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Irregular neuronal activity is observed in a variety of brain regions and states. This work illustrates
a novel mechanism by which irregular activity naturally emerges in two-cell neuronal networks
featuring coupling by synaptic inhibition. We introduce a one-dimensional map that captures the
irregular activity occurring in our simulations of conductance-based differential equations and
mathematically analyze the instability of fixed points corresponding to synchronous and antiphase
spiking for this map. We find that the irregular solutions that arise exhibit expansion, contraction,
and folding in phase space, as expected in chaotic dynamics. Our analysis shows that these features
are produced from the interplay of synaptic inhibition with sodium, potassium, and leak currents in
a conductance-based framework and provides precise conditions on parameters that ensure that
irregular activity will occur. In particular, the temporal details of spiking dynamics must be present
for a model to exhibit this irregularity mechanism and must be considered analytically to capture
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these effects. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4831752]

Networks of neurons in the brain are very high-
dimensional dynamical systems that can produce corre-
spondingly diverse and complex dynamics. While temporal
structure such as synchronization can emerge in the activ-
ity of such networks, normal activity in the brain is often
irregular, lacking recurrent relationships or correlations in
the firing times of different neurons. Past analysis of irreg-
ular activity in networks of neurons has relied on a balance
of different types of interactions that leads to cancellations
of correlations in the limit as network size goes to infinity.
Here, we introduce and mathematically analyze a novel
mechanism for irregular dynamics. This mechanism does
not require many neurons, arising already in a two-neuron
model network featuring a form of coupling known as
synaptic inhibition, nor does it involve cancellation of inter-
actions between neurons. As we show mathematically, the
resulting irregularity emerges naturally from the interplay
of standard ionic currents, as well as the inhibitory synap-
tic current through which neurons interact, during the
spikes of membrane potential that constitute neuronal ac-
tivity. Given its generality, the mechanism we elucidate
may be a fundamental feature of inhibitory brain networks
exhibiting irregular activity.

. INTRODUCTION

Normal brain states are often characterized by irregular
spiking activity, with little correlation among neurons within
particular brain regions. In particular, there are many exam-
ples of inhibitory networks that generate such irregular activ-
ity. For example, experiments have revealed that, within the
inhibitory network in the globus pallidus of the basal ganglia,
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the spike times across pairs of neurons are rather completely
uncorrelated under normal resting conditions.'™ Indeed, a
hallmark of the parkinsonian state is the replacement of this
uncorrelated activity by more correlated firing.'”>~" Another
example is cortical networks in the dorsolateral prefrontal cor-
tex, which have been identified as playing a key role in work-
ing memory tasks.*'® Experiments have demonstrated that
during persistent activity, neurons in this area, including a net-
work of interconnected inhibitory fast-spiking interneurons,
exhibit highly irregular firing patterns with a Poisson-like
spike time distribution."""'? Inhibitory networks also play an
important role in other brain regions that exhibit irregular
spiking activity, such as thalamic networks involved in the
generation of sleep and wake states,>'® and the hypothala-
mic suprachiasmatic nuclei that coordinate circadian (~24-h)
rhythms.'”?° Although there have been numerous theoretical
and experimental studies of each of these brain regions, the
mechanisms underlying their irregular and/or uncorrelated ac-
tivity remain poorly understood. In this paper, we present a
general mechanism by which highly irregular spike time rela-
tions can emerge in a network of neurons coupled with recip-
rocal synaptic inhibition.

Many works of theoretical neuroscience represent the
viewpoint that coupling between a pair of neurons necessarily
introduces correlations in their spike times. According to this
view, irregularity or asynchronous activity requires some sort
of cancellation of positive and negative correlations, such as
may arise in what are known as balanced input regimes.*'"*?
Much of this theory has been worked out in the limit as net-
work size goes to infinity and in models that do not include
the temporal features of spikes.”>* In contrast, we show that
a two-cell network with reciprocal synaptic inhibition can
robustly exhibit irregularity. This activity results from the
combined effects of synaptic inhibition and various standard
ionic currents. In particular, the temporal dynamics of spiking
contribute critically to this irregularity mechanism.

© 2013 AIP Publishing LLC
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In this paper, we first consider some ordinary differential
equation models for a pair of neurons reciprocally coupled
by synaptic inhibition, including two from the literature
based on experimental data for particular brain regions.?*°
We use numerical simulations to illustrate that these generate
chaotic dynamics. Next, we define a one-dimensional map
for one of these models and demonstrate numerically that the
complex dynamics of the full system is very well approxi-
mated by the dynamics of this reduced map. We subse-
quently proceed to analyze properties of the map. First, we
show numerically how the map structure relates to changes
in the relative timing, and order, of spike firing by the two
neurons. Subsequently, we derive analytical estimates on the
derivative of the map at points corresponding to both syn-
chronous and antiphase solutions. The analysis leads to
rather precise conditions on parameters for when each of
these solutions is unstable. The mechanism that we analyze
does not require highly specialized or complicated intrinsic
dynamics. Our results do, however, depend on properties of
the spike itself. Specifically, the effects we consider would
not show up in integrate-and-fire type models that neglect
the dynamics of spiking and subsequent repolarization.
Finally, we consider larger inhibitory networks and use nu-
merical simulations to show that these may also exhibit
highly irregular and uncorrelated spiking activity.

Il. FROM DIFFERENTIAL EQUATIONS TO A
ONE-DIMENSIONAL MAP

A. Basic model equations

Consider the two-cell neural network governed by the
equations

Cv; = —Ing(vi,n;) — Ix (vi, n;) — I (v;) — Liyn(viy ),
P = Pnoo(v:) — mi) [Ta(v2), (1)
s; = o1 — 57)800 (v1) — Psi,

fori € {1,2},j =3 — i, where In,(v,n) = gnam>, (v)(1 — n)
(v —vNna), Ix(v,n) = ggn*(v —vk), I = g.(v—v.), and
Liyn(0,8) = goynS(V — vgyn). The parameter gy, >0 and we
consider vy, such that v; > vy, always holds, corresponding
to synaptic inhibition. Note that in system (1), the synaptic
conductance s, depends on v, and appears in the /,,, term in
the differential equation for v,, and vice versa. In the s; equa-
tion, we assume that s.(v) is an approximation of the
Heaviside step function with threshold 6. Additional func-
tions appearing in model (1) are

TABLE I. Parameter values for system (1).
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Moo (v) = (1 +exp(—(v— Hm)/am))_l7
neo(v) = (1 4 exp(—(v — Gn)/an))il

500(0) = (1 + exp(—=(v = 0,)/a,)) ",

,(0) =10+ 11 /(1 +exp(—(v — 0;)/0.)).

Model (1) is a fairly standard conductance-based model,
incorporating the basic ionic currents studied by Hodgkin
and Huxley.?' Our default parameter values, which appear in
Table I, lie within biologically relevant ranges if we consider
them to be given in the units specified in the table; we omit
mention of units throughout the remainder of the paper. Note
that we chose v; = —30 to mimic the effect of a nonselective
cation, since most neurons include additional cationic cur-
rents. In fact, our analysis shows that irregular activity
becomes more robust for more hyperpolarized values of v,
(e.g., Figure 16).

B. Periodic solutions

For our analysis, we assume that for a single uncoupled
cell, defined by g, =0, the v- and w-nullclines are cubic-
shaped and monotone increasing curves, respectively, that
intersect at a single point along the middle branch of the
v-nullcline. Moreover, v’ > 0(<0) below (above) the v-null-
cline and w' > 0(<0) below (above) the w-nullcline. With
these assumptions, it is not hard to show that there must be a
periodic solution I'g = {Xo(7) = (vo(7),n0(7),50(¢)) : t € R}
of the single cell model if the parameter ¢ is sufficiently
small. Moreover, there must also exist a synchronous periodic
solution of Eq. (1) if the coupling strength g, is not too large.
For g, fixed at any such value, we denote the synchronous
periodic solution as I',, and we will later find conditions on
parameters so that I', is unstable.

Figure 1(a) shows the trajectory corresponding to the
periodic solution I'j in the phase plane. Note that this trajec-
tory differs from a so-called “relaxation oscillator,” which
has been used in numerous previous studies of reduced
neuronal dynamics.33 A relaxation oscillator, as shown in
Figure 1(b), is usually defined in the limit ¢) — 0 and tracks
very close to the left and right branches of the cubic-like v-
nullcline during the silent and active phases. The jump-up
and jump-down between these two phases occur when
the trajectory reaches either the left or right fold, or knee, of
the cubic-shaped nullcline. Except where |v/(#)] &~ 0 when
the trajectory crosses the v-nullcline, |0/(¢)| > 5|n'(¢)|. The
periodic solution for system (1) that we consider, on
the other hand, does not track close to the left branch of the
cubic nullcline during the silent phase. Instead, after the

Conductances Reversal potentials Half activations Slopes Rate constants Other
(nS) (mV) (mV) (1/ms)

8gna=100.0 Ung =55.0 0,, = =37.0 on =10.0 ¢=02 C=1.0pF
gx=10.0 vg=—80.0 0, = —50.0 g, = 14.0 x=5.0 790 = 0.05 ms
8syn=0.2 U5y, = —100.0 0, = —30.0 g, =0.1 p=1.0 71 = 0.27 ms
g =0.02 vy =-30.0 0. = —40.0 g, =—12.0
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(A) (B)os
1 0.5
0.8 0.4
0.3 FIG. 1. Nullclines and periodic solutions
0.6 n for single neuron models. (a) Model (1)
n 0.2 with g, =0. (b) Relaxation oscillation
0.4 04 in the standard Morris-Lecar model (Ref.
> ' 32, with parameters tuned to the Type I
0.2 0 regime). In both cases, the v-nullcline
_— appears in green, the n-nullcline in red,
-0.1 iodi ion i
0 260 —40 20 0 20 20 60 and a periodic solution in blue and black.
-80 -60 -40 '2\9 ( mV)O 20 40 60 v (mV) Each periodic solution is colored black
c where |/(¢)| < 5|n'(¢)] and blue else-
( )0.8 (D) where. (c) Projection of periodic solution
=~ ' for the Wang-Buzsaki model.” (D)
0.6 Projection of periodic solution for
0.6 the Destexhe-Paré model.*® XPPAUT
codes for the Morris-Lecar, Wang-
n 1 n 0.4 Buzsaki, and Destexhe-Paré models can
0.4 l be found at the website: http://www.
math.pitt.edu/~bard/bardware/neurobook/
02 — 0.2 allodes.html.
—
0 0
-60 -40 -20 0 20 -80 -40 0 40
v (mV) v (mV)

jump down from the active phase (i.e., termination of a
spike), the trajectory quickly moves nearly vertically, with
[v/(¢)] < 5|n'(¢)| much of the time, until it crosses the n-null-
cline. After this crossing, it tracks close to the n-nullcline
until v = —60, which is close to spike threshold, above
which the trajectory jumps back up to the active phase. As
we shall see, this difference in the geometry of the periodic
solutions has a profound impact on the dynamics of the
coupled cell network.

We note that several well-known models for neuronal
activity exhibit phase plane dynamics qualitatively similar to
what we show in Figure 1(a). These include the Wang-
Buzsaki model for hippocampal interneurons® and the
Destexhe-Paré model for neocortical pyramidal neurons.*® In
Figures 1(c) and 1(d), we show projections of a periodic so-
lution of each of these models onto the (v,n) phase plane.

C. Two coupled cells generate chaotic activity that is
captured by a one-dimensional map

The dynamics of model (1) depends on the strength of
the coupling parameter g,,. Figure 2 shows solutions of the
model for different values of g,,. Numerical simulations
demonstrate that the model exhibits stable synchrony for
8syn<0.14 and what appears to be chaotic dynamics for
0.14 < g4, < 0.49. Such apparently chaotic solutions are
shown in Figures 2(b) and 2(c). Note that as g,,,, increases in
this range, each cell tends to fire on more consecutive cycles,
while the other cell remains silent. For g, > 0.49, the
model exhibits a so-called suppressed solution in which one
cell fires periodically and the other cell remains silent. Such
a solution is shown in Figure 2(d).

Figure 3(a) shows another example of the time courses
of vy, v, for a solution of the model (1) with g;,,,=0.2. Note

that the two cells fire in a very irregular manner. They often
take turns firing, but sometimes a cell fires two consecutive
spikes before the other one fires. To demonstrate the irregu-
larity of this solution more definitively, we compute a map
as follows. We fix v} within the range of subthreshold v val-
ues. We then integrate the model with a random initial condi-
tion. After discarding a long transient, we record data each
time that v;(r) = v} with v} (¢) > 0. Suppose that these sec-
tion crossings take place at times {7;}. We define a subse-
quence, call it {#}, of {f;} by keeping the times between
which cell 1 spikes (defined by the condition that n;
increases through 0.5). We plot the points (v2(#), v2(t11))s
generated using v} = —67, in blue in Figure 3(b). Note that
the resulting points seem to fill out an entire curve, which
corresponds to a chaotic attractor of the system. Moreover,
the derivative of this curve has absolute value greater than
one, except near the curve’s local maximum and minimum.
This is another indication of chaotic behavior.***> In fact,
the trajectory has a positive Lyapunov exponent, 0.0481, as
computed using the Gram-Schmidt reorthonormalization
procedure implemented in MATDS.*¢-7

We define another one-dimensional map that is more
amenable to mathematical analysis, which we refer to as the
reduced map, as follows. First, we simulate model (1) with
&syn=0 to collect coordinates of a dense mesh of points on
the periodic solution I'y. Denote these points as {(v*,n*)}.
We then consider model (1) with gy, > 0. For each k, we
integrate (1) with cell 1 always starting from the point on I'y
with v; =—67 and v| > 0 (v; = —67, n; = 0.2066, s; = 0)
and with initial conditions for cell 2 at (v, 15, 50) = (0, 1%,
0). We then record the v, value at the time 7, that we select
such that vy(1;) = —67,0)(tx) > 0 and cell 1 fires exactly
one spike for 0 <t < 1. Finally, we plot a curve that
interpolates the points (%, v2(1;)); this curve is shown in
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FIG. 2. Dependence on g,,,,. The synchronous solution is stable for g, = 0.1, but the model exhibits chaotic oscillations for g, =0.2 and 0.35. If g, =0.5,
then there is a suppressed solution in which one cell fires continuously, while the other cell is silent.

Figure 3(c), and it is presented together with the blue curve
from Figure 3(b) in Figure 3(d). We observe that the attractor
of the full model—that is, the blue curve in Figure 3B or
3D—is very well approximated by the attractor of the
reduced map. This is, in some sense, not surprising because
the projections of solutions of Eq. (1) with g, > 0, small,
onto the (v,n) plane lie very close to the periodic trajectory
I'p. We further note that the reduced map has two fixed
points, both of which are unstable. The fixed point at
v, = —67 corresponds to the synchronous solution.

Since the singular solution is a closed orbit, the one-
dimensional map is, in fact, a map of a topological circle. To
each value of v, in the map’s domain there correspond two
points on the singular solution (except at the two
“endpoints”): one in which v}, > 0, corresponding to the inter-
val between spikes, and another with v} < 0, corresponding
the spiking phase. We are primarily interested in the points
where v’2 > 0, since these will contain the global attractor.
However, it may happen that v, < 0 when v hits its section,
especially if the crossing occurs when v, has recently fired a
spike. In Figure 3(c), the part of the black curve generated
from initial conditions with v5(0) < 0 is solid, while the rest
is dashed. There is a sharp, nearly vertical portion of the
dashed black curve at v* ~ —73 where the map appears to be
discontinuous. This corresponds to points v* that are mapped
to points vp(tx) such that vj(t;) < 0. We note that this

vertical portion of the black curve crosses the identity line
va(tx) = v*. However, this does not correspond to a fixed
point of the map since v* lies on the portion of I'y where
v’ > 0, while v;(tx) lies near the portion of I'y where v' < 0.
Note that in the free-running simulation used to generate
Figure 3(b), no such points are represented; that is, it appears
to be extremely unlikely that cell 2 will have just fired a
spike when v; increases through —67 after a cell 1 spike.
For other section choices, however, we can encounter
such points. An example of such a reduced map appears in
Figure 4, generated from taking a section at vj = —50 (i.e.,
resetting to v; = —50,n; = 0.3135,5; = 0 on I'y). From this
starting point, an uncoupled cell has ¢ > 0 and will quickly
approach spike threshold. The discrete points (blue and red)
in Figure 4(a) were generated analogously to those in Figure
3(b), while the continuous curve (black solid and dashed) in
Figure 4(b) was produced the same way as that in Figure
3(c). The red points, however, feature v} (#) < 0, which did
not arise in Figure 3(b). We find that if v}(#) < 0, then it
always follows that v},(#4+1) > 1. Thus, points from intervals
where the slope has smaller magnitude map to the intervals
where the curve is steep. These numerics suggest that further
consideration of a section at v] = —50 will be particularly
revealing about how the cells can switch spiking order.
Thus, in the next subsection, we perform some additional nu-
merical explorations using this section, to elucidate how the
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FIG. 3. Numerical evidence of irregular activity from the model (1) with g,,,, =0.2. (a) Time courses of v; (blue) and v, (red) from random initial conditions.
(b) v2(fx+1) versus va(#;), where {#;} are defined by the conditions vy (#;) = —67, vi(#) > 0, and v, fires exactly one spike on (#, fx+1), from a free-running
simulation of 5 x 10" msec starting from random initial conditions. The cobwebbing segment was selected randomly from within a run after a transient was
discarded. It starts and ends at the v, values indicated by the black and open dots, respectively. The black dotted curve is the identity line. (c) Similar data to
(b), generated using repeated simulations of initial conditions along I'y (v2 (7)) versus *; see text). The dashed (solid) part of the black curve corresponds to
vh > 0 (vh < 0) when cell 1 crosses the section at —67 (the curve is closed but parts above v = —55 and below v = —77 are cut off here to focus on the central
features). (d) Superposition of the curves from (b) and (c).

structure of the reduced map emerges from changes in the
timing and order of the two neurons’ spikes.

Figure 5 shows additional examples of the full map cor-
responding to three different values of g,,. Note that the

absolute value of the derivative of the map at vf = —67 is
less than one if g, = 0.1, but is greater than one if g,,, = 0.2
or 0.5. Hence, the synchronous solution is stable for
&syn=0.1 but unstable for g,,=0.2 and 0.5. Further note

(A) 60 T ; : i ; (B) 60 T ; T i i
i
ol | o] | B
Yo !
o0t 1 ~ 20} 1
e % ¥
—~ 0, ! : 'E. 1 > 0’ ;
i I 5 I3
IR P | ~ onl !
S -200 | { : % 20 ! ;
B . - = 1
T A 1 >" _a0t o
i :o‘K--—...-... e e eehem e m  ——-— (X ~‘“-.'-_~'— .
-60t /: e e T | _60J7AL:- —
-80 Y V\ ; ; ! ; ; -8l h ; ; ! ; ;
-80 -60 -40 -20 (t )0 20 40 60 -80 -60 -40 -20 0k 20 40 60
\Y
2\ v2(tk) orv
FIG. 4. Mapping of v, values across successive times when vy =—50 with v{ > 0, from the reduced model (1) with g, =0.2. (a) Discrete points show

02 (t3+1) versus vy (1) from a free-running simulation of 5 x 10* ms starting from random initial conditions, similar to Figure 3(b). Points are colored blue (red)
if vh(#x) > 0 (v5(tx) < 0). (b) Superimposed on the data from (a) is a continuous curve that interpolates points generated using repeated simulations of initial
conditions along I'y, similar to Figures 3(c) and 3(d). The black solid (dashed) part of the curve corresponds to v > 0 (v5 < 0) when cell 1 crosses the section.
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FIG. 5. The full map for g, =0.1 (blue), 0.2 (red), and 0.5. The synchro-
nous solution, corresponding the fixed point at (—67, —67), is stable for
gsyn=0.1 but unstable for g, =0.2 and 0.5. There is a stable fixed point,
indicated by the black circle, when g, = 0.5 corresponding to a suppressed
solution.

that there is a stable fixed point, indicated by the black circle,
when g, =0.5. This fixed point corresponds to the sup-
pressed solution.

We note that there does not exist a stable antiphase solu-
tion for any value of g,,,. However, stable antiphase solu-
tions can emerge if we change some other model parameter.
For example, if g,, = 9, then stable antiphase solutions exist
for 0 < gs, <0.4. In fact, the model is bistable for
0 < ggn < 0.1. Over this range of gy, there exist both a sta-
ble synchronous solution and a stable antiphase solution.
Further discussion of the antiphase solution is given later.

To define the one dimensional reduced map, we need to
assume that the synaptic variables s, and s, decay very close to
zero during consecutive action potentials of the corresponding
neuron. This decay occurs if the parameter f3, corresponding to
the synaptic decay rate, is sufficiently large. For the simula-
tions, we chose ff = 1.0 msec™'. However, experiments have
demonstrated that inhibitory GABA, synapses decay at a rate
that is about 10 times slower. In Figure 6, we computed the full
map for the model with = 0.18 msec™" and gy, = 0.09.
Note that the solution is chaotic; however, the dynamics can no
longer be captured by a reduced one-dimensional map. This
simplification is not possible because we can no longer assume

A

FIG. 7. Iterates of the full map described in this paper, but generated from (left) the Wang-Buzsaki mode

Chaos 23, 046110 (2013)

7 -72 -67 62 k -57 -52 -47

FIG. 6. The full map for f = 0.18.

that the synaptic variables are zero when defining the reduced
map. So, in fact, more complicated dynamics may come
into play when considering more realistic, slower synaptic
dynamics.

Finally, we note that the full map for each of the Wang-
Buzsaki and Destexhe-Paré models, as shown in Figure 7,
has a qualitatively similar structure to that of model (1). In
particular, this map consists of regions where the slope has
magnitude greater than one interrupted by abrupt deviations
or discontinuities. Consistent with the analysis developed in
this paper, networks formed from neurons described by
either model, coupled through synaptic inhibition, can
exhibit irregular dynamics.*®*

lll. NUMERICAL ANALYSIS OF MAP STRUCTURE

To gain insight about the dynamics of model (1) and the
source of the structure of the reduced map, we replot the data
from the curve in Figure 4 generated from the section
v} = —50. Recall that each iterate starts at time O, and the
kth iterate ends at time 1. We now plot v,(0) — v1(0) and
v2(1x) — v (k) versus our iteration step number k (which we
refer to as a time-like variable, since the initial sampling of
points from I'y was based on integration with a uniform time
step). The results of this replotting appear in the center of
Figure 8. The blue curve denotes v,(0) — v1(0) while the
green is vp(tx) — vi(tx). Along the latter curve, various
points are marked with asterisks and numbers. These points

VZ(TK)

12()

and (right) the Destexhe-Paré model.*® Here, we

computed the map by first discarding a 10 s transient and then running the models for another 50s.



046110-7 Terman, Rubin, and Diekman

Chaos 23, 046110 (2013)

10 time‘s 25
120

—
o O
o O

(]
o

N
o

o

V)

A v at start (blue), A v at end (green)
L I
o o

|
N
o

40

v (mV)

-20}

—40)

10 15 2

time

FIG. 8. The return map for a section at v = —50. See text for a full description.

label iterates that were selected to represent different regimes
that we discuss below. The time courses of v; and v, from
time O up to some time greater than or equal to 7; (chosen to
best illustrate each regime) are shown for the numbered iter-
ates in correspondingly numbered panels around the outside
of the figure. Possible fixed points, namely states in which v,
always takes the same value whenever v; = —50 with v’1 > 0,
arise at iterates where the blue and green curves coincide. In
reality, however, most of these coincidences turn out to be
cases where v5(1;) = v2(0) but v5(0) > 0 and v)(tx) < 0;
that is, v, ends up on the “opposite side” of the orbit from
where it starts. The actual synchronous fixed point occurs near
point 8, where the blue and green curves together cross the
dashed line at O and is labeled with an ‘s’. We will now dis-
cuss the various regimes that occur within the simulation.

In regime 1, represented by the leftmost asterisk in
Figure 8 (center) and the panel numbered “1,” cell 2 starts
significantly “behind” cell 1, with v, much farther below
spike threshold than v;. Due to this disadvantage, the inhibi-
tion to cell 2 that results from the spike of cell 1 allows cell
1 to overtake cell 2 after spiking. Thus, when v((t;) = —50
for t; > 0 with v} (7;) > 0, we still have v,(7) < —50, but
v2(tx) > 12(0) and thus the green curve lies above the blue
in this regime. This regime ends where the green curve hits
0, which represents an iterate such that v, manages to first
reach —50 at exactly the time that v, returns there.

In regime 2, cell 2 spikes before v; reaches —50, but it
does not have time to complete its spike before this happens.
In the panel numbered “2,” for example, the two cells’ tra-
jectories cross {v = —50}, just after time 15, so close to-
gether in time that we cannot distinguish them; nonetheless,
because the voltage traces are so steep at threshold crossing,
v, — vy 1s almost 20 when this happens (point 2 in Figure 8§,
center). This regime can be viewed as ending when the green
curve next hits O (with negative slope). At the iterate where
that occurs, vp(tx) = —50 with v}(7;) < 0: cell 2 and cell 1
have the same voltage at time t; but cell 2 is finishing its
spike while cell 1 approaches spike threshold. Similarly, the
point between “2” and “3” where the blue and green curves
intersect is not a true fixed point for the same reason.

The regime represented by point 3 in Figure 8 (center) is
a simple one in which cell 2 does manage to spike after cell
1 and is still quite far below spike threshold, in its recovery
phase, when v; (t;) = —50 with v} (t4) > 0 occurs. This is a
long phase in terms of iterates, because the rate of change of
voltage well below spike threshold is relatively small and
there is a significant interval of v,(0) values over which this
regime occurs. There is a fixed point corresponding to a
form of antiphase spiking within this regime, quite close to
point 3, yet numerically we see that it is weakly unstable,
due to the greater slope of the green curve than the blue one
there.
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The positive slope of the green curve in regime 3 means
that as we progress through this regime, the ending value of
v, increases; note that cell 2 spikes progressively earlier,
which is what yields the larger final values. If cell 2 spikes
earlier, then it inhibits cell 1 earlier, and in this model, this
earlier inhibition produces a longer delay before cell 1 can
return to spike threshold. Eventually, when v,(0) is large
enough, it can manage to overtake cell 1 and fire a second
spike before cell 1 can spike again. The transition to this
case occurs at the third O crossing of the green curve in
Figure 8 (center). Point 4 illustrates what happens beyond
this transition as cell 2 achieves its second spike before cell
1, yielding a large v, (ty).

Continuing this trend, as v,(0) increases still more and
cell 2 spikes still earlier, we observe iterates on which cell 2
is finishing its second spike when cell 1 reaches vy = —50.
By the iterate corresponding to point 5, cell 2 has completed
its second spike and fallen well below threshold when
v; = —50, such that the green curve ends up well below the
blue one. The intersection between blue and green curves
between points 4 and 5 is not a true fixed point; analogously
to the intersection between points 2 and 3, v)(t;) < 0 at the
iterate at which this intersection occurs.

From point 5 to point 6, the green curve is non-
monotonic, reflecting subtle changes in the effects of inhibi-
tion between the two cells. In regime 5, the delay in spiking
of cell 1 is due to the inhibition associated with the first spike
of cell 2, whereas the second spike of cell 2 has little impact.
In regime 6, the opposite holds, as it is the second spike of
cell 2 that delays the spiking of cell 1 (see outer panels of
Figure 8). Somewhat paradoxically, as cell 2 continues to
fire its first spike progressively earlier beyond point 6, this
spike continues to impact cell 1 less, and the subsequent
spike of cell 1 becomes earlier. Eventually, as represented by
point 7, even the second spike of cell 2 cannot delay the sec-
ond spike of cell 1, and cell 1 spikes while cell 2 is still
active. (As previously, the intersection of curves between
points 6 and 7 is not a fixed point, due to (1) < 0.)

After regime 7, we finally reach v,(0) = —50, the fixed
point corresponding to the synchronous state. The steep slopes
of the curves here suggest that this true fixed point will be
unstable, and we will analyze this claim in the next section.
Beyond the fixed point is a regime with v,(0) > —50 (blue
curve above 0). Here, cell 2 fires its first spike before cell 1,
but cell 1 fires its second spike slightly before cell 2, such that
the green curve lies below 0, as at point 8. As the initial condi-
tion for cell 2 progresses through various points within the
spike, with v,(0) > —50, v,(7x) ends up at roughly the same
value as it did for point 8. Once v,(0) becomes less than —50,
with v5(0) < 0, as represented by point 9, v,(1;) appears to
briefly become much more sensitive to v,(0); indeed, there
may be some numerical inaccuracies in the green curve in this
regime. At point 9 and over an interval to its right, at least, the
situation is clear: cell 2 is initially in its after-spike hyperpo-
larization phase, with v5(0) < 0, and the inhibition from cell
1 helps keep v2(¢) < v2(0) for all # > 0 until v; reaches —50
with vy(tx) =~ v2(0). Similarly to several previous cases, the
condition v(0) < O prevents fixed points in this regime, even
if the blue and green curves intersect.
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Finally, for sufficiently negative v,(0), we return to initial
states with v}(0) near O or positive. As illustrated at point 10,
however, the inhibition from cell 1 manages to prevent cell
2 from spiking before the time t; such that v (7)) = —50.
Since 15(0) is sufficiently close to O or positive, we do get
v2(tx) > 12(0) in this regime, and in fact the situation
matches up with regime 1, as it should due to the periodicity
of the relevant solutions.

In summary, the numerical experiment illustrated in
Figure 8 suggests that as we progress across iterates corre-
sponding to points on I'(, over broad intervals, the value of
v, at our stopping condition varies more rapidly than the
value of v, at the starting point (green curve versus blue
curve). The abrupt variations in the reduced map are linked
to the spiking of cell 2, since vp(ty) is sensitive to v,(0)
when cell 2 spikes near time t;. This sensitivity is com-
pounded near switches in the order of spike firing, since both
cells’ voltages change quickly when both cells are close to
threshold at the same time, as occurs near such switches.
There appear to be several starting configurations that map
to vy(tx) = v1(t) or to vy(tx) = v2(0), but for many of
these, v5(tx) < 0, whereas v/ (t;) > 0 by construction, so
these configurations do not promote phase-locked states.
There do seem to be two true fixed points, one corresponding
to synchrony (‘s’) and the other, near point 3, to an antiphase
state, but both appear numerically to be unstable. In Sec. IV,
we analytically establish conditions on parameters that
ensure the instability of the synchronous state.

IV. INSTABILITY OF THE SYNCHRONOUS STATE
A. The return map I1

Our numerics have revealed a form of sensitivity to
initial conditions in system (1), related to the inhibitory inter-
actions between the cells. We now wish to find precise con-
ditions on parameters for when the synchronous solution is
unstable. This is done by constructing a one-dimensional
map, similar to the maps computed numerically in the previ-
ous sections, and then computing the derivative of this map
at a point corresponding to the synchronous solution. To
define the map, let X;(z) = (v;, n;,s;) for i=1,2 denote the
trajectories corresponding to the two cells. Here, we consider
initial conditions so that both X;(0) and X,(0) lie on I'j and
assume that s, (v) = H(v — 0) where H is the Heaviside step
function. For our analysis, we will make use of various addi-
tional notation as illustrated in Figure 9. Fix some V < 0, to
be chosen later, and assume that v,(0) =V, with v} (0) > 0.
Furthermore, assume that |v,(0) — V| is small with v5(0) > 0
and choose At so that v(Ar) = V. (Note that Ar < 0 if
v2(0) > Vp.) The quantity As corresponds to the distance
between the cells in the “time metric.” Now, there must
exist a first time Ty > 0 so that v;(To) = Vo and v} (Ty) > 0.
We choose Ar as the minimal in magnitude time so
that vy(To + At) = Vo (Figure 9), and we define the map
IT: At — At.

Note that the synchronous solution corresponds to a fixed
point of the map and the synchronous solution is unstable if
[TT'(0)| > 1. In what follows, we find precise conditions for
this instability. These conditions are found by following the
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FIG. 9. Set-up for the analysis of the map I1;. The black solid curve is the
periodic orbit I'g, generated numerically from model (1) with g, =0.
Dashed lines are placed at particular v values used in the proof. The solid
blue and red dots provide example starting locations for cell 1 and cell 2,
respectively.

trajectories corresponding to the two cells around in phase
space and writing IT as the composition of other maps, each
corresponding to passage of the solution through some portion
of phase space. We make this decomposition because, as we
shall see, different components of the model, including both
synaptic and intrinsic properties of the cells, control the
expansion of solutions within different regions of phase space.
Specifically, we write I = I3 o I1, o IT;, where
I : At — As, Il : As — Av, H3:Av—>A~t.

Each map component IT; is defined and analyzed in a subsec-
tion below. We henceforth assume that v2(0) < v;(0) so that
At > 0. The case At < 0 is similar.

B. The map IT4

We will use IT; to compare the values of the synaptic con-
ductance impacting each cell at the time when its trajectory
intersects a section {v = V;}, with V; < min{v;(0),v,(0)} =
v2(0) (Figure 9); in our numerical examples, we take V; = —71.
Specifically, let Ty and A; be the smallest positive times so that
U](Tl) :Uz(Tl +A|) =V,. Then Hl(A[) :ASZ:.S‘l(Tl +A1)
—Sz(Tl).

To estimate As, let t; <1, be the smallest positive
times so that vy(f;) = v1(f,) =0, and let J; < J, be the
smallest positive times so that vy(¢; + 61) = va(t2 + 02) = 0
(Figure 9). Then

, a(l —s1), t <t<ty,
Slz
—ﬁS17 O0<t<y,

, {oc(l—sz),
sh =

7[3‘?2, 0<l<l1+51,

H<t<T+ A,

t + 0y <l<l2+52,
h+0,<t<Ty.

We assume that 5,(0) = 5,(0) =0, which is a good approxi-

mation if f is sufficiently large relative to the duration of the
interspike interval of the synchronous solution.
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Note that if g, =0, then X,(t) and X,(?) both lie on the
same synchronous solution and the “time metric” between
the two cells remains invariant; hence, 01 = 6, = A; = At.
We claim that if gy, > 0 is small, then one can still approxi-
mate J;,, and A; by At. In brief, this is because during this
“spiking” phase of the solution, the synaptic currents are
dominated by the Na™ and K™ ionic currents. Hence, cou-
pling due to the synaptic currents has little effect on the tra-
jectories corresponding to the two cells. More precisely, we
note that during a spike, when v > 0, we can approximate
the nonlinear functions ni(v) and 1, (v) by 1. Assuming
further that 7,(v) is constant, we can approximate the first
two equations in Eq. (1) by the linear system

CU; = —gna(l — ;) (v; — vna) — gl(n?(vi — vk)
- gL(Ui - UL) - gsynsj(vi - Usyn)a
n,=k(1—n). )

Now consider 0, the time it takes v, to travel from v,(#;) to
0. Without synaptic input, this time would be Az. Hence, the
ratio 01 /At is, to first order in At, equal to the ratio of v with-
out synaptic input to v' with synaptic input, evaluated at the
point along I’y with v = 6. For our default parameters, we
find that 6; = (1.004)At.

To estimate d, and A, we solve the linear system (2)
explicitly for different initial conditions corresponding to the
two cells. Note that

ni(t) = 1+ (n;(0) — 1)e ™

and the solution of the first equation in Eq. (2) can be written
as the sum of four functions, each the solution of a differen-
tial equation corresponding to one of the four terms on the
right hand side of Eq. (2). For example, let (u;,n;) and
(u,n,) be solutions of the linear system

Cul = —gna(1 — n)(u — vna),
i = k(1 - n), 3)

where u;(0) = u»(0) = 0 and n;(0) # n2(0). Note that the
solution of the first equation in Eq. (3) is given by

() = v+ (0= vyexp{ =5 (1= )1 =) |
Hence,
|uy () — ua (1)| = (vna —B)exp{—gcl]:(l —m(0)(1 _ekt)}
Ck

X {1_exp{_%|n2(o)—m(0)(l—e"’)H

~ (Ung— H)exp{ _gCLIZ(l —n(0))(1 —e‘k’)}

X%MZ(O) —my(0)|(1—e7)
- W(a’mﬂcﬂnl (0) —n2(0)], S
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using the fact that |n;(0) — 1,(0)] is small for perturbations
from synchrony and assuming that (1 —n;(0))(1 —e %)
> 1/2, as we observe numerically. For our default parame-
ters, we have that gy,/Ck = 25, from which it follows that
there is a huge amount of compression. In a similar way we
can estimate compression of the other three solutions of the
linear equations corresponding to the other terms on the right
hand side of Eq. (2). Based on this compression, we conclude
that there is little change in the time metric distance between
cells while their voltages exceed 6 and hence d, and A; can
be very closely approximated by ¢;, which we have shown is
closely approximated by Ar.

If we let M =t, —t; and M, =T; — tp, then these
approximations yield

s1(Ty + Ap) & (1 — e M) PR

55(Ty) = (1 — e M)~ P24
so that

H[(Al) ~ (1

_ e*“Ml )e*ﬁMz (efﬁAf _ eﬁAt).

(A)

n

0.322

0.3215f

0.321¢

-46 -458 -456 -454 452 -45
v (mV)

©)

0.85
0.84}

0.83§

0.82

68 67 66 -65 64 .\ (my)
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Thus,
1, (0) ~ —2fe ™ 5)

in the limit o > 1. Numerically, for our default parameters
and 0 = —30, the passage time M, ~ 0.36 and IT(0)
~ —1.4. The negative sign of II|(0) implies that if
v1(0) > v2(0), then cell 1 is more inhibited when it reaches
{v =V} than is cell 2 when it reaches the same section.
Finally, note that ny(T1) > na(Ty + A;). This relation
holds because, as shown in Figure 10, the trajectory corre-
sponding to cell 2 lies “inside” that of cell 1. More precisely,
for 0 < ¢ < 1, the cells are essentially uncoupled and evolve
along the synchronous solution. The synaptic variable s;
activates when ¢ =1, while s, does not activate until r = 1,
+01. Hence, for 1y <t <t 4 01, the vectors (v5(r),n5(r))
have greater slope than (v} (¢), 7| (¢)). During this time, cell 1
remains on the synchronous solution, while cell 2 is “pushed
inside” of the synchronous solution by a small amount. An
example of this effect is illustrated in Figure 10(a). The blue
curve is a segment of I'y. The black curve points in the direc-

tion of (v}, n)) evaluated at the initial point of the segment at

(B) 5

—%0 -45 -40 -35 -30 —25
v (mV)

C

-
[=)

o
3

dn/dv (x1072)

0 L L L L L
- -7 - - —4 - —
80 0 60 50 0 30v (mV?O

FIG. 10. Numerical illustration that the trajectory of cell 2 ends up inside that of cell 1 during the I1; phase of the orbit of system (1). (a) For a particular point
on Ty (blue) with v=—46, the black segment points in the direction of (v{,n}). The red segment similarly points in the direction of (v}, n3) when v, = —46
(although cell 2 is not on I’y at that time because s; > 0) and lies “inside” of the black segment. (b) dn/dv versus v for cell 1 (black) and cell 2 (red) along the
solution of (1) considered from v= —46 until the voltages increase through the synaptic threshold 6 = —30. Along these curves, ¢, 7/; > 0 for both i, and
dny /dvy > dny /dvy. (c) Structures analogous to (a) but generated at a much later time, when each cell reaches v = —63 after firing a spike (and neither cell is
on I'p). When cell 2 attains v, = — 63, s; is much smaller than s, was when v; = —63, which causes the segment for cell 2 to point inside that for cell 1 again
(i.e., towards smaller 7). (d) Analogous to (b), but with curves occurring from the time the voltages decrease through 0 to the end of the regime where I1; is
defined, at v=-71. Along these curves, U, n} < 0 for both i, and dny /dv, < dny /duv;.
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the time when cell 1 reaches this point. Similarly, the red curve
points in the direction of (v}, n5) when v, reaches the voltage
coordinate of that point, at which time s; > 0. From Figure
10(b), we see that the relation dn,/dv, > dny/dv, holds for
voltages all the way up to the threshold 6 = —30. Subsequently,
fort; + 0 < t < 1, both cells receive synaptic input and satisfy
essentially the same system of equations. (Here, we are assum-
ing that o > 1 so that when activated, s; ~ s, ~ 1.) Since
(v1, ny) and (v,, ) satisfy the same system of equations, cell
2’s trajectory must remain inside that of cell 1. Finally, s; deacti-
vates at t =t,, while s, deactivates later at t = ¢, + 0,. Hence,
$1(1) < $5(t) for 1, <t < Ty + Ay. Tt follows that during this
time the vectors (v5(f),n5(¢)) have more negative slope than
(v (2), ) (¢)) and the trajectory corresponding to cell 2 remains
inside that of cell 1. This effect is shown in Figure 10(c), which
is analogous to Figure 10(a) but is computed at a sub-threshold
voltage after spike firing, and in Figure 10(d), which is analo-
gous to Figure 10(b) but is computed from the times when the
cells’ voltages decrease through 0 to the end of the regime
where II; is defined. In summary, we have explained why
ny > ny at the points where the trajectories cross the section
{v =V, }; thatis, why n, := n;(Ty) > np := na(T1 + Ay).

C. The map I,

For the next map component IT,, we start from {v =V},
such that the composition I o IT; is well-defined, and track
each trajectory until it crosses a section {n =N,} for an
appropriately chosen N, < np. That is, TIr(As) = v1(T}2)
—v3(Ty) := Av where, for i=1 or 2, Tp =min{sr >0:
ni(Tpp) = Na,n}(T;) < 0}. Here, it will be convenient to
translate time so that both trajectories, (vi(¢),n(¢)) and
(v2(2),n2(t)), begin on the section {v=V;}. Let s, =
s1(Ty + Ay) and s, = 55(T). Now, if we translate time by T},
then based on the notation from the previous subsection,
the trajectory for cell 1 has initial condition (v;(0),n;(0))
= (Vy,n,), and cell 1 is subject to exponentially decaying in-
hibition from cell 2 with s,(0) = s,,. Similarly, if we translate
time by T'1 + Ay, then the trajectory for cell 2 has initial condi-
tion (v2(0),n2(0)) = (V1,np), and cell 2 is subject to expo-
nentially decaying inhibition from cell 1 with 5;(0) = s,. In
both cases, we abuse notation and denote the translated time
by ¢. Although =0 refers to different times for the different
trajectories, the map I, will take As = s, — 55, < 0 to a value
Av, and hence the particular times at which the trajectories are
generated are irrelevant, given that we have incorporated the
appropriate starting values of the s;.

We make some assumptions to simplify the analysis that
follows. First, we ignore Iy,, since we are considering the
subthreshold portion of the trajectory where my(v), and
therefore Iy,, is very small. We also assume that for this
range of v, both n(v) and t,(v) are constant. We can then
write the differential equation for each n; as

n' = k(a—n),

where a and k are positive constants. Hence, both n,(f) and
no(t) satisfy

n(t) = a+ (n(0) — a)e ™, (6)
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with 7;(0) = n, and n,(0) = n,, and with n, > n;, from the previ-
ous subsection. In addition to requiring that our stopping sec-
tion {n = N, } satisfies N, < n,, we henceforth take N, > a.

Denote the curves (v(f), ni(f)) and (vo(f), n(f)) as
v =T(n) and v = T'»(n), respectively. As shown in Figure 11,
we construct a curve v = Way(n), for N, <n < mny, so that
Was(np) = Vi, Pas < Ty for n < np, and along Wy, the vec-
tor field corresponding to cell 1 points towards the left, away
from I',. That is,

v —n'W),(n) <O0. (7

This last condition, together with the fact that n,(0)
= ng > np, implies that the curve {v = I'y(n)} lies “outside”
of {v = Was(n)}, with v (n) < va(n) for each n € [N, n,], as
shown in Figure 11. This relation allows us to estimate

[ (As) = T2(N2) — [ (N2) > Ta(Na2) — Was(N2).  (8)

We write Way(n)=T"2(n)— Aas(n) where Aay(n,)=0 and
Aps(n) >0 for Ny < n < ny. Then along v="Ys,(n), the vector
field corresponding to cell 1 satisfies

vV = —gr(v—vy) — ggn*(v —vg) — Zsyn$2(V — Ugyn)

= —gr(Ta(n) — vr) — gxn*(Ta(n) — vk)
= gons1(I2(n) = vgyn)
+g1Ans(1) + grn* Aas(n) + gons1Aas(n)
+ gsynAseiﬁ[(ly(”) — Usyn)

= n'Th(n) + (8L + goyms1(t) + gxn*] As(n)
+ gynAse P'B(n)

(Vl’na)
(Vlanb)

\"
o

FIG. 11. Schematic illustration of the definition and use of the curve v
= Was(n) (subscript omitted below and in the figure for convenience). The trajec-
tory for cell 2 (red, {v = I'2(n)}) lies inside that of cell 1 (black, {v = I';(n)})
at the start of the analysis of I1y, at v =V. The curve {v = ¥(n)} (blue dashed)
emanates from (V1, n,,) and satisfies V' (n) < I'>(n) for all relevant n. The vector
field (blue arrows) points to the left of {v = W(n)} everywhere on the curve,
which implies that I'; (n) < I',(n) for all relevant n.
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where B(n) =T'5(n) — vy,. Hence, we need to choose
Aas(n) so that

0> 0/ —n' W) (n) =0 = ' T(n) +n' Ay (n)
= n' Ny (n) + [82.+ 8oyns1 (1) + gxn* | Aas ()
+ gsynAseiﬁtB(l’l).

Note that Eq. (6) implies that

N
e P = <” ") = Ho(n), ©)
np, —da
where
A= Pk (10)

Since s, (f) = s,e P and s, < 1, it suffices to choose Aa,(n)
so that

k(d - n)A,As(n) + [gL + gsynHO(n) + gkn4]AAs(n)
S gsyﬂpH0<n)B(n)- (1 1)

We consider the Ansatz
Apn) = =M [(my - a)’ — (n—a'|as >0 (12)

and seek an upper bound on M, such that Eq. (11), and hence
Eq. (7), is guaranteed to hold for all M values up to this
bound. Plugging the Ansatz into Eq. (11) and then dividing
by the quantity (n — a)”, we obtain

M{ﬁ + [gL + gs_vnHO(n) + gkn4]H(n)} S gxyng(n)a (13)

where

For N, < n < ny, let
A} =max{H(n)}, A5 =max{Hy(n)H(n)},
A; =max{n*H(n)} and B*=min{B(n)}.
We then obtain an upper bound for M:

M < gsynB*
T+ gLAT + gsynAz + gkA§

=M (14)

and it follows from Egs. (8), (12), and (14) that
[IT5(0)| > M*[(n, — a)" — (N2 — a)"].

For the default values in the numerical simulations, we
have that 4 ~ 1.5 and n, =~ 0.8. Note that the parameter a
approximates 7., (v) and during this portion of the trajectory,
a ~ 0.12. Furthermore, B(n) = I';(n) — vy, > 20. Finally,
we let N, =0.25. For these choices of the parameters, we
find numerically that
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Al=11, A5~ 09, Aj~.1 and B"=3567. (15)
Letting gyn = .2, g = .02, =1 and gx = 10, Egs. (14)
and (15) give the estimate

M*~297 and (n,—a)" — (N, —a)" ~ 514.
Thus, we estimate that
II1,(0)| > M*[(ny — a)* — (N2 — a)"] ~ 1.53.

Note that IT(0) is in fact positive; for example, if the cells’
synaptic conductances at {v =V} come closer together
such that As becomes less negative, then Av also becomes
less negative.

Finally, we need to estimate T, and T5,, the (original)
times at which the two trajectories cross the section
{n = N,}. Recall that cells 1 and 2 cross the first section
{v="V,} at times Ty and T; + A, respectively. Let T, be
the time of passage of cell 2 from {v =V} to {n =N,}.
Then Ty =T, + A; + Tz. Since n;, > n,, it follows that the
time of passage of cell 1 from {v =V} to {n=N,} is
greater than fz. Hence, T\, > T) + fz and, therefore,

Ty, — Ty > —A = —At. (16)

D. The map I3

The map I13 : Av — At computes the difference in the
time of passage for trajectories from two different initial v
values in the section {n = N,} to return to the original sec-
tion {v = Vy}. For this part of the flow, we assume that the
synaptic and potassium currents have decayed away to negli-
gible levels, as seen numerically. We note that during the ini-
tial portion of this part of the flow, the sodium current is also
still negligible; however, it does begin to activate well before
v reaches V. We choose V3 < Vj so that the sodium current
is negligible as long as v < V3 and split the analysis into to
two parts corresponding to before and after the sodium cur-
rent has begun to activate.

As long as v < V3, v satisfies the equation

vV =—g(v—up). (17)

Solving this simple ODE and computing the time of passage
from v ="V to v=Vj; yields

A
t:—ln( UL). (18)
g \Vi—u

Recall that T, and T, denote the times when the two cells’
trajectories cross the section {n = N,}, respectively. From
Eq. (18), it follows that the times at which cells 1 and 2 cross
v=Vj3are

1 Ty) —
Tiz =T —|—ln(vl(12)vl“> and

8L Vi—u

1 2(Th) — v,
T23 = T22 —+ —In (72( 22) L),

8L Vi—u
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respectively. Hence, using Eq. (16),

1 Ty —
Ty —T=Tn-Ton+_— [m <w>
8L V3 — U

o)

<At + giL [ll’l(l)z(Tzz) — UL) — ln(Ul(le) — UL)]

Av
A P — 19
gr(v1(T12) —vr) (1)

where Av := v1(T13) — v2(T2) < 0 and the denominator in
the final expression is negative as well. If we write Av = mAt,
with m < 0 since Av < 0 < At, then we have expansion in
the time metric if

At(l —W) < —At,

orm < 2g;(vi(T12) — v) < 0. From our estimates of [IT}(0)]
and |I15(0)|, we have m < —2.14, whereas for our default pa-
rameter values, 2g; (v1(T12) — vz) > —2.04. Moreover, simu-
lations show that the latter expression becomes closer to 0
much faster than m as we take smaller perturbations from
synchrony.

Remark: In our analysis, we neglected some effects that
contribute to the numerical results. First, ., (v) is not exactly
constant, and its slope decreases 71, and hence increases
T»3 — Ty3, which works against expansion. On the other
hand, the inhibitory current Iy, to cell 1 is larger during
the I, phase of the map than is the inhibitory current to cell
2 there, which makes Av more negative and hence makes
T»3; — T3 more negative as well. These effects counteract
each other and are quite minor compared to those we main-
tain in the analysis.

We claim that the time metric between the cells remains
very close to invariant as they pass from {v=V3} to
{v =Vy}, completing the cycle. This implies that the expan-
sion is maintained until the cells reach the section {v = Vy}.
To prove our claim, we note that invariance must hold if both
(v1, np) and (v,, 1) lie on the same trajectory (i.e., if both tra-
jectories cross the section {v = V3} at exactly the same value
of n, with negligible synaptic currents). While this last condi-
tion is not strictly met, we claim that the two trajectories
(vy, ny) and (v,, ny) do, in fact, converge at an exponential rate
to an invariant curve; in particular, the points where they cross
{v = V3} are exponentially close to each other.

Choose a value V, < V3 such that the trajectories
(vy, ny) and (va, ny) both cross the section {v = V,} while
traveling from {n = N,} to {v = V3}. While the two trajec-
tories travel from {v = V,} to {v = V3}, both voltage varia-
bles satisfy Eq. (17); moreover, the n variables satisfy

n' = (1o (v) = 1) /7a(v). 20)

It is not hard to show that two solutions of this last equation
with different initial conditions are compressed at an expo-
nential rate depending on the size of ¢/7,(v), as illustrated
in an example in Figure 12.
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Note that, as defined, the first component of the map
evaluated at the synchronous solution has a negative deriva-
tive less than —1, while the second and third have positive
derivatives greater than 1. For example, a perturbation to the
synchronous state that delays the trailing cell’s threshold
crossing (more positive Af) causes the lead cell to experience
a larger synaptic conductance on return to the silent phase
(more negative As), causing that cell to drop to more nega-
tive voltages (more negative Av) and fall farther behind the
originally trailing cell (more negative At).

V. EXPANSION AWAY FROM THE SYNCHRONOUS
SOLUTION

We now demonstrate that the map I exhibits expansion
for initial points some distance away from the synchronous so-
lution. As before, we consider solutions that begin with both
cells along the lower branch of 'y with v,(0) < v;(0) = V.
Suppose that the time metric between the cells is A; that is,
v2(A) = V. We will show that |IT'(A)| > 1 if A is not too
small or not too big. In particular, our analysis will yield con-
ditions on parameters so that the antiphase solution is
unstable.

If A is sufficiently large, then cell 2 does not jump up
until after cell 1 jumps up and returns to the silent phase. In
this case, as shown in Figure 13, when cell 1 does jump up,
the resulting inhibition causes cell 2 to “turn around” so that
v, <0 as long as vy is above threshold. Once cell 1 falls
below threshold, the inhibition to cell 2 decays and eventu-
ally both cells return to near the synchronous trajectory I'y
with v’ > 0. At some later time, cell 2 jumps up and it is now
cell 1 that “turns around”. When cell 2 falls below threshold,
the inhibition to cell 1 decays and both cells return to near
I'p. We note that if A is not too large (e.g., regime 3 in
Figure 8), then cell 1 is now ahead of cell 2 along I'y so the
cells maintain their orientation after a complete cycle.

Let #; denote the time cell 1 crosses the synaptic threshold
or fires; that is, vy (f;) = 0 and v, () < 0 for 0 < ¢ < t;. Note
that if there was no inhibition, then cell 2 would cross thresh-
old at time #; + A. However, because there is inhibition, the

0.7 )
1
1
0.6f ' V=0
A}
0.5}
0.4
0.3
0.2

0.1F

80 -75 -70 -65 60  -55
v (mV)

FIG. 12. Compression between two trajectories (solid black curves) of Eq. (1)
at the start of the recovery from spiking. The vertical and horizontal line seg-
ments represent sections at {n =N}, {v =V,}, and {v =V3},V2 < V3.
The dashed curves are the v- and n-nullclines and the black arrow indicates
the direction of flow.
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FIG. 13. Projections of the two cells’ trajectories onto the (v, n) phase plane. When one cell fires, the other cell “turns around” until the first cell falls below
threshold and synaptic input to the other cell decays sufficiently. A blow-up of the lower left region in (a) is shown in (b).

threshold crossing time for cell 2 is delayed. Denote this time
as T(A); that is, vp(T(A)) =0 and vy(¢) <0 for 0< ¢
< T(A). A key step in the analysis is the following Lemma,
which requires certain conditions on the parameters to be sat-
isfied. In particular, A cannot be too large or too small. These
conditions are given below.

Lemma I1: T(A) — A is an increasing function of A.

Remark: The time at which cell 2 would cross threshold
with or without inhibition is T(A) or #; + A, respectively.
Therefore, the Lemma implies that the delay in threshold
crossing due to inhibition is an increasing function of A.

Proof: Fix A, < A, and choose v, and v, so that if
v,(0) = v, or v,(0) =v,, then the time metric between cell 2
and cell 1 is A, or A,, respectively. We note that A, < A,
implies that v, > v,, and the time metric from v, to v, is
Ap — A, Let (0,(1), ny(2)) and (v,(1), ny(t)) denote the trajec-
tories corresponding to cell 2, with initial conditions that
lie along I'y with v,(0)=v, and v,(0)=uv,, respectively.
(Here, we ignore the synaptic variables, since they are very
close to 0).

Until cell 1 fires, at t=t;, both (v,, n,) and (v, n;,) evolve
along the lower branch of I’y and the time metric between
them remains invariant. Hence, the time metric from v,(¢;) to
v4(t1) is Ap — A,. Once cell 1 fires, however, both (v,, n,) and
(vp, 1) turn around, with both v/,(r) < 0 and v} (r) < 0 as long
as cell 1 remains above threshold. The decrease in v, and v,
continues until cell 1 falls below threshold. Once the inhibi-
tion decays sufficiently, (v,, n,) and (v, n,) will turn around
again so that both v/ () > 0 and v} () > 0. Choose T, so that
V(1) < (1)) fort; <t < T, and v,(T,) = va(ty).

We claim that v/, (f) > v (r) for 1; <t <T,. Once we
prove this claim, the proof of the Lemma follows for the fol-
lowing reason: If v/, (r) > v) (r) for r; <t < T,, then

Ua(tl) - Ub(tl) < Ua(Ta) - Uh(Ta) = Ua(tl) - Uh(Ta)a

or vp(T,) < vp(ty). Since the time metric from v,(f;) to
va(t1) is Ap — A,, this implies that the time metric from
vp(T,) to v,(T,) is greater than A, — A,. We assume that for
t > T,, the inhibition has decayed sufficiently and both
(vgs ng) and (v, np) have returned sufficiently close to I'y so
that the time metric from v, to v, remains invariant, at least
until v, reaches threshold. From the relative positions of
vp(T,) and vp(t) and the subsequent time invariance, it fol-
lows that

T(Ab) — T(Aa) >A,—A, or T(Ab) — Ay > T(Aa) — Am
2D

which is what we need to show.

To complete the proof of the Lemma, it remains to
prove our claim that /() > v,(r) for f, <t <T,. Since
va(t1) > vp(t1), this inequality follows if we can show that
the right hand side of the first equation in Eq. (1) is an
increasing function of v. One can interpret this property as
saying that the sodium current activates quickly enough. To
simplify the analysis somewhat, we ignore the potassium
current, since the activation variable n* s very small, and
assume that n remains roughly constant during the relevant
time interval. Let ng =1 — n. Then we need that

0
0< % (—Ing(v,n) — I (v) — Lyn(v,5))
— 3gna, (v (6)o(twa — ) — gat’. (0o

—8L — 8synS- (22)

Note that if nu (0) = (14exp(—(v—0,)/0,)) ", then m’(v)
=exp(—(v—"0,,)/0n)m>_(v) /6. Since s<1, Eq. (22) fol-
lows if

gL+ &syn
No8Na

<m(v)

« (Uimexp(—@— Our) /G Y (6) (B0 — ) — 1).
(23)

This last equation gives precise conditions on parameters for
when the Lemma holds. For our numerical example, we
have that Eq. (23) is satisfied if —65 < v < —10. [

We now return to the analysis showing that the map II
exhibits expansion for initial conditions away from the syn-
chronous solution. We continue to use the same notation as
in the proof of Lemma 1. Note that while the time #, at which
cell 1 first reaches threshold does not depend on the initial
position of cell 2 — that is, A, or Aj, — the time at which cell 1
returns to its initial position, on {v =V}, does. We denote
this time as #,(A,) or t(Ap), respectively. Let o, and ), be
the time metric from v,(7,(A,)) and vy(t2(Ap)) to Vo, respec-
tively (Figure 14(a)). Then II(A,) =, and TI(Ap) = 0p.
We wish to prove the following additional lemma, which
will establish the instability of the antiphase solution.
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FIG. 14. Voltage values and times used in the proof of Lemma 2, to estab-
lish the instability of the antiphase solution. (a) Voltage values and time lags
for cell 2 when cell 1 returns to the section {v = Vj}, depending on the ini-
tial time lag A, or A,. (b) Voltage values and times to the section {v =V}
for cell 1 when cell 2 reaches threshold, in the absence of inhibition, depend-
ing on the initial time lag A, or A,. (c) Voltage values and times to the sec-
tion {v="Vy} for cell 1 when cell 2 reaches the section {v =Vy}, with
inhibition included, depending on the initial time lag A, or A,.

Lemma 2:
|Au—Ab| < |5a_5b|~ (24)

Remark: Letting A, — A,, this Lemma implies that
[TT'(A,)| > 1, as desired. Note that the left and right sides of
Eq. (24) correspond to the time metrics between the initial
and final positions of v, and v, respectively.

Proof: We follow the cells around in the phase plane until
cell 1 returns to its initial position. Note that the evolution of
cell 1 depends on whether the initial position of v, is at v, or
vy Let (014(2), n14(2)) or (v1p(2), n15(7)) be the positions of
cell 1 if the initial position of v, is at v, or v, respectively
(Figure 14(a)). After cell 1 reaches threshold and fires, it returns
to near I'y and evolves along I'y until cell 2 fires. Assume that
v,(?) and v,(t) reach threshold at + = T(A,) and r = T(A),
respectively. Note that since v,(0) < v,(0), it follows that
T(Ay) > T(A,) and, therefore, v1,(T(Ap)) > v1a(T(An)).
Moreover, using Lemma 1 and the fact that cell 1 follows the
same trajectory along I'¢ until cell 2 fires, we conclude that the
time metric from v1,(T(A,)) to vi,(T(Ap)) is T(Ap) — T(As)
> Ap — A, (see Eq. (21) and Figure 14(b)).

Once either (v,,n,) or (vy,np) fires, cell 1 turns around
with v’l < 0 until cell 2 falls below threshold, after which
cell 1 returns to near I'g. As in the proof of Lemma 1, this
causes a delay in how long it takes cell 1 to return to its ini-
tial position at v="Vj. Since v1,(T(A,)) < v15(T(Ap)), one
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can show, as in the proof of Lemma 1, that the delay for vy,
is greater than the delay for v,,. More precisely, suppose that
the time it would take cell 1 to go from v,(T(A,)) to Vy
if there was no inhibition is 4, (Figure 14(b)). With inhibi-
tion, the time it takes vy, to reach Vy is 5 (Ap) — T(A)
(Figure 14(c)). Hence, the delay for vy, is 12(Ap) — T(Ap)
—/p. On the other hand, if there is no inhibition, then the
time it takes vy, to reach Vo is 4, + T(A,) — T(A,) and with
inhibition the time it takes vy, to reach Vy is 1,(A,) — T(A,)
(Figures 14(b) and 14(c)). Hence, the delay for v, is
t2(As) — T(Ap) — p. Since the delay for vy, is greater than
the delay for vy,, we conclude that

IQ(A},) < fz(Aa). (25)

Finally, note that the time metric between the final positions
of v, and v, is

O — 00 = ((Ad) — T(AY) — ((Ap) — T(Ap)).  (26)

Applying Eq. (25) and Lemma 1 to Eq. (26), we conclude
that

Op — 0q > T(Ab) — T(Aa) > A, — A, > 0.

Thus, we have shown that Eq. (24) holds and the proof of the
Lemma, and hence of the instability of the antiphase solu-
tion, is complete. []

This analysis demonstrates that a key ingredient deter-
mining the instability of the antiphase solution is the activa-
tion of the sodium current. In particular, formula (23)
suggests that in order for the antiphase solution to be unsta-
ble, the parameter o,, must be sufficiently large. In order to
confirm whether this is indeed the case, we computed the
second iterate of the reduced map; the antiphase solution
corresponds to a fixed point of this second iterate map and
one can determine the stability of the antiphase solution by
computing the derivative of the second iterate map at this
fixed point. In Figure 15(A), we plot the second iterate
map for different values of o,. Note that the antiphase
solution is stable for ¢, =9,9.25 and 9.5; however, it is
unstable for ¢, = 9.75 and 10, consistent with our analysis.
In Figure 15(b), we fix ¢,, = 9 and vary g,,,. As expected,
the antiphase solution is stable if g, is sufficiently small
(less than approximately 0.4), but the antiphase solution
becomes unstable and chaotic dynamics emerge for suffi-
ciently large (but not too large) values of g;,,. We note that
simulations of the map predict that the antiphase solution is
always unstable for the default value of g,, = 10.

VI. DEPENDENCE ON PARAMETERS AND LARGER
NETWORKS

The analysis of the one-dimensional map, II, in Sec. IV
identifies key parameters that affect the stability of synchro-
nous solutions of model (1). In this section, we systematically
vary these parameters and compute the map numerically,
using MATLAB, XPPAUT (http://www.pitt.edu/~phase),
and Snnet.* In particular, we focus on the strength and decay
rate of synaptic inhibition (g,y,, ), the reversal potential of
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FIG. 15. Stability of the antiphase solution. (a) The second iterate of the reduced map (which we denote as TT1>(v*)) for different values of ,,. The antiphase
solutions correspond to fixed points of these maps, illustrated with small circles along the fixed-point line (dashed). Note that the antiphase solution is unstable
if the derivative of this map has absolute value greater than one at the fixed point. (b) The second iterate of the reduced map for different values of gy, with
om = 9. Note that chaotic dynamics emerges when g, = .45 and it is not clear which fixed point corresponds to the antiphase solution in that case.

the leak current (v;), and the slope of the sodium current acti-
vation curve (a,,). We demonstrate that parameter choices for
which the map predicts expansion of synchronous solutions
lead to irregular activity in simulations of two-cell and 100-
cell networks.

We compute a reduced map as described previously for
Figure 3(c), with default parameter values g, = 0.2, f = 1.0,
vy = —30, and 7, = 10. The derivative of the map at the syn-
chronous solution, IT'(0), is estimated as the slope of a line fit
to the points of the map for which —67.1 < v < —66.9. The
top row of Figure 16 shows how IT'(0) changes as each param-
eter is varied individually, starting from the default values. The
synchronous solution starts off unstable, i.e., |IT'(0)| > 1, and
remains so until gy, < 0.13, > 1.6, or vy > —6. The stabil-
ity of the synchronous solution is evident in cross-correlograms
constructed from 2-cell network simulations with parameter
values chosen so that [IT'(0)| < 1 (middle row of Figure 16).
The cross-correlograms with gy, = 0.1, f =2.5, or v, =0
have large peaks at a time shift of zero milliseconds, indicat-
ing synchronous spiking of the two cells. When these param-
eters are instead chosen so that |IT'(0)| > 1 (bottom row of
Figure 16), the relative lack of structure in the cross-
correlograms indicates that the synchronous solution is not
stable. The corresponding irregular firing pattern is consist-
ent with the expansion predicted by our analyses.

Over the range of ¢, values considered here (see the top
right panel of Figure 16), |IT'(0)| > 1 and so the synchro-
nous solution is always unstable. The cross-correlogram with
onm = 9.5 (middle right panel of Figure 16) has symmetric
peaks centered around, but not at, a time shift of zero milli-
seconds. This structure indicates that the antiphase solution
is stable, as predicted by analysis of the second iterate map
shown in Figure 15(a). When a,, = 10.5 (bottom right panel
of Figure 16), both the synchronous and antiphase solutions
are unstable and the cross-correlogram reflects irregular fir-
ing of the two cells.

The ability of synaptic inhibition to induce uncorrelated
spiking activity is even more evident in simulations of larger
networks. Typical measures of uncorrelated activity in spike
time recordings from the basal ganglia and prefrontal cortex
include a lack of cross-correlations in spike times, exponen-
tially distributed interspike intervals (ISIs), and ISI coeffi-
cients of variation (CVs) near unity. These characteristics

are exhibited by five randomly chosen cells from a 100-cell
network simulation (see Figure 17).

We also note that a relationship between irregular firing
and gy, is still detectable in the presence of voltage noise.
Stochastic simulations of two-cell networks were performed
using the Euler-Maruyama method. As g, is increased from 0
to 0.2, the autocorrelation in spike times decreases, indicating an
increase in irregular activity (top row of Figure 18). However,
after a certain point, further increasing g, (e.g., from 0.3 to
0.5) decreases irregularity (bottom row of Figure 18). In the
deterministic system, g, =0.5 gives a suppressed solution
where only one cell fires.

Vil. DISCUSSION

We have presented a Hodgkin-Huxley-type conductance-
based model for inhibitory networks that exhibits irregular,
uncorrelated activity patterns. The model is minimal in the
sense that it contains only those currents required for irregular
dynamics. However, this behavior also arises in other more
complex Hodgkin-Huxley-like equations, such as the Wang-
Buzsaki and Destexhe-Paré models,29’30 which share features
underlying the chaotic behavior in the model we consider.

By analyzing a one-dimensional map, we were able to
derive rather precise conditions on parameters for when cha-
otic dynamics emerges in the two-cell network. In particular,
the analysis yields explicit formulas for the derivative of the
map at points corresponding to both the synchronous and the
antiphase solutions. The full map was defined as the compo-
sition of three separate maps, each determining the dynamics
of the solution during different portions of its trajectory
through phase space. Interestingly, different parameters con-
trol the expansion of solutions during different portions of
the cells’ trajectories. In particular, during the spike, expan-
sion depends on the strength, g;,, and decay rate, f8, of syn-
aptic inhibition. During the most hyperpolarized portion of
the cells’ trajectories, expansion depends on the interplay
between the decay of synaptic inhibition and the decay of
potassium activation. Finally, during the recovery phase,
expansion depends primarily on the leak current and the acti-
vation of the sodium current.

Chaotic dynamics typically requires three ingredients:
expansion, folding, and contraction.>**>*! In our model, as
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FIG. 16. Parameter dependence of the stability of the synchronous solution for 2-cell networks. Spike times are based on 60 s of simulation after discarding an
initial 1's transient. Parameter settings are g, = 0.2, f = 1.0, vy = =30, and 0, = 10 unless indicated otherwise. Top row: The slope of the reduced map
shows that the synchronous solution goes from stable (|TT'(0)| < 1) to unstable (|TI'(0)| > 1) as gy, is increased, as 5 is decreased, or as v; becomes more
hyperpolarized. Synchronous solution is unstable for all o,, values shown. Dashed black lines indicates [IT'(0)| = 1. Middle row: Cross-correlograms corre-
sponding to synchronous spiking for g, = 0.1, f = 2.5, and v, =0, and antiphase spiking for ¢,, = 9.5. Bottom row: Cross-correlograms corresponding to

irregular spiking.
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FIG. 17. Irregular spiking activity in a 100-cell inhibitory network simulation with 10% random connectivity, gy, = 1.0, f = 1.0, v, = =30, and ¢, = 10.
Top right: Histogram of interspike interval coefficients of variation (CV = ayg;/1y5;). CVs near one are typical of irregular activity in the prefrontal cortex.
Diagonal: Histograms of ISIs for five randomly chosen cells with exponential fits (red lines) overlaid. Lower left: Pairwise cross-correlations in spike times
between the five cells. Flat cross-correlograms are associated with irregular (non-parkinsonian) activity in the basal ganglia and in other neuronal networks.
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FIG. 18. Non-monotonic relationship between g, and irregular firing.
Normal random variables (1=0, ¢ = 1) were scaled by the square root of
the Euler time step (df =0.005) and added to the right hand side of the volt-
age equation in simulations of model (1). Autocorrelation decreases from
&syn =010 0.2, but increases from g, = 0.3 to 0.5.

described above, expansion between trajectories arises during
both the spiking and hyperpolarized portions of each cycle.
This expansion is due to differences in the synaptic inputs that
the two cells receive as they traverse certain regions of the
(v, n) phase space and occurs as long as the ratio of the rates
at which the synapse decays and the potassium current deacti-
vates is in an appropriate range. Additional expansion can
also happen during the recovery phase due to properties of so-
dium activation. A form of folding also results from these
effects, in that differences in timing of inhibition to the two
cells can cause the leading cell to experience more potassium
activation than the trailing cell, which causes the leading cell
to become more hyperpolarized than the trailing cell and thus
fall behind. Another form of folding arises each time a new in-
hibitory input impacts a recovering cell and causes its trajec-
tory to fold back to more hyperpolarized voltages. Due to
these folding effects, the cells may take turns firing on some
cycles, while during other time periods, a cell may fire two or
more spikes while the other cell remains silent; in terms of the
map IT, if A > 0, then it is possible for either TT(A) > 0 or
IT(A) < 0 to result. We note that a contribution of such orien-
tation switching to irregularity has been noted previously,*?
but there it occurred in transient activity in a large network,
integrate-and-fire setting that is very different to what we have
studied. Finally, contraction arises in our model because tra-
jectories corresponding to each cell must approach very close
to the synchronous trajectory, I'y, during the recovery phase
(the IT; component of the map). This contraction preserves
any expansion between trajectories that occurs in earlier parts
of the cycle.

There have been numerous previous studies of recipro-
cal synaptic inhibition between spiking neurons.>® These
studies often considered reduced models, and they provided
important insights into how the intrinsic and synaptic proper-
ties of the neurons involved interact to generate a variety of
phase-locked states, including synchronous firing, antiphase
behavior and almost in-phase oscillations.®® Tt is not clear,
however, how these previous reduced models can generate
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the robust uncorrelated dynamics that we have described.
For example, in models based on relaxation oscillators, the
jump up and jump down between the silent and active phases
correspond to nearly horizontal trajectory paths in the (v, n)
phase plane. For this reason, two cells coupled by inhibition
must always maintain their orientation as they move around
in phase space and it is not at all clear how the “folding”
required for chaotic behavior can arise in these models.
Other papers have considered integrate-and-fire type models,
which typically ignore the dynamics of the spike and subse-
quent repolarization, two ingredients that we have demon-
strated are essential for irregular spiking activity. We note
that previous studies have demonstrated that the properties
of spikes can contribute to the existence and stability of
phase-locked activity patterns.*>**

The stability of phase-locked patterns in coupled net-
works has also been studied using the phase resetting curve
(PRC).*® Although this approach was initially developed to
analyze models with weak coupling, several authors have
extended the PRC method to cases in which the coupling is
not weak.***5 In particular, our results complement and
extend those of previous papers that have used PRC methods
to study phase-locked solutions of mutually coupled inhibi-
tory neurons in which there are alternations in the firing
order of the two cells. Maran and Canavier®® considered a
network of heterogeneous Wang-Buzsaki model neurons®
with type-I excitability™ and demonstrated the emergence of
2:2 phase-locked states in which the firing order changes ev-
ery cycle. Oh and Matveev®” extended these results to show
that alternating-order firing (sometimes called leap-frog spik-
ing) may arise in a general class of inhibitory networks of
type-1 oscillators, as is the case for the model considered
here. Using phase-plane methods, similar to those used in
this paper, they noted that the alternating firing is closely
related to the fast kinetics of K*channels relative to the rate
of change of the membrane potential during the quiescent
phase of a cell’s trajectory. As shown in Figure 1, this is the
case for our model. Both of these earlier papers showed
numerically that chaotic dynamics can arise for moderate
levels of the synaptic coupling strength. Here, we study the
chaotic dynamics analytically and derive precise conditions
on parameters for when such dynamics exist. In order to use
the PRC approach described in the previous papers,***° one
needs to compute a phase-resetting curve (or spike-time
response curve) over a range of values of g,,,. Moreover, the
analysis of phase-locked states reduces to finding a fixed
point of a possibly large system of algebraic equations; the
stability analysis consists of computing roots of a corre-
sponding characteristic equation. Here, we have reduced the
full dynamics to a single 1-dimensional map and we have
made no assumptions on the firing order of the two cells.

To define the one dimensional reduced map, we needed
to assume that the synaptic variables decay very close to zero
during consecutive action potentials. For this reason, we chose
the synaptic decay rate, § = 1 msec™', to be sufficiently large.
However, inhibitory GABA, synapses decay at a significantly
slower rate. Numerical simulations with § = .18 msec™' dem-
onstrate that the assumption that the synaptic variables decay
sufficiently between consecutive action potentials is no longer
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valid, and one can no longer define the one-dimensional map.
However, the simulations also demonstrate that in this case,
the dynamics appears to be even more complex, so other
mechanisms leading to chaotic behavior come into play. This
would be an interesting issue to consider in future studies.

Irregular activity has also been considered in other types
of networks, including those based on recurrent excitation
and excitatory-inhibitory interactions. For example, theoreti-
cal analysis has established conditions for stability of the
asynchronous state in these other types of networks; how-
ever, this analysis has been done for very large networks
with sparse coupling.”**® Moreover, these studies do not
elucidate how the intrinsic properties of the neurons’ ionic
currents contribute to irregular dynamics. An effect that has
been found to produce irregular activity in a reciprocally
connected pair of model neurons is shear-induced chaos.*'*¢
Like the mechanisms we have analyzed, shear-induced chaos
involves perturbation from an underlying oscillation and
yields dynamics not predicted from the infinitesimal PRC.
The phenomenon we study differs from that considered in
these previous studies in several ways, however. In our sys-
tem, the mechanisms that conspire to produce irregularity
are distributed in a complex way over the extent of an oscil-
lation, the perturbations are generated from within the sys-
tem itself rather than being applied externally, the perturbing
inputs do not turn off instantaneously, and the resulting irreg-
ularity is robust over an interval of coupling strengths.

While uncorrelated neuronal activity has been observed
in a variety of brain regions, mechanisms underlying this
uncorrelated activity are poorly understood. A detailed analy-
sis and classification of how uncorrelated and irregular activ-
ity patterns can arise in a general class of biologically-based
model networks may be very useful for understanding the ori-
gins of uncorrelated firing in some of these brain areas and for
interventions aimed at switching firing patterns there. For
example, uncorrelated activity occurs under normal resting
conditions in the inhibitory globus pallidus network in the ba-
sal ganglia. In parkinsonian states in which dopamine are
depleted within the basal ganglia, however, such activity is
replaced by significantly more correlated firing."*>” A vari-
ety of experiments have demonstrated that dopamine may
have multiple effects on the firing properties of neurons within
these nuclei. In particular, dopamine may alter the strengths of
their inhibitory synapses*’~° and may modulate the activation
of certain sodium currents.’’ Our analysis shows that chang-
ing parameters in the model corresponding to each of these
processes may switch the network activity between phase-
locked spiking and uncorrelated states. The analysis we have
presented may therefore offer useful insights into how parkin-
sonian conditions lead to abnormally high correlations in ac-
tivity within the globus pallidus, which in turn could influence
activity downstream from the globus pallidus and throughout
the basal ganglia-thalamo-cortical network.>*>*
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