AVERAGE-CASE ANALYSIS OF A GREEDY ALGORITHM FOR
THE 0/1 KNAPSACK PROBLEM
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ABSTRACT. We consider the average-case performance of a well-known ap-
proximation algorithm for the 0/1 knapsack problem, the Decreasing Density
Greedy (DDG) algorithm. Let U, = {u1,...,un} be a set of n items, with
each item w; having a size s; and a profit p;, and K, be the capacity of the
knapsack. Given an instance of the 0/1 knapsack problem, let Pr, denote the
total profit of an optimal solution of the linear version of the problem (i.e.,
a fraction of an item can be packed in the knapsack) and Pppg denote the
total profit of the solution obtained by the DDG algorithm. Assuming that
U, is a random sample from the uniform distribution over (0, 1}2 and K, =
on for some constant 0 < o < 1/2, we show that v/n(Pr — Pppg) converges
in distribution.

Key words and phrases. 0/1 knapsack; NP-hard; Approximation algo-
rithms; Probabilistic analysis

1. INTRODUCTION

The 0/1 knapsack problem has been studied extensively in the past two
decades. The problem can be stated as follows: Given a knapsack with
capacity K, and a set U,, = {u1,ug,...,u,} of n items, with each item wu;
having a size s; and a profit p;, find a subset Uy C U, such that the total
size of Uy is no more than K, and the total profit of Uy is maximized. An
instance of the 0/1 knapsack problem will be denoted by the ordered pair
(Un, ).

The 0/1 knapsack problem is known to be NP-hard [3], so it is unlikely
that the problem can be solved in polynomial time. Because of the com-
putational complexity of the problem, a lot of attention has been given
to approximation algorithms [4, 5, 7, 9, 10, 11, 12, 13]. Sahni [13] gave
a polynomial time approximation scheme and Ibarra and Kim [7] gave a
fully polynomial time approximation scheme for the problem; the reader is
referred to [3] for an exposition of these two schemes. An O(nlgn)-time
algorithm, called the Decreasing Density Greedy (DDG) algorithm in this
article, has also been proposed [3], which works as follows: Scanning the
items in nonincreasing order of their densities (profit versus size), pack as
many items into the knapsack as possible. The DDG algorithm then outputs
the better of this solution and the one obtained by merely taking the item
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with the largest profit. It is known that the DDG algorithm has a worst-case
performance bound of 2 [3].

In the 0/1 knapsack problem an item is either completely packed in the
knapsack, or not at all. A slight variation of this problem is to allow a
fraction of an item to be packed in the knapsack. To distinguish between
these two problems, we shall call the original problem the integer version
and the other problem the linear version. Unlike the integer version, optimal
solutions for the linear version can be found in O(nlgn) time by a slight
variation of the DDG algorithm: Pack the items in nonincreasing order of
their densities until an item cannot be completely packed in the knapsack, at
which time pack the largest possible fraction of this item in the knapsack.
Throughout this article we let Pr denote the total profit of an optimal
solution of the linear version and Ppp¢ denote the total profit of the solution
produced by the DDG algorithm.

Lueker [9] analyzed the expected difference between the total profits of
the optimal solutions of the two versions. The probabilistic model he used
is that the selection of the n items are viewed as a random placement of n
points in the unit square, with the first (resp. second) component of each
point representing the size (resp. profit) of the item, and the knapsack size
K, = on, 0 < ¢ < 1/2. Under this model, Lueker [9] showed that the
expected difference between the total profits of the optimal solutions of the
two versions is O(n~'log?n). Goldberg and Marchetti-Spaccamela [5] later
showed that this bound is tight. Dyer and Frieze [2] extended Lueker’s result
to the m-dimensional case, m > 1.

Under a certain probabilistic model, Meanti et al. [12] studied the as-
ymptotic behavior of the total profits of optimal (integer) solutions for the
m-dimensional 0/1 knapsack problem. They showed that the sequence of
total profits, properly normalized, converges almost surely to a value that is
a function of the capacities of the knapsack. Using results from the theory of
empirical processes, Geer and Stougie [4] established a convergence rate for
the above result, and the convergence rate obtained is sharp in most cases.

There are also probabilistic analyses of algorithms for the 0/1 knapsack
problem. Under Lueker’s model [9], Goldberg and Marchetti-Spaccamela [5]
showed that for any given ¢ > 0, there is a polynomial-time algorithm that
finds an optimal (integer) solution with probability no less than 1—e. Meanti
et al. [12] proposed a greedy algorithm for the m-dimensional 0/1 knapsack
problem. Under a certain probabilistic model, they showed that the ratio
of the total profit of an optimal (integer) solution versus that obtained by
the greedy algorithm converges to one, almost surely. We note that their
algorithm is exactly the DDG algorithm when m = 1. Marchetti-Spaccamela
and Vercellis [11] proposed a linear-time, on-line algorithm. Under Lueker’s
model [9], they showed that the expected difference between the total profit
of an optimal (integer) solution and that obtained by their algorithm is
O(logS/ 2n). Recently, Lueker [10] proposed another on-line algorithm, and
showed that the expected difference between the total profit of an optimal
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(integer) solution and that obtained by his algorithm is O(logn). He also
showed that no other on-line algorithm can improve over his algorithm by
more than o(logn). Finally, he gave a description of the expected value of
the optimal (integer) solution that is the most precise so far.

In this article we follow the probabilistic model in [9]; i.e., we assume that
the set U, = {u1,... ,u,} of n items is a random sample from the uniform
distribution over (0,1]? and that the capacity K, of the knapsack is on for
some positive constant 0 < o < 1/2. Note that in our model the size and
profit attributes are independent. We shall show that

n 1/2

%\ )

for a continuous distribution function F', where
60)"1/2  ifo<o<i,

(1.2 Aoy=qin T Eersd
( / — O') 1 6 <o < 5-

We conjecture that F(x) = 1 — exp(—x2/2).

2. PRELIMINARIES

We assume that each problem instance {(s;,p;) : 1 < i < n} is arranged
in nonincreasing order of the densities p;/s;. Following the DDG algorithm,
let §p be the density of the first item that will not fit (the critical density),
and let kg be the remaining capacity when the first item is encountered that
will not fit. After this point, let §; be the density of the ith item to be
packed, and k; the remaining capacity after it is packed, for ¢ > 1. Let N
be the index of the last item packed. The {d;} is a nonincreasing sequence,
and

N
P — Pppa = boko — »_ Si(ki—1 — ki)
i=1

(00 — 03) (ki1 — k)

I
M=

1
1
ki(8; — 0i41) + KNON.

z %

Il
=)

(2
The difference in profits is represented as the shaded area in Figure 1.
To determine recursive relations satisfied by the x; and the d;, refer to
Figure 2 and recall that the points below the line with slope d; are uniformly
distributed. We can express the x;’s by the relation

(2.1) Kit1 = (1 — G)ki

for i > 1, where {(;} is a (doubly infinite) sequence of independent random
variables on [0, 1] with P(¢; < 2) = 22. That is, the weight of the (i + 1)st
item taken is (;k;.
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FIGURE 1. Representation of the difference in profits.

D
We use the notation X 2 Y (resp. X <Y) to indicate that random
variables X and Y have the same distribution (resp. X is stochastically

smaller than Y'). X, L X indicates that X, converges in probability to X;
that is, for any € > 0, P(|X,, — X| > ¢) — 0. If Ef(X,,) — Ef(X) for every

bounded, continuous function f, then we write X, D x (X, converges in

distribution to X).
Conditioning on §;, k;, we obtain

0; : 1 .
P < ;1 <z ‘ 0, Ii',l‘> = P(triangle of area 5/%(51- — d;x)K; is empty)

)
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6i+l

Ki1 K

FIGURE 2. Relation between (9;, x;) and (8;11, Kit1)-

and so given (0;, k;),

o\ +
dit1 D (1_ 2(1-v;" ))

where V; is uniformly distributed over [0,1], and ¥ = max(0,z). Alterna-

tively,
20-v")\"
diy1 = |0 — ———5—
i
or
+
21—V

(2.2) dir1 = | g — 3

=0 Ry
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Let N be such that

N12

Vl/n N 2 Vl/n
2] ) < o and Z 2] ) > 4.
7=0 ] j= ]
Then using (2.2) the difference in profits is
N—
Pr — Pppe = Z 6i — 0i+1) + KNON
N-1 1/n N-1 1/n
2(1 : 2(1 -V,
— ( 7 ) + KN 2] )
Ky
1=0 7=0 J
Therefore,
o\ 172
(2.3) (5—> (PL — Pppg) =
0
Hoon(-v'" - e v/
+ — .
]Z Vnogk; oo kN ; TL(SQ/i?

For our main result we will need the following lemma.

Lemma 2.1. For A >0, let j* be the index such that

A
(24) Hj;?_;'_l < —n S Hj,’?
As AT oo,
i 1/n i 1/n
2n(l — V. 2n(l —V.
Z n( ) P 0, and Z ( 12 ) 0
e V1ndok; P nogk;

Proof. Since



KNAPSACK 7

it follows that

Jik 1/n _yl/n i

Z 2n(1 - V") _ 2n(1 A Ay) H(l CCa)

oo V7ndoki = Vndokja Y ”
2n( 1/n

(2.5) A\/_ Z l/n) [Ta-o.

Using the independence of the {(;} and the facts that
En(1-V'"=-"_ EBu-¢) ==
-V = BO-G)

taking expectations of (2.5) gives

7

on(1— V™) 2 & n
E <E n(1-V;"") 10 -¢)
3t Sy [ -

i=0 =1
_ 2 - 1/n Z
_EE<A\/5T);H(1V )ll_ll 1-q) HQ)

2 o n
:E<A\/%§n+lll;[1( —Cz))

9 co 14

which converges to 0 as A T oco. Since convergence in expectation to 0
implies convergence in probability to 0 for nonnegative random variables,
the first statement is proved. The second statement is proved in a similar
fashion. O

We record here the limiting distribution of the undershoot and overshoot
of a fixed level by the sequence {k;}.

Lemma 2.2. For fixred a > 0, let

K max{k; : k; < a}, K. - min{k; : K; > a}.
a a
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Then forx > 1,y <1,

(2.6) lim P(K, >z, K_<y)= é (43 - (§)2> .

KQ—00
In particular,

lim P(K_<s)=s(4—-9)/3, s<1,

KQ—00
and
lim P(K; <s)=14 — ! i, s> 1.
KQ—00 3 3s

Proof. Consider the random walk S, = log(kn) = log(ko) + > i log(1—).
Let N be such that Sy_; > log(a) and Sy < log(a). Then (see Karlin and
Taylor [8], p. 193)

(2.7) (Sn—1 — log(a),log(a) — Sx) = (7,v),
where

4 —(z+y) 1 —2(z+y)
(2.8) P(y>y,v>z)=ge7 ™V — 2em7
Therefore,

eSN-1 eSnt1
a ' a

_ (eSN,l—log(a) 7 eSN+1—log(a)>

En—1 knt
a B a

2 (@),
)

and (2.6) is obtained from (2.8

3. LiMIT RANDOM VARIABLE

We now define a limiting random variable that appears in our main con-
vergence theorem.

Let {&;} be a sequence of independent exponential random variables with
mean 2. For k = 1,2 let W}, be a random variable with the distribution of

+&a1 -+ &1 - )1 -G)F +

:§§E1_gj : <Hé )

0
W1 and W5 have finite second moments, with
EW, = 3, EWE =12/5,
EW, = 12/5, EW3 =172/7.
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We now define a doubly infinite sequence {--- ,k_1, ko, k1, - - } as follows.
Let (k—_1,ko) be chosen according to the joint distribution given at (2.6),
and for i # 0 set k41 = (1 — (41) " tk;. For m > 1 define N(m) by

(3.1) > %<1 and > %21,
j=N(m) J j=N(m)—1 J

and set

Am)= ) %“ﬁv(m)fl 1= Z(:
j=N

&

2
j=N(m) ¥
Proposition 3.1. As m ] oo, A(m) converges in distribution.

Denote the limit random variable by A, and its distribution function by
F.

Proof. Since N(m) is nondecreasing, there is a random variable N (co) such
that N(m) 1 N(oo). The limit is a proper random variable, since

P(N(c<) >n) =P Z%zl -0

j:n J

as n — oo.
Since N(m) is increasing in m, for any i > 0,

N(im) < Nm+i) <m<m-+i.

Then A(m +1i) — A(m) L 0asm— 00, since

m-+1 m-1
Amt)-Am = Y Tk (1 Y Y
j=N(m+i) 7 j=N(m+i)
¢ ¢
- Y Peba|i- X B
j=N(m) j=N(m) "7
m-+1 N(m—i—z)—l

§

+ (En(nai—1 — knemy—1) [ 1— Z =L
j=N(m+i) 7
m-+1 N m—f—z)—l

=g ( &
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Each of the terms in the last expression converge in probability to zero,
because N(m) — N(00), kn(m) — kn(cc), and

m+i

3 % 2o
j=m+1 "]
asm — oo for [ =1, 2.

Therefore, lim,,, . P(A(m) < z) = F(z) for some subdistribution func-
tion F'. To show that F is a distribution function (that is, F(z) — 1 as
x — 00), it is necessary to show that the {A(m): m > 1} is a tight family,
for which it suffices to show that sup,, EA(m)? < oo (see Billingsley [1]).
To this end, note that

A(m)= ) kN1 | 1 > 22
j=N(m) 7 j=N(m) "
< D Plusnt D Plk<y kv
j=N(m) j=N(m)
_ m 6]’ m fj k
< D Pluent D lw<n + -
j=N(m) 7 j=N(m) "
> %I{kal}JrlJrkN(m)fl
j=N(m) 7
< Z %+1+kN(m)—l
j=0VN(m) 7
é1%—‘11(771).
Let N(m)* =0V N(m), so that
T(m)= > %‘i‘kN(m)fl
j=N(m)*+
m J

! oo II =6 +knem—

F(m+ J=N(m)*  i=14-N(m)+

A 1

pu— Z k — .
Fromr (m) + kn(m)—1

Thus
2 1 2 2 kN (m)—1
U (m) 5 Z(m)” + kymy—1 + 2 k‘ Z(m)
N(m)+ N(m)*

Tk
< Z(m)2 + kZQV(m)—l + 2Z(m)a
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D
since ky(ny+ > 1. Because Z(m) < Wi, the first and last terms of the
previous expression have bounded expectations. By (3.1),

. 1 m J
3 g—:—kN S o6 [ a-ar=1

(m)=1 j=N(m)—1 i=N(m)

and so it follows that

m J

(3.2) Bmas > & [] G-c2<we

Therefore, kn(m)—1, ¥(m) and thus A(m) has bounded second moments.

This implies that lim, . F'(x) = 1, that is, that A(m) XA A, where P(A <
x) = F(z). O

4. MAIN RESULT

We are now prepared to show that the difference in profits, suitably nor-
malized, converges to the random variable A defined in the previous section.

Theorem 4.1. Asn — oo,

o\ 172
(4.1) <%> (P, — Popc) 2 A.

Proof. Scale distances by /n, and fix A > 0. Let N,, be the point process
on [0, A]? induced by the scaled points; i.e., for Borel sets B C [0, A]?,

Np(B) = ZI{\/ﬁ(pi,si)EB}'
=1

It is well known that N, Z N , where N is a Poisson point process with unit
intensity on [0, A]?. Therefore,

(4.2) (2n(1 =Vt <i < N} B {ga, e

and
(4.3)
( nOOKN, V/MOOKN—1, " " ,\/n5ol‘€jfg+1> Z (kN (oo)—1: kn(oo)s = » Kma)

where m# is the random index defined by

ka < Av/60 < kpasy.
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Therefore,
n\ 1/2
<5—> (PL — Pppg) =
0
N-1 2n(1 . Vl/n) N-1 2n(1 Vl/n)
L + v/ nogry | 1 — 5
= Vndoki — ndok:
N—-1 1/n N—-1 1/n
_ (1 =V e [ 3 2n(1 = V')
i=jA+1 ndoKi i=jA+1 ndor}
In 1/n Ji 1/n
2n(1—-V."") 2n(1-V"")
4.4 L — 4/ nd L
(44) + Zz% VnookK; MOORN ZZ; néoﬁf
By (4.2) and (4.3),

N-1 1/n N-1 1/n
2n(1-V,"7) 2n(1-V;")\ o A
—————+ /ndkn | 1 — L = A(m™)

i=jAr1 Y ndoki igzg‘:ﬂ ndor;

The last two terms of (4.4) each converges to 0 in probability as A — oo by
Lemma 2.1, since

Vnboky B kN (o00)—1

which is bounded in probability by (3.2). Letting A T oo, A(m4) 2 A,
which completes the proof. O

To complete the proof of (1.1), we need the following Lemma.

Lemma 4.2. Asn — 00, &y Ll ~v(o), where v is defined at (1.2).

Proof. Let W,,(d) denote the combined weights of all items with densities at
least d:

Wn(d) = Z Si[{pi/sizd}‘

i=1

The moments of the summands are given by

1 1
k k
E (silgp,js;>a))” = / ., / . (sI(p/s>ay)” dpds

AT 1
= / / sFdpds
s=0 p=sd

1nd~1
= / (sF — ds*t1) ds
s=0

(1 A d—l)k—H d(l A d—l)k+2

E+1 k+2
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In particular,

1 .

L ifd>1,
E (Sil{Pi/SiZd}) {1 4 ifd<1
3’ — )

and

= ifd>1
E (SZ'I{ i/si>d})2 = {%2613 P ’
P - 3T D if d S 1.

The second moment is bounded in d, and so the law of large numbers implies
that

“Y1_4d
Let
dy, = max{d : W, (d) > on} = max{d : W, (d)/n > o}.
Then
. P J(60)7 Y2 if0<o<i,
n - .
3(1/2 — o), 1f%<a<%.

We have now established (1.1), since

because
5 1/2 » :
v(o)

n 1/2 .
<5—0> (PL — PDDG) S A

by Lemma 4.2 and

by Theorem 4.1.

We have no explicit expression for the distribution function of A. In
Figure 3 we plot an empirical distribution function for A (based on 100,000
samples).

5. CONCLUSIONS

The Decreasing Density Greedy algorithm is an O(nlgn)-time algorithm
that produces results that differ from the optimum by order n~1/2 under
the probabilistic model considered in this paper. It would be interesting to
explore heuristics that improve on the n~Y/2 error rate while maintaining
reasonable time complexities.
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FIGURE 3. Empirical cumulative distribution function for A.

It would also be interesting to extend the analysis to the m-dimensional
knapsack problem.
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