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Abstract

In this paper the classicalpseudo-QMFapproach for
modulatedfilter banksis related to a recentlypublished
general perfectreconstruction(PR)descriptionfor integer
oversamplingratios. It is shownthat a pseudo-QMFpro-
totypeapproximatelysatisfiesthePRconditions,where the
error dependson the remaininglinear distortionsand on
the stopbandattenuationof the prototype. For the non-
subsampledcasethe pseudo-QMFand the PR condition
are equivalent.Furthermore, an upperboundfor the PR-
approximationerror can be given,whenthe maximumal-
lowabledeviation fromtheideal flat frequencyresponseof
theanalysis-synthesissystemis specified.

1. Intr oduction

When designingmodulatedfilter banksone generally
hasthechoicebetweenaperfectreconstruction(PR)design
(e.g.[3,8]) or the classicalpseudo-QMFapproach[6, 10],
wherethelatteris giving riseto near-perfect-reconstruction
(NPR)solutions.ThePRapproachhastheadvantagethatit
leadsto a simpleandcompactmatrix descriptionof thefil-
terbank.However, dueto lessseveredesignconstraints,the
pseudo-QMFapproachoftenleadsto moreselective proto-
typescomparedto PRdesigns.Furthermore,sincein many
applicationssmall linear andaliasingdistortionsaretoler-
atedat theoutputof theanalysis-synthesissystem,anNPR
solutionis oftensufficient. Subjectof this paperis the re-
lation betweenthe pseudo-QMFdesignanda generalPR
approachfor arbitrary integer oversamplingratios, where
the latter hasrecentlybeenpublishedin [7] for DFT and
cosine-modulatedfilter banks.In contrastto this approach
thefilter bankliteraturealwaystreatsbothdesignmethods
asseparatecases.It turnsout that thepseudo-QMFdesign

canberegardedasa specialcaseof thegeneralPRdescrip-
tion. As a consequenceit is alsopossibleto designpseudo-
QMF prototypeswith methodsdevelopedfor thePRcase.

2. Pseudo-QMFand PR DesignConditions

In
�

-channelmodulatedfilter banksthe analysisand
synthesisfilters �������	� and 
������	� of the generalanalysis-
synthesissystemin Figure1 aregivenaccordingto�������	��
 �����	���������� ���	� and 
������	��
 �����	���������� ���	� (1)

for � 
 ��������� �"!$#&% ' and ( 
 ����������� � % ' , where�����*)+���� ���	� denotethemodulationsequencesand�����	� , �����	�
theprototypefilters. For the sake of simplicity we restrict
ourselvesin this paperto identicalprototypes�����	�,
 �����	�
of length !$# and to modulationsequences,which lead to
DFTor cosine-modulatedfilter banks[11]. However, agen-
eralizationto arbitrarymodulationsequencesis possible.
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Figure 1. General analysis and synthesis filter
bank with subsampling factor G . For (G)DFT
filter banks we have H = 2 I subbands, for
DCT-IV-based filter banks H = I subbands.

In order to ensureequalprototypepassbandwidths for
all systems,the following designconditionswill be de-



rivedfor J�! -timesoversampledDFT filter banks[1,7] and
DCT-II/DST-II-basedfilter banks[9] with

� 
 JLK sub-
bandsand ! -timesoversampledDCT-IV-basedfilter banks
[7,8] with

� 
 K subbands,respectively. Theoversam-
pling ratio ! is definedas ! 
 K M�N , whereN denotesthe
subbandsubsamplingfactor.

2.1. ClassicalPseudo-QMFApproach

A pseudo-QMFdesignrequirestheoveralltransferfunc-
tion OQPSR�T of theanalysis-synthesis-systemin Figure1 to be
approximatelya simpledelay. This canbeexpressedin the
timedomainasU P�V	TXW Y[Z]\_^_OQPSR�T+`aWbN c Z]\de�f g h�i Z]\dj f glk e PCm_Ton e P�Vqp m_T rs t P�Vqp uvT�w (2)

where t P�V	T denotesthe unit samplesequenceand u the
overall systemdelay. Exemplarily, the following deriva-
tion is carriedout for the GeneralizedDFT (GDFT) fil-
ter bank [2] with x W yLK . The result also holds for
theotherabove mentionedtypesof modulatedfilter banks,
sincethesesystemsusetheGDFTfilter bankasa“building
block”.

The modulationsequencesof the GDFT filter bankare
definedasz�{�|*}+~��e P�V	TXW � Z { e��	e+� ��{�� Z �L�"������+� wl� �+� W �LZ��"� } � w (3)

wherethe parameter� g specifiesthe frequency displace-
mentof thesubbandfilter frequency responses,and V | andV ~ denotesomephaseparameters.Here � g W b M�y hasto
bechosenfor DCT-IV-basedfilter banksand � g W � in the
DFT- or DCT-II/DST-II-basedcase.

Combining(1), (2) and(3) yieldsaftersomeintermedi-
atestepsU P�V	T�W bN �+� Z]\de�f g � Z { e��	e+� ��{�� Z � � Z � � ��+� � P�V	T rs t P�V&p uvT�w

(4)

where � P�V	T denotesthe result of the linear convolution� P�V	TlW ��P�V	T��,��P�V	T . Equation(4) can be written in the
z-domainasOQPSR�T�W bN �+� Z]\de�f g � {�� � � � � ��{ e��	e+� ��+� � PSR�� e��	e+��+� T rs R�Z���w

(5)

which will be subsequentlyneededin Section3. A closer
evaluationof (4) revealsthat,whenwe further identify the

overalldelayas u W V |X� V ~ , thesequence� P�V	T hasto ap-
proximatelysatisfythefollowing Nyquist(yLK ) condition:

� P�V	TXW h�i Z]\dj f g ��PCm_T���P�Vqp m_T rs���� ��� � Z�� � � e+�+ _�y�¡ for V W u � ¢ g yLK w ¢ g�£ ¤¥¤ w� for V W u � ¢ yLK w ¢ ¦W ¢ g w ¢ £ ¤¥¤ w
arbitrary elsewhere.

(6)

If theapproximationerror in (6) is zero,we have no linear
distortionsin the reconstructedsignalat all. Without any
lossof generalitywe restrictourselvesin the following to� g W � .

Themainaliasingcomponentsdueto thesubsamplingin
thesubbandsshouldbeeliminatedby anappropriatechoice
of the factor N and/orproperselectionof the modulation
sequences.

2.2. PR Approach for Integer SubsamplingRatios
and Partial Aliasing Cancelation

In orderto simplify thePR formulationwe only regard
specialsystemdelaysu W PS§ g � b ToyL¨ p b , § g�£&©«ª¬g , in the
sequelof thispaper. With thetype-1polyphasecomponents
of theprototypefilter­ j PSR�TXW ®d _f Z ® ��P ¢ N � m_T�R Z   (7)

it is shown in [7] that the PR conditionsfor all the above
mentionedmodulatedfilter bankscanbederivedas� h Z]\d _f g ­ �+� Z]\+Z  _¯ Z j PSR�T ­  _¯�� j PSR�T rW R Z ° �yL¨ (8)

for m�W ��w b w�±�±�± w"N p b
. It is interestingto notethat(8) is

independentof � g .
3. Relationship betweenNear-PR and PR So-

lutions

3.1. Partial Aliasing Compensationin theOversam-
pled PR Case

It hasalreadybeenobservedin [7] thatwhenaPRproto-
type is designedsuchthat it satisfiesthePRconditionsfor
a givenoversamplingratio ¡³² , we obtainanNPRsolution
whentheprototypeis appliedto a filter bankwith ¡ ´ ¡³² ,¡³²qW µ*¡ , µ £ ©«ª . Thesesolutionshave a partial aliasing
cancelationpropertywhicheliminatesevery ¡³²�M¶¡ -th alias-
ingcomponent.Asanexample,aPRprototypedesignedfor



¡³²·W ¸ and ¨ W b_¹
is appliedto a critically subsampled

(DCT-IV-based)filter bankwith ¡ W b
. Themagnitudebi-

frequency systemfunction[2] in Figure2 shows thatevery
fourthaliasingcomponentis canceled.
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Figure 2. Magnitude bifrequenc y system
function for º = 1, º�» = 4, ¼ = 16

3.2. Approximation of the PR Conditions in the
Pseudo-QMFCase

As anextensionto therelationsin Section3.1 we show
in this subsectionthat thetype-1polyphasecomponentsof
a givenpseudo-QMFprototype��P�V	T satisfythePRcondi-
tionsapproximately.

In a first step we write the polyphasecomponents­ j PSR �+� T asdecimatedversionsof somefilter
­ PSR�T [4]:­ j PSR �+� TXW R jyL¨ �+� Z]\de�f g ­ PSR�� e�+� T�� e j�+� ±

Usingthis expressionin (8), where R hasto bereplacedbyR �+� , weobtain� h Z]\d _f g ­ �+� Z]\+Z  _¯ Z j PSR �+� T ­  _¯�� j PSR �+� TXWR �+� Z]\¸�¨ � �+� Z]\de�f g �+� Z]\de�½�f g ­ PSR�� e�+� T ­ PSR�� e ½�+� TQ¾
¾�� e j Z e ½ { j � \ ��+� � h Z]\d _f g � { e Z e ½ �  _¯�+� ± (9)

However, only thosetermsin (9) remain,wherethe dif-
ference ¿À� p ��Á�¿ is an integer multiple of y�¡ . Under the
assumptionthat the prototypelowpasshas a sufficiently
high stopbandattenuationanda stopbandedgefrequency
of Â ~ ´ Ã�Ä*¨ wehavenoappreciableoverlappingbetween
both shiftedversionsof the prototypefrequency response
in (9). In this case,whenwe furthermoreusetherelations

� PSR�T�W ­ � PSR�T and u W PS§ g � b ToyL¨ p b
, eq.(9) canbe

reducedto only onesumandandoneerrorterm Å {�ÆÇ�j PSR �+� T
accordingto� h Z]\d _f g ­ �+� Z]\+Z  _¯ Z j PSR �+� T ­  _¯�� j PSR �+� T�W¡ÈR �+� Z]\yL¨ � �+� Z]\de�f g � � e�+� � PSR�� e�+� T � Å {�ÆÇ�j PSR �+� T�± (10)

WhentheNyquistcondition(5) with u W V |�� V ~ , � g W � ,
is at leastapproximatelysatisfiedby � PSR�T and R �+� is for-
mally replacedby R , (10)canfinally bewrittenas� h Z]\d _f g ­ �+� Z]\+Z  _¯ Z j PSR�T ­  _¯�� j PSR�TXW R Z ° �yL¨ �� Å { ¯ � PSR�T � Å {�ÆÇ�j PSR�T�w m¬W ��w b w�±�±�±*w"É p b ± (11)

Thequalityof theapproximationdependsontheerrorterms
on the right-handside of (11). The higher the stopband
attenuationof the prototypefilter, the smallerare the co-
efficients in Å {�ÆÇ�j PSR�T , and the size of the coefficients inÅ { ¯ � PSR�T dependson how well the sequence� P�V	T satisfies
theNyquistcondition,i.e.ontheapproximationerrorin (6).

4. Relationship in the Non-subsampledCase

As we know from Section3.1 an exact PR solutionforÉ W b
completelyeliminatesall linear distortions. Thus

the prototypehasto be an ideal square-rootNyquist filter.
On theotherhandits polyphasecomponentssatisfythePR
conditionin (8) for É W b

, sincetheconditionsin (6) and
(8) areequivalent.In thefollowingweextendthissimilarity
betweenbothapproachesalsoto the(approximate)pseudo-
QMF case.

4.1. Equivalenceof PR and Pseudo-QMFSolutions

In the non-subsampledcasewith ¡ W ¨ only those
termsin (9) remain,which correspondto ��ÁÊp �qW � . This
leadsto Å {�ÆÇ�j PSR �+� TXW � in (10), yielding�+� Z]\dj f g ­ �+� Z]\+Z j PSR�T ­ j PSR�TXW R Z ° �yL¨ � Å { ¯ � PSR�T�± (12)

Hence,theapproximationqualityof thePRconditionsonly
dependson the linear distortionsof the analysis-synthesis
system.Note thatwhen � P�V	T hastheNyquistpropertythe
PRconditionsareexactly satisfiedandbothconditionsare
equivalent.In thefollowing weshow thatthisalsoholdsin
theapproximatecase.

In a first step we assumethat (12) is satisfiedwithÅ { ¯ � PSR�TËW � . The z-transformof the Nyquist filter � P�V	T
canbewrittenwith thetype-1polyphasecomponentsof the



prototypein (7) asY[^ � P�V	T+`aW � PSR�TXW �+� Z]\d _f g R Z   ­   PSR �+� T �+� Z]\dj f g R Z
j ­ j PSR �+� T�±

Whenwe now constructthesequenceÌ� P�V	TXW � P�Vqp b T the
first zerosamplecanbefoundin Ì� PS�ÇT , sincewe have u WPS§ g � b ToyL¨ p b . Subsamplingof Ì� P�V	T byafactor yL¨ without
phaseoffsetnow extractstherelevantsamples� P�V � ¢ uvT ,¢ £ ¤¥¤ , for satisfyingtheNyquistpropertyin (6):Y[^�Ì� PÍyL¨ V	T+`ÎWR�Z]\ �+� Z]\dj f g ­ �+� Z]\+Z j PSR�T ­ j PSR�T rW R�Z�ÏÊÐ�ÑÒ�Ó W R�Z ° � Z]\�± (13)

We canseethat the right handsideof (13) canbe written
asthePR conditionfor É W b

in (8), which confirmsthe
identitybetweenthepseudo-QMFandPRapproachesin the
non-subsampledcase.Clearly, for Å { ¯ � PSR�T ¦W � this error
termalsoaffectstheright handsideof (13)andthusalsode-
notestheapproximationerrorin theNyquistcondition(6).

4.2. PR Err or Bound for Given Linear Distortions

As an important consequencewe can designpseudo-
QMF prototypesvia anevaluationof thePR condition(8)
for ¡ W ¨ . Thesimplerelation¿ÕÔ�ÖÇ¿�× ¿ØÅ¬Ù max ¿yL¨ Ú w where Ú W Û y�¡$Ü�p byL¨ Ý w (14)

canbeusedto roughlyestimatetherequiredPRapproxima-
tion error Þ¬Ô�Ö , when ¿ØÅ¬Ù max ¿ denotesthemaximumallowed
deviation from the ideal flat overall frequency responseof
thefilter bank.

Proof of eq. (14): In the non-subsampledcaseonly the
errortermÅ { ¯ � PSR �+� TXW Å,ß�PSR�TXW à Z]\d� f g Ô�P�V	T�R Z �+� �
is presentin (12), where Ú , givenin (14), denotesthenum-
berof zerosplusonein theNyquistimpulseresponse� P�V	T ,
when (6) is ideally satisfied. Under the simplifying as-
sumptionthat all coefficients Ô�P�V	T are of the samesize,
i.e. Ô�P�V	T[W Ô for all V W ��w�±�±�±�w+Ú p b

, we cancalculate
the frequency responseof the error sequenceá�P�V	T accord-
ing to Å,ß�PS�*�"â$TXW Ô��LZ�� � â { à Z]\ ��ãoä�å PÍ¨ Â,ÚæTãoä�å PÍ¨ Â,T ± (15)

An evaluationof themaximumvalueof ¿ØÅ,ß�PS� �"â T�¿ leadstoç[è¶éâ ê�ë g�ì � ��í ¿ØÅ,ß�PS� �"â T�¿LW ¿ÕÔÊ¿oÚ for Â W ��w Ã¨ w y¶Ã¨ w]±�±�± (16)

The error contribution to the (ideal) overall frequency re-
sponseis given with (5), u W V |v� V ~ , � g W � andRQW � �"â asÅ¬Ù³PS�*�"â�TXW bÉ �+� Z]\de�f g � � e�+� Å,ß�PS�*� { â Z e�îÓ � T�±
A coarseupperboundof theerrormagnitudefrequency re-
sponse¿ØÅ¬Ù�PS� �"â T�¿ cannow beestimatedas

¿ØÅ¬Ù max ¿LW ç[è¶éâ ê�ë g�ì � ��í ¿ØÅ¬Ù³PS�*�"â�T�¿�× bÉ �+� Z]\de�f g ¿ØÅ,ß�PS�*� { â Z e³îÓ � T�¿ïw
which leadswith (16) to therelation¿ØÅ¬Ù max ¿�× y�¡vÚ ¿ÕÔÊ¿ï± (17)

Wefinally obtain(14)with ¡·Wq¨ , when ¿ØÅ¬Ù max ¿ is regarded
as the independentvariableand the equality in (17) indi-
catestheupperboundfor thesearchedPRerror ¿ÕÔ�ÖÇ¿LW ¿ÕÔÊ¿ .
4.3. Results

As an examplea prototypefor ¡$Ü W ð b y , ¨ W ñÇy ,u W ¸L¸�ò , Â ~ W ��±¥�Çy�ó�Ã is designed,wherethe PR con-
dition (8) for É W b

is solved via a numericaloptimiza-
tion approach.As a designgoal themaximumerror in the
overall magnitudefrequency response¿ôOQPS� �"â T�¿ shouldbe
keptbelow y���õ�öL÷ \ g P b � ¿ØÅ¬Ù max ¿ÀT�W b � Z�ø dB. From(14)we
thenobtainthemaximalallowablePRapproximationerror
as ¿ÕÔ�ÖÇ¿ W b ±ùyæ¾ b � Z�ú . Thedesignresultis depictedin Fig-
ure 3, where(a) shows the magnitudefrequency response¿ ­ PS� �"â T�¿ and(b) oneperiodof ¿ôOQPS� �"â T�¿ . We canseethat¿ôOQPS� �"â T�¿ matchesthegivendesigngoal.

In anotherexamplewe test the validity of the estima-
tion (17) for ¡ W ¨ 1. Figure4 shows theobtainedupper
boundsfor differentPR approximationerrors Ô andproto-
type designswith differentsystemdelays,whenwe again
designthepseudo-QMFprototypevia theconditionin (12).
In Figure4(a) theremainingdesignparametersarechosen
as ¡$Ü W b_¹ � , ¨ W b_¹

and Â ~ W ��±¥��¸ ¹ Ã , in Figure4(b)
they are ¡$Ü W ð b y , ¨ W ñÇy and Â ~ W ��±¥�Çy�ñ�Ã . Onecan
seethatfor nearlyall chosenÔ eq.(17) representsanupper
boundfor thelineardistortions.In Figure4(b) for small Ô ,
however, oneencountersthelimits of theutilizedoptimiza-
tion algorithm,sinceheretherequiredprecisionfor satisfy-
ing thePRconditionis not reachedanymore.

5. Conclusion

As a novelty we have shown that the classicalpseudo-
QMF approachbasedon approximatesquare-rootNyquist

1It is only possibleto verify (14) indirectlyvia (17), since ûÕü	ý max û can-
notbechosenasanindependentparameterin thedesignprocess.
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Figure 3. Pseudo-QMF prototype design
based on the PR conditions for þ = ÿ
( þ�� = 512, ÿ = 32,

�
= 447, ��� =0.029� ).

prototypescan be regardedas a specialcaseof the gen-
eralzedPR description,which is additionallyextendedby
someerrorterms.Thisallowsusto usethecompleteframe-
work for PRmodulatedfilter banksalsoin thepseudo-QMF
case.For example,in thecaseof asystembeingfreeof lin-
eardistortions,lattice structures[8] or lifting schemes[5]
could be usedfor an NPR prototypedesignwith possibly
betterfrequency selectivity comparedto purePRsolutions.
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