
Published in the Proceedings of the 2nd International Symposium on Image and Signal Processing and Analysis,
pages 530-534, June 2001, Pula, Croatia.

On the Designof Near-Perfect-ReconstructionIIR QMF Banks
UsingFIR Phase-CompensationFilters

EnisaGalijašević
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Abstract

In this paperwe describea novel approach for the design
of near-perfect-reconstructionmixed FIR- / allpass-based
quadrature mirror filter banks. The designis carried out
in the polyphasedomain,where FIR filters, obtainedvia
simpleclosed-formexpressions,are employedfor compen-
satingthenon-linearphaseintroducedbytheallpassfilters.
Starting from a generalized two-bandstructure, we intro-
ducethreedifferenttypesof analysis-synthesisbanksbased
on the samedesignprinciple. In all systemsthe remain-
ingamplitudeandphasedistortionscanbemadearbitrarily
smallat theexpenseof additionalsystemdelay. Simultane-
ously, aliasingcanbeminimized,or completelycanceledif
furtherdelaycanbetolerated.

1. Intr oduction

Maximally decimatedquadraturemirror filter banks(QMF
banks)areutilized in a variety of applications,for exam-
ple in audio and imagecompression,wheremost design
techniquesaredealingwith FIR analysisandsynthesisfil-
ters. However, employing IIR filters leadsto very efficient
allpass-basedrealizations[4, 8,9], which canbe designed
such that they are free from aliasing and amplitudedis-
tortion, but phasedistortionusually remainsin the recon-
structedsignal.

Onesolutionfor cancelingthephasedistortionwouldbeus-
ing anticausalfiltering [2] andemploying a doublebuffer-
ing schemeasin [1, 7] for theprocessingof infinite-length
signals. However, this method leads to a computation-
ally costly synthesisfilter bank,which requiressegmenta-
tion and time-reversalof the subbandsignals. Therefore,
more recentpublicationsproposethe use of stableFIR-�
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or mixed FIR-/IIR-basedsynthesisfilter banks,where in
mostcasesthesynthesisfilters areoptimizedsuchthat the
overallsystemsatisfiesthenear-PRproperty(seefor exam-
ple [5,6,10]).

In this paperwe presenta novel low-complexity near-PR
designtechniquefor mixed FIR-/allpass-basedQMF filter
banks,whichusesFIR filters for phasecompensationin the
polyphasedomain. In contrastto many other approaches
in theliterature(e.g.[5,6,10]) theFIR compensationfilters
aredesignedvia simpleclosed-formexpressions.This ap-
proachhasthe interestingpropertythat an increaseof the
reconstructionerrorat theoutputof thesynthesisfilter bank
canbetradedfor areductionof theoverallsystemdelayand
viceversa.

2. Two-BandQMF Banks

In this sectionwe review the basicrelationsfor the two-
bandcritically subsampledfilter bankstructuredepictedin
Fig. 1, where

��������	
denotesthe analysissubbandfilters

and 
 ������	
the synthesissubbandfilters for �  ����� . The

input-outputrelationfor this systemcanbegivenas�� ����	  � ����	��
lin
����	�� � ������	��

alias
����	
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with thelineardistortiontransferfunction�
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Figure 1. Two-band filter bank structure



distortion.Thetransferfunction
�

alias
����	

in (1) corresponds
to thealiasingdistortionandcanbewrittenasfollows:�

alias
����	  ���� ����������	 
 �K����	L� �"!#������	 
 !#����	%$%&

(3)

By choosingthesynthesisfilters suchthat
 ������	  �"!#������	
and 
 !#����	  ����� ������	

(4)

we cancompletelycancelaliasing.Furthermore,whenthe
analysisfilters are relatedas

��� ����	  �"!#������	
they are

referredto asquadraturemirror filters. A veryefficientway
of representingthe analysisfilter bankcanbe obtainedby
usingpolyphasecomponents.

In the following we considerQMF bankswhere(4) is sat-
isfied andwherethe polyphasecomponentsconsistof all-
passtransferfunctions M ������	 , �" ����� , thusleadingto IIR
subbandfilters. Theanalysisandsynthesisfilters have the
power-complementaritypropertyandcanbe given as fol-
lows [9]: N ��� ����	�"!#����	%O  ��

N � �� � � O
N M ����� P�	��+ ! M !#��� PQ	%O � (5)R 
 ������	 
 !#����	%S  �� R ��+ ! M !T��� P�	 M ����� PQ	%S

N � �� � � O & (6)

The resulting analysis-synthesisstructure is depicted in
Fig. 2. By inserting(5) and(6) into (2) we obtainthelinear
distortionfunction�

lin
����	  �� � + ! M � ��� P 	 M !T��� P 	 �

which is now anallpasstransferfunction. Thus,amplitude
distortion is eliminatedandaliasingdistortion is canceled
since(4) is satisfied,but phasedistortionpersistsandde-
pendson the phaseresponsesof the allpassfilters M ������	
and M !T����	 .
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Figure 2. Two-band power complementar y
allpass filter bank

3. ProposedFilter Bank Designlnm%oLm/prqts u�v-w*xTy{z |}qtw q�~�z �*v u��*y�xTv ��|}x#zKq��Kz |}qtw
It hasbeenshown in [3] that an FIR filter of order � can
be constructedsuchthat the phasedistortionof an allpass

filter is approximatelycompensatedup to a certainerror.
We assumein thefollowing that M�� ����	 , �n ����� , is a stable
andcausalallpassfilter of first orderaccordingto

M�� ����	  ��+ ! � � �� � � � � + ! � ��� � �t� �K� � ��.r032 &
(7)

Thedesignof theFIR phasecompensationfilter is basedon
thepolynomialfactorizationrelation� +{� �"��� � 	 �?� � �  ��� + ! ����	 ��+ !��Z�{� ��� � 	 � � � � +L����+ ! + �Z� (8)

with ��� ��� . Exploiting this relation,theFIR filters ��������� ,��� ����� , cannow bedefinedaccordingto

���������n� ����� � �K�� �¡Z� �£¢  �¡�¤Z¥{¦ ��§¨�©� ¤ � ¤� ��  ���£¢  �¡£  ¤ � � (9)

� ��§¨�©� �£¢  �¡ � �£¢  �¡� �
� �£¢  �¡�¤Z¥ ¡ ��§¨�©� �£¢  �¡£  ¤ � �£¢  �¡£  ¤� ���ª§ ��«� ����  ¤ � � �K��  �£¢�¬

(10)

It is now easyto show from (7), (8) and(9) that �����������®�����K�¯�   �£¢ §"��§¨�©� �£¢ � �£¢� �¯�   �£¢ §"��§¨�©� �£¢ ° � � �®��� �}� ¬
(11)

Since ��� � ��� � , we can selectthe order � � of the filter��������� such that the error
° � � �®��� �}� can be madearbitrar-

ily small. Then (11) canbe approximatedwith the delay �����������®�����n± �   �£¢ .lnm�²tm1³ v-w*v´� yLµ%|}¶?v´� zQ·1q�¸�¹�yLw*� º ºT» ¼¾½�ºT» ¿ªµ�zKv´�¹�yLw*À
Let us now considerthe generalizedtwo-bandfilter bank
depictedin Fig. 3, wherethe

/ÁÃÂ£Ä�Å ¤ ����� , Æ � ����� , denote
allpassfilters and the � ÁÃÂ£Ä�Å ¤ ����� FIR filters in the analysis
andsynthesisbank,respectively. A generalexpressionfor
thelineardistortionfunction Ç lin ����� canbegivenas

Ç lin �����n� �È �� �¡�É  ÁQÅ ¦ ��� « ��� ÁQÅ ¦ ��� « �  Ä�Å ¦ ��� « ��� Ä�Å ¦ ��� « ����  ÁQÅ ¡ ��� « ��� ÁQÅ ¡ ��� « �  Ä�Å ¡ ��� « ��� Ä�Å ¡ ��� « �®ÊT� (12)

andfor thealiasingfunction Ç alias����� wehave

Ç alias�����n� �È��  �¡�É  ÁQÅ ¦ ��� « ��� ÁQÅ ¦ ��� « �  Ä�Å ¦ ��� « ��� Ä�Å ¦ ��� « �Z§§  ÁQÅ ¡ ��� « ��� ÁQÅ ¡ ��� « �  Ä�Å ¡ ��� « ��� Ä�Å ¡ ��� « �®Ê ¬ (13)

In thefollowing wediscussthreespecialcasesarisingfrom
Fig. 3.
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Figure 3. Generaliz ed two-band analysis-synthesis IIR / FIR filter bank

3.2.1 Case(i): Minimization of amplitude, phaseand
aliasingdistortion

By choosing� ÁQÅ ¦ �����K� �K�  ÁQÅ ¦ �����K�  ¦ �����Z��� ÁQÅ ¡ �����K� �K�  ÁQÅ ¡ �����K�  ¡ �����Z�
(14)

weobtaintheclassicalpower-complementaryanalysisfilter
bankwith allpasspolyphasecomponentsfrom Section2. A
simplesynthesisfilter bankthatemploysonly FIR subband
filters andensuresnear-PRcanbeconstructedwith thefol-
lowing choiceof thesynthesisfilters in Fig. 3:� Ä�Å ¦ �����n� è�� ¦ �����Z�  Ä�Å ¦ �����n� �   ���Ãé   �£ê � �� Ä�Å ¡ �����n� è�� ¡ �����Z�  Ä�Å ¡ �����n� �K� (15)

where � ¦ ����� and � ¡ ����� are designedaccordingto (10).
Without loss of generalitywe can assumethat ë ¡ ì ë ¦ .
In thefollowing weshow thatby using(15) in thesynthesis
bankamplitude,phaseandaliasingdistortionscanbemade
arbitrarilysmall,dependingon thedelayof thefilter bank.

The linear distortion transferfunction canbe obtainedby
inserting(14)and(15) into (12)andapplying(11)asÇ lin �����n� �   « �Ãé  �¡ �� �è É���§¨�©� �£ê®í ¡ � �£ê¦ ��  « ���Ãé   �£ê �  �¡�� ��§¨�©� �ÃéIí ¡ � �Ãé¡ �� �¡ Êî ïZð ñ¥�ò}ó

lin
�õô � �

where ö lin ����� denotesthe remaininglinear distortion er-
ror. If the parametersë ÷ with ë ¦ � ë ¡ are selected
suchthat

° � � ÷®��ë ÷%�n± � in (11), we alsohave ö lin ������± � .
Then Ç lin ����� hasapproximatelylinear phaseandwe haveø Ç lin ��ùÃú®û�� ø ± � for all ü . Furthermore,the overall system
delayof thefilter bankis fixedto thevalue ý � è�ë ¡ � � .
Likewise,by combining(14), (15), (13) and(11) thealias-
ing distortiontransferfunctioncanbewrittenaccordingtoÇ alias�����n� �è ��§¨�©� �Ãé � �Ãé¡ �  �¡ § �è ��§¨�©� �£ê � �£ê¦ �   « ���Ãé   �£ê �  �¡ ¬
Again, if the parameters

� ¦ , � ¡ , ë ¦ and ë ¡ arechosenap-
propriately, thealiasingdistortiontransferfunctiontendsto
zeroat all frequencies.

3.2.2 Case(ii): Minimization of amplitude and phase
distortion, cancelationof aliasingdistortion

In this case,the filters in the analysisbankareagaincho-
senasin (14). For the synthesisfilter bankwe first defineþ ÷®�����n�  ÷���������÷®�����n� �   �£¢ § ��§¨�©� �£¢�� �£¢÷ asFIR filter of
order ë ÷ . Thesynthesispolyphasecomponentsin Fig. 3 are
thenspecifiedas� Ä�Å ¦ �����n� è�� ¦ ����� þ ¡ �����Z�  Ä�Å ¦ �����n� �K�� Ä�Å ¡ �����n� è�� ¡ ����� þ ¦ �����Z�  Ä�Å ¡ �����n� � ¬ (16)

It is easyto verify that aliasing is completelycanceled,
i.e. Ç alias����� � � . The linear distortion transferfunctionÇ lin ����� of the near-PR analysis-synthesissystemcan be
statedfrom (11), (12), (14)and(16)asÇ lin �����n� �   � « �ÃéIí « �£ê®í ¡ � � ö lin ����� withö lin �����n� ��§¨�©� �£ê�íL�Ãé � �£ê¦ � �Ãé¡ �  �¡ §§ ��§¨�©� �£ê � �£ê¦ �   � « �ÃéIí ¡ � § ��§¨�©� �Ãé � �Ãé¡ �   � « �£ê®í ¡ � ¬
Clearly, the linear distortion error ö lin ����� representsthe
only distortion in the reconstructedsignal. The aliasing
cancelationapproachleadsto anincreasedsystemdelayofý � è�ë ¡ � è�ë ¦ � � samplescomparedto case(i).

3.2.3 Case(iii): Almost linear-phaseanalysisand syn-
thesisfilters

Two-bandQMF filter bankswith linear-phaseanalysisand
synthesisfilters aredesiredin someapplications.Onesim-
ple way to reducethe group delay of the analysisand
synthesisfilters and to obtain approximatelylinear-phase
is basedon a simple modification of the structurefrom
case(ii) above. In the analysisfilter bank of Fig. 3 the
polyphasecomponenentsarechosenaccordingto ÁQÅ ¦ �����n� �K� � ÁQÅ ¦ �����n� þ ¦ �����Z� ÁQÅ ¡ �����n�  ¡ �����Z� � ÁQÅ ¡ �����n� � ¦ ����� ¬ (17)

Likewisewe have Ä�Å ¦ �����n� �K� � Ä�Å ¦ �����n� è þ ¡ �����Z� Ä�Å ¡ �����n�  ¦ �����Z� � Ä�Å ¡ ������� è�� ¡ �����Z� (18)



in thesynthesisfilter bank. Now, themodifiedanalysisfil-
terscanbegivenasÿ �¦ �����K� �è É þ ¦ ��� « �Q���  �¡  ¡ ��� « ��� ¦ ��� « �®Ê/� ÿ ¦ ������� ¦ ��� « �Z�ÿ �¡ �����K� �è É þ ¦ ��� « �#§��  �¡  ¡ ��� « ��� ¦ ��� « �®Ê/� ÿ ¡ ������� ¦ ��� « � ¬

(19)

Thesefilters have a smallerdeviation from a linear phase
responsecomparedto thepureallpass-basedQMF analysis
bank,sincethe multiplication of

 ¦ ����� and
 ¡ ����� , resp.,

with � ¦ ����� also ensuresa partial phasecompensationfor ¡ ����� . Similar considerationshold for thesynthesisfilters.

Notethatthemagnitudefrequency responses
ø ÿ �¦ ��ù ú®û � ø andø ÿ �¡ ��ùÃú®û�� ø of the filters in (19) are identical to thosecor-

respondingto the pure allpass-basedanalysisfilter bankø ÿ ¦ ��ùÃú®û�� ø and
ø ÿ ¡ ��ùÃú®û�� ø from (5) sincethe compensation

filter � ¦ ����� hasapproximateallpassbehavior:ø ÿ �÷ ��ù ú®û � ø � ø � ¦ ��ù ú « û � ø�ø ÿ ÷���ù ú®û � ø ± ø ÿ ÷���ù ú®û � ø � � � ����� ¬
Furthermore,it is straightforward to verify that the same
delayandreconstructionerrorsasin case(ii) holdhere.

4. Designexamples

Analysisfilter bank. In orderto designtheIIR analysisfil-
tersin (5) we useadirectoptimizationapproach,wherethe
coefficients

� ¦ and
� ¡ of thefirst-orderallpassfiltersareob-

tainedvia nonlinearoptimizationunderminimizationof the
stopbandenergy [9]. Theresultingmagnitudefrequency re-
sponsesfor theanalysisfilters with thevalues

� ¦ � � ¬ èT�����
and

� ¡ � � ¬����	� � are depictedin Fig. 4, where the stop-
bandedgefrequency for the lowpassfilter waschosenasü Ä �¯� ¬�� ��
 . This designexamplewill be usedas corre-
spondinganalysisbankin all threefollowing cases.
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Figure 4. Magnitude frequenc y responses
in the allpass-based IIR QMF analysis bank
(
ø ÿ ¦ ��ùÃú®û�� ø : solid line ,

ø ÿ ¡ ��ùÃú®û�� ø : dashed line)

Case(i). Herewe choosethesynthesispolyphasecompo-
nentsaccordingto (15), wherethefilters ��÷£����� aredesigned
via (10). By usingthe above designexamplefor the anal-
ysis bank, we obtain the amplitudedistortion depictedin
Fig.5(a)for theoverallanalysis-synthesissystem.Thesolid

line correspondsto ë ¦ � �
, ë ¡ ���K� , whichresultsin anover-

all systemdelayof ý � � � samples,whereasthedashedline
refersto ë ¦ � �

, ë ¡ ��è È , leadingto a delayof ý � È�
sam-

ples.Themagnitudealiasingdistortion
ø Ç alias��ùÃú®û�� ø for both

parametersetsis shown in Fig.5(b),andthegroupdelayfor
theanalysis-synthesissystemis givenin Fig. 5(c). We can
seethat the overall distortion function hasapproximately
linearphase.Note that thechoiceof ë ¦ and ë ¡ is arbitrary
andreflectsacompromisebetweenlow complexity andlow
delayandtheminimizationof aliasingandlineardistortion.
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Figure 5. Overall analysis-synthesis system
for case (i) (dashed: ë ¦ � �

, ë ¡ � è È ; solid:ë ¦ � �
, ë ¡ � ��� ): (a) Amplitude distor tion,

(b) aliasing distor tion, (c) group delay.

Case(ii). In this casethesynthesispolyphasecomponents
aregivenin (16). This choiceensuresthat thealiasingdis-
tortion is exactly zeroat all frequencies.Fig. 6 shows the
amplitudedistortionandthegroupdelayfor theaboveanal-
ysis bankexample,usingthe delayparametersë ¦ � �

andë ¡ �rè È .

Case(iii). Here,all distortionsarethesameasin case(ii)
(seeFig. 6), andthe delayparametersarechosenagainasë ¦ � �

and ë ¡ � è È . Themagnitudefrequency responses
andgroup delaysareshown in Fig. 7 for the analysisfil-
ters,and in Fig. 8 for the synthesisfilters, respectively. It
canbe observed that the analysisand the synthesisfilters
have approximatelylinear-phaseboth in the passbandand
thestopband.
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Figure 6. Overall analysis-synthesis systems
for cases (ii) / (iii) ( ë���� �

, ë���� è È ): (a) Ampli-
tude distor tion, (b) group delay.
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Figure 7. Anal ysis filter s, case (iii): (a) Magni-
tude frequenc y responses; (b) group delays.

5. Conclusion

We have proposeda new methodfor the near-PR design
of a two-bandIIR power complementaryQMF filter bank,
whereFIR filters areemployed for phasecompensationin
the polyphasedomain. Thesephasecompensationfilters
can be easily designedvia closed-formexpressions. We
have shown thatall distortionsat the outputof the synthe-
sisfilter bankcanbemadearbitrarily small at theexpense
of additionalsystemdelay. Especially, it is also possible
to cancelthealiasingcomponentscompletely, andto allow
subbandfilters with approximatelinearphaseif furtherde-
lay canbetolerated.
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Figure 8. Synthesis filter s, case (iii): (a) Mag-
nitude frequenc y responses; (b) group de-
lays
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