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Abstract—We address the problem of reliably transmitting
information through a network where the nodes perform ran-
dom linear network coding and where an adversary potentially
injects malicious packets into the network. A good model for
such a channel is a linear operator channel, where in this
work we employ a combined multiplicative and additive matrix
channel. We show that this adversarial channel behaves like a
subspace-based symmetric discrete memoryless channel (DMC)
under subspace insertions and deletions and typically has an
input alphabet with non-prime cardinality. This facilitates the
recent application of channel polarization results for DMCs with
arbitrary input alphabets by providing a suitable one-to-one
mapping from input matrices to subspaces. As a consequence,
we show that polarization for this adversarial linear operator
channel can be obtained via an element-wise encoder mapping
for the input matrices, which replaces the finite field summation
in the channel combining step for Arikan’s classical polar codes.

I. INTRODUCTION

Channel polarization was proposed by Arikan [1] by con-
structing a binary block code which achieves the capacity of
a binary symmetric memoryless channel. The key idea is to
obtain virtual channels by applying a polarizing transform,
which either asymptotically converge to an error-free or a
completely noisy channel. The fraction of asymptotically
error-free channels approaches the symmetric capacity of the
original memoryless channel. These ideas have recently been
extended to discrete memoryless channels (DMCs) with inputs
over arbitrary prime and non-prime alphabets [2–6].

In the following we show that channel polarization can
also be applied to a linear operator channel [7], [8] with
arbitrary subspace errors and deletions, which to the best of
our knowledge has not been addressed in the literature so far.
Such a channel is a good model for a network with nodes
performing random linear network coding under the action
of an adversary, who can inject malicious packets into the
network. Despite asymptotically capacity achieving schemes
for linear operator channels have recently been presented based
on Gabidulin codes (e.g., in [7], [9]), the additional benefit
of considering polarization for the operator channel is that
this result allows to extend scenarios, where one-dimensional
polar codes have proven to be beneficial, to an operator
channel framework.

In previous work the capacity of operator channels has
been addressed, where in [10] upper and lower bounds for
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the capacity of operator channels with arbitrary random rank
transfer matrices are presented. A similar model is used in
[11] with the difference that the transfer matrix is constrained
to have full rank. In [12], an exact relation for the capacity
of the multiplicative matrix channel (MMC) with constant-
rank input is given where the transfer matrix is distributed
uniformly for each rank. A more general case is studied in
[13] where arbitrary distributions for the transfer matrix are
assumed. In contrast, the error model considered in this work
extends previous work to a combined MMC and additive
matrix channel (AMC) setup.

In particular, we consider a channel model in which we
assume that k subspace deletions occur with probability ak
and i subspace errors occur with probability ei, resp., both
determined by the action of the adversary. We provide an
exact expression for the capacity of such channel and show
that it can asymptotically be obtained by applying a uniform
distribution over all the subspaces generated by a full rank in-
put matrix. We show that the resulting combined MMC/AMC
subspace channel is symmetric under insertions and deletions
and typically has an input alphabet of composite (non-prime)
cardinality. This facilitates the recent application of results
for polar coding for DMCs with arbitrary input alphabets
[4–6] by providing a suitable one-to-one mapping from input
matrices, which contain the data injected into the network,
to subspace indices. In particular we show that polarization
for the linear operator channel case can be obtained by a
typically non-linear encoder mapping applied element-wise to
the input matrices, which replaces the finite field summation in
the channel combining step for Arikan’s classical polar codes.

Some remarks about the notation: Fixed matrices and vec-
tors are denoted in boldface, as A or a, whereas random matri-
ces are denoted in non-boldface capital letters, as A. The (i, j)-
th matrix element is indicated by the random variable A[i, j].
By ΠA = 〈A〉 we denote the random variable indicating the
subspace spanned by the row vectors of the random matrix A,
where a specific value of ΠA is denoted as πA. Further, the
Gaussian coefficient

[
T
n

]
q
,
∏n−1
i=0

qT−i−1
qn−i−1 counts the number

of n-dimensional subspaces of a T -dimensional space over a
finite field Fq .

II. ADVERSARIAL LINEAR OPERATOR CHANNEL

In the following we consider an adversarial linear operator
channel (AOC) which is given by the matrix equation Y =
AX +E. Here, A ∈ Fn×nq is the channel transfer matrix and



assumed to have random rank r ∈ [0, . . . , n], X ∈ Fn×Tq is
the input matrix whose rows represent the source packets, and
E ∈ Fn×Tq is a matrix which incorporates network errors or
the injection of malicious packets by an adversary.

In this channel the action of an adversary creates subspace
deletions and/or subspace errors, where the case of subspace
deletions is modeled as an MMC Y = AX and the case of
full rank subspace errors as an AMC Y = X+E, respectively.
Therefore, the resulting channel can be described as a matrix-
based discrete memoryless channel (DMC) (X ,WY |X ,Y)
with input alphabet X and output alphabet Y . Note that in
general the capacity for the AOC is achieved with an input
alphabet consisting of matrices of all ranks, but here we
assume rank(X) = n unless stated otherwise. This limitation
is not very restrictive since we will show that as q → ∞ the
resulting mutual information terms approach the capacity.

Let ej ,
∑n
j=0 ej = 1, be the probability that the matrix

E inserts j independent subspace vectors into the row space
of X for rank(A) = n. Likewise, let ai,

∑n
i=0 ai = 1, be

the probability of the adversary reducing the rank of A by
i. Thus, for e0 = 1 and arbitrary a0, . . . , an the AOC is
an MMC, whereas for a0 = 1 and arbitrary e0, . . . , en the
AOC becomes a pure AMC. It has been shown that if A is
a random matrix, e.g., by representing the system matrix of a
network with random linear network coding, the rowspace of
the input matrix is preserved if A has full rank n [7], [11]. As
a consequence, the AOC can be interpreted as subspace DMC
(X ,WΠY |ΠX

,Y), where 〈X〉 = ΠX and 〈Y 〉 = ΠY are the
corresponding input and output subspaces, resp., and X and
Y are the corresponding subspace alphabets.

A. Transition probabilities

In the following we describe the transition probabilities of
the AOC. As a starting point, consider the quantity

γX(j) ,

(
n

j

)[
T

j

]

q

−
(

n

j − 1

)[
T

j − 1

]

q

. (1)

Here, for a given matrix X ∈ Fn×Tq ,
(
n
j

)[
T
j

]
q

counts the num-
ber of rank j subspaces whose j dimensions can be inserted
into n row slots. This term also counts all subspaces of rank v,
0 ≤ v ≤ j, since j − v row vectors can be linearly dependent
in X . Therefore, (1) counts the number of subspaces that differ
in precisely j dimensions, and

∑n
j=1 γX(j) + 1 =

[
T
n

]
q
.

The transition probabilities for the AMC/MMC are given as

WAMC(πY |πX) =





e0 if πY = πX ,
ej

γX(j) if dim(πY ∩ πX) = n− j
∀j = 1, . . . , n,

0 otherwise,

(2)

WMMC(πY |πX) =





a0 if πY = πX ,
ai
(n
i)

if πy ∈ SX,n−i,
0 otherwise,

(3)

where SX,n−i is the set of all subspaces of X with dimension
n − i. By combining (2) and (3) we obtain the transition

probabilities for the AOC as

WΠY |ΠX
(πY |πX)=





a0e0 if πY = πX ,
a0ej
γX(j) if dim(πY ∩πX) = n−j

∀j = 1, . . . , n,
ai
(n
i)

if πy ∈ SX,n−i,
0 otherwise.

(4)

B. Symmetry of the additive matrix subchannel

For the AMC Y = X + E we assume that the rowspace
of E trivially intersects the rowspace of X [7], and that the
AMC always generates output subspaces with dimension n
for full rank input matrices. That means that any deletion of
dimensions is solely covered by the MMC. The strong symme-
try of this subchannel under full rank inputs can be observed
from (2), where each of the

[
T
n

]
q

input symbols has
[
T
n

]
q
− 1

transitions each with probability ej/γX(j) for 1 ≤ j ≤ n, and
one transition to the same output subspace with probability e0.
Likewise, each of the

[
T
n

]
q

output symbols has
[
T
n

]
q

transitions
with the same set of transition probabilities as the inputs.

C. Symmetry of the multiplicative matrix subchannel

Note that for the MMC Y = AX there are
[
T
n

]
q
/
[
T
n−k
]
q

possible n-dimensional input subspaces that the channel can
rank reduce into a particular (n−k)-dimensional output sub-
space. It is clear that

[
T
n

]
q
/
[
T
n−k
]
q

must be an integer, and the
following proposition establishes a sufficient condition on T .

Proposition 1. The required condition for
[
T
n

]
q
/
[
T
n−k
]
q

being
an integer for all possible k imposes T = c · n! − 1 where
c ∈ N+.

The proof is omitted due to space constraints.
From (3) we observe that there are a total of |X | =

[
T
n

]
q

subspace inputs and |Y| =
∑n
i=0

[
T
n−i
]
q

subspace outputs.
Since each transition has probability ai/

(
n
i

)
, each input sub-

space symbol has
∑n
i=0

(
n
i

)
outgoing channel transitions,

and each output subspace symbol of dimension n − i has(
n
i

)[
T
n

]
q
/
[
T
n−i
]
q

incoming channel transitions, which is due
to the assumption that the adversary selects n − i subspaces
out of n uniformly at random.

This implies that the MMC can be broken up into n +
1 strongly symmetric subchannels each consisting of all |X |
input subspaces as the input set and an output set with |Yi| =[
T
n−i
]
q

subspaces of fixed rank n− i for i = 0, . . . , n with ai
as the subchannel selection probabilities. By combining these
strongly symmetric subchannels the resulting (overall) MMC
is shown to be symmetric [14].

D. Capacity

Let Cn,AMC , maxPΠX
, rank(X)=n I(ΠX ; ΠY ) be defined as

the capacity under the constraint of rank n input matrices,
and let Cn,MMC and Cn,AOC be defined likewise. Further, let
Cn,MMC,i , maxPΠX

, rank(X)=n I(ΠX ; ΠYi
) be the capacity of

the strongly symmetric subchannel with the output alphabet
limited to subspaces of dimension n−i and the input constraint



rank(X) = n. By using (2), (3), (4), and the capacity
properties of strongly symmetric DMCs [14] we obtain

Cn,AOC = a0Cn,AMC +

n∑

i=1

aiCn,MMC,i with (5)

Cn,AMC = log

[
T

n

]

q

+ e0 log e0 +

n∑

j=1

ej log
ej

γX(j)
, (6)

Cn,MMC,i = log

[
T

n− i

]

q

+ log
1(
n
i

) for 0 ≤ i ≤ n, (7)

and we note that

Cn,MMC =

n∑

i=0

aiCn,MMC,i, (8)

all with the maximizing distribution PΠx chosen uniformly
over the set of rank n subspaces.

In the following we will show that for q → ∞ uniformly
distributed full rank inputs X are sufficient to asymptotically
achieve the (unrestricted) capacity for both MMC and AMC.

Proposition 2. For the AMC we have limq→∞ Cn,AMC =
limq→∞ CAMC for fixed T ≥ 2n.

Proof: From [11] we obtain a capacity expression for the
AMC based on input and output matrices as

CAMC =max
PX

I(X;Y )

=(T − t)(n− t) + logq

t−1∏

i=0

1− qi−t
(1− qi−n)(1− qi−T )

, (9)

where t , E{rank(E)}, and CAMC is achieved with PX
uniform over F(n−t)×(T−t)

q . To show the claim, we first note
that in the second term on the right hand side (r.h.s.) in (9)
t, n, T > i for all i = 0, . . . , t − 1. Thus, for q → ∞, the
argument of the log-term approaches one, leading to

lim
q→∞

CAMC = (T − t)(n− t) = (n− t)T − nt+ t2. (10)

In order to compare (10) with Cn,AMC we need to express
Cn,AMC in terms of the mutual information between input and
output matrices. For large q the term qnd

[
T
d

]
q

describes the
number of matrices X of rank d [10]. Applying this to (6) we
obtain

Cn,AMC = max
pX, rank(X)=n

I(X,Y ) (11)

= logq q
n2

[
T

n

]

q

−
n∑

j=1

ej logq q
nj

[
T

j

]

q

+

n∑

j=0

ej logq ej

−
n∑

j=1

ej logq



(
n

j

)
−
(

n

j − 1

)qn(j−1)
[
T
j−1

]
q

qnj
[
T
j

]
q


 .

(12)

One can easily check that for T ≥ 2n the last term on
the r.h.s. in (12) goes to 0 as q → ∞. By employing

limq→∞
[
T
n

]
q

= q(T−n)n it follows from (12) that

lim
q→∞

Cn,AMC = logq q
n2

[
T

n

]

q

−
n∑

j=1

ej logq q
nj

[
T

j

]

q

=


n−

n∑

j=1

ejj


T − n

n∑

j=1

ejj +

n∑

j=1

ejj
2.

(13)

Comparing (13) with (10) and observing that E{rank(E)} =∑n
j=1 ejj = t yields the claim.

Proposition 3. For the MMC we have limq→∞ Cn,MMC =
limq→∞ CMMC.

Proof: Consider r = rank(A) which is distributed accord-
ing to br = Pr{rank(A) = r}. Then, by using a subspace-
based capacity result from [8] for the MMC with fixed rank
for the transfer matrix we obtain with br = an−r that

lim
q→∞

CMMC =

n∑

r=0

brCMMC,r =

n∑

r=0

br(T − r)r. (14)

On the other hand, combining (7) and (8) yields

Cn,MMC =

n∑

i=0

ai logq

[
T

n− i

]

q

+

n∑

i=1

ai logq
1(
n
i

) ,

from which with limq→∞
[
T
n

]
q

= q(T−n)n we obtain

lim
q→∞

Cn,MMC =

n∑

i=0

ai[T − (n− i)](n− i) =

n∑

r=0

br(T − r)r,

(15)

which coincides with (14).
By combining the results from Proposition 2 and 3 we have

the following corollary.

Corollary 4. The capacity CAOC = maxPΠX
I(ΠX ; ΠY ) for

q → ∞ is obtained by full-rank input matrices X for fixed
T ≥ 2n, i.e., limq→∞ CAOC = limq→∞ Cn,AOC.

It is possible to also show limT→∞CAOC = limT→∞ Cn,AOC
for all q. We omit these results due to space constraints.

III. POLARIZATION APPROACH
A. Preliminaries

The key element for polarization is the decomposition of
N , 2η , η ∈ N, independent copies of a q-ary symmetric
DMC (X ,WY |X ,Y) with symmetric capacity I(W ) into
N q-ary channels which are either error-free or completely
noisy [4–6]. In particular, consider the transformation GN ,

BNG⊕η2 where G2 ,

[
1 0
1 1

]
, BN ∈ FN×N2 is a bitreversal

permutation matrix, and ⊕ denotes the Kronecker product.
A vector u ∈ FNq is then transformed into the codeword
x = uGN . A channel splitting operation provides composite
channels (Fq,W (i)

N ,Yn × Fi−1
q ) which are defined by their

transition probabilities

W
(i)
N (y,ui−1

1 |ui) ,
1

qN−1

∑

uN
i+1∈XN−i

WY |X(y|uGN ). (16)
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Fig. 1. Initial channel combining step with W2(π2
Y |G2(π2

U )) =
W (πY |〈g(U1, U2)〉)W (πY |πU2

).

For N large enough, these q-ary symmetric channels polarize,
i.e., they become either completely noisy or noise-free.

We have shown in Section II that the AOC in (4) be-
haves like a symmetric DMC (X ,WΠY |ΠX

,Y). Therefore,
we can apply Arikan’s idea of channel combining [1] by
considering the one-to-one mapping U1, U2 → X1, X2 with
X1 = g(U1, U2), X2 = U2, where U1, U2, X1, X2 ∈ Fn×Tq ,
and g : Fn×Tq ×Fn×Tq →Fn×Tq is an invertible matrix operator
which will be clarified in Section III-B. By considering the
subspaces ΠUi = 〈Ui〉, ΠYi = 〈Yk〉, i = 1, 2 we define the
subspace operator channels W (1) : ΠU1

→Π2
Y , W (2) : ΠU2

→
Π2
Y ΠU1 , where ΠN

A , [ΠA1 ,. . . ,ΠAN
]. These channels are

described as

W (1)(π2
Y |πU1

) =
1

|X |
∑

πU2
∈X

W (πY |〈g(U1, U2)〉)W (πY |πU2
),

W (2)(π2
Y , πU1 |πU2) =

1

|X |W (πY |〈g(U1, U2)〉)W (πY |πU2).

The underlying channel combining step is shown in Fig. 1
where the input to the combined channel is given as output of
a vector operator G2 : π2

U → π2
X . Analogous to (16) we obtain

by combining N channels and subsequent channel splitting

W
(i)
N (πNY , π

i−1
U |πUi

)=
1

|X |N−1

∑

πN
U,i+1∈XN−i

WN (πNY |GN (πNU ))

(17)
with πNU,i+1 , [πUi+1 , . . . , πUN

]. The N -dimensional vector
operator GN : πNU → πNX carries out a pairwise application
of the operator g whenever a pairwise summation in uGN is
performed over Fq for the case of a scalar q-ary DMC. For
i = 1, . . . , N (17) denotes the channel seen by the subspace
πUi

if all previous transmitted subspaces πNU,i+1 are available
as a priori information at a successive cancellation decoder. If
N is large enough, the set of channels can be divided into a
“good” subset Aδ and a “bad” subset Acδ which are defined as

Aδ , {i : I(W
(i)
N ) ∈ (Ĉ − δ, Ĉ]}, (18)

Acδ , {i : I(W
(i)
N ) ∈ [0, δ)}, δ > 0, (19)

where Ĉ denotes the capacity of a full-rank MMC, which
is given by Ĉ = logq

∑n
k=0

[
T
k

]
q

[8], [10], and I(W
(i)
N ) the

symmetric capacity of the composite subspace DMCs in (17).
The set of good channels in Aδ is now used to transmit input

subspaces 〈Ui〉 uncoded over subspace DMCs W (i)
N generated

by matrices Ai ∈ Fn×nq for i ∈ Aδ .

We now provide a simple constant dimension code by
partitioning the matrix Ui as Ui = [In Pi] where In is the
n× n identity matrix and Pi ∈ Fn×(T−n)

q [7], [8]. This code
is capacity achieving on the full rank MMC with capacity Ĉ.
Proposition 5. Let P(U, n) denote the set of all subspaces πU
of U ∈ Fn×Tq with dimension n. Consider the setQ ⊂ P(U, n)
of spaces πU,`, ` = 1, 2, . . . , |Q| with corresponding generator
matrices U` = [In P`] where P` ∈ Fn×(T−n)

q . Then, there
exists a one-to-one mapping between πU,` and P` with |Q| =
qn(T−n). Further, for q → ∞ and T ≥ 2n, U = [In P ] is
capacity-achieving on the MMC Y = AU with A ∈ Fn×nq and
rank(A) = n with P distributed uniformly over all qn(T−n)

possible matrices.
The proof is a simple consequence of Proposition 3.

B. Polarizing mappings
The next step is to specify the operator g in Fig. 1.

Since the subspace input alphabet cardinality of the AOC is
given as |X | =

[
T
n

]
q

the resulting alphabet typically has a
composite (non-prime) size. Recently, two approaches have
been proposed to deal with the problem of polarization for
non-prime source and channel alphabets. The first approach
is to consider multilevel polarization [4], [6] where a q-ary
word is considered as a collection of individual bit channels
which independently polarize. The second approach [5] is
based on the observation that for non-prime alphabets any
group (G,+) contains a subgroup (S,+) with q-ary sum-
mation as group operation [15]. By replacing the summation
based channel combining step with an invertible mapping
(U1, U2)→ (f(U1, U2), U2) where U1, U2, f(U1, U2) ∈ Fq , it
is shown that a polarizing mapping f exists even for composite
alphabets. We will focus on this approach due to the direct
applicability to the subspace-based symmetric DMC case.

In particular, it is shown in [5] that f is a polarizing mapping
if the following two conditions are satisfied:

(i) f is invertible for mappings u1 → f(u1, u2) and u2 →
f(u1, u2), respectively.

(ii) For all 2 ≤ K ≤ q − 1 the matrix Bjk = f(aj , ak) for
j, k = 0, . . . ,K−1, aj , ak ∈ Fq has at least K+1 distinct
entries. B is a subset of the Cayley table for (Fq, f) [15].

Note that condition (ii) enforces all subgroups in Fq to vanish
under the action of the operator f .

By applying an element-wise mapping f(aj , ak) = aj +
π(ak) based on the permutation π(·) [5] to the input matrices
in the channel combining step, we can show that polarization
for any symmetric operator channel can be achieved for full
rank inputs U ∈ Fn×Tq , T ≥ 2n.
Proposition 6. Let g(U1, U2)[j, k] , f(U1[j, k], U2[j, k])
define the element-wise operation of the mapping
f(U1[j, k], U2[j, k]) = U1[j, k] + π(U2[j, k]) on the full
rank input matrices U1 and U2. If the mapping f satisfies
conditions (i) and (ii), and I(WΠY |ΠX

) ∈ (δ, Ĉ− δ) for some
δ > 0 there exists an ε(δ) > 0 such that

I(W (1)) + ε(δ) ≤ I(WΠY |ΠX
) ≤ I(W (2))− ε(δ), (20)

i.e., g is polarizing for the symmetric DMC WΠY |ΠX
.



Proof: The proof is based on a vectorized version of
the proof of [5, Proposition 2], so only a sketch is pro-
vided. We employ capacity-achieving input matrices Ui for
q → ∞ and the full-rank MMC of the form Ui = [In Pi],
Pi ∈ Fn×(T−n)

q , i = 1, 2, with a q-ary element-wise mapping
g(U1, U2)[j, k] = U1[j, k] + π(U2[j, k]) satisfying conditions
(i) and (ii). Consider the numbers ûi ∈ FqnT , obtained by
interpreting the concatenation of all rows of Ui as numbers
in FqnT . Note that the Cayley table of size qnT × qnT of the
vectorized (global) mapping g(û1, û2) satisfies condition (ii) if
each element-wise mapping g(U1, U2)[j, k] in Fq satisfies (ii)
individually. We need to show that for all 2 ≤ K ≤ qnT − 1
and numbers a0 < a1 < · · · < aK−1, ak ∈ FqnT ,
k = 0, . . . ,K − 1, each submatrix of the Cayley table

Bjk = [a
(0)
j , a

(1)
j , . . . , a

(nT−1)
j ]FqnT

+

[π(a
(0)
k ), π(a

(1)
k ), . . . , π(a

(nT−1)
k )]FqnT

, (21)

j, k = 0, . . . ,K−1, has at least K+1 distinct entries. Here, the
numbers ak are written with their individual q-ary digits a(`)

k ∈
Fq , ` ∈ [0, . . . , nT−1], and [·]FqnT

denotes a number in FqnT .
Exemplarily, we consider the case K ≥ 3 (the result for

K = 2 follows similarly), where it suffices to show that
the two sets {Bj1} and {Bj(K−1)} are not identical for any
j. Assume that these sets are identical. Then, there exist
numbers j1, . . . , jL ∈ {0, 2, . . . ,K − 1} for L ≤ K such that
B1(K−1) = Bj11, Bj1(K−1) = Bj21, . . . , BjL(K−1) = B11.
By applying (21) we obtain

L
(
[π(a

(0)
K−1), π(a

(1)
K−1), . . . , π(a

(nT−1)
K−1 )]F

qnT −

[π(a
(0)
0 ), π(a

(1)
0 ), . . . , π(a

(nT−1)
0 )]F

qnT

)
= [0, . . . , 0]F

qnT . (22)

However, this is a contradiction since if each element-wise
mapping satisfies condition (ii) we must have π(a

(`)
K−1) −

π(a
(`)
0 ) 6= 0 for all ` [5]. Thus, the r.h.s. in (22) cannot be

all-zero in general and therefore g is a polarizing mapping.
By considering the definition of good and bad channels

in (18), (19), (20), and the fact that polarization holds for
the q-ary symmetric DMC case [1], [2], [5], the following
polarization result follows directly.

Corollary 7. For all δ > 0 we have

I(WΠY |ΠX
) = lim

N→∞
|Aδ|
N

, 1− I(WΠY |ΠX
) = lim

N→∞
|Acδ|
N

.

C. Remarks

By considering a subspace-based successive cancellation
decoder, which is analogous to the one for the scalar case,
Corollary 7 shows that the AOC capacity Cn under rank(n)
input matrices can be asymptotically achieved for q →∞ and
N →∞ if matrix inputs of the type Ui = [In Pi] are applied
to the channels for Aδ . Due to Corollary 4 this also holds for
the capacity in the general case where the rank n restriction
is removed for the channel inputs. As in Arikan’s original
polar codes we transmit fixed frozen matrices Ui over those
channels for which i ∈ Acδ , for example all-zero matrices. Note
that the choice of an element-wise mapping g for the input

matrices significantly simplifies the encoder, compared to a
global mapping applied directly to the indices enumerating the
subspaces πUi = 〈Ui〉, which must be carried out over a po-
tentially large field size of FqnT . Further, note that the one-to-
one mapping between matrix Pi and corresponding subspaces
πU,i is preserved under the operator g, as X1 = g(U1, U2) can
be partitioned as [g(In, In) g(P1, P2)]. Here, g(In, In) serves
as a fixed pilot matrix to determine the transfer matrix of
the full-rank MMC at the decoder. An example for a suitable
element-wise mapping f is given in [5, Proposition 2].

IV. CONCLUSIONS

We have shown the applicability of polar coding for q-ary
sources and channels to the linear operator channel setting. In
particular, we have considered the transmission of subspaces
over a combined symmetric multiplicative and additive matrix
channel. It was shown that full rank input matrices suffice to
achieve the capacity of this channel asymptotically in the field
size q. Polarization for block lengths N →∞ is achieved by
applying an element-wise non-linear encoder mapping in the
channel combining step, which replaces the q-ary summation
in the classical DMC case, and by prepending the input matrix
with the identity to achieve capacity on the resulting full-rank
(error-free) MMC for q →∞.
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