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Abstract

In this paper the classical pseudo-QMFapproadc for
modulatedfilter banksis relatedto a recentlypublished
geneal perfectreconstructior(PR) descriptionfor integer
oversamplingratios. It is shownthat a pseudo-QMFpro-
totypeapproximatelysatisfieghe PR conditions wheie the
error dependson the remaininglinear distortionsand on
the stopbandattenuationof the prototype For the non-
subsampledtasethe pseudo-QMFand the PR condition
are equivalent. Furthermoe, an upperboundfor the PR-
approximationerror can be given, whenthe maximumal-
lowabledeviation fromtheideal flat frequencyesponsef
theanalysis-synthessystems specified.

1. Intr oduction

When designingmodulatedfilter banksone generally
hasthechoicebetweera perfectreconstructiorfPR)design
(e.g.[3, 8]) or the classicalpseudo-QMFapproach6, 10],
wherethelatteris giving riseto nearperfect-reconstruction
(NPR)solutions.ThePRapproachastheadwantagahatit
leadsto a simpleandcompactmatrix descriptionof thefil-
terbank.However, dueto lessseveredesignconstraintsthe
pseudo-QMFRapproactoftenleadsto moreselectve proto-
typescomparedo PRdesigns Furthermoresincein mary
applicationssmall linear andaliasingdistortionsaretoler-
atedatthe outputof the analysis-synthesisystemanNPR
solutionis often sufficient. Subjectof this paperis the re-
lation betweenthe pseudo-QMFdesignand a generalPR
approachfor arbitrary integer oversamplingratios, where
the latter hasrecentlybeenpublishedin [7] for DFT and
cosine-modulatediiter banks.In contrastio this approach
thefilter bankliteraturealwaystreatsboth designmethods
asseparateases.t turnsout thatthe pseudo-QMFdesign

canberegardedasa specialcaseof thegeneraPRdescrip-
tion. As aconsequenck is alsopossibleto designpseudo-
QMF prototypeswith methodslevelopedfor the PRcase.

2. Pseudo-QMFand PR DesignConditions

In K-channelmodulatedfilter banksthe analysisand
synthesidfilters ht(n) and fi(n) of the generalanalysis-
synthesisystemin Figurel aregivenaccordingo

hi(n) = p(n)wi™(n) and fr(n) = qg(n)w'” (n) (1)

forn =0,...,L, —1andk = 0,...,K — 1, where
w,i“/s) (n) denotethe modulationsequenceandp(n), q(n)

the prototypefilters. For the sale of simplicity we restrict
oursehesin this paperto identicalprototypesp(n) = g(n)

of length L, andto modulationsequencesyhich leadto
DFT or cosine-modulatefilter bankg11]. However, agen-
eralizationto arbitrarymodulationsequencess possible.

z(n) ho(n) I N + N fo(n) #(n)
t—= hi(n) N TN filn) =&
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Figure 1. General analysis and synthesis filter
bank with subsampling factor N. For (G)DFT
filter banks we have K=2M subbands, for
DCT-IV-based filter banks K= M subbands.

In orderto ensureequalprototypepassbhandvidths for
all systems,the following designconditionswill be de-



rivedfor 2L-timesoversampledFT filter banks[1, 7] and
DCT-II/DST-ll-basedfilter banks[9] with K = 2M sub-
bandsand L-timesoversampledCT-IV-basedilter banks
[7,8] with K = M subbandstespectrely. The oversam-
pling ratio L is definedasL = M /N, whereN denoteshe
subbandubsamplindactor

2.1 ClassicalPseudo-QMFApproach

A pseudo-QMHesignrequiregheoveralltransferfunc-
tion T'(z) of theanalysis-synthesis-systeamFigurel to be
approximatelya simpledelay This canbeexpressedn the
time domainas

tin) = 27HT(2)} =
K—1Lp—1

NZ S (@) fuln— )~ 5(n—D), (2)

k=0 (=0

whered(n) denotesthe unit samplesequenceand D the
overall systemdelay Exemplarily; the following deriva-
tion is carriedout for the GeneralizedDFT (GDFT) fil-
ter bank [2] with K = 2M. The resultalso holds for
the otherabove mentionedypesof modulatedilter banks,
sincethesesystemausethe GDFT filter bankasa“building
block”.

The modulationsequencesf the GDFT filter bankare
definedas

(a/ )(n) WME[Hko)(n—na/s), Wons = e—jﬂ-/M, 3)
wherethe parameterk, specifiesthe frequeng displace-
mentof the subbandilter frequeng responsesandn, and
ns denotesomephaseparametersHerek, = 1/2 hasto
be choserfor DCT-1V-basedilter banksandk, = 0 in the
DFT- or DCT-1I/DST-lI-basedcase.

Combining(1), (2) and(3) yields after someintermedi-
atesteps

2M—1 ,
Z Wm0 () & §(n — D),

(4)

where g(n) denotesthe result of the linear corvolution
g(n) = p(n) *x p(n). Equation(4) canbe written in the

z-domainas
2M -1
T _ l W(na+ns)<k+k0) G Wk-‘rko ,.L —D
(2) NZ oM (zWopr°) m 2=,

k=0

()

which will be subsequentipeededn Section3. A closer
evaluationof (4) revealsthat, whenwe furtheridentify the

overalldelayasD = n, + n,, thesequencg(n) hasto ap-
proximatelysatisfythe following NyquistR /) condition:

L,—1
!
gn) =" pO)p(n—10) ~
£=0
e—jQﬂ'ko)\o
5L forn =D+ X\g2M, Ny € Z,
0 forn=D+A2M, A # X, A€z, ©
arbitrary  elsavhere.

If the approximatiorerrorin (6) is zero,we have no linear
distortionsin the reconstructedignal at all. Without ary
lossof generalitywe restrictourselhesin the following to
ko = 0.

Themainaliasingcomponentslueto thesubsamplingn
thesubbandshouldbeeliminatedby anappropriatehoice
of the factor N and/orproperselectionof the modulation
sequences.

2.2 PR Approachfor Integer SubsamplingRatios
and Partial Aliasing Cancelation

In orderto simplify the PR formulationwe only regard
speciakbystendelaysD = (dy+1)2M —1,dy € Ny, inthe
sequebf this paper With thetype-1polyphaseomponents
of the prototypefilter

o0

> p(AN +0)z 2 7)

A=—00

Py(z) =

it is shavn in [7] thatthe PR conditionsfor all the above
mentionednodulatedilter bankscanbe derivedas

2L—1 . Z_do

Z Pop—1-an—¢(2) Pane(z) = Wi (8)
for¢ =0,1,..., N — 1. It isinterestingto notethat(8) is
independentf kg.

3. Relationship betweenNear-PR and PR So-
lutions

3.1 Partial Aliasing Compensationin the Oversam-
pled PR Case

It hasalreadybeenobsenedin [7] thatwhena PR proto-
typeis designedsuchthatit satisfieshe PR conditionsfor
agivenoversamplingatio L,, we obtainan NPR solution
whenthe prototypeis appliedto afilter bankwith L < L,
L, = cL, ¢ € N. Thesesolutionshave a partial aliasing
cancelatiorpropertywhich eliminatesevery L, / L-th alias-
ing componentAs anexample aPRprototypedesignedor



L, = 4andM = 16 is appliedto a critically subsampled
(DCT-IV-basedYilter bankwith L = 1. The magnitudebi-
frequeng systemfunction[2] in Figure2 shovsthatevery
fourth aliasingcomponents canceled.

20 Ig|T(%,d%)| [dB]

Figure 2. Magnitude bifrequenc y system
function for L=1, L,=4, M=16

3.2 Approximation of the PR Conditions in the
Pseudo-QMFCase

As anextensionto therelationsin Section3.1we shav
in this subsectiorthatthe type-1polyphasecomponent®f
a given pseudo-QMFprototypep(n) satisfythe PR condi-
tionsapproximately

In a first step we write the polyphasecomponents
Py (2*M) asdecimatedrersionsof somefilter P(z) [4]:

(2M1

P") = 537 Z

Usingthis expressionn (8), wherez hasto bereplacedy
2*M 'we obtain

Wkt
ZWZM 2M*

2L—-1

oM
E Poy—1an—e(z
A=0

M1 2M—12M—1

o X

k=0 k'=0

) Panye(22M) =

P(zWy) P(zWE,) -

2L—-1
ik (£+1) Z WQ(;[—/@ AN ()
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However, only thosetermsin (9) remain, wherethe dif-
ference|k — k'| is an integer multiple of 2L. Underthe
assumptionthat the prototypelowpasshas a sufficiently
high stopbandattenuatiorand a stopbandedgefrequeny
of Qs < /M wehavenoappreciable@verlappingoetween
both shifted versionsof the prototypefrequeng response
in (9). In this case whenwe furthermoreusetherelations

G(z) = P?(z) andD = (dy + 1)2M — 1, eq.(9) canbe
reducedo only onesumandandoneerrortermEf) (22M)
accordingo

2L—-1

2M
Z Porro1-anv—e(z

L2M12ZW

Whenthe Nqustcondltlon(S) with D = ng+ns, ko = 0,
is at leastapproximatelysatisfiedoy G(z) and 22 is for-
mally replacedy z, (10) canfinally bewrittenas

) Panse(22M) =

GzWh,) + B (2*M). (10)

2L—-1 —do

z
Z Poyr—1-anv—e(2) Panye(2) = oar T

+EM )+ B9 (), £=0,1,...,N-1. (11)

Thequality of theapproximatiordependsntheerrorterms
on the right-handside of (11). The higher the stopband
attenuationof the prototypefilter, the smallerare the co-
efficients in E§S> (z), and the size of the coeficientsin
EW™)(z) dependson how well the sequenceg(n) satisfies
theNyquistcondition,i.e.ontheapproximatiorerrorin (6).

4. Relationshipin the Non-subsampledCase

As we know from Section3.1 an exact PR solutionfor
N = 1 completelyeliminatesall linear distortions. Thus
the prototypehasto be anideal square-rootNyquistfilter.
Ontheotherhandits polyphasecomponentsatisfythe PR
conditionin (8) for N = 1, sincethe conditionsin (6) and
(8) areequivalent.In thefollowing we extendthis similarity
betweerbothapproachealsoto the (approximatepseudo-
QMF case.

4.1 Equivalenceof PR and Pseudo-QMFSolutions

In the non-subsampledasewith L = M only those
termsin (9) remain,which correspondo &’ — k = 0. This
leadsto £\ (22M) = 0 in (10), yielding

2M—1 z*do
Y. Poar1(2) Pul2) = S + BN (2).

(12)

Hence theapproximatiorguality of the PR conditionsonly
dependon the linear distortionsof the analysis-synthesis
system.Note thatwheng(n) hasthe Nyquist propertythe
PR conditionsare exactly satisfiedandboth conditionsare
equivalent.In thefollowing we shav thatthis alsoholdsin
theapproximatecase.

In a first step we assumethat (12) is satisfiedwith
EW)(z) = 0. The z-transformof the Nyquistfilter g(n)
canbewrittenwith thetype-1polyphasecomponentsf the



prototypein (7) as

2M—1 2M -1
Z{gm)} =G(z) = Y 2 BEM) Y 2R,
A=0 =0

Whenwe now constructhesequencg(n) = g(n — 1) the
first zerosamplecanbe foundin §(0), sincewe have D =
(do+1)2M—1. Subsamplin®f g(n) by afactor2 M without
phaseoffsetnow extractsthe relevantsamplesgy(n + AD),
A € Z, for satisfyingthe Nyquistpropertyin (6):

2{9(2Mn)} =
2M—1

_1ZP2M1Z

We can seethatthe right handside of (13) canbe written
asthe PR conditionfor N = 1 in (8), which confirmsthe
identity betweernthepseudo-QMFandPRapproachem the
non-subsampledase.Clearly, for E(N)(z) # 0 this error
termalsoaffectstheright handsideof (13) andthusalsode-
notesthe approximatiorerrorin the Nyquistcondition(6).

Pi(z) =z~ 57 = z70~1 (13)

4.2 PR Err or Bound for Given Linear Distortions

As an important consequencsve can designpseudo-
QMF prototypesvia an evaluationof the PR condition (8)
for L = M. Thesimplerelation

2L, — 1
2M

o] < | BTl

<5 where Q:{

| a9
canbeusedto roughlyestimateherequiredPRapproxima-
tion error+e,., when|Er, . | denoteshemaximumallowed
deviation from the ideal flat overall frequeng responseof
thefilter bank.

Proof of eq.(14). In the non-subsampledaseonly the
errorterm

E : —2Mn

is presentn (12), where@, givenin (14), denotegshenum-
berof zerosplusonein the Nyquistimpulseresponsg(n),

when (6) is ideally satisfied. Under the simplifying as-
sumptionthat all coeficientse(n) are of the samesize,
i.e.e(n) = eforaln =0,...,Q — 1, we cancalculate
the frequeng responsef the error sequence(n) accord-
ingto

E(N)( 2M

—iMQ(Q-1) sin(MQQ)

E, (%) = . 1
o) =ce sin(MQ) (19)
An evaluationof the maximumvalueof |Eg(eJ'Q)| leadsto
max |E,(e’")| = || Q for @ =0, - 2m (16)
Q€[0,27] "M’

The error contrikution to the (ideal) overall frequeny re-
sponseis given with (5), D = n, + ns, kg = 0 and
z=¢e/ as

2M—1

egQ Z 71»%))'

A coarseupperboundof the errormagnituddrequeng re-
sponsd Er(e/?)| cannow beestimatedas

2M—1
(Bl = max |Br(e’?) Z IACKSE UL

whichleadswith (16)to therelation
|ETma><| S 2IJQ|€| (17)

Wefinally obtain(14)with L= M, when|Ey, | isregarded
asthe independentariable and the equalityin (17) indi-
catesheupperboundfor thesearchedRerror|e,.| = [¢].

4.3 Results

As an examplea prototypefor L, = 512, M = 32,
D = 447, Q, = 0.0297 is designedwherethe PR con-
dition (8) for N = 1 is solved via a humericaloptimiza-
tion approach.As a designgoal the maximumerrorin the
overall magnitudefrequeng responsdT'(e/*?)| shouldbe
keptbelov 201og, (1 + | Er,,,,|) = 1072 dB. From(14)we
thenobtainthe maximalallowable PR approximatiorerror
asler| = 1.2-10~7. Thedesignresultis depictedin Fig-
ure 3, where(a) showns the magnitudefrequeng response
|P(e’)| and (b) oneperiodof |T(e7?)|. We canseethat
|T (e/*?)| matcheghegivendesigngoal.

In anotherexamplewe testthe validity of the estima-
tion (17) for L = M. Figure4 shawvs the obtainedupper
boundsfor differentPR approximationerrorse and proto-
type designswith differentsystemdelays,whenwe again
designthe pseudo-QMHprototypevia theconditionin (12).
In Figure4(a) the remainingdesignparametersire chosen
asL, = 160, M = 16 andQ,; = 0.046m, in Figure4(b)
they are L, = 512, M = 32 and{; = 0.0237. Onecan
seethatfor nearlyall chosere eq.(17) representanupper
boundfor thelineardistortions.In Figure4(b) for smalle,
however, oneencountershelimits of the utilized optimiza-
tion algorithm,sinceheretherequiredprecisionfor satisfy-
ing the PR conditionis notreachedarymore.

5. Conclusion

As a novelty we have shawn that the classicalpseudo-
QMF approachhasedon approximatesquare-rootNyquist

L1t is only possibleto verify (14)indirectly via (17), since| B, | can-
notbechoserasanindependenparametem thedesignprocess.
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Figure 3. Pseudo-QMF prototype design

based on

the PR conditions for L=M

(Lp=512 M=32, D=447, ,=0.02%).

prototypescan be regardedas a specialcaseof the gen-
eralzedPR description,which is additionally extendedby
someerrorterms.Thisallows usto usethecompleteframe-
work for PRmodulatedilter banksalsoin thepseudo-QMF
case For example,in the caseof asystembeingfreeof lin-
eardistortions,lattice structureq8] or lifting schemeg5]
could be usedfor an NPR prototypedesignwith possibly
betterfrequeng selectvity comparedo purePR solutions.
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