) so that the sequence (f™) produced by the damped Newton’s
method (2.15)) converges in C“. Moreover, the sequence (u") is bounded in C*.

Proof. From Lemma the sequence (f™) satisfies

1£™ = flloa < If° = fllce.

This inequality gives an upper bound on f". Lemmal[2.2]also gives a lower bound Cy inf f > 0
for the f*. We conclude that the sequence (u™) is bounded uniformly in C%¢ [I5]. The
bounds on [|u"||¢2.« and f™ imply that that eigenvalues of the Hessian of the u™ (A}, ..., \})
are bounded uniformly away from 0 and infinity.

We recall now the requirement on the damping parameter:

fa-oy }

Tn<ﬁmin 1,7
Ca(\T ) { I 1T

Since AT, A} are bounded away from 0 and infinity, the constant C3(A}, A}) is bounded and
we can choose a suitable 7 independent of n.

We are left with the inequality

£ = flloe < X =7)If" = flloo +TIf™ = fliZe,

which implies that f™ converges to f. O
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With these lemmas, we can complete the proof of convergence of Newton’s method
(Theorem [2.5)).

Proof of Theorem [2.5, Consider any subsequence u" of the sequence produced by Newton’s
method. This subsequence is bounded in C*“ by Lemma and is therefore pre-compact
by the Arzela-Ascoli compactness criterion. Thus there is a subsequence u"/* that converges
in C%. Moreover, the corresponding subsequence f"x converges to f. Since the solution of
Monge-Ampere is unique, the subsequence u"/x must converge to the unique solution of the

Monge-Ampere equation ([L.1f), (1.2)), (1.5) and the original sequence u" must also converge

to this solution in C%, O

2.4 Numerical Challenges

There are a number of issues that make the Monge-Ampere equation such an interesting
and challenging problem to solve numerically. We summarise several of these, which we
intend to address in this thesis.

As we have already noted, the Monge-Ampere equation will not always have a classical
C? solution. From the point of view of mappings, we want to allow for the possibility of
singular or nearly singular maps. In this context, a singular solution can simply mean that
one point goes to several locations (as when the solution has a corner) or an interval goes
to a point (as when the solution is flat). It is desirable to allow for these situations in
order to encompass a larger class of maps. When the conditions for regularity are satisfied,
classical solutions can be approximated successfully using a range of standard techniques (as
discussed in . However, for singular solutions, standard numerical methods can break
down by becoming unstable, poorly conditioned, or by converging to the wrong solution.
The challenge in this setting is to develop discretisations and solution methods that capture
the weak solutions of the equation.

Another challenge is the convexity constraint, which is necessary for uniqueness. In
addition, the equation fails to be elliptic if u is non-convex (see , so instabilities
can arise if the convexity condition ((1.1)) is violated. Any approximation of requires
some selection principle to choose the convex solution. This selection principle can be built
into either the discretisation or the solution method.

A further goal of this thesis is to improve the accuracy of numerical methods for weak

solutions of Monge-Ampere. This is important since provably convergent methods are often
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less accurate than methods that work on more regular solutions. For example, the convergent
monotone scheme of [74] uses a wide stencil, and the accuracy of the scheme depends on
the directional resolution, which depends on the width of the stencil.

We also want to develop fast solvers for this equation. Although we have proved that
Newton’s method converges for sufficiently smooth solutions of Monge-Ampere, this does not
guarantee that Newton’s method will converge once the equation is discretised. Moreover,
the convergence proof requires more regularity than we can generally assume for solutions
of the Monge-Ampere equation. In fact, Newton’s method applied to a simple discretisation
of the Monge-Ampeére equation can become unstable on singular examples (see .

Since we are interested in using the Monge-Ampere equation to generate invertible maps,
it is also important that we can obtain not only the solutions of the Monge-Ampere equation,
but also the gradients of the solutions. This is not automatic since a method may converge
with oscillations, leading to an accurate solution with an inaccurate gradient; this results in

a poor map.

2.5 Four Representative Solutions

As we build numerical methods, we want to test these on examples of varying regularity.
Here we describe four representative solutions of the Monge-Ampere equation, for which we

will provide detailed computational results throughout this thesis.

2.5.1 Two Dimensions

Throughout, we write x = (x,y) for a general point in R? and x¢ = (.5,.5) for the center of
the domain.

The first example solution, which is smooth and radial, is given by
2
X — Xp
ulx) = exp (”2”) ) = P eplix - %)), (217)
The second example, which is C!, is given by

u(x) = & (Gl -0 - 02%)’. f(X)=<1 “)+. (2.18)

I = ol

The third example is used in §3.2.3|to demonstrate that Newton’s method for standard

finite differences is unstable. The solution is twice differentiable in the interior of the domain,
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but has an unbounded gradient near the boundary point (1,1). The solution is given by

u(o) = 2 [xl% s =2(2 ) (2.19)

The final is example is the cone, which was discussed in

u(x) = ”X - X()H, f=pn= 775)(0 (2-20)

This solution is only Lipschitz continuous and, in fact, is not actually a viscosity solution of
the Monge-Ampere equation. Although the methods we construct in this thesis are designed
to solve for viscosity solutions, we would like to see if they can also be used to obtain more
general weak solutions of the Monge-Ampere equation.

In order to approximate the solution on a grid with spatial resolution h, we approximate
the measure p by its average over the ball of radius h/2, which gives
I 4/h?  for ||x — x| < h/2,

0 otherwise.

2.5.2 Three Dimensions

We can also generalise these examples to three dimensions. We now use x = (z,y, z) for a
general point in R3 and let xq = (.5,.5,.5) be the centre of the domain. In this case, the

smooth example becomes

2

X — X 3
u(x) = exp (”2”> F) = (1 Hx - oo (Clx—xof). (221)
The second example, the C! solution, is given by
1 2
u(x) = 5 ((1x = xoll = 0:2)*), (2.22)
04 0.04 _
[T R = g b = o] > 0.2
0 otherwise.

The third example is the surface of a ball, which as in two dimensions is differentiable in

the interior of the domain, but has an unbounded gradient at the boundary.

u(x) = —\/3 x|, f(x)=30—|x|*)""2 (2.23)
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Figure 2.6: Representative solutions of Monge-Ampere: C? example, C! example,
(c)] example with blow-up, and [(d)] Lipschitz example.



Chapter 3

Standard Finite Difference
Methods

In this thesis, we want to develop finite difference methods for solving the Monge-Ampere

equation numerically. This is a two step process:
e We must discretise the equation to produce a system of nonlinear equations.
e We much build a solution method for the discrete system of equations.

In this chapter, we describe a natural, centred difference discretisation of the Monge-
Ampere equation. We build several different solvers for the resulting systems and discuss

the advantages and limitations of this discretisation.

3.1 Discretisation

The Monge-Ampere operator has a particularly simple form in two dimensions:

2
0%u 0u 0%u )

In this case, a standard discretisation of the operator is given by

MAS[u] = (Dygu) (Dyyu) — (Do)’ (M4)3

31



CHAPTER 3. STANDARD FINITE DIFFERENCE METHODS 32

where, writing h for the spatial resolution of the grid,
1
[Daotlsy = 35 (i1 + wim1j = 2uig)
1
[Dyyulij = 13 (i + vig-1 = 2uiy)
1
[Deyulij = e (Uit j41 F Wim1 j—1 — Uim1 1 — Uil j—1) -
In three dimensions, the Monge-Ampeére operator has the form

_ Fudtuon
022 0y? 022

2 2 2
i *u 0*u 0*u B 82711, 0%u B & 0%u B @ 0%u (3.2)
0x0y 0xdz Oydz  0x% \ Oyoz oy? \ 0x0z 022 \ 0zoy | =~

We can discretise this using centred differences, just as we did in the two-dimensional case.

det(D%u)

Of course, the same thing can also be accomplished in higher dimensions.

It is important to recognise that there is no reason to expect that this discretisation
will converge to the correct weak solution of the Monge-Ampere equation. Convergence of
schemes for nonlinear equations is not simply a matter of verifying consistency and stability.
In fact, this discretisation is not amenable to the proof techniques that will be discussed
in Chapter |4l However, this discretisation does appear to behave correctly for a suprising
range of challenging examples. Moreover, it will play an important role in the construction
of convergent, higher-order schemes in Chapter

We also note that the solution of the discretised system need not be unique, which can
introduce instabilities into solvers. This is because the discretisation does not enforce the
convexity constraint. Consequently, it is necessary to build the convexity constraint into

the solution method.

3.2 Newton’s Method

The natural finite difference discretisation results in a system of nonlinear equations that
must be solved. One way to attempt this is using Newton’s method.

To solve the discretised equation

MA[] = f
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we use want to use a Newton iteration

"t = —

The corrector v™ solves the linear system
(VuMA[u]) v"™ = MA[u"] — f. (3.3)

To set up the equation (3.3)), the Jacobian of the scheme is needed. For the natural finite

differences, the Jacobian of the two-dimensional Monge-Ampere operator is given by
VuM AN [u] = (Dyat)Dyy + (Dyyt) Dz — 2(Daytt) Dy, (3.4)

which is a discrete version of the linearisation of Monge-Ampere (2.11)). These ideas are eas-
ily extended to higher dimensions, though the expressions become much more complicated.

In three-dimensions, for example, the Jacobian is given by

VuM AN [u] = (DyyuDzzu — (Dyzu)2)sz + (DopuD2zu — (Dzzu)2))pyy
+ (DyaDyyts — (Duyt)*) Dz + 2(DysiDyott — D yuDyyyt) Dy (3.5)
+ 2(DyyuDy.tt — DyytuDy 1) Dy + 2(DgyuDyztt — DDy 1) Dy .

3.2.1 Regularisation of the Jacobian

One obvious danger with using Newton’s method is that the Jacobian matrix may not be
invertible, which would prevent us from obtaining the corrector. For example, we might

initialise Newton’s method with the exact solution (pictured in Figure [2.6(b))

ux) = 5 (= xoll - 0.2)%)’

This function is constant inside the circle||x — xg|| < 2. Consequently, the second derivatives
(as well as their discrete approximations) will vanish in this region, which will cause the
Jacobian matrix to be singular.

To ensure that we can actually solve the linear systems that appear in the implementation
of Newton’s method, we regularise the Jacobian matrices. This will not change the fixed
points of Newton’s method; it simply ensures that we can solve for the corrector at each
step. We describe the regularisation process in the two-dimensional case; the generalisation

to higher dimensions is straightforward.
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We choose a parameter ¢ > 0, replace the discrete second derivatives appearing in the
Jacobian by

Dgu = max{Dyzu, e}, Dy u=max{Dy,u,e},

and ensure that the mixed derivatives satisfy

D5yu| <\ /Digu Dyu

3.2.2 Damping

We also incorporate damping into the Newton iteration. That is, we replace the Newton’s
method with

u" Tt = — "

where the damping parameter 7 € (0, 1] is chosen to ensure that the residual is decreasing.
In many cases, we may simply choose 7 = 1. However, allowing additional damping can

be helpful if a poor initial guess is chosen or if solutions are non-smooth.

3.2.3 Failure of Newton’s Method

We have already noted in[2.3]that the convergence proof for the continuous Newton iteration
does not guarantee that Newton’s method will converge for a discretised system, particularly
when solutions are non-smooth. One issue with the natural discretisation is that there is no
guarantee that a Newton step will preserve convexity, which can lead to instabilities in the

iteration. As an example of this, we look at the exact solution

u) = —y/2-IxP e =2(2—x?)

on the domain [0,1] x [0,1]. The gradient of the solution is unbounded at the point (1, 1).
The singularity arises from the fact that f is unbounded there, which leads to an instability
in Newton’s method. The result after performing two iterations of an undamped Newton’s
method, along with the gradient map, is illustrated in We also remark that if

damping is incorporated, the iteration will simply stagnate (that is, the damping parameter
is forced to zero). The correct computed solution is presented in Figure 2.6(c)]
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Figure 3.1: Failure of Newton’s method using standard finite differences: the solution oscil-
lates and becomes non-convex. @ Solution and gradient map after two iterations.

3.3 Two-Dimensional Solution Methods

One of the chief limitations of Newton’s method for the natural finite difference discretisation
is that it is not required to respect the convexity constraint . Since convexity is not
built in to the discretisation, it must instead be enforced by the solution method. In two
dimensions, this can be accomplished by exploiting the quadratic structure of the equation.
We now develop two methods (which are also discussed in the M.Sc. thesis [38])-an explicit
Gauss-Seidel iteration and a semi-implicit Poisson solver—for solving the two-dimensional

Monge-Ampére equation.

3.4 Explicit Gauss-Seidel Iteration

One of the limitations of the natural finite difference discretisation is that it does not enforce
the convexity constraint. In two dimensions, however, we can exploit the quadratic structure
of the Monge-Ampére equation in order to select the convex solution. This leads to a robust
Gauss-Seidel iteration for the two-dimensional Monge-Ampere equation.

We recall the natural finite difference discretisation of the two-dimensional equation, as
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in [(MA)°

<u¢+1,j + Uiy — 2%) (uz',j+1 + Ui — 2%‘)

h? h?

2
Ui 141 FUim1j—1 — U141 — Uiglj—1\ _ .
B 4h? = fij:

Solving this quadratic equation for u;; and choosing the smaller root in order to select the

convex solution, we obtain:

_ditdy dy—dp\* | (dz—di\? 1, .,
= (oY (B g, 59

where we introduce the notation

dy = ui+1,j42ruz’—1,j dy = uz‘,j+1-5ui,j—1

_ Wit1,j41F+Ui—1,5-1 o Wi—1g41tUig15-1
d3 = I dy = R

We can now use Gauss-Seidel iteration to find the fixed point of (3.6]). Dirichlet boundary

conditions are enforced at boundary grid points.

Remark. In the computations of we perform the Gauss-Seidel iteration using a lexico-
graphical ordering. Other orderings are possible and may improve convergence and allow

for parallelisation of the method.

3.4.1 Improving Convexity

As explained in the convergence proof of the wide stencil schemes [74], the main obstacle
to monotonicity of the discrete scheme is the lack of convexity along directions other than
grid lines. Because we are looking for the convex solution of the Monge-Ampere equation,

the solution should satisfy

x+h)+u(x—h)
2
for all grid directions h. We check that this holds in some of the grid directions. This

convexity is partially built in to (3.6)).

u(z) < u (3.8)

Lemma 3.1. The fixed point of (3.6|) satisfies the inequalities (3.8)) for the grid directions

h=(1,0), (0,1).
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Proof. We assume without loss of generality that

Ui j+1 + Ujj—1 < Ujt1,5 + Ui—1,5
2 - 2 '
In the notation of Equation (3.7)) this reads
do < dy.

Since f is non-negative,

di+dy di—dy

Ujj < 2 2
= dy
U1 T U1
2
< Yitly -;Uz‘—m' 0

From this lemma, we observe that solutions of are necessarily “convex” in the x
and y directions. Along the lines of [74] (where convexity along several directions ensures
convergence), we can also build additional convexity requirements into our method. This is
accomplished by modifying slightly:

di +d di —dy\? [ds—ds\? 1
u;; = min L 2_\/<1 2) +<3 4) +1fijh4’ d3, dy o (3.9)

2 2 4
Lemma 3.2. The fixed point of (3.10]) satisfies the inequality (3.8)) for the grid directions
h = (170)7 (07 1)7 (_171)7 (171)

Proof. The proof of the first part of this lemma is the same as the proof of the first part of
Lemma The second half of this lemma is built directly into (3.9)). 0

3.4.2 Higher Dimensions

One big limitation of this Gauss-Seidel iteration is that it does not generalise naturally
to higher dimensions. In two-dimensions, the Monge-Ampere equation is quadratic in the
second derivatives. Consequently, the discretised equations are quadratic in the solution
values u;; and it is straightforward to solve these quadratic equations for the correct (convex)
solution.

In higher dimensions, the quadratic structure of the Monge-Ampere equation is lost. In
three dimensions, for example, the equation is cubic in the second derivatives. As a result,

solving for the convex solution becomes a much more complicated task.
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3.5 Semi-Implicit Poisson Iteration

The next method is based on a reformulation of the two-dimensional Monge-Ampere equa-
tion. As in the previous section, we use the convexity requirement to select the correct

square root.

Definition 3.1. We define the operator

ﬂ@:A”(VﬂMV+2U—&MD%»)

This operator can be used to reformulate (1.2) due to the following lemma.

Lemma 3.3. The convex solution of satisfies
u = Tu. (3.10)
Proof. Let v be the convex solution of , which satisfies
f — det(D*v) = 0.
Inserting this into Definition [3.1] we obtain

ﬂ@:A*( @mﬂ

— ATi(au).

Since v is convex,

Av > 0.
As a result,

T[] = A™1(Av))

= A7 (Aw)

= .
Therefore, v is a fixed point of (3.10)). O

In this section, we focus on the two-dimensional equation. With this in mind we rewrite

the operator T'[u| in two dimensions.
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Lemma 3.4. In R?, the operator T'[u] defined in Definition is equivalent to

Tl =A1 (\/ugx +uZ, + 2uZ, + 2f>

— A (\/]D2u}2+2f> .

Proof. In R?, T[u] takes the form

(3.11)

T[u] = A~} (\/(Au)2 Fo(f - det(DZu)))

=A"! <\/(um +uyy)? + 2f = 2usguyy — u%y)>

=A"! <\/u92m + ugy + 2Ugptyy + 2 — 2Ugztyy + 2u§y)>

— Al <\/u§r +u2, +2u2, + 2f>

—A! <\/}D2u\2+2f> . 0

Obtaining the fixed point of (3.10) consists in iterating u,+1; = T[uy] by solving

Aupir = u%,mc + u%,yy + 2“%,13/ +2f.

with the prescribed Dirichlet boundary conditions.

We implement using a simple finite difference method. This involves discretis-
ing using central differences (as with the first method) and iterating to find the
fixed point. In the computations of we solved the resulting Poisson equation using the
MATLAB backslash operator.

3.5.1 Contractivity

In the numerical experiments of we observe that the Poisson iteration converges very
quickly when the solutions are smooth and the function f is strictly positive, but is fairly
slow when solutions are not smooth or f is very close to 0. In this section we consider a
one-dimensional version of and prove that this mapping is a contraction with a rate
of convergence depending on how far f is from zero. We provide a similar result for the
two-dimensional case on a rectangle, although we do not have a complete proof that
is a contraction mapping on a general domain. We begin with an observation about the

contractivity of the real valued function h(z) = va? + z2.
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Lemma 3.5. The function
h(z) = Va? + x?

is a strict contraction on the domain
{lz| < ka}.
In other words, there exists a constant ui < 1 such that
|h(x1) = h(w2)| < pg|z1 — 22
for any 1, z9 in {z| < ka}.

Proof.

IN

It follows that
|h(x1) = h(w2)| < pug|z1 — 2.

40

O]

Lemma 3.6. Let v be an exact, smooth solution of (3.1)) and u a smooth function. Further

suppose that
f>a>0

is a strictly positive function. Then at every point in the domain

| A(T[u] = TTv])]

IN

u’DQ(u—v)‘

for some constant p < 1.

Proof. Since u,v are smooth and f is strictly positive, there exists a constant k so that

‘Dzu‘,

D21)) < kv/2f.

‘\/Qf —HDQU‘Z — \/2f+‘D2v}2‘
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It follows from Lemma [3.5] that

Var D2 - o + |

IN

27

D% - | D2 ]

IN

MR‘DQ(U - U)‘ )
which completes the proof. O

Remark. It is worth noting that as f — 0 or u becomes more and more non-smooth, the

constant k will increase so that uj increases and approaches 1.

Now we define the semi-norm
llullz, = / (Au)? dz dy. (3.12)
9

Lemma 3.7. Let u(x,y) be a C? function that vanishes on the boundary of a rectangle 2.
Then

/(Au)Qdajdy:/ |D?u|? dz dy.
Q Q

Proof. Using repeated integration by parts we find that
/(Au)2 dx dy = / (uix + “Zy + 2umuyy) dx dy
Q Q
_ 2 2
= / (um + Uy, — 2uxumyy) dx dy
Q
= /Q (uix + uzy + 2uxyuxy) dz dy

= / |D?u|? dx dy.
Q

Throughout this computation the boundary terms vanish since u is constant along the sides

of the rectangle (and thus at any point on the boundary either ug, uy, Or Uy, uy, vanish). [

Theorem 3.1 (Contractivity on a Rectangle). The mapping T' on a rectangular domain )

is a contraction in the semi-norm ||ulr.

Proof. Let u,v be any C? functions that satisfy the Dirichlet boundary conditions associated

with . Compute
IT(u) — T()||5 = / AT (u) — T())]? da dy

Q
2
S//F‘DQ(U—U)( da dy,
Q
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where the last step follows from Lemma Since u and v are identical on 02, we can
apply Lemma [3.7) to obtain

I70) = T()le < i [ (A=) dody
= 12 lu—o|L.
Since p? < 1, this completes the proof. ]

We have already noted that for f close to zero or u with large second derivatives, the
constant p will be close to 1. This suggests that the mapping T'[u] will converge more slowly

in these situations, which is exactly what we observe in the computations of

Remark. We should note that the proof of convergence for this Poisson iteration is only
valid in the continuous setting. That is, it assumes that we are exactly solving the Poisson
equation at each step. Thus this proof does not guarantee that a particular numerical

implementation of the Poisson iteration will converge.

3.5.2 Higher Dimensions

To generalize this Poisson iteration to R? we can write the Laplacian in terms of the
eigenvalues of the Hessian: Au = Zle A\i[D?u]. Taking the d-th power and expanding,

gives the sum of all possible products of d eigenvalues.
d
(Au) =d' TN+ P(A,. .., M),

i=1

where P()) is a d-homogeneous polynomial, which we won’t need explicitly.
The result is the semi-implicit scheme
Aut = (dIf + P(\[D*u™),.. ., Ag[D*um])) Y4, (3.13)

A natural initial value for the iteration is given by the solution of

A = (dIf)Me. (3.14)

Unfortunately, because the equation is no longer quadratic in dimensions greater than
two, there is no reason to expect that this iteration will preserve convexity. We also recall
that even in two dimensions, the Poisson iteration could become very slow when solutions

were singular.
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3.6 Computational Results

We are now ready to provide numerical results for the Gauss-Seidel and Poisson iterations.
We have tested these methods on a number of examples of varying regularity. For concrete-
ness, we provided detailed results for the four representative examples described in
All of the computations are performed on an N x N grid with spatial resolution h.
To initialise the iterations, we first solve the problem on a coarser grid and interpolate
the results onto the refined grid. To obtain the coarse solution, we initialise the iterations

with the solution of the Poisson equation

Au=/2f

with the correct Dirichlet boundary conditions for the problem. However, we note that
both methods appear to converge regardless of the initial data. In particular, they converge
even when we initialise with random data that does not respect the Dirichlet boundary
conditions.

Results are summarised in Table B.11

3.6.1 Accuracy

We provide log-log plots of error in Figure For the C? example, the natural finite
difference discretisation gives O(h?) accuracy, as anticipated by the formal error estimate
coming from the Taylor series. Not surprisingly, the accuracy becomes worse on examples
with less regularity. For the C' example, accuracy is O(h). For the example with blow-
up at the boundary, accuracy is only O(h%5) and for the Lipschitz example, the solution
accuracy is O(h). Although the natural finite difference discretisation becomes less accurate
on examples with less regularity, the discretisation does appear to converge to the weak

solution in all the examples we have computed.

3.6.2 Computation Time

We also look at the computation time required by the Gauss-Seidel and Poisson iterations.

These results are plotted in Figure [3.3]
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C? Example (2.17)

N Max Error Iterations CPU Time (seconds)
Poisson  Gauss-Seidel Poisson  Gauss-Seidel
31 454 x107° 42 2204 0.3 0.8
45  2.11x107° 44 4597 0.9 3.0
63 1.06 x 107° 44 8872 1.6 10.7
89 0.53x10°° 45 17339 4.1 41.0
127  0.26 x 107° 44 34419 8.3 163.1
181 0.13x107° 44 67968 19.3 666.0
255  0.06 x 107° 45 — 44.0 —
361 0.03 x 107° 55 — 124.5 —
C' Example
N Max Error Iterations CPU Time (seconds)
Poisson  Gauss-Seidel Poisson  Gauss-Seidel
31 3.78x10° % 164 1848 1.0 0.6
45 1.82x107* 367 3854 6.0 2.6
63 1.34x107* 839 7430 24.7 8.8
89 0.85x107* 1497 14520 114.0 33.8
127 059 x 107* 2890 28816 447.1 139.9
181 0.37x107* — 56885 — 541.8
Example with Blow-up
N Max Error Iterations CPU Time (seconds)
Poisson  Gauss-Seidel  Poisson  Gauss-Seidel
31 1.74x 1072 74 2205 0.4 0.7
45 1.47 x 1072 81 4601 1.2 2.8
63  1.26 x 1072 90 8885 2.5 9.6
89 1.07 x 1072 102 17378 7.4 36.5
127 0.90 x 1072 115 34515 16.6 144.8
181 0.76 x 1072 130 68177 45.0 577.6
255  0.64 x 1072 148 — 113.7 —
361 0.54 x 1072 177 — 331.9 —
C%*' (Lipschitz) Example
N Max Error Iterations CPU Time (seconds)
Poisson  Gauss-Seidel Poisson  Gauss-Seidel
31 5.19 x 103 844 2453 4.9 0.8
45 3.82x 1073 1673 5137 25.0 3.1
63 2.86 x 1073 3100 9943 86.9 10.6
89 2.12 x 1073 5815 19502 417.2 40.1
127 154 %1073 11033 38857 1576.7 160.4
181 1.12x 1073 — 77016 — 642.9

Table 3.1: Computation times and maximum error for the Poisson and Gauss-Seidel methods
on four representative examples.
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Figure 3.3: Computation time for the Poisson and Gauss-Seidel methods on the @ C?
example, @ C' example, example with blow-up, and @ Lipschitz example.

First, we observe that the Gauss-Seidel method requires a moderate amount of time

to converge. However, it is interesting to note that the computation time appears to be

essentially independent of the regularity of the solutions.

The Poisson iteration, on the other hand, appears to be very fast for smooth solutions.

However, on solutions with less regularity, this iteration can be extremely slow. This is

consistent with the analysis of where we showed that the iteration is a contraction

method with a rate depending on the size of the second derivatives and the strict convexity

of the solution.
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3.7 Conclusions

In this chapter, we have investigated the use of standard finite difference discretisations
for the Monge-Ampere equation. In all the examples we computed, these natural finite
differences appear to converge to the viscosity solution of Monge-Ampere. Unfortunately,
although we observe numerical convergence for a number of examples of varying regularity,
we cannot prove that this discretisation will always converge to the correct weak solution.

We find that fast methods such as Newton’s method can fail for this simple discreti-
sation. Consequently, it is necessary to develop new solutions methods for solving the
system of discrete equations coming from the natural finite difference discretisation of the
Monge-Ampére equation. In two dimensions, we have developed two solution methods to
accomplish this. The first is an explicit Gauss-Seidel iteration that is only moderately fast,
but has a solution time that appears independent of the solution regularity. The second
method involves iteratively solving a Poisson equation. This method is quite fast for smooth
examples, but can be very slow on examples with less regularity.

We also recall that these methods, while quite robust in two dimensions, do not generalise
naturally to higher dimensions. We conclude that this natural finite difference discretisation,
though it appears more powerful than we might suppose given the lack of convergence theory,

is not the right approach for constructing general solvers for the Monge-Ampere equation.



Chapter 4

Monotone Finite Difference
Methods

In the last chapter, we found that standard finite difference techniques applied to the Monge-
Ampere equation face several limitations. These include the lack of convergence proof, the
difficulty of generalising to higher dimensions, and the challenge of building fast solvers for
singular solutions. In light of these difficulties, we now turn our attention to more sophisti-
cated discretisation techniques. This enables us to construct finite difference methods that
provably converge to the viscosity solution of the Monge-Ampere equation in any spatial
dimension. We also use Newton’s method to build fast, convergent solvers for the discretised
system. Finally, we provide computational results in both two and three dimensions.

To keep the key ideas of these methods clear, we begin by limiting our discussion to the
case where the right-hand side of the equation does not depend on gradients of the solution.

That is, we focus on the theory of convergent finite difference methods for the problem
det(D?*u) = F(x,Vu) = f(x). (4.1)

Towards the end of this chapter, we will also show how our techniques can be extended to
more general Monge-Ampeére equations.

Because we want to focus on the problem of correctly approximating the Monge-Ampere
operator in the interior of the domain, we will simply implement Dirichlet boundary con-
ditions. As Dirichlet (or, sometimes, periodic) boundary conditions are found most often
in the literature, this will also enable us to more easily compare our methods with results

obtained using other methods for solving the Monge-Ampére equation.

48
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4.1 Convergence of Finite Difference Schemes

While it is not too hard to construct consistent, stable approximation schemes for the
Monge-Ampere equation, this is not enough to guarantee convergence to the weak (viscos-
ity) solution of this nonlinear equation. To motivate and lay the theoretical foundation
for a convergent discretisation of the Monge-Ampere equation, we review a framework for
convergence of finite difference schemes to the viscosity solutions of elliptic PDEs. This
theory, developed by Barles and Souganidis [4] and extended by Oberman [72], gives more
easily verified conditions for when approximation schemes converge to the unique viscosity
solution of a PDE. It relies on the fact that viscosity solutions are stable under perturba-
tions of the operator as long as the perturbed operator is also elliptic. In this setting, the

consistent finite difference scheme can be regarded as a perturbed operator.

Theorem 4.1 (Convergence of Approximation Schemes [4]). The solution of a consis-
tent, stable, monotone approximation scheme converges uniformly on compact subsets to
the unique viscosity solution of the limiting equation, provided this equation satisfies a com-

parison principle.

One of the advantages of this convergence result is that it only requires consistency
to be verified on smooth solutions, which is much simpler than checking consistency with
the viscosity solution for singular functions. In [72], this theorem was used to establish a
framework for building and verifying the monotonicity of finite difference schemes. This
was accomplished using the notion of a degenerate elliptic approximation scheme. We recall

that a finite difference equation at the discrete location x;, i = 1,..., M has the form
FZ[’LL} == FZ(UZ,UZ - uj|j7éi)-
Then a degenerate elliptic finite difference scheme is characterised as follows.

Definition 4.1. The scheme F is degenerate elliptic if F is non-decreasing in each variable.

By taking advantage of this special structure, we can verify both stability and mono-

tonicity of our finite difference scheme, as in [72].

Theorem 4.2 (Verifying Monotonicity and Stability). A scheme is monotone and non-

expansive in the L> norm if and only if it is degenerate elliptic.

Another property of certain finite difference schemes that is useful for constructing a

convergence theory is the notion of a proper scheme.
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Definition 4.2. The scheme F' is proper if there exists k > 0 such that for any i = 1,..., M,
u; — uj|j# and xo,yo € R the inequality

o < Yo

implies that the scheme satisfies
F' (0, ui — wj]j26) — F*(yo, ui — ujljz6) < w0 — y0)-

These properties of approximation schemes are sufficient to guarantee the existence of a

unique solution to a scheme, as proved in Theorem 8 of [72].

Theorem 4.3 (Uniqueness of Solutions). A proper, locally Lipschitz continuous, degenerate

elliptic scheme has a unique solution.

It is helpful to observe that any scheme F'(u;,u; — uj|;»;) that is non-decreasing in its

first argument can be made proper by replacing it with
Fé(ugy g — gl jpi) = Flui, up — gl je) + kug

where £ > 0 can be chosen to be smaller than the discretisation error of the scheme. This
modification does not affect consistency, degenerate ellipticity, or Lipschitz continuity. Since
the Monge-Ampere equations we consider in this thesis do not depend on the solution u
(only on its Hessian and gradient), our schemes for the PDE will fall into this category.
Consequently, we will not be concerned with building proper schemes in this thesis, since
our schemes can easily be made proper without affecting the formal accuracy of the dis-
cretisation.

Given these general results, the work in proving that a (locally) Lipschitz continuous
discretisation of converges is reduced to verifying two conditions: consistency and
degenerate ellipticity. This is accomplished in Lemmas

Remark (Convergence rates). While the formal accuracy of the scheme can be determined
by Taylor series applied to smooth test functions, the theorem only guarantees uniform
convergence to the viscosity solution. In general, the rate of convergence (accuracy) of the
scheme may not agree with the convergence rates suggested by the formal analysis. This
is to be expected since, in general, viscosity solutions can be singular, which means that
Taylor series are not valid. The power of the convergence result is that it applies even in
the singular case. In general, numerically observed convergence rates depend on both the

regularity of the solution and the discretisation.
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4.1.1 Wide Stencil Schemes

Even in the linear case, it is not always possible to build a monotone discretisation of a
second-order elliptic equation using a narrow (9-point) finite difference stencil [69]. Instead,
wide stencils are typically needed to build monotone discretisations of degenerate elliptic
second order PDEs. This type of discretisation was introduced by Oberman to build con-
vergent schemes for the equation for level set motion by mean curvature [70] and for the
infinity Laplace equation [71]. In [74] wide stencils were used for the two dimensional Monge-
Ampere equation. A wide stencil discretisation of the convex envelope was given in [73]. A
study of consistent discretisations of Hamilton-Jacobi-Belman equations using wide stencil
schemes has been performed in [9].

When we discretise an operator on a finite difference grid, we approximate second deriva-
tives by centred finite differences (spatial discretisation). In addition, we can consider a finite
number of possible directions v that lie on the grid (directional discretisation). This allows
us to discretise the second directional derivative in the direction v by

Doyu; =
(v| h)?

(u(w; + vh) + u(z; — vh) — 2u(z;)) . (4.2)

Depending on the direction of the vector v, this may involve a wide stencil.

As a concrete example, we can consider the direction v = (1,2) in R2. The second
directional derivative in this direction is discretised as
1
Dyyui; = m(uiﬂ,jn + w12 — 2u45).

At points near the boundary of the domain, some values required by the wide stencil
will not be available . In these cases, we can use intermediate boundary values,
which may not lie on grid points, to construct a lower accuracy (O(h)) stencil for the
second directional derivative. For example, at the point (¢, N — 1) on an N x N grid,
the discretisation of the second derivative in the direction (1,2) requires the point
(i + 1, N 4+ 1), which lies outside the grid. In this case, we will discretise this directional
derivative by

Dyyuij = (2ujt1/2,8 + Uim1,N—3 — 3U;N-1)-

4
15h2
Since the value of u;; 1/ y is on the boundary, it can be regarded as data, which is either

given or obtained by interpolation.
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Figure 4.1: Wide stencils on a two dimensional grid in the interior and @ near the
boundary.

4.1.2 Monotone Discretisation in Two Dimensions

In two dimensions, the largest and smallest eigenvalues of a symmetric matrix can be rep-
resented by the variational formula
M[A] = min v7 Av, Ao[A] = max vT Av.
llv=1 l[vll=1
This formula was used in [74] to build monotone schemes for functions of the eigenvalues
of the Hessian. This work includes the Monge-Ampere operator, which is the product of
the eigenvalues of the Hessian. However, the above formulae do not generalise naturally to

higher dimensions.

4.2 A Variational Characterisation of the Equation

In this chapter, we want to use the theory of |4} [72] to construct a convergent discretisation
of the Monge-Ampere equation. To do this, we require a monotone discretisation of the
equation. We recall that the two-dimensional Monge-Ampere operator can be written as

9 0*u 0?u o2\
py) = 24T [ U
det(D%u) 0x? Oy? Oxdy

Unfortunately, there is no obvious way to produce a monotone discretisation of the mixed

derivatives. Of course, this situation does not get any easier in higher dimensions.
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In order to proceed, we want to rewrite the Monge-Ampere operator in a way that bet-
ter lends itself to a monotone discretisation. Given the difficulty in building a monotone
discretisation of mixed derivatives, as well as our knowledge of how to construct monotone
discretisations of second directional derivatives, we wish to find an alternative characterisa-

tion of the Monge-Ampere operator that does not involve mixed second derivatives.

4.2.1 A Variational Characterisation for Strictly Convex Solutions

We begin by establishing a matrix analysis result that will provide a characterisation of the
determinant of the Hessian (that is, the Monge-Ampere operator) that leads to a natural
discretisation in any spatial dimension.

Consider an arbitrary symmetric positive definite matrix, A. Then we can characterise

the determinant of A as follows.

Theorem 4.4 (Variational Characterisation of the Determinant). Let A be a dxd symmetric
positive definite matriz with eigenvalues \; and let V' be the set of all orthonormal bases for
RY:

V={(v1,...,va) | v; €RY vy L ifi# j, |l = 1}.

Then the determinant of A is equivalent to

d d

H Aj = min H max {V]-TAl/j, O} .

. (Vl,‘..,l/d)GV .

J=1 Jj=1
Proof. Since A is symmetric and positive definite, we can find a set of d orthonormal eigen-
vectors v;.

Any (v1,...,v4) € V, can be expressed as a linear combination of the eigenvectors:
d d
T
Vj e Z Cjk’l)k, = Z(VJ 'Uk)'Uk.
k=1 k=1

Since the v; and v; are both orthonormal, we can make some claims about the coefficients
Cik-

d d

d
2 T T
E Cik = E CjkVk E cu | =vjvj= 1
=1

k=1 k=1
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2 T T T
E Cik = Vg g viv; | vg = v v = 1.
j=1 j=1

We can use these results to compute

d d d d
log H VjTAI/j = Z log(yJTij) = Z log Z cjz-k)\k
j=1 j=1 j=1 k=1
Using Jensen’s inequality, we conclude that
d d d
log H V]TAV]' > Z Zc 1 1og ()
j=1 7j=1k=1

d d

= Z Z c?k log(A\x) = log H Aj
k=1 \j=1

Since the logarithmic function is increasing, we conclude that

with equality if the v; are identical to the eigenvectors v;. This implies that

d
H Aj = min H VTAV]
j=1

(lll, 7I/d EV

Moreover, since A is positive definite, all of the V]TAV]' are positive and we conclude that

d
H)\j min Hmax{l/ Av;,0 } . O
j=1

(Y1, EV

Theorem |4.4] allows us to characterise the determinant of the Hessian of a strictly convex

C? function ¢ in terms of its second directional derivatives:

d
det™(D?¢) =  min o H (Z/jTD2¢ I/j) " = min H max { } .

(W1 va)€V 5y (W1 va)EV

Theorem 4.5 (Variational Form of the Monge-Ampeére Equation). Let f : X — R be a
strictly positive function. A function v € C*(X) is a strictly convexr solution of the Monge-
Ampére equation

det(D%u) = f
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if and only if it satisfies the variational expression

d 0%u
i —5,0p = f. 4.3
{m}Hm{a} f (43)

Proof. Suppose u € C?(X) is a strictly convex solution of the Monge-Ampere equation.
Then the Hessian D?u is symmetric and positive definite. By Theorem the Hessian

satisfies

as required.
Now we suppose that w satisfies this variational expression. If u is not strictly convex,

then at least one of the second directional derivatives is negative or zero so that

0%u
max{ayjz,()} =0

for some v;. Consequently, the variational expression will have the value 0, which cannot
be equal to a positive right-hand side. We conclude that u must be strictly convex. Then
the Hessian of u is a symmetric, positive definite matrix and by Theorem [4.4] u satisfies the

Monge-Ampeére equation. O

We want to stress that this variational formulation of the Monge-Ampere equation ac-

complishes two important tasks:
1. The mixed derivatives have been eliminated.

2. The convexity constraint has been absorbed into the equation.

4.2.2 A Variational Characterisation of Degenerate Equations

We have shown that for strictly convex solutions, the variational expression is equiva-
lent to the Monge-Ampere equation with the convexity constraint. However, in the degener-
ate case where the right-hand side f can vanish and solutions are no longer strictly convex,
the variational expression may not uniquely determine the solution of the Monge-Ampere
equation. This is because the variational equation with a vanishing right-hand side can also
permit non-convex solutions. To remedy this problem, we modify our variational equation

by adding a term that will penalise non-convex functions.
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To begin, we need to verify that our variational characterisation of the determinant

remains valid for matrices that are only positive semi-definite.
Lemma 4.1 (Determinant of a Positive Semi-Definite Matrix). Let A be a d x d symmetric
positive semi-definite matrix and let V be the set of all orthonormal bases of R%:

V={(v1,...,va) | v; €ERLy; Lujifij,|lvjlla =1}

Then the determinant of A is equivalent to

d
det(A) =  min max {l/jTAl/j, 0} .
(Vl,...,Vd)EV N
7=1
Proof. If A is positive definite, this result follows immediately from Theorem
Now we suppose that A has at least one eigenvalue that vanishes, so that the determinant
of A also vanishes. Then the variational formula satisfies

d
0< min max {Z/JTAI/]', 0}
(V17-~-7Vd)evj:1

=~

< | | max {vaAvj, 0}

1

Il

In the above, the v; are the eigenvectors of A.
We conclude that the variational expression will have the value zero, and it continues to

be identical to the determinant. O

Next we propose incorporating an additional term into this expression, which will involve

the negative part of the eigenvalues.

Lemma 4.2 (Determinant of a Positive Semi-Definite Matrix). Let A be a d x d symmetric
positive semi-definite matrix, v any positive real number, and V the set of all orthonormal
bases of R%:

V={(v1,...,va) | v €ERLy; Luwjifi#j,|lvjlla =1}

Then the determinant of A is equivalent to

d d
— : T : T
det(A) = (Vl’f?is)ev jlzll max {Vj Avj, O} +7 ;:1 min {Vj Avj, O}
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Proof. Since A is positive semi-definite, I/JTAI/J' will be non-negative for any choice of v;.

This means that
min {VJTAIJJ', O} =0

for any choice of vj. Then the result follows immediately from Lemma O

This result immediately gives us another formulation of the Monge-Ampere equation.

Lemma 4.3 (Monge-Ampere Operator for Convex Functions). If u € C?(X) is convex and

~ is any positive real number, the Monge-Ampere operator will be equal to

d d
det(D?u) = min H max{u,,,,,0} + Z min{u,,,;,0}
{lll..‘l/d}GV =1 =

Proof. Since u is convex, its Hessian D?u is positive semi-definite and the result follows
immediately from Lemma O

The important thing about this adjusted variational formulation is that the new term
will serve to penalise non-convex functions, which will allow us to absorb the convexity
constraint into the equation even when the right-hand side vanishes. This is made clear in

the following lemma.

Lemma 4.4 (Convexity of Solutions). Let u € C%(X) be a solution of the equation

d d
i 0 i L0}y = 4.4
{11 .I.I.lz}dr]l*EV 31;[1 maX{uVJ”J } + v Z mln{uVJ Vi } f ( )

Jj=1
where v is a positive real number and f is a non-negative function. Then u is convex.

Proof. Let u € C?(X) be a non-convex function. Then at some point z € X, and for some

v € R?, the second directional derivative in that direction is negative:
Uy < 0.

This means that

max{Uyy, 0} =0, min{u,,, 0} <O0.



CHAPTER 4. MONOTONE FINITE DIFFERENCE METHODS 98

Thus the variational equation will have a negative value at this point:

d d
min H max{uy,,,,0} + v Z min{u,,,,,0}
{Vl...Vd}EV j=1 =1

<y min{ty,, 0}

< 0.

On the other hand, the right-hand side is non-negative (f > 0), so this non-convex function

cannot satisfy our new variational equation (4.4)). O

When we put these lemmas together, we find that the adjusted variational equation is

equivalent to the original Monge-Ampere equation with the convexity constraint.

Theorem 4.6 (Variational Characterisation of the Monge-Ampere Equation). A function

u € C?(X) satisfies the Monge-Ampere equation (1.2)) together with the convexity con-
straint (L.1)) if and only if it satisfies the variational equation (4.4)).

Proof. Let u be a convex solution of the Monge-Ampere equation ((1.2)). By Lemma it
also satisfies the variational equation (4.4)).
Now we suppose that u is a solution of the variational equation (4.4). By Lemma

u must be a convex function. Then from Lemma [4.3] it is a convex solution of the Monge-
Ampere equation (|1.2)). O

4.3 Monotone Discretisation

We now turn to the problem of constructing a monotone discretisation of the Monge-Ampere
equation using our new formulation of the equation. One big advantage of this formulation
is that the convexity constraint is built into the PDE. This means that we no longer have
to concern ourselves with consistency with the convexity constraint; it is enough that our

discretisation be consistent with the PDE ({4.3]).

4.3.1 Wide Stencil Discretisation

This formulation of the Monge- Ampere operator lends itself to the wide stencil discretisation

described in §4.1.1] To implement this, we consider a finite number of possible directions v
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that lie on the grid. We denote this set of orthogonal vectors by G. Then we can discretise

the convexified Monge-Ampere operator as

d d
_ i D,.,.u,0 in{D,.,.u,0
{Vl.r.r.%l}eg jl;[l max{ viv; U, }+ Z min{ viv; U, }

j=1
where D,,, is the finite difference operator for the second directional derivative in the direc-
tion v, which lies on the finite difference grid; see .

We note that this expression may not be uniformly elliptic if the (discrete) second
directional derivatives vanish. Thus we choose to relax this expression slightly be introducing
a small parameter § > 0 and instead defining our monotone discretisation as

d d
MAp[u] = - {u1.I.I.1ui?}eg jl;[lmaX{D,,jyju, o+ ’yZmin{DVj,,ju,é} . (MAYM

j=1

Since the discretisation considers only a finite number of directions v, there will be an
additional term in the consistency error coming from the angular resolution dé of the stencil.
This angular resolution will decrease and approach zero as the stencil width is increased. In
practice, we use relatively narrow stencils for most computations, but for singular solutions,
the directional resolution error can dominate.

An interesting question is whether this discretisation—in two dimensions—is equivalent
to the wide stencil discretisation of the two-dimensional Monge-Ampere equation described
in [74]. A simple example demonstrates that these two discretisations are genuinely distinct.
For example, we can consider the function u(z,y) = 2%+ +2%y? and discretise the Monge-

Ampere operator using a 9-point stencil. This allows us to choose from the set of directions

{(1’O)a (071)3 (Ll)v (13_1)}'

Using the two-dimensional characterisation of the Monge-Ampere equation (recalled in §4.1.2)),

the monotone discretisation produces

— (minDylylu> (maxD,,Q,,2u> =-2(2+ h2).
141 v2

On the other hand, our new discretisation has the value

— min {Dyl,,lupyzyzu} = —4

v1lure
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4.3.2 Regularisation

The monotone discretisation we have described in may not be differentiable at
points where the minimum is attained along more than one direction v, or at points where
the value is zero. Since we wish to differentiate the operator when we build fast solvers using
Newton’s method, we need to regularise this discretisation. For convergence to viscosity
solutions, we need to make the regularisation monotone.

One way to do this is to notice that the non-differentiability of arises only from
the operations of max and min. This means that if we regularise each of these operations
in a monotone way, we can reconstruct a regularised version of by substitution.

With that in mind, we define

max’(a,b) = % (a +b++/(a—0b)?2+ 52)
min’(a, b) = % <a+b7 (a —b)? +52> .

1 6

Clearly max® — max and min® — min as § — 0. Moreover, these functions are differentiable

and non-decreasing in each variable. We also note that

1 1

max®(a,0) = 5(@—1— a?+ 6%) > 5(0, +lal) >0,
1 1

min’(a,0) = i(a —Va?+46?) < i(a —la]) <0.

Now we can build up the regularised operator as follows. We begin by replacing the
approximations to the positive and negative parts of the second directional derivatives with

regularised versions:
max{D,,u, 5} — max’ (D,,,0), min{D,,u,d} — min’ (D,,,0)

Next, the minimum over orthogonal vectors is regarded as a succession of minimums, each
of which is replaced by its regularised version.

The resulting discretisation is denoted by

It is a smooth function of u;, strictly increasing in each of the D« ru;, and converges to the
J

original discretisation [(M A)M|as 6 — 0.
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4.4 Convergence to the Viscosity Solution

Theorem 4.7 (Convergence to Viscosity Solution). Let the PDE (4.1) have a unique vis-
cosity solution. Then the solutions of the schemes|(M A)™| (M A)"| converge to the viscosity
solution of (1.2)) as h,df,§ — 0.

Proof. The convergence follows from verifying consistency and degenerate ellipticity, as
discussed in §4.1] This is accomplished in Lemmas [£.5[/4.6] O

4.4.1 Degenerate Ellipticity
We recall that according to Definition [4.1] a finite difference equation of the form
F'[u) = F'(ui, ui — ).

is degenerate elliptic if F'is non-decreasing in each variable.

Lemma 4.5 (Degenerate Ellipticity). The finite difference schemes given by |(M A)*|and |(M A)"|

are degenerate elliptic.

Proof. From their definitions, the discrete second directional derivatives D,,u are non-
decreasing functions of each w; — u; for each grid direction v. Ignoring the minus sign
in front of it, the scheme (M A)M|is a non-decreasing combination of the operators min and
max applied to the non-decreasing terms D, u, so it is also non-decreasing in each of the
uj — U

Replacing the minus sign in front of the scheme, we find that [(A/ A)™|is non-decreasing
in each of the u; — u; and is thus degenerate elliptic.

We recall from the construction of the scheme in that the regularised scheme
comes from replacing the operations of min and max in by a non-decreasing regu-

larisation of these operations. So the regularised scheme is also degenerate elliptic. O

4.4.2 Consistency

We also require the schemes [(M A)*| and (M A)M|to be consistent with the Monge-Ampere

equation.

Definition 4.3. The scheme M A™%9 is consistent with the equation (I.2)) at zg if for every

twice continuously differentiable function ¢(z) defined in a neighbourhood of xg,

M AM3 (4] (20) — MA[¢](20) as h,dd, 5 — 0.
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The global scheme defined on X is consistent if this limit holds uniformly for all z € X.

Before we prove the consistency of our scheme, we recall that we have used h to denote
the spatial resolution of our grid. However, because we are discretising the second directional
derivatives using a wide stencil, the effective spatial resolution will be larger. For example,

the discrete version of the second derivative in the direction v; will be
2,2 2
Dyt = Uy,p; + O(‘Vj| h*) = uy,u; + O(h]).
We will denote the effective spatial resolution of our stencil by

h = h;.
eff leg’g( J

As we refine the grid, it is important not only that h approaches zero, but also that h.sy
approaches zero. Since hyy is related to the stencil width, which in turn determines the
angular resolution df of the stencil, this means that h should be converging to zero faster

than df converges to zero.

Now we prove consistency of [(M A)"|and |(M A)"| The consistency proofs are identical

since

max®{a,0} = max{a,0} + O(§) = max{a, s} + O(6).

Lemma 4.6. Let xy € X be a reference point on the grid and ¢(x) be a twice continuously
differentiable function that is defined in a neighbourhood of the grid. Then the schemes
M Aypr[¢] and M Ag[¢] defined in |(M A)M|and |(M A)"| approximate the PDE M A[¢] with

accuracy

M A r[¢)(z0) = MA[p)(20) + O(hZsy + db + 5).

Proof. From a simple Taylor series computation we have

DVVQZ)('CEO) = ¢1/V(x0) + O(hgff)

We also recall that in [subsection 4.3.2| we regularised the second directional derivatives to

obtain
max®{D,,$(z0),0} = max{D,,$(x0),0} + O(6),

min®{D,, ¢(x0),0} = min{D,,¢(x0),0} + O(S).
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We know that the negation of the Monge-Ampere operator can be expressed as

veV

d d d d
min H max{u,,,,,0} + Z min{u,,,;,0} ¢ = H Upjv; + Y Z min{uy,y,, 0}
j=1 j=1 j=1 j=1

where the v; are orthogonal unit vectors, which may not be in the set of grid vectors G. We

can then choose a set of vectors
v+ dv

|v + dv] ¢

so that each remainder ‘dvj} = O(dh).

Now we consider the discretised problem

d d
) . .
—MAYR [6)(x0) = min® ¢ [T max{Dy,u,6(w0),0} + 3 min’{Dyu,6(a0), 0}
j=1 j=1

= Iynlél l_Imax{DW,J (x0), 0}—|—fyz:nmn{7),,]l,J (20),0} » + O(9)

d

S H maX{D(vj+dvj)(vj+dvj)¢($O)7 O}

7j=1

d

T Z mln{D(UJervj)(UJerUJ)(b(xO) 0} + O( )
7j=1
max (Uj + dvj)TD2¢($og(Uj + dvj) : 0
1 |vj + duj|

—

J

d . AT 2 . .
+ VZmin (v +dvy)" D gb(mO)Q(UJ + dvj),() + O(hgff +0)
= }vj + dvj}

d
H aX{vTD2¢(a:0 Ju;, 0} + 7 Z mln{vTD2¢(m0)vJ, 0}

j=1 j=1
+ O(hgff +df + 9)

= min H max{ ey, (70),0} + Z min{¢y,,; (7o), 0}

2%
v =

+O(hZy; + db + )
= —MA[¢](x0) + O(hZs; + db + 6).
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In addition, since the set of grid vectors G is a subset of the set of all orthogonal vectors
V', we find that

d d
~MAY 3 [8)(x0) = min® § [ [ max{Dy,u,0(0),0} + 7 3_min (D, 6(x0), 0}
j=1 j=1

d d
= szlelg Jl;[l max{D,,,, ¢(xo),0} + ’y]z::l min{D,,,;¢(x0),0} ¢ + O(0)

v

d d
min HmaX{Dyjyjqﬁ(xo),O}+’yzlmin{Dl,jVj¢(a?0),0} + O(6)
J= J=

d d

. . 2

= min H1 max{¢y,y, (z0),0} + 7 §} 1: min{ey,v, (20),0} p + O(hZ;; + 0)
J= J=

= —MA[g](xo) + O(hZy; + ).
We conclude that
M AR 19 (x0) = MA[G)(x0) + O(hyy + b + ).

Thus the schemes are consistent. O

4.5 Forward Euler for the Parabolic Equation

Having described a convergent discretisation of the Monge-Ampere equation, we now need
to provide a method for solving the discrete system.

Using a monotone discretisation —F'[u] of the Monge-Ampere operator, the simplest
way to solve the Monge-Ampeére equation is by solving the parabolic version of the equation

using forward Euler. That is, we perform the iteration
"t =" + dt(Fu™] - f)

until the solution reaches a steady state.

Explicit iterative methods have the advantage of being simple to implement. However,
stability requires the stepsize dt to satisfy a CFL condition (which applies in a nonlinear
form to monotone discretisations, as explained in [72]). Because of the small size of dt,

which depends on the spatial resolution h, approximating the steady state solution requires
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a large number of iterations. In particular, the required time step is given by the inverse of

the Lipschitz constant for the scheme
dt = K(F[u"])_l

For example, we consider the (unregularised) scheme

d d
MAM[u] = — {1/1.r.r.11/i§1}€g H max{D,,,,u,d} 4+ Z min{D,,,, u, 5}
j=1

j=1
We recall that the Lipschitz constant of the maximum or minimum of two functions

f1, f2 is bounded by the maximum of the Lipschitz constants K, Ko

K(max(fl, fg)), K(min(fl, fg)) S max(Kl, KQ)

and the Lipschitz constant of the sum of two functions is bounded by the sum of the Lipschitz
constants

K(fi+ f2) < Ki + Ks.

Using these properties and the chain rule, we can bound the Lipschitz constant of the

monotone scheme by

d
K(MAMu)) < % {ulr}.lzi};eg ZZ;]I;IZ max{Dy,,u,0} +dy ¢,
which implies that the optimal time step is O(h?) and may become very small if the eigen-
values of the Hessian are large.
Although this time step is an improvement over the one obtained by dimensional scaling
(which is O(h??)), it still places a severe restriction on the solution speed that is possible
using an explicit forward Euler iteration. Consequently, we now turn our attention to the

construction of an implicit solution method that will allow for much faster solution times.

4.6 Newton’s Method

We now consider the use of Newton’s method for solving the system of equations we obtain
when we discretise the Monge-Ampere equation. Although Newton’s method can fail if the
Monge-Ampeére equation is discretised naively, the use of a monotone discretisation ensures

that the Newton step will remain well-defined and that the iteration will converge.
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Again, we use use the Newton iteration

n+1 n

U =u" -7V

where the corrector v™ must solve the linear system

(VuMA[u"]) v" = MA[u"] + f.

4.6.1 Monotone Discretisation

The Jacobian for the monotone discretisation is obtained by using Danskin’s Theorem [7]

and the product rule.

d
VuMAM[u] = =) " diag LD, uo [ [ max{D,rp-u, 6} + YD, uss | Dosu;
=1 k]

where the v} are the directions active in the minimum in |(MA) g

In order to ensure that the linear equation is well-posed, we want the coefficients of
each DV; v in the Jacobian to be negative. This requirement shows an additional advantage
we obtain from the addition of the linear terms that penalise convexity (see . It is
evident that without this correction to the PDE (the case 7 = 0), the Jacobian can be
singular if the (discrete) second directional derivatives of u vanish. However, the addition
of the extra penalty term ensures that this cannot happen. In fact, this correction to the

equation ensures that the linear system is well-posed even if u at the current iterate is

non-convex.

4.6.2 Regularised Discretisation

The monotone discretisation described above still faces a subtle limitation in that the formu-
lation of Newton’s method may not be differentiable at points where the minimum
is attained along more than one direction v. This was the motivation for the regularised
discretisation given by As this discretisation is differentiable, we can easily com-
pute the Jacobian and apply Newton’s method. We can also use the analysis we have done

for this discretisation in to prove convergence of Newton’s method.

Theorem 4.8 (Newton’s Method for the discretised Monge-Ampere Equation). Suppose
the PDE (1.2) has a unique viscosity solution. Then Newton’s method for the discretised

system given by converges quadratically.
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In order to prove this result, we recall a theorem on the convergence of Newton’s method

for a system of equations [57].

Theorem 4.9 (Newton’s Method for a System of Equations). Consider a system of equa-
tions Flu] = 0 where the operator F : R — R? and let U C RY be open. Suppose the

following conditions hold:
1. A solution u* € U ezists.
2. VF : U — RN*N s Lipschitz continuous.
3. VF(u*) is non-singular.
Then the Newton iteration
u" =" — VE (™) F(u")
converges quadratically to u* if u® € U is sufficiently close to u*.

Remark. In order to apply this result to our non-linear system, we rely on the fact that
our discretisation is degenerate elliptic. This is necessary to ensure both that a solution to
the system exists and that the Jacobian VF in the Newton iteration is non-singular. This
general theorem about Newton’s method will not necessarily apply to other discretisations
such as the one described in Chapter

Proof of Theorem [{.8 For any fixed grid, the discretised system of equations has a solution,
as established in Theorem [4.71

The scheme is smooth in w and is thus locally Lipschitz continuous.

By construction, the discrete Monge-Ampere operator is strictly decreasing in each of
the discrete second directional derivatives ( Thus the Jacobian will have the form

d
0
VuMA ] == )~ ZAjk(u)DVM
vkeg j=1
where each of the Aj,(u) is a positive definite diagonal matrix. The Jacobian is positive
definite and thus invertible.
By Theorem Newton’s method converges for the discretised system O
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4.7 Numerical Implementation

Before we provide computational results, we discuss several additional details of the com-

putational results.

4.7.1 Damping

We will use the form of Newton’s method in with the addition of damping,

ut =0 —

to solve the discretised equation coming from the monotone discretisation of Here
the damping parameter 7, 0 < 7 < 1, is chosen at each step to ensure that the residual
|MAM(u™) 4 f|| is decreasing. In most cases, we can simply choose 7 = 1. However,

damping can improve convergence if we choose a poor initial value.

4.7.2 Initialisation

Newton’s method requires a good initialisation in order for convergence to be guaranteed.

In particular, we desire an initial value that:

e is close to the exact solution

e respects the boundary conditions.

A function that is convex may also be desirable, but this is no longer required for the
monotone scheme we have described. This is because we have built convexity directly into
the PDE and ensured that Newton’s method remains well-posed even if the initial guess is
non-convex. Thus we do not have to be overly concerned about forcing our initial guess to
be convex.

In order to find a suitable initial value u°, we suggest using one step of the semi-implicit
scheme . This amounts to solving the Poisson equation

AU = (d1f)Me

along with the specified Dirichlet boundary conditions.

If the solution of the Monge-Ampere equation is sufficiently regular, we may also ac-
celerate the convergence of Newton’s method by first solving the equation on a coarse grid
and then interpolating onto the finer grid. This can result in a very accurate initial guess,

leading to rapid convergence of Newton’s method.



CHAPTER 4. MONOTONE FINITE DIFFERENCE METHODS 69

4.8 Extensions to Other Monge-Ampere Equations

Up to this point, all the theory developed in this chapter was applicable only to Monge-

Ampere equations of the form

det(D*u(x)) = f(z),

where the right-hand side has no dependence on the solution u. However, in many applica-

tions the right-hand side can depend on the gradient of the solution:
det(D?u(x)) = F(x, Vu(z)).

We now describe how our monotone finite difference methods can be extended to allow for

the numerical solution of this more general equation.

4.8.1 Discretisation of Functions of the Gradient

The main point we need to address here is the discretisation of functions of the gradient.
The simplest approach would be to simply used standard centred differences for the first
derivatives:

Dyu(x) = 5 (ulx + heg) — ulx — hey))

th component is equal to the Kronecker delta 0ij. While

where e; is the vector whose 4
this discretisation is consistent with C? solutions of the Monge-Ampere equation, it is not
monotone and there is no guarantee that it will converge to the viscosity solution.
Oberman [72] provided some examples illustrating the construction of monotone dis-
cretisations for functions of the gradient. For example, that work describes a monotone

discretisation of the absolute value of a first derivative:

1
e ()] = 5 max{u(e;) — u(zj1), u(@;) = ulz;), 0} + O(h).

For more general functions of the gradient, one approach to producing a monotone
discretisation is to simply using centred differences and add on a small multiple of the
laplacian:

9(uz) = g(Dyu) + hKyDygu + O(h).

Here K is the Lipschitz constant of the function g.
However, instead of adding an additional term to the discretised equation, we could

instead make use of the second derivatives that are already present in the Monge-Ampere
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equation. In the case where solutions are smooth and strictly convex, this will also allow
an improvement in the formal accuracy of the finite difference scheme. This is the subject

of the following sections.

4.8.2 Discretisation of the Monge-Ampere equation

So far we have attempted to produce a monotone discretisation for each individual term
in the Monge-Ampere equation. As an alternative to this, we suggest using a wide stencil
to produce a discretisation of the Monge-Ampere equation which, though it may not be
monotone for each of the individual terms, is monotone when considered as a whole.

To accomplish this, we make use of the second directional derivatives w,,,, that are
already present in the Monge-Ampere equation, as noted in By making a change of

coordinates, we can write the gradient

Vu = (url,...,umd)
in terms of first derivatives in the directions v;:

Vu = (u,,l,...,ul,d) .

To accomplish all this, we first need to rewrite the gradient in terms of the new coordinate
system. We consider any set of d orthogonal vectors in R?: (vy,...,v4). Now we can rewrite

the gradient of a function u in terms of directional derivatives along these axes:

d d
Vu= (ug,,...,u = Zwu....zw'edu.
(xla ) :L”d) e ‘Uj} Vj ) 7]-:1 ‘Uj‘ v

This enables us to discretise the gradient using a wide stencil by discretising the directional
derivative in the direction v; as

1

Dusi = 51

u(z; +vjh) — u(x; —v;h)), (4.5)
which has an accuracy of O(h?). Near the boundary, where some of the required values may
not be available, we can simply use a first-order accurate forward or backward difference.
We stress again that this discretisation of the gradient is valid for any set of orthogonal

vectors vy, ..., vq.
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Using this characterisation of the gradient, we can rewrite the Monge-Ampere equation

as
d d
MA[u] = — (ul,.I.?zi/Zl)eV 1_[1 max{uy,,,,0} + ’yz; min {u,,jl,j,()} + F(x,Vu)
j= j=
d d
=— o ?111/3)6‘/ H max{u,,,,,0} + ’yz min {u,,j,,j,O} — F(x,Vu)
PR ]:1 ]:1
d d
= " myi/n)ev H max{u,,,,,0} + Z min {ul,jl,j,()}
1s---5Vd j=1 j=1
d vj-e d Vi - eq
— F | x, 7y AR J U
Z ’Vj| Vi Z ‘V]‘ Vi
7=1 7j=1

=— min G .
(V1yeesvq) EV (V15eeva)

As we have already described in (4.2),(4.5)), the directional first and second derivatives
can be discretised using a wide stencil by limiting the set of possible directions in the set V'
to a finite set G of orthogonal vectors that lie on the grid. As before, we introduce a small

parameter § > 0 in order to bound the maximum and minimum functions away from zero:
max{-,0}, min{-,0} — max{-,d}, min{-,0}.
We can now define the discretisation of the Monge-Ampére equation as
MAP®O = - min GPY0 [y 4.6
Mo Lyl o, min (r,va) L] (4.6)

Gh,d@,é

where each of the v
1yeesVd

)[u] is defined as

4 d
hid0.6 NE H max{D,,,,u, 6} + 7 Z min{D,,,;u, 0} —

(CZIY
j=1 j=1

d d
F x,zyj 'elD,,ju,...,ZVj.edDyju
j=1 ‘Vj‘ j=1 ‘Vj|

4.8.3 Convergence

Theorem 4.10 (Convergence to Viscosity Solution). Let the PDE (1.3) have a unique

viscosity solution and let the right-hand side F(x,Vu) be Lipschitz continuous on Q x R%
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with Lipschitz constant Kp. Then the solution of the scheme (4.6) converges to the viscosity
solution of (1.2) as h,df,§ — 0 with v > 641 > KF‘Vj|h/2 and hepp > h}yj‘ — 0 for
every v; € G.

Proof. The convergence follows from verifying consistency and degenerate ellipticity. This
is accomplished in Lemmas |4.8 O

Lemma 4.7. Under the hypotheses of [Theorem 4.10, the scheme for G )[u] in (4.7)) is

((ZPn

non-decreasing in each u; — u;.
Proof. We introduce the notation
p;r(xl) = u(z; + hvj) — u(z;), p; () = u(z; — hvy) — u(zy).

This allows us to write G [u] in the form of Definition as follows:

(V15-5vd)

h,d6.,6 _ _ D +p:
G(,,l’._.,Vd)(p;rapl DA ap;rvpd) = HmaX : 2 ; 75
=1 v "k
d + +_ - -
. b; -l—pj P11 — D1 Py — Py
+9) min{ =—5—= §p, — F Yooy . (4.8)
]z::l ‘I/j‘QhQ ( 2|v1| h |2v4| B

Now we need only check that this is non-decreasing in each of its arguments. We verify this
for the term pf; the reasoning is identical for the remaining terms.

Choose any € > 0 and consider:

0.5 0.0
G0 (pF €)= G (pf)

(V1,-5v4) (V1,esvq)

+ —

> 691 [ max { 21 +§+p1 ,0 » — max b1 —;_pl,

1|” h? " h?

d—1 P tetp pi +pp
+0 5 ,0 in 5o

Iz |1 |” h?

O U SR Ui TN
2‘1/1|h 2|V1’h

In the above, we have used the facts that

+ - 4o
|11|” h? |1 | h?



CHAPTER 4. MONOTONE FINITE DIFFERENCE METHODS 73

and that v > 51,

We continue with this expression to conclude that

h,d8,8 h,d8,6
G (i +e) =Gy, ])

(V1,050a) (V1505

Sogdot (PLEEFPL o PUIAPL S

> — -5 — 0| —Kps/——
|v1|? b2 |v1|? b2 2ln1|h

€ d—1
:‘V |2h2(6 _KF‘Vl‘h/Q)
1
This expression is non-negative as long as 09~ > Kp|vi|h/2.
We conclude that each of the G?;f?i‘? va) is non-decreasing in each u; — u;. O

Lemma 4.8. Under the hypotheses of Theorem the scheme for M A}ﬁde’a[u] in (4.6) is

degenerate elliptic.

Proof. The negation of this scheme is the minimum of schemes that are non-increasing in
each of the u; — u;. Consequently, the scheme for M Aﬁ/’[de’&[u] is non-decreasing in each

argument and is therefore degenerate elliptic. O

Lemma 4.9. Let xy € X be a reference point on the grid and ¢(x) be a twice continuously
differentiable function that is defined and convex in a neighbourhood of the grid. Then
the scheme M Ajps[¢] defined in approximates the Monge-Ampere equation (1.3) with

accuracy

M A [6l(a0) = MA o) + O (min{Dy,.,6(a0)}0 + 28 + iy + 09
Proof. We recall that the discretisation is of the form

MAGP o) = | min G, [6](o)

(Vl,...,ljd)eg (ylvnwl’d)

We begin by considering the term inside the minimum.

d d
G 18l(w0) = [] max{Du,u,é(w0), 8} + 7 Y min{D,,, ¢(0), 6}

j=1 =1

d d
AL nyjTl Dy d(w0),-. sy V‘]VdeD,,jqﬁ(xo)
j=1 j=1
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d
H max{ ey, (70),d} + Z min{¢,,,, (o), 0}

j=1 7j=1

xO

M&

(o) | +O(hZf))

=
o,
I M a
I

kF

]:

d d
H ax{(bV]V] (ajo) O} + O 5Z]l¢l/ vj xo) <6
Jj=1 j=1
d

+ y Z min{d)yjyj (I‘o), 0} + 0(75)

J=1

—F |,

(bl/] 7o),

(o) | + O(hZf)).

||‘M&
”M&

—

j }VJ‘

Here we have made use of the fact that the centred difference discretisations of the first and
second derivatives have a formal accuracy of O(h? g f) and that the function F' is Lipschitz
continuous.

Using the reasoning of Lemma we conclude that

d
MAi]t/,[dG,é[gb] (z0) = MA[¢](z0) + O | & Z ]l%,yj (z0)<s + 70 + hsz + df
j=1

Thus
M019) (20) — M A[g](o)

as h,df,d — 0 such that h.ryr — 0 as well.

Therefore the scheme is consistent. O

Remark. As before, we could also replace the max and min functions with the smooth

functions
max®(a,b) = % (a +b+ \/m)
min’ (a, b) = % (a +b—+/(a—b)2+ 52> .
Since these regularised functions preserve the property that
max®(a, b) + min’(a,b) = a + b,

the convergence proof (Theorem [4.10)) is unchanged.
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4.8.4 Formal Accuracy

Although the convergence proof does not provide an error estimate, it is interesting to look
at the formal accuracy of the finite difference scheme, which suggests the accuracy we might
expect to observe on smooth enough examples. The formal error of this scheme is on the

order of
d

2
52 L, <5 +76+ hipy +do
j=1

when u is a smooth solution.
We recall also that for convergence, the parameters in the Monge-Ampere equation and

the difference scheme must satisfy
a1 1
v >0 > §KFhe ff-

Although v occurs in the PDE itself, not merely the approximation scheme, the PDE is
equivalent to the Monge-Ampere equation with the convexity constraint for any (arbitrarily
small) positive value of . Thus we expect that the best possible consistency error we can
observe would occur if we set v = O(6%71) = O(hess). In this case, the formal consistency

error has the form J
1 d
d—1 d—1 2
hef Z ]lul,jl,j <hij/c<fd71) + heff + heff +db.
i=1 |

In particular, we want to consider the case of non-degenerate examples, where solutions
are strictly convex. Then all the second directional derivatives will be strictly positive and,

for small enough h, the solution will satisfy

1/(d-1)
Uyjv; > heff .

This means that the consistency error will simplify to
d_
hipp +hipp+do.

In this case, the formal spatial accuracy will be better than first order. In particular,
in the two-dimensional setting we actually obtain second order accuracy in the spatial

resolution hyy.
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4.8.5 Newton’s Method

The monotone discretisation of the more general Monge-Ampere equation results in a system
of equations that, as before, can be solved efficiently using Newton’s method.

This again involves performing the iteration

where the corrector v* is obtained by solving the equation
VM A[uM® = M A[uF].
We recall that this discretisation has the form

MAy[u] = — o mir;)eg G(,,hm’l,d)[u].

As before, we can write the Jacobian as
VMAM[U] = _VG(Vl,...,I/d) [U],

where the (v1,...,14) are the directions active in the minimum. The components of this

Jacobian are now given by:

d
vUiG(Vl,...7Vd)[u]:_Z HmaX{Dle/juiaé} ]lDVjujui26+’7]lDijjui<5 Dymum
m=1 JjEm
¢ oF d V- el d Vi - eq b uie
+ — | z, J D,.uj,y ..., J D, u; D, .
2 G (LT Dot T P | L

4.9 Computational Results: Two Dimensions

We now provide computational results to validate the theory developed in this chapter. We
begin by providing specific details for the four two-dimensional examples described in
In all these examples, the right-hand side of the Monge-Ampere equation will not depend
on gradients of the solution. Results for a more general Monge-Ampere equation will be
delayed until Chapter [6], when we will be better equipped to evaluate these results in the

context of optimal transport.
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We perform computations using 9, 17, and 33 point stencils. These stencils look along

the directions in:

G = {{(1?O)a (07 1)}7 {(17 1)7 (1> _1)}}
G117 =Gy U {{(172)7 (27 _1)}7 {(27 1)> (L _2)}}
G33 = G17 U {{(173)’ (37 *1)}7 {(37 1)a (17 *3>}’ {(27 3)’ (3’ *2)}7 {(Sa 2)7 (27 *3)}} :

We also perform a comparison with the standard methods described in Chapter

4.9.1 Accuracy

In this section, we present accuracy results for the four representative examples described
in §2.5} see [Table 4.1] and Figure We perform the computations using the monotone

scheme on 9, 17, and 33 point stencils. The accuracy of the scheme is determined by

a combination of the directional resolution, dfl, error and the spatial discretisation error.
Widening the stencil, which has the effect of decreasing df, improves the accuracy, as does
increasing the number of grid points.

We also compared the accuracy to standard finite differences. Standard finite differences
are formally more accurate since there is no df error, and we certainly observe this in the
computations. This is particularly evident for the C? and C' examples, where the error
in the standard discretisation is much lower than the error in the monotone discretisations

(with reasonably narrow stencils).

4.9.2 Computation Time

One of the big advantages of the monotone scheme is that it allows us to use Newton’s
method, which could become unstable or converge to the wrong solution when combined
with the standard discretisation. Consequently, the monotone scheme allows for a big im-
provement in solution time.

To support this claim, we compare computation times required by the monotone New-
ton’s method (on a 17 point stencil) with the times required by the Poisson and Gauss-Seidel
iterations described in Chapter[3] These are presented in Table[d.2]and Figure In terms

of absolution solution time, the Newton solver is faster for each of the four representative

examples of
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Max Error, C* Example ([2.17))

N 9 Point 17 Point 33 Point Standard
31 945x107° 9.12x107° 9.38x107°  4.54x107°
45 631 x107° 5.36x107° 5.40 x 1075 2.11 x 107°
63 491 x107° 3.42x107° 3.40x 107° 1.06 x 107°
89  4.17x107° 230x107° 2.17x107° 0.53 x 107°
127  3.79x107°% 1.67x107° 1.39x107° 0.26 x 107°
181  3.60x107° 1.34x107° 0.92x107° 0.13x107°
255 351x107° 1.17x107° 0.66x 107>  0.06 x 107
361 348 x107° 1.08x107% 0.51x107° 0.03 x 107
Max Error, C* Example (2.18)
N 9 Point 17 Point 33 Point Standard
31 21.54x10"%T 866 x10"7 6.39x10"T 3.78 x 107 ?
45 20.89x 107* 6.84x107* 4.07x107* 1.82x107*
63 21.33x107* 6.82x107% 3.18x107* 1.34x107*
89 21.40x107* 651 x107% 270x10™*  0.85x 1074
127 2155 x107% 6.63x107* 249x107* 0.59 x 10~*
181 21.54x107% 6.62x107* 240x107* 0.37x107*
255 21.51x107* 6.58x107* 2.36 x 10~* —
361 21.53x107* 6.62x107* 237x107* —
Max Error, Example with blow-up
N 9 Point 17 Point 33 Point Standard
31 1.74 x 1072 1.74x107° 1.714x10°° 1738x10°°
45 098 x 1072 0.98x107% 098 x 1072 14.74 x 1073
63  0.86x107% 0.59x107% 0.59x107% 12.62 x 1073
89  0.84x107% 0.37x107® 035x10"% 10.72x 1073
127 0.83x107% 035x107% 0.20x1073% 9.04x 1073
181 0.83x 1072 0.34x107% 0.17x 1073 7.61 x 1073
255  0.83x107% 0.33x107® 0.16x10™® 6.43x 1072
361 0.83x107% 0.33x107% 0.15x107% 5.42x 1073
Max Error, C%' (Lipschitz) Example
N 9 Point 17 Point 33 Point Standard
31 11.83x 102 357x10° 1.61x10~3 5.19x 1073
45 1035 x 1072 3.42x107% 1.68x107% 3.82x 1073
63 11.10x 1072 3.49x 1072 1.65x 1072 2.86x 1073
89 10.12x 1072 344 x107% 1.69x107% 212x 1073
127 11.80 x 1072 345 x 1072 1.64 x 1073 1.54 x 1073
181 10.38 x 1072 3.70x 1072 1.64 x 1073 1.12 x 1073
255 1047 x 1072 3.46x 1073 1.64 x 1073 —
361 10.40 x 1072 3.45x107% 1.64x 1073 —

78

Table 4.1: Accuracy of the monotone and standard discretisations on four representative

examples.
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Figure 4.2: Accuracy of the monotone and standard discretisations on the @ C? example,
@ C' example, example with blow-up, and @ Lipschitz example.
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Figure 4.3: Computation times for the 17 point monotone and standard discretisations on
the @ C? example, C'! example, example with blow-up, and @ Lipschitz example.

We are also interested in how well the computation times scale as the number of grid
points (M = N?) is increased. Order of magnitude solution times are presented in Table
We find that the order of magnitude solution time for Newton’s method is similar to or, in

the more singular examples, faster than the solution times for the other two-dimensional

methods.



CHAPTER 4. MONOTONE FINITE DIFFERENCE METHODS 81

C? Example (2.17)

N Newton CPU Time (seconds)
Iterations Newton Poisson Gauss-Seidel
31 3 0.1 0.3 0.8
45 3 0.3 0.9 3.0
63 3 0.6 1.6 10.7
89 3 1.2 4.1 41.0
127 3 2.6 8.3 163.1
181 3 6.6 19.3 666.0
255 3 14.6 44.0 —
361 3 33.6 124.5 —

C' Example (2.18)

N Newton CPU Time (seconds)
Iterations Newton Poisson Gauss-Seidel
31 3 0.1 1.0 0.6
45 3 0.3 6.0 2.6
63 4 0.7 24.7 8.8
89 5 1.8 114.0 33.8
127 4 3.3 447.1 139.9
181 4 7.9 — 541.8
255 5 20.6 — —
361 6 60.4 — —

Example with blow-up (2.19)

N Newton CPU Time (seconds)
Iterations Newton Poisson Gauss-Seidel
31 6 0.2 0.4 0.7
45 6 0.5 1.2 2.8
63 9 1.5 2.5 9.6
89 7 2.8 7.4 36.5
127 11 9.1 16.6 144.9
181 7 15.5 45.0 577.6
255 7 35.2 113.7 —
361 11 122.2 331.9 —

C%! (Lipschitz) Example (2.20)
N Newton CPU Time (seconds)
Iterations Newton Poisson Gauss-Seidel

31 6 0.2 4.9 0.8
45 6 0.5 25.0 3.1
63 6 1.1 86.9 10.6
89 7 2.4 417.2 40.1
127 8 6.4 1576.7 160.4
181 8 17.0 — 642.9
255 9 46.6 — —
361 10 155.6 — —

Table 4.2: Computation times for the 17 point monotone Newton, Poisson, and Gauss-Seidel
methods for four representative examples.
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Regularity of Solution
Method c?e @17) che Blow-up Co1
Gauss-Seidel ~ O(M?) ~ O(M?) ~ O(M?) ~ O(M?)
Poisson ~O(M*?)  ~O(M?) ~ O(M*3) ~ O(M?)
Monotone Newton | ~ O(M) ~ O(M!2) ~ O(M'?) ~ O(M'3)

Table 4.3: Order of magnitude computation time for the different solvers in terms of solution
regularity. Here M = N? is the total number of grid points.

4.10 Computational Results: Three Dimensions

In this section, we perform computations to test the speed and accuracy of the monotone
Newton’s method for three dimensional problems. These computations are performed on
an N x N x N grid on the square [0, 1]? using a 19 point stencil, which leads to the allowed

directions:

G = {{(1,0,0),(0,1,0),(0,0,1)},{(1,0,0),(0,1,1), (0,1, —1)},
{(0,1,0),(1,0,1),(1,0,—1)},{(0,0,1),(1,1,0),(1,-1,0)} } .

We present results for the three dimensional versions of the examples in Since the
methods of Chapter [3] are restricted to the two-dimensional Monge-Ampere equation, we
cannot compare these methods in three dimensions.

The size of the computation was restricted by the available memory, not by solution
time. The linear systems that arise in Newton’s method involve sparse N? x N3 matrices.
In our implementation of Newton’s methods, we construct these matrices and solve the
resulting linear systems using the Matlab backslash operator. Although these matrices are
formed using a sparse data structure, their construction and solution still require a great
deal of memory. However, this situation could certainly be improved by using an iterative
method that does not require the construction of the large Jacobian matrices.

Computation times and accuracy results for the three dimensional examples are pre-
sented in Table 4.4
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C? Example (2.21))

N  Max Error Iterations CPU Time (s)
7 146 x107° 3 0.1

11 0.67 x 1073 2 0.1
15 0.42 x 1073 3 0.4
21 0.27x1073 3 1.8
31 0.22x10°3 4 20.2
45 0.20 x 1073 4 242.0

C' Example (2.22))

N Max Error Iterations CPU Time (s)

7 5.29x 1073 5 0.1
11 4.04 x 1073 8 0.3
15 3.15x 1073 8 0.9
21 278 x 1073 8 4.2
31 2.52x1073 6 34.6

Example with Blow-up ([2.23))
N Max Error Iterations CPU Time (s)

7 7.11x107°3 4 0.04
11 5.29 x 1073 8 0.22
15 4.62x 1073 6 0.77
21 4.22x 1073 10 5.67
31 4.03x 1073 14 79.02

Table 4.4: Maximum error and computation time on three representative examples.

4.11 Conclusions

In this chapter, we have succeeded in constructing finite difference methods for the elliptic
Monge-Ampere equation that will provably converge to the convex viscosity solution in any
spatial dimension. The resulting system of nonlinear equations can be solved with New-
ton’s method. Computational examples indicate that this monotone scheme is competitive
with—and in many non-smooth cases, much faster than—finite difference methods based
on standard discretisations.

One of the main limitations of this monotone method is the accuracy of solutions, which
is limited by the stencil width. Since we want to use relatively narrow finite difference
stencils in practice, this can severely limit the accuracy we can achieve. Techniques for

improving the accuracy of the methods will be addressed in the next chapter.



Chapter 5

Hybrid Finite Difference Methods

In Chapter 4] we developed a finite difference discretisation that converges to the viscosity
solution of the elliptic Monge-Ampeére equation. The main downside to this scheme is that it
has limited accuracy, with a consistency error that depends not only on the spatial resolution
h, but also on the angular resolution df. This means that impractically wide stencils may
be required to achieve high accuracy. A formally more accurate (O(h?)) discretisation was
studied in Chapter [3| Despite the better formal accuracy, this scheme may not converge to
the correct weak solution when solutions are singular.

In this chapter, we combine the best features of these two schemes in order to build a
hybrid discretisation that achieves higher accuracy in smooth regions of the solution, while
still successfully capturing the behaviour of the viscosity solution near singularities. This is
done by using the monotone scheme near points where the solution is (or may be)
singular and the standard scheme elsewhere. To do this, we require a systematic way
of characterising a solution (or its discrete approximation) as either singular or non-singular.
In this chapter, we explore two possible characterisations. For one of these, we can prove
that our hybrid scheme converges to the viscosity solution of the Monge-Ampére equation.
In fact, in the course of obtaining this result, we also prove a very general theorem about
the convergence of certain formally higher-order approximation schemes for a large class of

degenerate elliptic PDEs.

84
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5.1 A Priori Hybrid Discretisation

A natural option for distinguishing between singular and non-singular discrete approxima-
tions is to look at the size of certain derivatives (or their discrete approximations). Since
the Monge-Ampere equation is second-order, it is natural to characterise a discrete solution
as singular if its second derivatives are large. One advantage of this approach is that we can
make use of regularity results for the Monge-Ampeére equation to define an a priori hybrid
discretisation. That is, the particular choice of monotone or standard scheme at each point

is pre-determined and does not depend on the computed solution.

5.1.1 Discretisation

The Monge-Ampere equation has a rich regularity theory, which we have briefly discussed
in Using this theory and the given data, we can characterise the possible regions
where the solution of the Monge-Ampere equation can become singular.

We begin by identifying the set X®, which is a neighborhood of the possible singular
set of u on X that is defined using the regularity conditions . Letting € be a small

parameter, which we can take equal to the spatial resolution h, we define the singular set as

X={zeX| f(x)<eor f(x) >1/eor f(z) ¢ C* in an e-neighbourhood of x}U
{x € X | dX is not strictly convex at z or ¢(z) & C>* in an e-neighbourhood of z}.

Next we choose a weight function w : X — [0, 1] that is zero in an h-neighbourhood of
X? and that goes to 1 elsewhere.
This allows us to construct the following a priori hybrid discretisation, which is simply

an average of the monotone and standard schemes:
MAT = w(z)MAS + (1 — w(z))MAM. (MA)H

We remark that for C? solutions, this hybrid scheme will sometimes be less accurate
than the standard finite differences. This is because it will lose some accuracy near any flat
(non-strictly convex) boundary. While this might seem conservative, we have seen in §2.2.1]

that the flat boundary can lead to a loss of regularity.
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5.1.2 Newton’s Method

Next we consider Newton’s method for this hybrid scheme. To set up the equation for
the Newton step, the Jacobian of the scheme is again needed. Since the hybrid discretisation
is a weighted average of the monotone and standard discretisations, and since the weight
function w(z) is determined a priori, the Jacobian of the hybrid scheme will simply be a
weighted average of the Jacobians of the component schemes.

Thus Newton’s method is simply

where the corrector is obtained by solving the weighted average of the two linearisations

(w(z)V MA W] + (1 — w(z)) Vo MAM[u])o"
= w(z)MA[u"] 4+ (1 — w(z))MAM WM. (5.1)

We incorporate damping and regularisation into this scheme as described in

5.2 Filtered Discretisation

The hybrid discretisation we have just described is formally more accurate than the mono-
tone discretisation since, providing the data is sufficiently well-behaved, it does not require
a wide stencil. However, by sacrificing monotonicity we also sacrifice the convergence proof
of Chapter

Now we consider an alternative approach for classifying a discrete solution as singular,
which will depend on the particular scheme we are considering. Instead of looking at the
derivatives of the solution, we now look at the value of the standard scheme when we
input the solution. Intuitively, the idea is that for smooth functions, any two consistent
discretisations (for example, our monotone and standard schemes) should have values that
are close to each other. We will say that a function is singular with respect to a particular
scheme if the value of that scheme is far from the value of the monotone scheme (which we
know correctly approximates the viscosity solution). This idea leads us to consider a filtered

scheme of the form
MAM[U]—Ff(MAS[u] —MAM[U]) . (5.2)
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Here the function F should be equal to the identity if its argument is small in magnitude
and should vanish otherwise. Thus as long as the standard scheme is approximating the
PDE well in some sense, the filtered scheme will simply reduce to the higher-order scheme.
If the standard scheme is not approximating the PDE correctly, the monotone scheme is
used to ensure correctness.

As with our a priori hybrid scheme, this filtered scheme is not monotone. However,
this formulation ensures that it is at least close to a monotone scheme. This property will
enable us to prove that this non-monotone scheme converges to the viscosity solution of the

Monge-Ampeére equation.

5.2.1 Viscosity Solutions of Elliptic Equations

Because the filtered discretisation we are considering is not monotone, it will no longer fit
into the convergence framework of [72], which we relied on in Chapter |4 The convergence
of certain higher-order, non-monotone schemes has been studied for Hamilton-Jacobi equa-
tions [1l [61]. However, we are not aware of similar results for second order equations. This
means that we must establish new convergence results that will apply to our filtered scheme.

We begin our discussion in the very general setting of second-order degenerate elliptic

equations of the form
F(z,u(z), Vu(z), D?u(z)) =0, zeX cRY, (5.3)

together with appropriate boundary conditions.

Remark. Throughout the remainder of this section, we will assume that boundary conditions
have been incorporated into the operator F' so that equation (5.3 can be posed in the closed

domain X.

In Chapter [2] we remarked that the Monge-Ampeére equation belongs to the class of
elliptic equations because of its monotone dependence on the eigenvalues of the Hessian.
The equations we are now considering call for a slightly more general definition of degenerate

ellipticity.

Definition 5.1 (Degenerate Elliptic Equations). The equation (5.3)) is degenerate elliptic if
F(z,r,p,Z) < F(z,s,p,Y)

foralze X, r,scR, peR”, Z,Y € S" with Z>Y and r < s.
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As we have already seen for the Monge-Ampere equation, elliptic equations need not have
smooth solutions. Viscosity solutions, which we defined for the Monge-Ampere equation
in can also be defined in this more general setting.

Before we give this more general definition, we need to introduce the notion of semi-

continuity.

Definition 5.2 (Semi-Continuous). A function u : X — R is upper (lower) semi-continuous
if for every point g € X,

u(xo) > limsup u(x)

T—T0

(u(xo) < liminfu(x)> .

Tr—T0
For brevity of notion, we will use USC(X) and LSC(X) to denote the sets of real-valued
upper and lower semi-continuous functions defined on the domain X.

We can also define the upper and lower-semi continuous envelopes of a function.

Definition 5.3 (Upper and Lower Semi-Continuous Envelope). The upper and lower semi-

continuous envelopes of a function u(x) are defined, respectively, by

u*(x) = limsup u(y),
y—z

us(x) = ligliélfu(y).

We are now prepared to define viscosity solutions of elliptic equations.

Definition 5.4 (Viscosity Solution). An upper (lower) semi-continuous function w is a wvis-
cosity sub(super)-solution of (5.3)) if for every ¢ € C?(X), if u — ¢ has a local maximum

(minimum) at x € X, then
Fu(z,u(z), Vo(z), D*¢(x)) <0

(F*(z,u(x), Vo(x), D*$(z)) > 0).
A function u is a wiscosity solution if it is both a sub- and a super-solution.

A very useful property of viscosity solutions is their stability under perturbation not only
of the solution, but also of the operator. This is important in developing approximation
schemes. Another important property of viscosity solutions of degenerate elliptic equations

is the comparison property, which guarantees uniqueness [60].
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Theorem 5.1 (Comparison Property). Under mild structure conditions on a degenerate
elliptic operator, the following result holds. If uw € USC(X) is a sub-solution and v €
LSC(X) is a super-solution of (5.3)) then u <wv on X.

Remark. As we have already noted in Theorem[2.4] the Monge-Ampere equation does satisfy

a comparison principle.

5.2.2 Convergence of Approximation Schemes

We now want to consider a scheme for approximating the degenerate elliptic equation (5.3)).

We will be using an approximation scheme of the form
Fé(z,u(z),u(-)) = 0 (5.4)

where € is a discretisation parameter. In practice, this could be the spatial and/or directional

resolution of a finite difference stencil.

Remark. The solution of the approximation scheme will normally be given on the grid, but

we assume that we have a continuous extension of this into the domain X.

The work of Barles and Souganidis [4], which was foundational to the schemes con-
structed in Chapter [d] demonstrates that approximation schemes will converge if they are
consistent, stable, and monotone. To facilitate the development of a higher-order filtered
scheme, we now want to relax this requirement and allow for schemes that may not be
monotone. In particular, our theory will closely follow the work of [4] except that we now

require schemes to be consistent, stable, and almost monotone.
Definition 5.5 (Consistent). The scheme ([5.4)) is consistent with the equation (|5.3)) if for
any smooth function ¢ and = € X,

limsup  F(y, d(y) +& 6(-) + &) < F*(z,¢(x), Vo(x), D*¢()),

EHOJJH‘T,EHO

liminf  F(y, d(y) + & ¢(-) + &) > Fulz, d(x), Vo(x), D*p(x)).

e—0,y—z,£—0
Definition 5.6 (Stable). The scheme (5.4) is stable if any solution u¢ of (5.4) is bounded
independently of e.

Definition 5.7 (Almost Monotone). The scheme ((5.4)) is almost monotone if for every € > 0,
z € X, t € R and bounded u > v

Fé(x,t,u(-)) < F(z,t,v(-)) + r(e)
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where
limr(e) = 0.

e—0

With these definitions, we can now give our convergence result.

Theorem 5.2 (Convergence of Approximation Schemes). For each e > 0 let u® be a solution
of (5.4). Then as e — 0, u¢ converges locally uniformly to the viscosity solution of (5.3)).

We begin with two lemmas.

Lemma 5.1 (Viscosity Solutions). In the definition of viscosity solutions (Definition [5.4)), it
is sufficient to consider unique, strict, global maxima (minima) with u(z) — ¢(z) = 0 at the

extremum.

The relaxations allowed by this lemma are fairly standard; see, for example, [60, Prop.

2.2]. We include a proof here for completeness and clarity.

Proof. Suppose that a bounded, upper semi-continuous function u satisfies the criteria of
Definition where “local max (min)” is replaced with “unique, strict, global max (min)
with a value of zero”. We verify that u is a viscosity subsolution. We can similarly show
that it is a supersolution.

Choose any smooth function ¢ such that u — ¢ has a local max at a point xy € X. Then

there exists 7 > 0 such that
u(xo) — d(x0) > u(x) — ¢(z), for x € B(xo, 7).
Now we choose a number
M > %4 <m}z{1x’¢(m) + u(zy) — ¢(m0)’ + m)a(mxu(:n))

and define
d(x) = ¢(x) + (u(zo) — d(z0)) + M|z — 20|

Then by hypothesis,

F(xo,u(x
F(xg,u(x

(w0), Vé(0), D*¢(0)).

Thus u is a subsolution and the definitions agree. O
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Lemma 5.2 (Stability of Maxima). Define

w(x) = limsup u(y) € USC(X),

e—0,y—x

which is bounded by the stability property. For a smooth function ¢, let 2y be the unique

strict global maximizer of u — ¢ with u(zg) = ¢(z¢). Then there exist sequences:

€, — 0
Yn — X0

u (yn) — (zo)

where ¥, is a global maximiser of u®» — ¢.

Proof. From the definition of the limit superior, we can find sequences
€, — 0, 2z, — a0

such that

u(zn) — a(xp).-

Now we define y, € X to be maximisers of u (z) — ¢(z).
We have

u (Yn) = d(Yn) = v (2n) — ¢(2n) — u(xo) — d(x0) = 0.

Also, for any § > 0 and large enough n,

U™ (Yn) — A(Yn) < U(yn) — ¢(yn) + 9 < U(w0) — ¢(w0) + 6 = 0.

Thus we have
(O (yn) - ¢(yn) — 0.

Now suppose we do not have y, — xg. Then (possibly through a subsequence) there is
an R > 0 such that
|yn - 370| > R.

Also, since the max is strict, global, and unique, there is a K > 0 such that

u(y) —¢(y) < —K <0

whenever |y — xg| > R.
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Thus for any 6 > 0 and large enough n,
u™ (yn) — G(yn) < U(yn) — d(yn) +0 < —K +0 — —K <0,

which contradicts the fact that v (y,) — ¢(yn) — 0. We conclude that
Yn — XQ-

Finally, it is clear that

‘uen (yn) - ﬂ(xo)‘ = }ufn (yn) - ¢($0)‘
< }ugn (Yn) — ¢(yn)‘ ““(ls(yn) - ¢(w0)‘

— 0.

Therefore,

u (yn) — (o). -
Proof of Theorem [5.9. Define

a(r) = limsup u(y) € USC(X),

e—0,y—x

u(z) = liminf u*(y) € LSC(X).

e—0,y—x
These are bounded by the stability property.

Now we show that u is a sub-solution. For a smooth function ¢, let g be a strict global
maximum of @ — ¢ with ¢(xg) = @(zp) (Lemmal5.1)). By Lemma we can find sequences
with

€, — 0

Yn — Z0

ur (yn) - ﬂ(l’o)
where y,, is a global maximiser of u® — ¢.

We define
En = u"(Yn) — d(yn) — U(x0) — ¢(x0) =

We also recall that

u () — p(z) < u(yn) — d(yn) = € for any x € X.
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Using these definitions and the almost monotonicity of the scheme, we find that

0= F(yn,u" (yn),u™ ("))
= F"(Yn, ¢(yn) +&n, 0(-) + ('U'En(') - ¢()))
> F(Yn, ¢(yn) + &ns @(-) + &n) — 7(€n).

By consistency, we have

0 > liminf {FE” (Yn, @(Yn) + &ny 0() + &) — r(en)}

n—o0

> liminf  F(y, ¢(y) + & o(-) + &)

5—>O,y—>az,§—>0

> F(x0, ¢(20), Vo(0), D*(x0))
= F.(z0,(x0), Vo(x0), D*¢(0)),

which shows that @ is a subsolution. Similarly, we can show that u is a super-solution. By

the comparison principle we have

N
(VAN

U.

However, from their definitions, we know that

AN
IN|

U

Thus we conclude that @ = u is both a sub-solution and a super-solution, and is therefore
the viscosity solution of (5.3]). O

5.2.3 Convergence of Almost Monotone Finite Difference Methods

We now want to use the framework of Theorem to construct a convergent, formally
higher-order approximation scheme for the Monge-Ampere equation. We continue our dis-

cussion in the general setting and consider an almost monotone discretisation of the form
Flu| = Fylu] + €4S [z, u, ] = 0. (5.5)

Here Fj, is a convergent monotone scheme. The function S should be bounded and con-
tinuous. We note that with a suitable choice of the function S, this scheme resembles the
filtered scheme suggested in .

In this thesis, we have already constructed a convergent monotone scheme for the Monge-
Ampere equation. We now want to use the properties of the monotone scheme to establish

convergence of the perturbed scheme ([5.5|).
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Theorem 5.3 (Convergence of Perturbed Schemes). Suppose that the scheme Fj;[u] is
degenerate elliptic, proper, and locally Lipschitz continuous. Suppose also that S is a con-

tinuous, bounded function. Then solutions of the perturbed scheme
Flu) = Fylu] + €S [z,u,e] =0
exist and converge locally uniformly to the viscosity solution of the PDE (j5.3]).

Before we prove this result, we state several lemmas, which will enable us to use Theo-

rem [o.2)

Lemma 5.3 (Consistency and Almost Monotonicity). The perturbed scheme (/5.5)) is consis-
tent with Equation (5.3 and is almost monotone.

Proof. This result follows immediately from the consistency and monotonicity of Fj,. [

Lemma 5.4 (Existence). Suppose that the scheme F§,[u] is degenerate elliptic, proper, and
locally Lipschitz continuous. Suppose also that .S is a continuous, bounded function. Then
the perturbed scheme

Felu] = Fyslu] + €S [z,u,e] =0

has a solution.

Proof. For a fixed e > 0, consider the function y(u), defined as the solution vector of the
scheme
Figly(w) + S [, u,d] = 0.

From the theory in [72] and the continuity of S, the function y(u) is uniquely defined and
continuous. In addition, since the function S is bounded, the function y will also be bounded.

In particular, there exists an R so that for any input w,
y(u) € Bp

where Bpg is the ball of radius R.
Now we restrict the domain of y to this ball and note that y : Bg — Bgr. By Brouwer’s
fixed point theorem, the function y has a fixed point in this same ball.

We conclude that the perturbed scheme has a solution. ]
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Lemma 5.5 (Stability). Suppose that the scheme F§,[u] is degenerate elliptic, proper, and
locally Lipschitz continuous. Suppose also that .S is a continuous, bounded function. Then

any solution u€ of the perturbed scheme
Flu) = Fylu] + €S [z,u,e] =0
can be bounded uniformly as ¢ — 0.

Proof. Let u be any solution of the perturbed scheme. Then u is also a solution of the
monotone scheme

Fir[v] + €S [z, u, €] = 0.

Since the function S is bounded independently of u and €, we can use the theory of [72] to

bound the solution uniformly as ¢ — 0. O

Proof of Theorem [5.3. The hypotheses of Theorem are established in Lemmas 5.5

which proves convergence to the viscosity solution. O

5.2.4 Construction of Filtered Schemes

Now we want to use this theory to construct more accurate approximation schemes. This
can be done by appropriate choice of the function S, which we will refer to as a filter.

To do this, let us denote by F'§[u] a more accurate approximation scheme. For example,
we can consider the standard finite difference discretisation of the Monge-Ampere equation
that was described in Chapter [3] Other higher-order schemes for this and other PDEs can
also be constructed by looking at Taylor series expansions. In order for our filtered scheme
to make use of this more accurate scheme, we need to choose the function S so that

Sl e — Tl = gl
€
for sufficiently regular functions uv. We also want the filtered scheme to reduce back to the
monotone scheme if the accurate and monotone schemes give very different values, which
might happen on a singular solution. This means that the function S should vanish if the
difference
Fiful - F§ylu]

is large in magnitude.
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S(x)
o

Figure 5.1: The filter used to construct a formally higher-order discretisation.

This motivates us to choose a filter S of the form

Sfr,ud =S [FA[“]—FMM]

€

where Fy is an accurate scheme with a formal discretisation error that is less than O(e®).
We define the function S by

x x| <1
S(z) = { max{2 — 2,0} z>1 (5.6)
min{—-2 —z,0} = < —1.
This filter is plotted in Figure [5.1

Remark. Any continouous, bounded function S that is equal to the identity in a neighbour-
hood of the origin is equally valid.

The discussion of this chapter is all valid for the Monge-Ampére equation. Thus we now
propose the following filtered discretisation.

M AR[u] — M ARy
e(h,db,d)

MALDO W) = MAROS 4 (b, dp,5)S (MAYF

where €(h, df,d) converges to zero as h, df, and d go to zero.

Theorem 5.4 (Convergence of Filtered Scheme for Monge-Ampere). Let the PDE
have a unique viscosity solution and let the right-hand side F(x,Vu) be Lipschitz continuous
on X x R% with Lipschitz constant Kp. Then the solutions of the scheme exist and
converge to the viscosity solution of as h,df,6 — 0 with v > 641 > KF‘VJ'| h/2 and
hepr > h‘yj‘ — 0 for every v; € G.
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Proof. This follows immediately from Theorems and O

5.2.5 Formal Accuracy

Now we want to verify that the filtered scheme does in fact lead to an improvement in the
formal accuracy.

Now let us consider a smooth solution ¢ of the Monge-Ampere equation. By construc-
tion, the standard scheme has a formal accuracy of O(h?). With an appropriate
choice of parameters, the formal accuracy of the monotone scheme is at worst O(h + df)
(44.8.4). (It is O(h% +d#) for strictly convex solutions). Let us also choose the perturbation
size €(h,dd,0) to be O(h* + d@ﬁ) where a and (3 are less than or equal to one.

We first observe that the argument of the filter S will be on the order of

MAL[G) — MAY [¢] — O(h?) + O(h + db)
e(h,db, b) - he + dOP
O(h + d)

~ O (max{he, d65})
~0 (min{hl_a, h/d6%} + min{d6' P, de/ha})

<0O(1).

This means that the filter will act as the identity operator.
Thus the filtered scheme will be given by

MAL[g) — MAY?g]
e(h,db, o)

MA]}’do’a[@] _ MA}]&dg"S[qﬂ + e(h, de, 5)
M A§(g),

which is just the standard scheme.
We conclude that the formal discretisation error in the filtered scheme will be O(h?),

just like the original standard scheme.

5.2.6 Newton’s method

As before, we solve the discrete system using Newton’s method:

u" =y — (VM Ap[u™) "M Ap[u"]
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where the Jacobian is given by
VMAp[u] = (1= S8'[u]) VM Ap[u] + S'[u] VM Aglu].

The derivative of the filter (5.6|) is given by

1 |zl <1
S(r)=<¢-1 1<z| <2
0 |z >2.

However, allowing this derivative to take on negative values can lead to poorly conditioned

or ill-posed linear systems. Instead, we approximate the Jacobian by

VMAp[u] = (1= S'[u]) VM Aps[u] + max{S'[u],0} VM Aglu].

5.3 Computational Results—Two Dimensions

In this section, we present computational results for the hybrid and filtered schemes. In the
implementation of the filtered scheme, we have fixed the parameter ¢ = vh + df/10. For
brevity, we only present results on a 17 point stencil. Computations were also performed
on the 9 and 33 point stencils, but these results do not affect our qualitative observations.
We compare these results to the results obtained using the monotone method (also on a 17
point stencil) and the standard finite differences. As in the previous chapters, we present

detailed results for the four representative examples of

5.3.1 Accuracy

We begin by looking at the numerical accuracy of the hybrid methods. Numerical errors are
presented in Table and Figure[5.2] To assist in the interpretation of our results, we are
also interested in knowing which scheme (monotone or standard) is active in the hybrid or
filtered discretisations. This information is presented in Figure In these pictures, yellow
indicates that the value of the scheme is equal to the value of the standard scheme. Green
indicates that the value is given by the value of the monotone scheme. Intermediate colours
indicate that the value of the filtered scheme is between the values of the two component

schemes.
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C? Example (2.17)

N Maximum Error

Monotone Hybrid Filtered Standard
31 9.12x107° 6.76 x 10~° 454 x 107> 4.54x 107°
45 536x107° 3.00x107° 211x107° 2.11x107°
63 3.42x107° 146x107° 1.06x107° 1.06 x 107°
89 230x107° 0.71x107° 053x107° 0.53x107°
127 1.67x107° 0.35x107° 0.26x107° 0.26 x 107°
181 1.34x107°% 0.17x107° 0.13x107° 0.13x107°
255 1.17x107° 0.09 x 107° 0.06 x 107°  0.06 x 107°
361 1.08x 107 0.04x107° 0.03x107° 0.03x 107°

C' Example

N Maximum Error

Monotone Hybrid Filtered Standard
31 866x107% 6.62x107% 399x10°F 3.78 x 1077
45 6.84x107* 3.70x107* 203x107* 1.82x107*
63 6.82x107* 275x107% 1.40x107% 1.34x107*
89 6.51x107% 1.98x107* 1.03x107* 0.85x107%
127 6.63x107* 1.68x107* 0.76x10"* 0.59 x 107*
181 6.62x107* 1.19x107* 056x10"* 0.37x107*
255 6.58 x 107*  0.85x 107* 0.46 x 107* —
361 6.62x107* 0.60x107* 0.31x10~* —

Example with blow-up

N Maximum Error

Monotone Hybrid Filtered Standard
31 1.74x107% 1.74x107° 1.74x10~% 1738 x10°°
45 098 x107% 0.98x107% 0.98x107% 14.74 x 1072
63  0.59x107% 059x107% 0.59 %107 12.62x 1073
890 0.37x107% 0.35x107% 0.35x107% 10.72x 1073
127 0.35x 1072 0.20x107% 0.20x10"% 9.04x 1073
181 0.34x107% 0.12x107% 0.12x107% 7.61x 1073
255 0.33x107% 0.07x107® 0.13x107% 6.43 x 1073
361 0.33x107% 0.04x1072® 0.13x107% 542x 1073

C%!' (Lipschitz) Example

N Maximum Error

Monotone Hybrid Filtered Standard
31 357x107° 357x107° 4.16x10° 5.19x10°°
45 3.42x107% 342x107% 260x 1072 3.82x 1073
63 3.49x107% 349x107% 282x107% 2.86x107°
89 3.44x107% 344x107% 290x107% 2.12x107?
127 3.45x107% 3.45x107% 283 x 1072 1.54x 1073
181 370x107% 370x107% 3.02x107% 1.12x10°3
255 3.46 x 1072 3.46 x 107® 3.06 x 1073 —
361 3.45x107% 3.45x107% 3.21x 1073 —

Table 5.1: Accuracy for the 17 point monotone, hybrid, filtered, and standard discretisations
for four representative examples.
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Figure 5.2: Error of the 17 point monotone, hybrid, filtered, and standard discretisations on
the @ C? example, C'! example, example with blow-up, and @ Lipschitz example.

Our qualitative observations differ somewhat depending on the regularity of the partic-

ular problem so we discuss each example in turn.

The C? solution (2.17)

The standard finite difference schemes gives O(h?) accuracy. In this case, the hybrid scheme
is slightly less accurate (though it still exhibits approximately O(h?) accuracy). This hap-
pens because the monotone scheme is used near the non-strictly convex boundary as a
precaution. Because the filtered scheme is allowed to use the more accurate discretisation

right up to the boundary, it achieves the same accuracy as the standard scheme. Both the
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hybrid and filtered schemes represent a clear improvement over the monotone scheme, which

had its accuracy limited by the width of the stencil.

The C' solution (2.18))

This solution is non-smooth around a circle, so there is no reason to expect the second-order
accuracy that was possible on the smooth solution. In fact, we find that the accuracy for
the hybrid scheme is about O(h), which is similar to the standard discretisation. However,
the absolute error is somewhat larger than the accurate scheme due to the fact that the
monotone scheme is used in the interior of the circle and at points near the boundary, where
the solution is in fact smooth. From Figure [5.3(d)|, we see that the filtered scheme applies
the standard scheme at most of these points, with a small weight assigned to the monotone
scheme at some points around the circle. (Note that the scale on this image is different than
the scale on the other images. Without this change in scale, it is difficult to see the small
weights assigned to the monotone discretisation.) This results in a lower absolute error than
the hybrid scheme could achieve.

It is worth noting that the precise accuracy of the filtered scheme will depend on our
choice of the parameter €, which determines the allowable deviation from the value of the

monotone scheme. We have chosen to set this value to
1
=Vh + —db.
€ + 10

By changing this scaling (for example, by allowing € to scale with v/df), we can allow for
greater deviations from the monotone scheme, which could improve solution accuracy by
permitting the use of the accurate scheme in a larger reason. For this particular example,
where the standard discretisation appears to converge to the correct solution, this approach
would probably improve the accuracy of the filtered scheme. In general, however, increasing
the value of € too much could also make it possible to use the standard scheme near a
singularity, where it could instead cause a decrease in accuracy.

Both the hybrid and the filtered schemes again allow for a big improvement over the

limited accuracy of the monotone scheme.

The blow-up solution (2.19))

In this case, the accuracy of the hybrid scheme is O(h!'-%), which is much better than the

accuracy of both the standard discretisation, which was only O(h%?), and the monotone
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scheme, which is limited by the stencil width.

The accuracy of the filtered scheme is better than the accuracy of the monotone scheme,
but still appears to be limited by the width of the stencil. This is caused by our choice of
the parameter €, which scales like v/h in these computations. Given our observation that
the accuracy of the standard scheme is only v/, it is unreasonable to expect the values
of the standard and monotone schemes to differ by less than vh. As a result, the filtered
scheme may reduce to the monotone scheme even in regions where the solution is smooth.

By increasing the value of €, we can improve the accuracy of the filtered scheme.

The cone solution (|2.20))

For this singular example, the hybrid scheme is identical to the monotone scheme (since
the right-hand side is either 0 or very large everywhere in the domain). Consequently, the
angular resolution (stencil width) limits the accuracy of solutions. The singularity also limits
the accuracy we can achieve with the filtered scheme. Since this solution is so singular (in

fact, it is not even a viscosity solution), the reduced accuracy is to be expected.

5.3.2 Computation Time

Next we look at the computation times for the hybrid and filtered schemes. The incorpora-
tion of the monotone discretisation into these more accurate schemes appears to be enough
to ensure the stability of Newton’s method. In Chapter [4] we saw that the monotone New-
ton’s method performed much more quickly than our other two-dimensional methods. We
now want to verify that the computation time required by Newton’s method is not adversely
affected by the use of a hybrid or filtered scheme.

Computation times for the 17 point schemes are presented in Table and Figure
As we had hoped, the computation times appear to be essentially the same for all three of

the monotone, hybrid, and filtered schemes.

5.3.3 Gradient Maps

At this point, we recall that one of the motivations for solving the Monge-Ampere equation

was to solve various mapping problems. With this goal in mind, it is important that not
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C? Example (2.17)

N Newton Iterations CPU Time (seconds)
Monotone Hybrid Filtered Monotone Hybrid Filtered

31 3 3 2 0.1 0.1 0.1
45 3 3 2 0.3 0.3 0.2
63 3 3 2 0.6 0.6 0.5
89 3 3 2 1.2 1.2 1.1
127 3 3 2 2.6 2.4 2.0
181 3 3 2 6.6 5.9 4.6
255 3 3 2 14.6 12.5 9.9
361 3 3 2 33.6 28.2 22.5

C' Example (2.18))

N Newton Iterations CPU Time (seconds)
Monotone Hybrid Filtered Monotone Hybrid Filtered

31 3 2 2 0.1 0.1 0.1
45 3 3 3 0.3 0.3 0.3
63 4 3 2 0.7 0.6 0.5
89 5 4 3 1.8 1.5 1.2
127 4 5 3 3.3 3.8 2.6
181 4 4 4 7.9 7.6 7.0
255 5 5 3 20.6 19.1 12.9
361 6 5 6 60.4 48.3 50.6

Example with blow-up (2.19)

N Newton Iterations CPU Time (seconds)
Monotone Hybrid Filtered Monotone Hybrid Filtered

31 6 6 7 0.2 0.3 0.3
45 6 6 6 0.5 0.6 0.6
63 9 9 9 1.5 1.4 1.5
89 7 7 7 2.8 2.7 2.6
127 11 11 11 9.1 8.6 8.4
181 7 7 8 15.5 14.2 15.0
255 7 7 8 35.2 30.5 324
361 11 11 12 122.2 101.5 108.7

C%!' (Lipschitz) Example (2.20)

N Newton Iterations CPU Time (seconds)
Monotone Hybrid Filtered Monotone Hybrid Filtered

31 6 6 7 0.2 0.2 0.2
45 6 6 7 0.5 0.5 0.6
63 6 6 9 1.1 1.0 1.4
89 7 7 9 2.4 2.4 2.9
127 8 8 8 6.4 6.6 6.4
181 8 8 9 17.0 17.3 15.4
255 9 9 10 46.6 47.1 38.2
361 10 10 9 155.6 155.8 81.7

Table 5.2: Computation times for the 17 point monotone, hybrid, and filtered Newton’s
methods.
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only the solutions of the equation, but also their gradients, are obtained accurately. In
particular, it is critical that the gradient map be monotone.

In the solutions and corresponding gradient maps for the first three repre-
sentative examples are presented. For example , the gradient map is too singular to

illustrate. To visualise the maps,we show the image of a Cartesian mesh under the mapping

T D.u
Y Dyu ’
where (Dyu, Dyu) is the numerical gradient of the solution of the Monge-Ampere equation.
In some cases, the image of a circle is plotted for visualisation purposes; the equation was
actually solved on a square. For reference, the identity mapping is also displayed.
In each case, the computed map agrees with the gradient map coming from the exact

solution.

5.4 Computational Results—Three Dimensions

In this section, we demonstrate the speed and accuracy of the hybrid Newton’s method for
three dimensional problems. These computations are performed on an N x N x N grid on
the square [0, 1]2. The monotone scheme used a 19 point stencil.

As before, we provide specific results for three representative examples of varying regu-
larity, which are described in §2.5] Although the results are obtained on fairly coarse grids
(up to 45x 45 x 45), Figure suggests trends similar to what we saw in the two-dimensional
case. In particular, the filtered and hybrid schemes lead to an improvement over the limited
accuracy that is possible with the narrow-stencil monotone scheme. We also find that, as in

the two-dimensional case, the computation time is essentially the same for all three schemes.
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C? Example (2.21))

Monotone

Max Error
Hybrid

Filtered

11
15
21
31
45

1.46 x 1073
0.67 x 1073
0.42 x 1073
0.27 x 1073
0.22 x 1073
0.20 x 1073

1.43 x 1073
0.58 x 1073
0.29 x 10~3
0.14 x 1073
0.06 x 10~3
0.03 x 1073

1.24 x 1073
0.46 x 1073
0.24 x 1073
0.12 x 1073
0.05 x 1073
0.02 x 10~3

C! Example (2.22)

Monotone

Max Error
Hybrid

Filtered

11
15
21
31

5.29 x 1073
4.04 x 1073
3.15 x 1073
2.78 x 1073
2.52 x 1073

5.01 x 1073
3.82 x 1073
2.61 x 1073
1.78 x 1073
1.35 x 1073

3.82x 1073
2.69 x 1073
1.03 x 1073
0.72 x 1073
0.41 x 1073

N

Example with Blow-up ([2.23)

Monotone

Max Error
Hybrid

Filtered

7
11
15
21
31

711 x 1073
5.29 x 1073
4.62 x 1073
4.22 x 1073
4.03 x 1073

7.00 x 10~3
5.38 x 1073
412 x 1073
3.43 x 1073
2.84 x 1073

6.38 x 1073
5.32 x 1073
4.36 x 1073
3.90 x 1073
3.86 x 1073

108

Table 5.3: Accuracy for the monotone, hybrid, and filtered discretisations for three repre-
sentative three-dimensional examples.
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C? Example (2.21))

N Iterations CPU Time (seconds)
Monotone Hybrid Filtered Monotone Hybrid Filtered

7 3 3 3 0.1 0.1 0.1
11 2 2 2 0.1 0.1 0.1
15 3 3 2 0.4 0.4 0.3
21 3 3 3 1.8 1.5 1.4
31 4 4 2 20.2 17.6 8.7
45 4 5 5 242.0 204.9 192.6

C! Example (2.22)

N Tterations CPU Time (seconds)
Monotone Hybrid Filtered Monotone Hybrid Filtered
7 ) 5 4 0.1 0.2 0.1
11 8 10 4 0.3 0.3 0.1
15 8 10 6 0.9 1.0 0.6
21 8 7 6 4.2 3.4 2.6
31 6 8 7 34.6 37.9 29.5

Example with Blow-up (2.23))

N Tterations CPU Time (seconds)
Monotone Hybrid Filtered Monotone Hybrid Filtered
7 4 4 4 0.03 0.04 0.08
11 8 10 10 0.22 0.29 0.29
15 6 6 6 0.77 0.61 0.66
21 10 10 10 5.67 4.73 4.58
31 14 11 14 79.02 48.66 56.83

Table 5.4: Computation times for the monotone, hybrid, and filtered Newton’s methods in
three-dimensions.
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Figure 5.6: Maximum error and computation times for the monotone, hybrid, and filtered
schemes on the three-dimensional C? example, C! example, and ex-

ample with blow-up.



Chapter 6
Optimal Transport

In this chapter, we turn our attention to an important application of the elliptic Monge-
Ampere equation: the L? optimal mass transport problem. After reviewing the special
boundary conditions that arise in this setting, we propose a method for solving the trans-
port problem by solving a sequence of Monge-Ampere equations with Neumann boundary
conditions. We conclude this chapter by providing several challenging and representative

computational examples from optimal transport.

6.1 Transport Boundary Conditions

In this section, we discuss the transport boundary conditions in more detail. We describe
a method for solving this challenging problem by solving a sequence of more tractable sub-

problems; these are Monge-Ampeére equations subject to Neumann boundary conditions.

6.1.1 Nonlinear Boundary Conditions

In the problem of L? optimal transport between convex sets X,Y € R? the transport

condition (1.7)

Vu: X =Y,

also known as the second boundary value problem, can be enforced by simply requiring the

boundary points to map to boundary points [77), 84 [86]:

Vu:90X — 9Y.

111
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In particular, if the boundary of the region Y is defined by the function

we can write the transport boundary condition as
O (Vu(z)) =0, =€ dX. (6.1)

While we might try simply enforcing this nonlinear equation at boundary points, the function
¢ can be highly nonlinear and non-smooth. As a result, it will be difficult to construct a dis-
cretisation that is consistent with the boundary condition even when solutions are singular.
Additionally, we want to ensure that the discretisation we use permits fast solvers to remain
stable. As was the case for standard schemes for the Monge-Ampére equation (, we
expect that a naive discretisation of the boundary condition could affect the stability of
Newton’s Method.

6.1.2 Mapping Between Rectangles

The situation simplifies significantly if we are simply mapping a rectangle to a rectangle.
In this case, since the optimal L? mapping does not permit twisting or rotation, we expect
the four sides of the rectangle X to map to the corresponding sides of the rectangle Y.

As a concrete example (see , suppose that the sets X,Y € R? are defined as

X =1[0,1 x[0,1], ¥ =][0,1] x [0,1].

Then, for example, we expect the function Vu(x) to map the segment 21 = 0, x2 € [0, 1] to

the segment y; = 0, y2 € [0, 1]. That is,
Uz, (0, z2) = 0.
Similarly, we will have
Ugy (1, 22) = 1, g, (21,0) =0, g, (x2,1) =1.

This is simply a (linear) Neumann boundary condition, which is straightforward to imple-
ment [4, [72].
Given the ease with which we can explicitly express the optimal transport boundary

condition for maps between rectangles, a natural solution for more general geometries would
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Figure 6.1: Mapping between rectangles.

be to simply embed the sets X and Y into squares. The optimal map will not change as
long as we do not allow the addition of any mass. This is easily accomplished by extending

the density functions as follows:

- z), zeX ) Y
) = f(z), @€ i(y) = 9(y), ye
0, r ¢ X 0, y¢y.

However, a problem is immediately evident when we recall that we are solving the PDE

det(D*u(z)) = f(z)/g(Vu(z)),

which involves division by the density function g. Clearly, we must ensure that ¢g(y) remains
positive. In addition, we recall that the convergence of our monotone discretisation is
dependent on g(y) being a positive Lipschitz function (Theorem [4.10)).

A simple solution would be to simply regularise the density functions slightly to ensure
that they are strictly positive and Lipschitz continuous. However, an approximation to a
discontinuous density function will still have a large Lipschitz constant. We also recall that
the formal consistency error of the monotone scheme is affected by the Lipschitz constant

K of the right-hand side since convergence requires the regularisation parameter J to satisfy
541 > KF‘VJ" h/2.

While in theory we can still establish the convergence of the finite difference scheme, in prac-
tice the grid will have to be extremely well-refined before we are able to achieve meaningful

results.
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We conclude that while the idea of extending the density functions into a square is
simple, it is not practical from a computational standpoint. Thus a more sophisticated

method for implementing the transport boundary conditions is desirable.

6.1.3 A Sequence of Neumann Boundary Conditions

Given the appearance of the gradient in the transport boundary condition (6.1)) and the sim-
plicity of implementing a Neumann boundary condition, we would like to find the Neumann
boundary condition

ou

n =¢(x), ze€IX

for the Monge-Ampere equation that is equivalent to solving the more challenging prob-
lem , , . Here the vector n refers to the unit outward normal vector at each
point z € 0X.

It is not at all apparent from what the equivalent Neumann boundary condition
should be. However, we suggest a sequence of Neumann boundary conditions that can be
used to numerically determine the correct function ¢.

We first recall that the gradient of the exact solution u maps the boundary of the set X
to the boundary of Y

Vu:0X — Y

and that the correct Neumann condition is given by
¢(z) = Vu(z) -n(z), ze€dX.

To find this function, we suppose that we have a convex approximation u* to the solution
of the Monge-Ampere transport problem. Then the (sub-)gradient of this function will map

k

the domain X onto some set Y* € R? and, since u* is convex,

VuF : X — oYk,

In reality, we would like the image of the gradient to be dY, the boundary of the target
set. This motivates us to consider the projection of 9Y* = Vu¥(0X) onto the correct set
of boundary points 9Y":

Projay (Vu*(z)) = argmin [ly — Vu*(2)[|3, = € 0X.
yedY
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From this we extract a new Neumann boundary condition

¢"(x) = Projoy (Vu*(2)) - n

and solve the Monge-Ampere equation once again with this updated boundary condition to
obtain a new approximation u**1.
To summarize, we iterate to produce a sequence of functions (u',u?,...) obtained by

solving the Monge-Ampere equation

det( D21 (2)) = f(x)g(Ve+ (z)), rex
VuFt(x) - n(z) = Projyy (Vu*(z)) -n= ¢F(z), z€dX (6.2)
uF 1 is convex.

We make the important observation that these boundary conditions do not pin down

k+1 on the boundary. This would be a mistake since we know only that

the values of Vu
Vu: 90X — 0Y and not the exact values of Vu(z) on the boundary. Instead, each Neumann
condition fixes only one component of the gradient (the normal component) and allows the
remaining component(s) to slide as needed to ensure that the Monge-Ampere equation is

satisfied.

6.1.4 Solvability of Sub-problems

We note that the iteration (6.2) may not be well-posed. The problem here is that, while
the Monge-Ampere equation with the correct Neumann values ¢(z) has a solution, the
sub-problems we have described may not be solvable.

One important point to note is that for the Monge-Ampere equation with Neumann
boundary conditions, a solution (unique up to an additive constant) does not exist for

general data. This is analogous to the Neumann problem for the linear Poisson equation:

Au(z) = f(x), reX
Vu(z) -n(x) =¥(x), xe€dX.
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If we integrate the forcing f over the domain, we find via integration by parts that

[ 1@ = [ sutw)
X X

Thus the Neumann problem will not have a solution unless that data satisfies the solvability

[ 1@ = [ v
X 0X

For the Monge-Ampere equation with Neumann boundary conditions, we are not aware

condition

of an explicit representation of the corresponding solvability condition. However, it is true
that the problem:

det(D?u) = f(z)/g(Vu(z)), € X

Vu(z) -n(x) = ¢(x), x € 0X

u is convex,
has a solution (unique up to an additive constant) only if an implicit solvability condition
is satisfied [62].

Even if the problem we are given is well-posed, the system of discretised equations

may not be well-posed: numerical error can mean that the solvability conditions for the

continuous and discrete problems are slightly different. To get around this problem, we will

instead solve an equation of the form

det(D?u) = cF(z,Vu(z)), z€ X
Vu(z) - n(x) = ¢(x), xr e 0X

u is convex,

kqud:U:0

for the unknowns ¢ > 0 and u(x), where the constant ¢ is chosen to ensure the equation has
a solution and the mean-zero condition forces the solution to be unique (instead of unique

up to an additive constant).
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Of course, if we are given the correct Neumann values ¢(x) for the solution to the
transport problem, the constant ¢ will simply be equal to one. However, by relaxing this
condition we make it possible to solve the sub-problems when the solvability condition
requires ¢ to be slightly different than one.

To summarize, we solve the transport problem by performing the iteration

(

det(D2uF+1(z)) = F+ f(z) /g(Vub+1 (), reX
Vubtl(z) - n(z) = Projsy (V¥ (z)) -n = ¢F(z), z€0X 63)
uF*1 is convex,
[y uFtlda = 0.

Although we do not present detailed computational results until we do want to
provide an idea of the sequence of maps that is produced using this method. We illustrate
this by mapping a square with uniform density onto a circle with uniform density. The
sequence of maps produced by this method is presented in Figure We can see that this

iteration successfully transforms a square mesh into a circular mesh in just a few iterations.

6.1.5 Extension of Target Density

Another point that needs to be addressed is the definition of the target density function g(y)
at points outside the target set Y. Of course, if we substitute the exact transport potential

u into the Monge-Ampere equation

det(D?u(z)) = f(2)/g(Vu(x)),

the gradient Vu(z) will only give values in the set Y and g will only need to be defined in
this set. However, in the course of computing the solution to the mass transport problem,
we will have approximations that can map points in X to points outside of Y. Thus it is
important that g(y) is actually defined at these points.

From the viewpoint of optimal transport, the most natural option is to let the density
g(y) vanish outside the target Y since all mass is inside the target set. However, this
is not practical from a computational standpoint since convergence of the Monge-Ampere
solver requires the density function g(y) to be strictly positive and Lipschitz continuous
(Theorem (4.10| and §6.1.2)).
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(e) ()

Figure 6.2: Mapping a square onto a circle using the iteration (6.3]).
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Instead, we allow for any positive, Lipschitz continuous extension of g(y) into all space.
In some cases, when ¢ is a given function, there is an obvious way of extending it into
all space. Lipschitz extensions can always be obtained by using, for example, the method
of [T1]. The resulting function ¢g*(y) can also be bounded away from zero by considering
max{g*(y), €} for some 0 < € < IyIél}I/l 9(y).

Of course, a positive extension of g(y) means that the initial mass [pq f(z) dx = [y f(z)dx
will not be equal to the total final mass in all space fRd 9*(y) dy. However, the maps we
compute will only take the set X into a bounded region that need not include the whole
support of the extended density g*(y). This property, together with the scaling parameter

¢ introduced in §6.1.4] ensures that mass is conserved in each step of our projection scheme.

6.2 Numerical Implementation

The biggest challenge in implementing this projection scheme is the solution of the Monge-
Ampere equation at each iteration. This challenge is easily and efficiently handled using the
finite difference schemes developed in the previous chapters. We now turn our attention to
a few remaining computational details.

One important issue is the implementation of the Neumann boundary conditions since,
in the previous chapters, we limited our attention to the Dirichlet problem.

The iterations we have described in this paper also need to be initialised. There are really
two aspects to this: we need to initialise v and ¢ each time we solve the Monge-Ampere
equation and we also need to initialise our estimation of the boundary condition ¢(z).

We also describe a simple method for computing in complicated domains without having

to resort to more complicated finite difference stencils.

6.2.1 Implementation of Neumann Boundary Conditions

We begin by describing our numerical implementation of the Neumann boundary condi-
tion (|1.6)):
un(z) = ¢(x), =z € IX.

Here n denotes the unit outward normal to the boundary 0.X.
Our computational domain is the square, which means we must impose values for ug,

on the left and right sides of the domain and for u,, on the top and bottom edges of the
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domain.

We accomplish this by adding a layer of ghost points around the outside of our computa-
tional domain. The value of the normal derivatives on the boundary can then be discretised
using simple centred differences. For example, at a point on the left edge (x1 = xpin), we

can discretise the normal derivative as
1
un(z) = ﬁ(u(xmin + h,z2) — u(Tmin — h, x2)).

The use of ghost points ensures that all values needed in this discretisation are available.
We also need to provide four more equations at the corner points in our grid. We specify

the value of the derivative in the “diagonal” direction ((1,1), (1,—1), (—=1,1), or (—1,—1))

that points outward from the grid at each of these four points. This is enforced using centred

differences. So, for example, at the points (21 min, 2,min) We require that

1
—F \ux min*hax min — h) — (x min+h,3j min + h)) =
e (e 1min — b2 = B) = (P + P2+ )

1
- E(uxl (-’El,mina x2,min) + Ugy ($l,min7 x2,min))-

As before, the ghost points ensure that all of these values are available.

6.2.2 Newton’s Method

Because we have included the scaling factor ¢ (which comes from the solvability condition)
as an unknown, we must slightly adjust Newton’s method to obtain this. We will now
perform the iteration

Y

where the correctors v*, d* are obtained by solving the equation
VMA[F, F(vF, d*)T = MA[F, .

As long as the initial iterate u® satisfies the given Neumann boundary condition, we can
simply enforce a homogeneous Neumann condition on the corrector v* at each step.

As usual, we obtain the Jacobian of the hybrid system via

VMA[u,c] = w(z)VMApu,c]+ (1 —w(z)) VM Ag[u, c].
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We begin by computing the Jacobian of the monotone discretisation. We recall that this

discretisation has the form

MAp[u,c] =  min Gr,va) [u, c].

(v1,..,va)€G

By Danskin’s Theorem [7], we can write the Jacobian of this as
VMAM[uv C] = VG(I/l,...,Vd) [uv C]v

where the (v1,...,v) are the directions active in the minimum.

This Jacobian can be broken down into two basic components: the gradient with respect
to the solution vector v and the gradient with respect to the scaling factor c¢. The first
component is identical to what we computed in except for the addition of the scaling

factor c:

d
vuiG(llly--qu) [U Cc| = Z H ma'X{DVjVjui’ 6} ]lDujujU¢Z5 + ]]'DUjujui<§ DVnLVrn

m=1 | \j#m
iF iyj'elpy.ui,...,iwpy.ui iyj'e’”py..
w1 op = vl 7 =l ) = T
The final component is given by
d d
VeG..wpltsd = —F x,;l”] » ;ml?u

For the standard discretisation, the first component of the Jacobian (in two dimensions)

is simply
VUiMAS[uv C] - <D$2$2ul) 171 ( I1$1ul)Dfﬂ2$2 + 2(D$1$2ui)pﬂc1$2
8 oF
8 — (2, Dyy iy, Dyyii) Dy — ca—pg(av,Dxlui,DgEQui)Dm2

and the second component is

VMAg[u,c] = —F(x, Dy, uj, Dyyug).



CHAPTER 6. OPTIMAL TRANSPORT 122

6.2.3 Initialisation of Boundary Data

Next we discuss the initialisation of the boundary data ¢ in the iteration . The simplest
approach would be to extract boundary conditions from the identity map s(x) = x. However,
if this mapping does not overlap with the target set Y, the iteration is likely to fail.

We can remedy this problem by instead extracting boundary data from the scaled iden-
tity map s(z) = Mz where the constant M is chosen large enough that the set s(X)
encompasses the target set Y.

Once this constant is chosen, we simply choose the initial boundary condition
(z) = Mz -n(z), =cdX.

We can accelerate the convergence of this method by first solving the transport problem

on a coarser grid, then interpolating the resulting boundary data onto the refined mesh.

6.2.4 Initialisation of Newton’s Method

We also need to initialise Newton’s method each time we solve the Monge-Ampere equation.
We can use the approach we have employed in previous chapters, which involves obtaining

the initial guess by solving the equation

Au(x) = (cd! f(z)/g(x — z0)) "/

where z( is a point in the interior of the target set Y.

However, since we will be solving the Monge-Ampere equation multiple times with dif-
ferent boundary conditions, we can also accelerate the convergence of the (k+ 1)t iteration
by initialising with the solution found during the previous solve (u*). One important point
here is that the boundary data changes from step to step. Thus it is important to change
the values of u* at the boundary points so as to ensure that correct boundary conditions

are satisfied.

6.2.5 Computing in General Domains

When computing with finite difference methods, it is most convenient to work in rectangular
domains. However, it is often desirable to solve the mass transport problem in more general
domains. This motivates us to return to the idea of extending the density functions into
a square, which was discussed in We observed earlier that extending the densities
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was not a practical option because of the large Lipschitz constant of the regularised version
of the extended target density §g. However, there is nothing to prevent us from using a
vanishing or discontinuous initial density f . Because, in the context of optimal transport,
the functions f, g appearing on the right-hand side are really density functions, computing
in square domains is actually sufficient. More general domains can simply be embedded
in a square, with the density function f set equal to zero outside the region of interest;
see Figure Because this approach leads to very degenerate Monge-Ampere equations,
many of the currently available solvers for Monge-Ampere equations would not allow this
option. However, we stress again that our finite difference solvers are equipped to enforce
the non-strict convexity and correctly approximate the possibly singular solutions that can

result in this degenerate setting.

f(x)

(a) (b)

Figure 6.3: [(a)] A non-rectangular domain can simply be [(b)] embedded in a square.

6.3 Computational Results: Mapping Between Rectangles

We now provide computational results for several different examples. We begin by consid-
ering mappings between rectangles. In this case, our projection scheme reduces to a simple
Neumann boundary condition (§6.1.2)). This allows us to focus on the correctness of our
discretisation, which must now deal with a right-hand side that depends on gradients.

In each example, our domain is a square, which is discretised on an N x N grid using
the 17 point hybrid scheme As in earlier chapters, we let h = 1/(/N — 1) denote
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the spatial resolution of the grid and let M = N? denote the total number of grid points.

exact

When an exact solution u is available, we also provide the maximum error in the

gradient map:

Error = max{|[uS**" — g, [|oo, UG — Usy 0o }-

We also provide the total number of Newton iterations and computation time required for
each example.

The examples we consider include:
e A (linear) map between Gaussian densities.

e A comparison between a map obtained by solving the direct problem and a map

obtained by inverting the solution to the inverse problem.
e A map from a uniform density onto a density that blows up at a point.

e A map between two brain MRI images.

6.3.1 Gaussian Densities

We begin by showing that we can recover a linear mapping between two rectangles with
Gaussian densities. We consider the problem of mapping the square [—0.5,0.5] x [-0.5, 0.5]
onto the rectangle [0.5,1.5] x [—0.25,0.25] with the density functions:

1 123 1 a3
Flan,22) = G5 &P (_20.42 T 2042 )

=—exp|—= - i
IWLY2) =608 P\ 727 042 20.22

In this case, we have an explicit expression for the optimal map:

1
Uy, =21+ 1, ug, = 5%2:

We present the results in[Table 6.1 and [Figure 6.4, In this example, can actually achieve

machine accuracy (if we take enough Newton steps). This is because the exact solution is
simply a linear map, which will exactly solve the discretised system of equations. In addition
to this, we find that the Newton solver for the Monge-Ampere equation converges in O(M)

time.
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Figure 6.4: A mesh with Gaussian density f and @ its image under the gradient map
Vu (§6:3:1).

N h Newton Iterations CPU Time (s) Maximum Error
32 0.0323 1 0.1 5.71 x 1078
46 0.0222 1 0.2 3.34 x 1078
64 0.0159 1 0.3 0.26 x 108
90 0.0112 1 0.6 0.18 x 1078
128 0.0079 1 1.1 0.13 x 108
182  0.0055 1 2.4 0.09 x 10~8
256 0.0039 1 5.3 0.07 x 1078
362 0.0028 1 12.4 0.05 x 1078

Table 6.1: Computation time and maximum error for the map between two Gaussian den-

sities (§6.3.1]).
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6.3.2 Recovering an Inverse Map

For our next example, we consider another problem with an exact solution, which will be
used to verify that we can correctly recover inverse maps. To set up this example, we define

the function

(2) = (2?4 s + o ) cos(872) + sy zsin(872)
zZ) = —Z _— COS| T2 ZSIN(d7mTze).
4 87~ 25678 | 327 3272

Now we map the density

flzr,29) = 14+ 4(q" (x1)q(x2) + q(z1)q" (22)) + 16(q(x1)q(x2)q" (x1)q" (x2) — ¢’ (21)%¢ (22)?)

in the square [—0.5,0.5] x [—0.5,0.5] onto a uniform density in the same square. This

transport problem has the exact solution
Uy, (21, 72) = 21 +4q (21)q(2),  uay (21, 22) = 22 + 4q(21)q (22).
We will solve this problem in two ways:

e Directly, as in the previous example.

e By solving the inverse problem (mapping g to f) and inverting the resulting map.

Results are presented in [Figure 6.5 and [Table 6.2 We find that the maps obtained from

both the forward and inverse formulations have about O(h?) accuracy. Both problems are
solved in about O(M) time.
6.3.3 An Example with Blow-up

Next we consider the problem of mapping a uniform density onto a density that blows up

at a point:

exp (—2\/(3/1 —0.5)2 + (y2 — 0.5)2>
V(1 —0.7)2+ (y2 — 0.7)2
In this case, both X and Y are the square [0,1] x [0,1]. This example is taken from [32],

9(y1,12) =

which allows us to compare results. In this example, we slightly regularise the density g

(bounding it by a O(1/h?) function) to prevent infinities from appearing.
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0.5 0.5
< 0 N 0
-0. -0.5 £ £
0555 0 0.5 -0.5 0 0.5
Xl yl

Figure 6.5: [@] A uniform Cartesian mesh and @ its image under the gradient map Vu

(£32).

Forward Problem Inverse Problem
N  Iterations Time (s) Max Error Iterations Time (s) Max Error
32 3 0.2 2.476 x 1073 4 0.4 2.450 x 10°
46 2 0.2 0.631 x 1073 2 0.5 0.575 x 103
64 2 0.5 0.241 x 1073 2 1.1 0.244 x 103
90 1 0.6 0.106 x 1073 1 1.3 0.101 x 103
128 1 1.3 0.049 x 1073 1 2.9 0.048 x 103
182 1 2.9 0.024 x 1073 1 5.1 0.023 x 103
256 1 6.3 0.012 x 1073 1 10.9 0.011 x 10°
362 1 14.0 0.006 x 1073 1 22.6 0.006 x 103

Table 6.2: Newton iterations, computation time and maximum error for a map obtained by
a direct solve and by inverting the inverse map (§6.3.2)).
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We present the timing results in Table We provide not only the number of Newton

iterations and computation time, but also the ratio

R = max {g(y1,y2)/f(5617552)} )

since many currently available Monge-Ampere solvers can become slow or unstable when
this ratio is large. For comparison, we provide the same information for the method of [32]
(which is essentially our “standard” discretisation solved with an optimised Newton-Krylov
method). The method of [32] runs in O(M) time. Our method, though it runs in about
O(M*'1) time, has lower computation times and deals with larger density ratios. Naturally,
we cannot conclude too much from the comparison of computation times since the com-
putations were performed on different computers. However, it is evident that, in terms of
computation time, our method is very competitive with other fast solvers.

We also present the deformed mesh; see Figure In addition, we zoom into the region
of high density to verify that our method has produced an untangled mesh.

Hybrid Method Method of [32]

N R Iterations CPU Time (s) R Iterations CPU Time (s)
32 546 4 0.2 356 6 1

46 1,151 4 0.3 — — —

64 2,254 ) 0.8 1,127 7 4

90 4,066 ) 1.6 — — —

128 9,162 ) 3.9 2,829 7 17.4

182 18,608 ) 8.3 — — —

256 36,933 5 194 8,886 7 70

362 74,018 4 36.3 — — —

Table 6.3: Ratio of density functions, Newton iterations, and total computation time for
our hybrid method and the method of [32].

6.3.4 Mapping Between Brain MRI Images

We conclude this section with an example from image processing. In this example, we obtain
our density functions from the pixel intensities in two synthetic brain MRI images [22] 25|, 23].
The images are shown in Figures|6.7(a){6.7(b)| In this case, the regions X and Y are identical
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Figure 6.6: The image of a Cartesian mesh under the gradient map Vu (§6.3.3)) and
a zoomed in view of the same mesh in the region of large density.

and are equal to the unit square. The fully resolved images contain 256 x 256 pixels. For
the computations presented here, we have also interpolated both images onto coarser grids
so that in each case we are mapping an N x N grid onto the density function obtained from
an N x N image.

In this example, the density functions have large gradients, which effectively increase as
we map onto more refined images. The solver now runs in about O(M*'!) time; see

Figures [6.7(c)H6.7(d)| show the image we obtain by solving the Monge-Ampere equation
and interpolating and the error in this image. The mapped image we obtain agrees well
with the given image. Not surprisingly, the largest error occurs around the edges of the
brain where the density function is essentially discontinuous; consequently, small errors in

the map can lead to large errors in estimated pixel intensity.

6.4 Computational Results: Optimal Transport

Next, we turn our attention to computational results for the mass transport problem. In
each example, we embed our domain in the square [—0.5,0.5] x [—0.5,0.5] (setting the
density f = 0 outside our domain X). While this can lead to singularities in the solutions,

our methods are robust enough to handle this non-smoothness.
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(c) (d)

Figure 6.7: [(a)] The initial density function f,[(b)|the final density function g, [(c)| the image
obtained by solving the Monge-Ampeére equation and interpolating, and @] the error in the
resulting image.
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N  Newton Iterations CPU Time (s)

32 7 1.1
46 7 1.2
64 9 3.0
90 10 7.0
128 12 13.7
182 12 34.9
256 13 81.6

Table 6.4: Computation time for a map between two brain MRI images (§6.3.4)).

In each case, we present the total number of Monge-Ampere solves required on the
N x N grid (this does not include solves performed on coarser grids during the initialization
process), as well as the total computation time required. When an exact solution is available

for comparison, we provide the maximum error in the map:

Error = max{[|ug ™ — tia, [loc, 453" — thayloc}-

The examples considered in this section include:

e A map between two ellipses, for which an exact solution is available for comparison.

e A map from two disconnected semi-circles onto a circle, for which an exact solution is
available for comparison.
e A map from a square onto a convex polygon, which is neither smooth nor strictly

convex, together with recovery of the inverse map.

e A map from a square onto a non-convex region.

6.4.1 Mapping an Ellipse to an Ellipse

First we consider the problem of mapping an ellipse onto an ellipse. To describe the ellipses,
we let M, M, be symmetric positive definite matrices and let By be the unit ball in R,

Now we take X = M,By, Y = M,B> to be ellipses with constant densities f, g in each

ellipse.
In R?, the optimal map can be obtained explicitly [68] from

Vu(z) = MyRgM; 'x
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where R is the rotation matrix

Ry — cos() —sin(6) 7
sin(d)  cos(6)

the angle 6 is given by
tan(f) = trace(M;lMglJ)/trace(M;lngl),

and the matrix J is equal to

0 -1
J - Rﬂ-/Q - 1 0
We use the particular example
04 0 0.3 0.1
M, = y My = )
0 0.2 0.1 04

which is pictured in
Projections onto the ellipse at each step are accomplished efficiently using the method
described in [58].

Computational results are presented in[Table 6.5| and [Figure 6.8 The error is decreasing

uniformly (about O(h%®)). We cannot expect high accuracy for this example due to the
degeneracy of this example: the density f vanishes in part of the domain. This means that
the lower accuracy monotone stencil is needed in this region, which will in turn affect the
error in the map.

Despite the degeneracy of this example and the multiple Monge-Ampere solves required

to initialize and solve this problem, the computation requires only O(M!!) time.

6.4.2 Mapping from a Disconnected Region

We now return to the degenerate example considered in §2.2.1 This is the problem of

mapping the two half-circles

X = {(z1,22) | 21 < —0.1, (21 +0.1)* + 23 < 0.3%}
U {(1’1,1’2) | x1 > 0.1, (xl — 0.1)2 + :Bg < 0.32}
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Figure 6.8: @ A Cartesian mesh in the ellipse X and @ its image under the gradient map

Vu ({§41).

N h (1.2) Solves CPU Time (s) Maximum Error
4

32 0.0323 0.7 0.0264
46 0.0222 13 1.7 0.0180
64 0.0159 3 1.8 0.0152
90 0.0112 6 5.5 0.0117
128 0.0079 3 9.9 0.0083
182 0.0055 3 25.3 0.0060
256 0.0039 2 61.9 0.0048

Table 6.5: Computation time and maximum error for the map between two ellipses (§6.4.1)).
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onto the circle
Y ={(y1,92) | yf +v5 < 0.3°}.

Results are presented in [Table 6.6] and [Figure 6.9 In this case, the error appears to

approach a constant value of around 0.004. This is not surprising since in this case, the

monotone stencil is needed in the region where f vanishes or is discontinuous. The width
of the stencil then limits the accuracy of solutions, as we explained in Chapter The

computation time for this very degenerate example is about O(M?!3).

0.2} 0.2
01
<0 S o B :
0.1
~0.2| ‘EEEE HE o2l
02 0 02 02 0 02
Xl yl

(a) (b)

Figure 6.9: @ A Cartesian mesh in two half-circles X and @ its image under the gradient

map Vu (§6.4.2).

N h (1.2) Solves CPU Time (s) Maximum Error
)

32 0.0323 0.5 0.0171
46 0.0222 2 0.5 0.0160
64 0.0159 5 1.6 0.0129
90 0.0112 9 6.0 0.0082
128 0.0079 5 11.8 0.0052
182 0.0055 4 30.3 0.0040
256 0.0039 3 66.7 0.0038

Table 6.6: Computation time and maximum error for the map from two half-circles to a

circle (§6.4.2]).
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6.4.3 Mapping to a Convex Polygon

Next we consider a map onto a convex polygon Y, which has a very non-smooth boundary.

We use the polygon Y with vertices:
(—0.5,-0.3), (—0.5,0.4), (0,0.5), (0.5,0.3), (0.3, —0.5).

Despite the non-smoothness of JY’, our method successfully maps the square [—0.5,0.5] x
[—0.5,0.5] into the prescribed polygon, though we do not have an exact solution to compare
with.

We also solve the problem by solving the inverse problem (mapping the polygon to
the square) and inverting this map as in §6.3.2 While no exact solution is available for

comparison, we can check the maximum difference between components of the two maps:

max{||uz, — ug" oo, ey — ug lloc}-

Results are presented in [Table 6.7] and [Figure 6.10, The computation is reasonably

efficient, requiring about O(M?!?) time for both the forward and inverse problem. We

also observe that the agreement between the maps obtained from the forward and inverse

approaches improves as we refine the grid.

0.5 0.5
0 KU
0555 0 0.5 05755 0 0.5
Xl yl

Figure 6.10: [(a)] A Cartesian mesh and [(b)] its image under the gradient map Vu (§6.4.3).
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Forward Problem Inverse Problem
N  Iterations Time (s) Iterations Time (s) Max Difference
32 3 0.4 1 0.3 0.0397
46 3 0.8 1 0.7 0.0227
64 3 1.5 1 1.1 0.0153
90 4 3.2 1 2.3 0.0119
128 4 8.5 1 6.2 0.0087
182 4 21.0 1 13.5 0.0063
256 4 61.8 1 33.9 0.0050
362 4 154.3 1 92.6 0.0044

Table 6.7: Monge-Ampere solves, computation time and maximum difference for a map
from square to polygon obtained by a direct solve and by inverting the inverse map (§6.4.3)).

6.4.4 Mapping to a Non-convex Region

Next, we compute the mapping of the square with constant density f onto a non-convex

region given by
Y ={(y1,92) |0< 41 <1,0<y, <1—0.1sin(2my;)}.

We impose the following periodic density in the region Y:

g(y1,y2) = 2+ cos (871'\/(y1 —05)% + (y2 — 0.5)2) .

The results are displayed in [Table 6.8] and [Figure 6.11] Despite the non-convexity of Y,

the method successfully maps the region X into the non-convex region Y. The non-convexity

does not appear to affect the computation time at all: the solution time is roughly O(M).
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Figure 6.11: @ A Cartesian mesh and @ its image under the gradient map Vu (§6.4.4)).

N Solves CPU Time (s)

32 ) 1.7
46 4 2.2
64 4 5.4
90 5) 8.4
128 ) 214
182 5 41.9
256 3 68.1
362 3 197.4

Table 6.8: Computation time for the map onto a non-convex region (§6.4.4]).



Chapter 7

Conclusions

7.1 Summary

In this thesis, we have focused on the problem of numerically computing solutions to the
elliptic Monge-Ampere equation. Because of the nonlinearity of the equation, a classical
solution may not exist and standard techniques can fail. In addition, fast solution methods
such as Newton’s method can become unstable, making it necessary to use slower solvers.

The numerical solution of the Monge-Ampere equation requires a suitable approximation
to the determinant of the Hessian of a convex function. Instead of using a standard expansion
of the determinant, we have rewritten the equation in a variational form that includes the
constraint that solutions must be convex. Using this form of the equation, together with
the definition of a viscosity solution, we successfully produced a monotone finite difference
discretisation that provably converges to the weak (viscosity) solution. Moreover, the special
structure of the discretisation allows us to use Newton’s method to efficiently solve the
resulting system of nonlinear equations.

We have also looked at the problem of building a formally more accurate scheme for the
Monge-Ampere equation that nevertheless handles singularities correctly. We accomplished
this by constructing two hybrid discretisations that carefully combined the monotone scheme
with a formally more accurate discretisation. For one of these schemes, we succeeded in
proving convergence to the viscosity solution of the equation.

Finally, we looked at the related problem of optimal mass transport with quadratic
cost. This problem can be expressed as a Monge-Ampere equation coupled to an implicit

transport boundary condition. Previously, this boundary condition had been implemented

138
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only in the simplest geometries. In this thesis we proposed a new method for enforcing
this boundary condition by solving a sequence of Monge-Ampere equations with a simpler
Neumann boundary condition. By combining this with our fast solver for the Monge-
Ampere equation, we were able to successfully and efficiently compute solutions to the
optimal transport problem in a number of challenging cases that included mapping onto
unbounded densities, recovery of inverse maps, maps from disconnected domains, and maps

into non-convex regions.

7.2 Future Work

The work of this thesis answers a few interesting questions, but it also raises many new
questions and suggests several possible directions for future research.

One very important research problem is the construction of formally high-order numer-
ical methods that converge to the correct weak solution of the underlying equation. In this
thesis, we proved a very general result about the convergence of certain numerical methods
for the class of second-order degenerate elliptic PDEs. Further study is needed to flesh out
the full implications of this theorem. For instance, this result could lead to construction of
or convergence proofs for high-order methods for Hamilton-Jacobi equations.

The problem of enforcing optimal transport boundary conditions certainly deserves addi-
tional study. The method we proposed in this thesis appeared to perform well for mappings
into convex—and some non-convex—target sets. However, at this time we do not have a
proof that this method converges. It would also be desirable to extend this method to even
more general non-convex targets, where the projection operator may not be well-defined.

We are also interested in the issue of computing solutions to more general optimal
transport problems. In this thesis, we limited our attention to a quadratic cost function.
The particular structure of this special case allowed the problem to be re-expressed in terms
of the elliptic Monge-Ampere equation. The situation becomes much more complicated
when we consider other cost functions. However, the more general case can still be brought
into the realm of partial differential equations [66]. It would be very interesting to try
to extend the analytical and computational results of this thesis to the more challenging
problem of optimal transport with a non-quadratic cost function.

The application of techniques developed in this thesis to various applications of optimal

transport is another possible direction for future research. One interesting application is
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adaptive mesh generation. This is useful in the study of other equations, whose solutions
may change rapidly in a small region of the domain. In order to increase the accuracy and
decrease the cost of computations, it is desirable to compute on a mesh that clusters more
grid points in areas where the solution is changing rapidly. The Monge-Ampére equation can
be used to generate these equidistributing meshes by mapping a constant density function
(uniform mesh) onto a density function (or monitor function) that contains information
about the solution of the underlying equation [I3]. Our ability to map into different types
of geometries also suggests a method of generating equidistributing meshes in different types
of domains. In order to realise the benefits of these equidistributing meshes in solving other
problems, it will be necessary to couple the Monge-Ampere equation to other problems of
interest.

Another interesting application is the problem of image registration. For images such as
brain MRIs, which provide information about proton density, it is natural to use techniques
related to optimal transport to establish correspondences between different images [51].
Depending on the particular approach used, the optimal transport problem may be coupled
to other equations or constraints. Again, techniques for doing optimal transport can be

used as a starting point for this important application.
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