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Abstract— We design polar codes for empirical coordination
and strong coordination in two-node networks. Our constructions
hinge on the fact that polar codes enable explicit low-complexity
schemes for soft covering. We leverage this property to propose
explicit and low-complexity coding schemes that achieve the
capacity regions of both empirical coordination and strong
coordination for sequences of actions taking value in an alphabet
of prime cardinality. Our results improve previously known polar
coding schemes, which (i) were restricted to uniform distributions
and to actions obtained via binary symmetric channels for strong
coordination, (ii) required a non-negligible amount of common
randomness for empirical coordination, and (iii) assumed that
the simulation of discrete memoryless channels could be perfectly
implemented. As a by-product of our results, we obtain a polar
coding scheme that achieves channel resolvability for an arbitrary
discrete memoryless channel whose input alphabet has prime
cardinality.

Index Terms— Strong Coordination, empirical coordination,
resolvability, channel resolvability, soft covering, polar codes.

I. INTRODUCTION

HE characterization of the information-theoretic limits of

coordination in networks has recently been investigated,
for instance, in [2]-[5]. The coordinated actions of nodes
in a network are modeled by joint probability distributions,
and the level of coordination is measured in terms of how
well these joint distributions approximate a target joint dis-
tribution with respect to the variational distance. Two types
of coordination have been introduced: empirical coordination,
which requires the one-dimensional empirical distribution of
a sequence of n actions to approach a target distribution,
and strong coordination, which requires the n-dimensional
distribution of a sequence of n actions to approach a target
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distribution. The concept of coordination sheds light into the
fundamental limits of several problems, such as distributed
control or task assignment in a network. Several extensions
and applications have built upon the results of [3], including
channel simulation [4], [5], multiterminal settings for empir-
ical coordination [6] or strong coordination [7]-[9], empir-
ical coordination for joint source-channel coding [10], and
coordination for power control [11]. Strong coordination also
finds its origin in quantum information theory with “visible
compression of mixed states” [2], [12], [13], [14, Sec. 10.6].
The design of practical and efficient coordination schemes
approaching the fundamental limits predicted by information
theory has, however, attracted little attention to date. One of
the hurdles faced for code design is that the metric to optimize
is not a probability of error but a variational distance between
distributions. Notable exceptions are [15] and [16], which have
proposed coding schemes based on polar codes [17], [18] for
a small subset of all two-node network coordination problems.
In this paper, we demonstrate how to solve the issue of
coding for soft covering with polar codes. Building upon this
result, we extend the constructions in [15] and [16] to provide
an explicit and low-complexity alternative to the information-
theoretic proof in [3] for two-node networks. More
specifically, the contributions of this paper are as follows:

o We propose an explicit polar coding scheme to achieve
the channel resolvability of an arbitrary memoryless
channel whose input alphabet has prime cardinality;
low-complexity coding schemes have previously been
proposed with polar codes in [16], invertible extractors
in [19], and injective group homomorphisms in [20] but
are all restricted to symmetric channels. Although [21]
has proposed low-complexity linear coding schemes for
arbitrary memoryless channels, the construction therein
is non-explicit in the sense that only existence results are
proved.

o We propose an explicit polar coding scheme that achieves
the empirical coordination capacity region for actions
from an alphabet of prime cardinality, when common
randomness, whose rate vanishes to zero as the block-
length grows, is available at the nodes. This construction
extends [15], which only deals with uniform distributions
and requires a non negligible rate of common randomness
available at the nodes.

o We propose an explicit polar coding scheme that achieves
the strong coordination capacity region for actions from
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an alphabet with prime cardinality. This generalizes [16],
which only considers uniform distributions of actions
obtained via a binary symmetric channel, and assumes
that the simulation of discrete memoryless channels can
be perfectly implemented.

Our proposed constructions are explicit and handle asym-
metric settings through block-Markov encoding instead of
relying, as in [22] and related works, on the existence of
some maps or a non-negligible amount of shared randomness;
we provide further discussion contrasting the present work
with [22] in Remark 1.

The coding mechanism underlying our coding schemes is
“soft covering,” which refers to the approximation of output
statistics using codebooks. In particular, soft covering with
random codebooks has been used to study problems in infor-
mation theory such as Wyner’s common information [23],
the resolvability of a channel [24], secrecy over wiretap
channels [20], [25]-[28], secrecy over quantum wiretap chan-
nels [29], strong coordination [3], channel synthesis [4], [5],
covert and stealth communication [30], [31]. In our coding
schemes, soft covering with polar codes is obtained via the
special case of soft covering over noiseless channels, together
with an appropriate block-Markov encoding to “recycle” com-
mon randomness.

Remark 1: [22, Th. 3] provides a polar coding scheme for
asymmetric channels for which reliability holds on average
over a random choice of the sequence of “frozen bits.” This
proves the existence of a specific sequence of “frozen bits”
that ensures reliability. [22, Sec. IlI-A] also provides an
explicit construction, which, however, requires that encoder
and decoder share a non-negligible amount of randomness
as the blocklength grows. To circumvent these issues, we use
instead the technique of block-Markov encoding, which has
been successfully applied to universal channel coding in [32],
to channel coding in [33], and to Wyner-Ziv coding in [34]
and [35].

The idea of randomness recycling is closely related to
recursive constructions of seeded extractors in the computer
science literature, see for instance [36]. Block-Markov encod-
ing in polar coding schemes has first been used in [32]
and [33], for problems involving reliability constraints and
requiring the reconstruction of some random variables. Unlike
problems that only involve reliability constraints, an additional
difficulty of block-Markov encoding for coordination is to
ensure approximation of the target distribution jointly over all
encoding blocks, despite potential inter-block dependencies.

The remainder of the paper is organized as follows.
Section II provides the notation, and Section III reviews the
notion of resolvability and coordination. Section IV demon-
strates the ability of polar codes to achieve channel resolv-
ability. For a two-node network, Sections V and VI provide
polar coding schemes that achieve the empirical coordination
capacity region and the strong coordination capacity region,
respectively. Finally, Section VII provides concluding remarks.

II. NOTATION

We let [a, b]] be the set of integers between |a| and [b].
We denote the set of strictly positive natural numbers by N*.
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. [10]*
For n € N, we let G, = 11
tion transform defined in [18]. The components of a vector
XN of size N are denoted with superscripts, i.e., X LN &
(x', X2,...,XN). For any set A C [1, N], we let X'"N[A]
be the components of X"V whose indices are in .A. For
two probability distributions p and g defined over the same
alphabet X, we define the variational distance between p and
q as

be the source polariza-

V(px.qx) £ D Ip(x) — g(x)l.

xeX

We let D(:||) denote the Kullback-Leibler divergence between
two distributions. If p, g are two distributions over the
finite alphabet X', similar to [37], we use the convention
D(pllg) = +oo if there exists x € X such that g(x) = 0
and p(x) > 0. For joint probability distributions pxy and gxy
defined over X x ), we write the conditional Kullback-Leibler
divergence as

Epy [D(pyixllgyix)] = z Px (X)D(py|x=x|qy|x=x)-
xeX

All logs are taken with respect to base 2. Unless specified
otherwise, random variables are written in upper case letters,
and particular realizations of a random variable are written in
corresponding lower case letters. Finally, the indicator function
is denoted by 1{w}, which is equal to 1 if the predicate w is
true and O otherwise.

III. REVIEW OF RESOLVABILITY AND COORDINATION

We first review the notion of channel resolvability [24],
which plays a key role in the analysis of strong coordination.
We then review the related notion of resolvability, which forms
a building block of our proposed coding schemes. Finally,
we review the definition of empirical and strong coordination
in two-node networks as introduced in [3]. A common char-
acteristic of these three problems is that they do not require a
reconstruction algorithm to ensure a reliability condition, as,
for instance, for source or channel coding, but require, instead
a “good” approximation of given probability distributions.

A. Soft Covering and Channel Resolvability

Soft covering is concerned with the approximation theory
of output statistics [24] and first appeared in the analysis of
the common information between random variables [23].

Consider a discrete memoryless channel (X, gy|x, )) and a
memoryless source (X, gx) with X and ) representing finite
alphabets. Define the target distribution gy as the output of
the channel when the input distribution is gy as

Vy e Voar(y) £ D qrix(1x)gx ().
xeX

ey

As depicted in Figure 1, the encoder wishes to form a sequence
with the least amount of randomness such that the sequence
sent over the channel (X, gy|x, V) produces an output yuN s
whose distribution is close to gyiv 2 [[Y, gy. A formal
definition is given as follows.
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S ~ Unif(S)
v

ENC XENOTIY, gx

in(S) l

qy|x qy|x
?I'N Yl:N
Dyt~ L gy

5Y1:N ~ gy 1:N

Fig. 1. Description of the channel resolvability problem. Unif(S) denotes
the uniform distribution over S.

Definition 2: Consider a discrete memoryless channel
(X, gv|x, V). A @NR N) soft covering code Cy consists of
o a randomization sequence S uniformly distributed over
S £ [1,2NR];
o an encoding function fy : S — XN;
and operates as follows:
o the encoder forms fn(S);
o the encoder transmits
qy1:N|x:N = H,Nzl qv|x-
Definition 3: R is an achievable soft covering rate for an
input distribution qx if there exists a sequence of 2N%, N)
soft covering codes, {Cn}n>1, such that

the channel

In(S)

over

lim ]D)(ﬁyl:N”qYltN) = O,
N—o0

where gyin = ]_[lNzl qy with qy defined in (1) for the input
distribution qx and VyI:N AR

Py ()’IZN) £ ZCIYI:N\XIIN (y1:N|fN(S))
seS
As summarized in Theorem 4, the infimum of achievable rates
for any input distribution gy is called channel resolvability and
has been characterized in [4], [20], [24], and [30] for various
metrics.

Theorem 4 (Channel Resolvability): Consider a discrete
memoryless channel W £ (X, qy|x, ). The channel resolv-
ability of W is H{}ax I(X;Y), where X and Y have joint

X

distribution qy|xqx.

1
N

B. Resolvability and Conditional Resolvability

Resolvability corresponds to channel resolvability over a
noiseless channel and thus characterizes the minimum rate of
a uniformly distributed sequence required to simulate a source
with given statistics. We review here the slightly more general
notion of conditional resolvability [38].

Consider a discrete memoryless source (X x ), gxy) with
X and Y finite alphabets. As depicted in Figure 2, given
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ﬁXLNyLN ~ dx1:Ny1:N

Fig. 2. Illustration of the conditional resolvability problem. Unif(S) denotes
the uniform distribution over S.

N realizations 0£ the memoryless source (), gy), the encoder
wishes to form X'V with the minimal amount of randomness
such that the joint distribution of (XN, Y!:N) denoted by
Pxtnyin, is close to gyinyin = vazl gxy. We refer to
this setting as the conditional resolvability problem. Note that
the traditional definition of resolvability [24] corresponds to
Y = (. A formal definition is as follows.

Definition 5: A 2NR N) code Cy for a discrete memory-
less source (X x Y, qxy) consists of

o a randomization sequence S uniformly distributed over
S & [1,2VR;
o an encoding function fy : S x YN — xV;

and operates as follows:

o the encoder observes N realizations YN of the memo-

ryless source (), ‘IY)f
o the encoder forms X'V & fy (S, YIV),

The joint distribution of (XN, YN is denoted by pyi:nyin.

Definition 6: R is an achievable conditional resolution rate
for a discrete memoryless source (X x Y, gxy) if there exists
a sequence of 2NR, N) codes, {CnYN>1 such that

lim D(ﬁxl:Nyl:N”qxl:NylzN) = 0,
N—oo

with pyinyun the joint probability distribution of the encoder
output thN, and where YN s available at the encoder.

The infimum of such achievable rates is called the condi-
tional resolvability and is characterized as follows [4], [38].

Theorem 7 (Conditional Resolvability): The conditional
resolvability of a discrete memoryless source (X X Y, qxy)
is H(X|Y).

Remark 8: In [38], the conditional resolvability is
described as the minimum randomness required to
approximate a target conditional distribution representing a
channel given a fixed input process. We prefer to approach
conditional resolvability as an extension of resolvability since
the corresponding interpretation in terms of random number
generation [24] and the special case Y = () seem more
natural in the context of our proofs.

The operation described in Definitions 5 and 6 may be
viewed as performing soft covering over noiseless channels.
Codes achieving conditional resolvability will be the main
building block of our coding schemes to emulate soft covering
over noisy channels.
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common randomness C'

\ 4 \ 4

NodD

M é fN(Xl:N,C)

XLN ~ HfV:1 qx

v
?
Px1uNy1:N R x1:Ny1:N

Fig. 3. Coordination setup for a two-node network.

C. Coordination

Consider a memoryless source (X)), gxy) with X and )
finite alphabets, and two nodes, Node 1 and Node 2. As
depicted in Figure 3, Node 1 observes a sequence of actions
XN and sends a message M over a noiseless channel to
Node 2. M must be constructed such that from M and
some randomness C, pre-shared with Node 1, Node 2 can
produce YN such that the joint distribution of (XN, Y1V,
denoted by pyivyiv, is close to gyiv = HlNzl gxy- A formal
definition is as follows.

Definition 9: A 2NR,2NRo /N coordination code Cy for
a fixed joint distribution qxy consists of

o common randomness C with rate Ry shared by Node 1

and Node 2;
o an encoding function fy : XN x [1,2NR0] — [1,2NR]
at Node 1;
o a decoding function gy : [1,2NR] x [1,2VNR0] — YN ar
Node 2,
and operates as follows:
o Node 1 observes XN, N independent realizations of
(Xa QX);
o Node 1 transmits fy (XN, C) to Node 2;
o Node 2 forms YN 2 oy (fn(X"™N | C), C), whose joint
distribution with X'V is denoted by pyinyin.
The notion of empirical and strong coordination are then
defined as follows.

Definition 10: A rate pair (R, Ry) for a fixed joint distribu-
tion gxy is achievable for empirical coordination if there exists
a sequence of 2NR, 2NRo NY) coordination codes {CnIN>1
such that for € > 0

N]i_r)nc>O PV (qu, TxlzNylzN) >€]=0,
where for a sequence (x"V,5"N) generated at Nodes 1, 2,
and for (x,y) € X x ),
1 & .y
Txl:NS;I:N()C, y) = N Z]l{(xl, y') = (x, )},
i=1

is the joint histogram of (x""N,5"N). The closure of the set of
achievable rates is called the empirical coordination capacity
region.
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Definition 11: A rate pair (R, Ro) for a fixed joint distrib-
ution qxy is achievable for strong coordination if there exists
a sequence of (2NR 2NRo N) coordination codes, {CnIN1
such that

lim V(ﬁxl:Nyl:N, qXI:Nyl:N) =0.
N—o0

The closure of the set of achievable rate pairs is called the
strong coordination capacity region.

The capacity regions for empirical coordination and strong
coordination have been fully characterized in [3].

Theorem 12 ([3]): The empirical coordination capacity
region is

Rec(qxy) = {(R, Ro) : R > 1(X:Y), Ro >0}.

Theorem 13 ([3]): The strong coordination capacity region

is

Rsclgxy)

2 Y

X— VY
VISIX|YI+1

{(R,Ro) : R+ Ro > 1(XY;V), R>I1(X;V).

IV. POLAR CODING FOR CHANNEL RESOLVABILITY

We first develop an explicit and low-complexity coding
scheme to achieve channel resolvability. The key ideas that
will be reused in our coding scheme for empirical and strong
coordination are (i) resolvability-achieving random number
generation and (ii) randomness recycling through block-
Markov encoding.

Informally, our coding scheme operates over k € N*
encoding blocks of length N £ 2", n € N* as follows. In the
first block, using a rate H (X) of randomness, we generate a
random variable whose distribution is close to gyi:v. When
the produced random variable is sent over the channel gy)x,
the channel output distribution is close to gy1:x. The amount of
randomness used is non-optimal, since we are approximately
“wasting” a fraction H(X|Y) of randomness by Theorem 4.
For the next encoding blocks, we proceed as in the first block
except that part of the randomness is now recycled from
the previous block. More specifically, we recycle the bits of
randomness used at the input of the channel in the previous
block that are almost independent from the channel output.
The rate of those bits can be shown to approach H (X|Y). The
main difficulty is to ensure that the target distribution at the
output of the channel is jointly approximated over all blocks
despite the randomness reuse from one block to another.

We provide a formal description of the coding scheme in
Section IV-A, and present its analysis in Section IV-B. Part of
the analysis for channel resolvability will be directly reused
for the problem of strong coordination in Section VI.

A. Coding Scheme

Fix a joint probability distribution gxy over X x ), where
|X| is a prime number. Define U'"N £ XN G, where G, is
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defined in Section II, and define for £ < 1/2, oy 2 2= and
the sets

Vx

{ieﬂl,Nﬂ:11aﬂ¢U“F*)>1ogpry—5N},
WwépemNmemﬂHYM>mgﬂ—m}

Note that the sets Vy and Vy|y are defined with respect to
gxy-. Intuitively, U LN [Vx|y] corresponds to the components
of UV that are almost independent from Y (see [39] for
an interpretation of Vx and Vx|y in terms of randomness
extraction). Note also that

lim |Vx|/N = H(X),
N—o0
lim [Vxyl/N = H(X|Y)
N—o0

by [39, Lemma 7], which relies on a proof technique used
in [22] and a result from [40].

We use the subscript i € [1, k] to denote random variables
associated with the encoding of Block i, and we use the
notation X;.; £ (X1)ie[i,j7- when i < j. The encoding process
is described in Algorithm 1. The functional dependence graph
of the coding scheme is depicted in Figure 4 for the reader’s
convenience.

Algorithm 1 Encoding Algorithm for Channel Resolvability

Require: A vector C; of |Vx|y | uniformly distributed symbols
shared by the encoder and decoder, and k vectors Cp.x of
[Vx\Vx|y| uniformly distributed symbols.

: for Block i =1 to k do

Qi ~ C

giIZN[VX\Y] <~ C;

UN[Vx\Vxy] < Ci N

Successively draw the remaining components Ul.IZN V5l

according to

A

~ ol —1
pU.JI|U.1:j*l(ul!|Ui ! )
il —1. . .
2 quigri- @] 10770 i j e Vg )

6: Transmit ijw £ ﬁiliNGn over the channel gy x.

We denote YiliN the corresponding channel output.
7: end for

In essence, the protocol described in Algorithm 1 performs a
resolvability-achieving random number generation [41, Defin-
ition 2.2.2] for each encoding block, and recycles randomness
C; over all blocks.

Remark 14: The randomizations described in (2) could be
replaced by deterministic decisions for j € HS,, i.e., random-
ized decisions are only needed for j € Vi \'H%, as shown
in [35].

B. Scheme Analysis

Our analysis of Algorithm 1 exploits simple relations
satisfied by the Kullback-Leibler divergence presented in
Appendix A. We denote the distribution induced by the
coding scheme, i.e., the joint distribution of X'V and ¥!*,
by ﬁXiI:NYil:N = qyl:N|X1:NﬁXi1:N, i € [1,k]. We start with

5091

LN ]

Cl . CQ _ Ck _
- XllN . N X21N . > X%N
- ?11:N o— 5721:1\1 o— f;kl:N
Ny Ny N
Block 1 Block 2 Block k
Fig. 4. Functional dependence graph of the block encoding scheme for

channel resolvability. N;, i € [1, k], is the channel noise corresponding to
the transmission over Block i. For Block i, (C;, Ci_j) is the randomness
used at the encoder to form X;, where Vi € [2,k], C; = Cj—; and C; is
only used in Block i.

Lemma 15 that helps us show in Remark 16 that each block
individually performs soft covering.
Lemma 15: For block i € [1, k], we have

]D)(C]XI:Nyl:N”ﬁXVI:NY.I:N) < 51(\}),

where (55\}) £ Néy.
Proof: For i € [1,k], we have

D(CIXI:NYI:N||175x,.1¢NYi11N)
= Eqy [ Dyl 1By i) | + Digyenl Fy )
© Digymllpy )
2 DigynllFym)

N
(©) ~
= D By [D(qu|U1:f—1 | |pu{\ui‘:f'*1)]
j=1

(d) -
= Z Eg,1.j-1 [D(QU./‘\UI:.}—I||PU:/|U‘1:./—I)]
jevy i

S (log X — HWI U
Jj€Vx

—~

!
<
<

-

[Vx|on
Noy,

where (@) holds by definition of pyi:vy1:v, (b) holds by invert-
ibility of G, (c) holds by the chain rule for divergence [42],
(d) holds by (2), (e) holds by uniformity of the symbols in
positions Vx, (f) holds by definition of Vy. [ |

Remark 16: The encoding algorithm  performs a
resolvability-achieving  random number  generation in
each block. A formal proof can be found in Appendix B and
relies on Lemma 15 and an asymptotic symmetry result for
the Kullback-Leibler divergence.

We now establish the asymptotic independence of consec-
utive blocks with the following two lemmas.

Lemma 17: For i € [2,k], the outputs of two consecutive
blocks are asymptotically independent; specifically,

- ~ ~ 2
D (i e 1Py, Prov) < o7
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where (5(2) (0] (Nzél/2

Proof: Leti € [1, k‘?. We have
HWU"NVxppllY ™) — H@G N Ve 1Y)
— H(UIZN[VXW]YI:N) _ H(fjil:N[VX“/]?il:N)

(a)

< NDjlog(|Y|/D1) + NDy log(|X[|Y|/D2)

(b)

< NDjlog(|Y|/D1) + NDslog(|X[|Y|/D3)

()

< 2NV21n2\/6\) log (|X||y|/ |:«/21n2,/51(\})1|)

£ oy, 3)
where (@) holds for N  large enough by
Lemma 39 in Appendix A with D; 2 /2In2
\/D(qul:N[VX‘Y]yl:N||ﬁU[1:N[VX|Y]Y[1:N) and D £ /2In2
/D(gyrn|lpyiv), (b) holds for N large enough
because D, < D3 by the chain rule for relative

Kullback-Leibler divergence and invertibility of G, with
£ «/21n2\/D(Q)(l:Ny1:N||ﬁx.l:Nyvl:N), (c) holds for N large
< Ds.

enough by Lemma 15 and because D
Hence, for i € [2, k],

D (Bysy ¢ 1 Byive, Bw)
= IFC T
= 1YV Cy+ 1N 7N e

d ~. -

SRR

= 1Y, N vy

D Wy llog |X] — H@TMN vgp 17

) . .
< Wxprllog| X — HU N Wy pl|Y V) 4 607

g) A )
< xprllog X[ — > HUIUH YY) 460"
J€Vxy

[Vxy|(log|X| —

< |Vxpyllog X — oy) + oY)
<

Noy + o7,

where (d) holds because Zlflv —C_'l — le, as seen in Figure 4,
(e) holds by uniformity of l7i1:N[VX‘y], (f) holds by (3), (g)
holds because conditioning reduces entropy. [ ]

Lemma 18: The outputs of all the blocks are asymptotically
independent; specifically,

k
D (ﬁyllka H ﬁyilzN) < (k
i=1
Proof: We have
k
D (ﬁYII:ZV H ﬁy[l:N )
i=1

k
DN

i=2

— 16,
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k
< ZI(Yi1:N3 Yllz}jxlcl)
i=2
k
= > (1@ TG + 1TV TEY 16T

I
)

;YO
=2

k
= 20 (Prye Prive P)

()
<

where (a) holds by Lemma 37 in Appendix A, (b) holds
because for any i € [3, k], the Markov chain YN, —C Y} —
Yl1 N holds as seen in Figure 4, (c) holds by Lemma 17 |
We are now ready to show that the target output distribution
is jointly approximated over all blocks.

Lemma 19: We have,

= (3)
. . <
D (pyll;'kN qul,kzv) < 5N R

where (5/(3) =0 k3/2N2511\,/4).
Proof: First, observe that

k k
D(qYl:kN H Hﬁy[l:N) = D(H qy1:N
i=1 i=1
L . L
= ZID) (qleN

k
11 By )

ﬁy,‘iN )

“)

where the inequality holds by Lemma 15. Then, we have for
N large enough,

D (ﬁyll':kN ”qyl:kN)

(a) 1
< log(W)«/Zan ]D)(ﬁYll:]fV
’UQY :

k
+ D(qYl:kN ||Hﬁyi1:N)

i=1

L) V2In2 [\/kag}) . 1)533)} ,

Haqy

k
H ﬁYiI:N)
i=1

(b)
< kN log
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where (a) holds by Lemma 38 in Appendix A and because
Hayran = ,uqy , (b) holds by Lemma 18 and by (4). [ ]
Our encoding scheme exploits randomness to draw symbols
according to (2), whose rate is for any i € [1, k],

> H@/ 0.

jeVy

1
lim —
N—oco N

We quantify this rate in the following lemma.
Lemma 20:

1
lim —
N—oo N

> H@ U =0 (5)

jeVy
Proof: We have for i € [[1, k], for j € V§,

HU07 ™~ HEl v

= HU)-HUY)+HU" ™) - ‘

H@
2NDlog(|X|/D)
2NV21n2,/6\) log (|X|/ [\/21112\/51(\})})

o), (6)

NE NE

(1>

where (a) holds by Lemma 39 in Appendix A for N large
enough and similar to the proof of Lemma 17 with D £
~2In2 /D(gyin||pyrn), (b) holds by Lemma 15 for N large
enough. l
Defining Hy
thus obtain

~j ~1j—1
> H@UTT

jeVy

- >

JEHSGU(HXx\Vx)

{i e [1,N]: HU U1 > 6y}, we

H@ T

< [Hx\Vxllog|X|+ > HU! 107"
JeHS
= (x| — VxDlog|X|+ > HT/ |07
jeHS

a) . .
< (IHxl = VxDlog|X| + D (HWI U™ +6)

JeEHS
< (1Hxl = VD log 1X] + [HS G + 09
< ("Hx| — [VxDlog|X| + N©n + 6, )

where (a) holds by (6), (b) holds by definition of Hy.
Hence, (7) yields (5) by [39, Lemmas 6,7]. [ |

Finally, combining the previous lemmas we obtain the
following theorem.

Theorem 21: The coding scheme of Section IV-A, which
operates over k blocks of length N, achieves channel resolv-
ability with respect to the Kullback-Leibler divergence over
the discrete memoryless channel (X,qy|x,)), where |X|
is a prime number. More specifically, the channel output
distribution ﬁyll':kN approaches the target distribution qyi:n
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with convergence rate
D (ﬁyl{:}gv ||qW) = (k”zv2 —) B €10,1/2[,
with a rate of input of randomness equal to I1(X; Y)+ w,

as N — oo, which approaches I1(X;Y) as k — oo. It
thus provides an explicit coding scheme with complexity in
O (kN log N) for Theorem 4.

Proof: By Lemma 20, the overall rate of uniform symbols
required is only

ICil+Crxl  Vxrl +kIVx\Vxyrl
kN - kN
_ Wxiyl = Vx| = Vxrl
kN N
N HX|Y
N—o00 I(X; Y)+ (k| )
oo 1x:y,

where we have used [39, Lemma 7]. Finally, we conclude that
the optimal rate /(X; Y) is achieved with Lemma 19. |

V. POLAR CODING FOR EMPIRICAL COORDINATION

We now develop an explicit and low-complexity coding
scheme for empirical coordination that achieves the capacity
region when the actions of Node 2 are from an alphabet of
prime cardinality. The idea is to perform (i) a conditional
resolvability-achieving random number generation and (ii) ran-
domness recycling through block-Markov encoding. However,
the coding scheme is simpler than in Section IV as the
common randomness recycling can be performed and studied
more directly. In particular, we will see that the encoding
blocks may be treated independently of each other since the
approximation of the target distribution is concerned with a
one dimensional probability distribution, as opposed to a kN
dimensional probability distribution as in Section IV.

More specifically, the coding scheme can be informally
summarized as follows. From X'V and some common ran-
domness of rate close to H (Y|X) shared with Node 2, Node 1
constructs a random variable YV whose joint probability
distribution with X'V is close to the target distribution
gxunyun. Moreover, Node 1 constructs a message with rate
close to 7(X; Y) such that Node 2 reconstructs ¥ 'V with the
message and the common randomness. Finally, encoding is
performed over k € N* blocks by recycling the same common
randomness, so that the overall rate of shared randomness
vanishes as the number of blocks increases. We formally
describe the coding scheme in Section V-A, and present its
analysis in Section V-B.

A. Coding Scheme

In the following, we redefine the following notation to
simplify discussion. Consider the random variables X, Y
distributed according to gxyy over X x ), where |))| is a
prime number. Let N £ 2", n € N*. Define U'"N £ Y!'NG,,
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where Gn is defined in Section II, and define for f < 1/2,

oy 227N as well as the sets
Vy & {l e[1,N]: HU U1 > log |V —5N},
Hy 2 { e [1,N] : HU U1y > 5N},
Vi 2 {i € [1, N HWIU 1 XY) > log 9] - oy,

Hy;x £ {z e [1,N]: HU U1 XNy > 5N}.

Note that the sets Vy, Hy, Vy|x, and Hy|x are defined with
respect to gxy. Note also that
lim |Vy|/N=H(Y) =
N—o0
lim [Vxyl|/N =H(X[|Y) =
N—o0

lim [Vy|/N,
N—o0

lim |Hxy|/N,
N—oo

by [39, Lemmas 6,7], where [39, Lemma 6] follows
from [43, Th. 3.2]. An interpretation of Hy x in terms of
source coding with side information is provided in [18], and
an interpretation of Vy x in terms of privacy amplification
is provided in [34] and [39]. Encoding is performed over
k € N* blocks of length N. We use the subscript i € [1, k]
to denote random variables associated with encoding Block i.
The encoding and decoding procedures are described in
Algorithms 2 and 3, respectively.

Remark 22: The coding scheme for each block is sim-
ilar to lossy source coding schemes [22], [44], as sug-
gested by the optimal communication rate described in
Theorem 12. However, the performance metric of interest is
different.

Algorithm 2 Encoding algorithm at Node 1 for empirical

coordination

Require: A vector C; of |Vy|x| uniformly distributed symbols
shared with Node 2 and X H(V .

1: for Block i =1 to k do

2: g,' ~— C

3: UI.N[VY‘X] <~ C;

4:  Given X; I'N - successively draw the remaining compo-

nents of U UlN according to pU1 NYIN defined by

ﬁU‘j|U1:-i_|x11N (u |U - XlN)

quiyti- 1X1N(u |U XI'N) if j € Hy\Vyx
quitri- 1(u |U L= )lf] EHC

(8)

5:  Transmit M; = U 1N [Hy\Vy\ x| and Cl, the randomness

necessary to draw U; ULy [Hy]
6: end for

B. Scheme Analysis
The following lemma shows that pyinyin, defined by
Pxin = gyin and Equation (8), approximates gy i:vyi:n.
Lemma 23: For any i € [1,k],

< +/2log2/Ndy.

V LNy 1:N p LNy 1:N
(gxrny ,px’_ Y, )
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Algorithm 3 Decoding algorithm at Node 2 for empirical

coordination

Require: The vectors C1, 51;k, used in Algorithm 2, and M.

1: for Block i =1 to k do

2 Cp <« (Cy

3 UNVyixl < G

4: U1 N[Hy\Vy\x <~ M;

5: Usmg C;, successively draw the remaining components
of U1 N according to quiyri-1

6 Yl . uNG,

7: end for

Remark 24: The encoder in each block performs a condi-
tional resolvability-achieving random number generation by
Lemma 23 and because |C1|/N = |Vy|x|/N Nooo H(Y|X).
The proof of Lemma 23 is similar to the proof of Lemma 28
in Section VI-B and is thus omitted. The following lemma
shows that empirical coordination holds for each block.

Lemma 25: Let € > 0. For i € [1,k], we have

]P)I:V (QXY, Txl}:Nyil;N) > g] < SW(N),

where 5(N) = O («/N&N).

Proof: For € > 0, define T.(gxy) = {(x!N,ylNy .
\% (qu, TxlzNylzN) < €}. We define for a joint distribution ¢
over (X x )),

P I(X"Y, Y™y € Te(gxy)]
= Z QXI:Nyl:N(xlzN,ylZN)]l{(xliN,yl:N) c

I:N

Te(gxy)}

leN,y

Note that limy_, oo ]P’q[(XliN, YNy ¢ To(gxy)] = 0 by the
AEP [42], and we can precise the convergence rate as follows.

P (XN, YY) ¢ Te(gxv)]
=P, [V (qu, Txl:Nyl:N) > e]
=P, |:Z lgxy(x,y) — Txinyrn (x,y)] > ej|

X,y

€
P H(X,Y)»|5]XY(X»)’)_T I:N l:N(x,y)|> }
"[ e KM

<D P, [mxy(x,y) — Tyivyin (x, y)| >

X,y

€
ReINY

N
=>P %Z[QXY(X» Y -L{(X7,Y7) = (x,y)

j=1

XNV

ZZex ( Ne )

P\ e

Neé?
— 21V ex (—7) ©)

P\ 2
where the second inequality holds by Hoeffding’s
inequality applied for each pair (x,y) to the
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independent and zero-mean  random variables
Zj(x,y) = (qxr(x,y) = WX/, ¥) = (x,y)}) € [-1.1],

J €1, N]. Next, let i € [1,k]. we have
Ps [V (qu, TX}:N)?l:N) > E]
= ﬁX’]:NYilzN (xliN, yliN)]l{(xliN, yl:N) ¢ lfe(qXY)}
1:N

Xl:N,y :

= z I:ﬁx[l:Nyil:N(xlzN,ylzN) _qxl:NylzN(.xltN,yltN)

Xl:N,yl:N
+ gy MYy | LG Y ¢ Te(gn)
< V(Pyrvyiw, gxivyin) + Pl (XY, YY) ¢ Te(gxy)]

Ne2
< /2log2y/ Non + 21 X||Y] exp (—m) ,
where we have used Lemma 23 and (9). [ |
We now show that empirical coordination holds for all

blocks jointly.
Lemma 26: Let € > 0 and a €]0, 1/2[. We have

B[V (0o Tagryy) > ] <™,

where 0B)(N) = O (k«/N&NL
Proof: We have

(o T

| kN .
=2 |axr (o) = o 20 2 U, ) = ()

o) j=1i=1
(! X
= % ;(EQXY(X, y) — N i=zl]l{(x;, y;) = (x, y)})

N
1=
M

1 & o
axy(x,y) = DG ) = (x, y)}’
i=1

(10)

~
Il
—

k
< ZP [V (qu, TX}:N;,.}:N) > 6:|

1

~.
I

(O]
< koY,

where (a) holds by (10), (b) holds by Lemma 25. [ ]

Theorem 27: The coding scheme described in Algorithms 2
and 3, which operates over k blocks of length N, achieves
the two-node network empirical coordination capacity region
of Theorem 12 for an arbitrary target distribution qxy over
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X x Y, where || is a prime number. The coding scheme is
explicit with complexity in O(kN log N).
Proof: The communication rate is

kIHy\Vy x|
kN
_ Wr\Vyix| + [(Hy \Vy)\Vy x|
N N
P Vy\Vrx| + IHy\Vr|
h N
_ [Vy| — IVY\XIA-]F [Hy| — [Vy| N—oo 1(X: ),

where we have used [39, Lemmas 6,1] for the limit. Node 1
also cgmmunicates the randomness Cj.; to allow Node 2 to
form U llflfv [H5 1, but its rate is o(N) since

z HU/|U% 1 =o,
jeHS

1
lim —
N—oco N

which can be shown using Lemma 23 similar to the proof of
Theorem 21. Then, the common randomness rate is
|VY|X| N—o00 H(Y|X) k—o00
kN k
where the limit holds by [39, Lemma 7]. Finally, we conclude

that the region described in Theorem 12 is achieved with
Lemma 26. u

0,

VI. POLAR CODING FOR STRONG COORDINATION

We finally design an explicit and low-complexity coding
scheme for strong coordination that achieves the capacity
region when the actions of Node 2 are from an alphabet
of prime cardinality. The idea is again to perform (i) condi-
tional resolvability-achieving random number generation and
(i) common randomness recycling with block-Markov encod-
ing as in Section IV. In addition, we also simulate discrete
memoryless channels with polar codes as opposed to assuming
that this operation can be perfectly realized.

An informal description of the strong coordination coding
scheme is as follows. From X!V and some common random-
ness of rate close to H(V|X) shared with Node 2, Node 1
constructs a random variable V¥ whose joint probability dis-
tribution with X *V is close to the target distribution gy 1.y 1:v.
Moreover, Node 1 constructs a message with rate close to
I(X; V) such that Node 2 reconstructs V"V with the message
and the common randomness. Then, Node 2 simulates a dis-
crete memoryless channel with input VEN to form YN whose
joint distribution with X'V is close to gyivy1.v. Finally, part
of the common randomness is recycled by encoding over
k € N* blocks, so that the overall rate of shared randomness
becomes on the order of I(V;Y|X). As in Section IV for
channel resolvability, the main difficulty is to ensure that
the joint probability distributions of the actions approach the
target distribution over all blocks jointly, despite reusing part
of the common randomness over all blocks and despite an
imperfect simulation of discrete memoryless channels. The
coding scheme is formally described in Section VI-A, and its
analysis is presented in Section VI-B.
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A. Coding Scheme

We first redefine the following notation. Consider the ran-
dom variables X, Y, V distributed according to gxyy over
X x Y xV such that X — V — Y. Moreover, assume that |)/|
and [V| are prime numbers. By Theorem 13, one can choose
|V| as the smallest prime number greater than or equal to
(XY +1). Let N £ 2" n € N*. Define U'"N £ yING, |
TN 2 yING,, where G,, 1s defined in Section II, and define
for f < 1/2 and oy £ 27N ” the sets

Hy 2 {i e [1,N]: HU U 1) > 5N},

Vyix 2 i € [I, N] : HU U X Ny > Tog |V —

=7
=
=

Vyy 2 {i e [1,N] : H(T T = 1WENY S Jog | Y] —

Vv\xy £ lie [[1,Nﬂ :

H(Ui|U1:i71X1:NY1:N) > 10g|V| _ 51\’} )

Note that the sets Hy, Vy|x, Vy|xy, and Vyy are defined with
respect to gxyy. Similar to the previous sections, we have

lim [Hy|/N = H(V),

N—o00

lim [Vyx|/N = H(V|X),
N—oo

lim [Vyxy|/N = H(V|XY),
N—o0

lim |Vyyv|/N = H(Y|V).
N—oo

Note also that Vy|xy C Vy|x C Vy. We define F; = Hy,
Fr £ Vyixy, F3 £ Vyix\Vyixy, and Fy £ Hy\Vy|x such
that (F, F», F3, Fa) forms a partition of [1, N]. Encoding
is performed over k € N* blocks of length N. We use the
subscript i € [1,k] to denote random variables associated
to encoding Block i. The encoding and decoding procedures
are described in Algorithms 4 and 5, respectively. The func-
tional dependence graph of the coding scheme is depicted
in Figure 5.

B. Scheme Analysis

Although the coordination metric defined in Section III-C
is the variational distance, our analysis will be performed
with the Kullback-Leibler divergence to highlight similarities
with the analysis of channel resolvability in Section IV-B.
Reverting back to the variational distance is directly obtained
with Pinsker’s inequality.

The following lemma shows that ﬁvl_uv X1 defined by
Pyi:N 2 gx1:v and Equation (11), approximates qy1:v y1:n .

Lemma 28: For any i € [1,k],

D(qlexlNHleNXlN) (A)
where 5/(\?) £ Niy.
Proof: We have

]D)(qvl:le:N ”ﬁv[l:NX[l:N)
@ D(gy1v x| |ﬁU’_1:NX’_1:N)

®) ~
= Eq,n I:]D)(qu:lel:N | |pU’_1:N‘Xi1:N):|
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Algorithm 4 Encoding algorithm at Node 1 for strong coor-

dination

Require: A vector Cy. of k|F3| uniformly distributed sym-
bols over [[1, |V|] shared with Node 2. A vector C, of | F|
uniformly distributed symbols over [1,|V|] shared with
Node 2 and XH{V

1: for Block i =1 to k do

: Cl < Cl

2

3 UMN[F] < G

4 U1 N[F3] < G

5: G1ven Xl1 N successively draw the remaining compo-
nents of ﬁiltN according to ﬁuimv XIN defined by

~ jir7lij—1 :
pr\U‘:j’lxliN(“”U' XY
qu‘Ul]l(u IUlj 1) ifjefl,
qU"Ul/ lxlN(u |U XllN) lf] €f4
(11)

6: Transmit M; = U UV [F4] and C the randomness nec-
essary to draw U1 NIF, to Node 2.
7: end for

Algorithm 5 Decoding algorithm at Node 2 for strong coor-

dination

Require: The vectors Ci, C{ > and C, used in Algorithm 4
and M.

1: for Block i =1 to k do

2: Cl <~ 61

3 UMV R« G

4 U1 NIF3] < c,

5: U1 N[F4] <

6: Usmg Cl, successwely draw the remaining components
of U1 N accordlng to gy jyri-1

7. VE N o UG,

8: Channel s1mu1at10n Given Vl1 N successwely draw the

components of Tl1 ‘N according to Prunyiy defined by
~ il —151:
pz}.ilT_li.i—|V‘l:N(ti]|Ti TN
1/1Y] if j € Vyv,
qriTti- lle(tj|T ViI:N) 1f] S V;;lv
(12)
0- ZI:N - Twil:NGn
10: end for

N
C ~
= z Gylj—1xI:N [D(QUI\UI:HXI:N||PU1j‘Ui1:j—1Xl;:N)]

@) —
= Z Eg -1 0n I:D(QU.HUW—'XIIN”pUlj‘U’_li./'—lxil:N):I
JeFIUFUF3
9> (ogVI— HWIUI=1X 1))
JjeVyix
+ Z (H(Ujluljfl)_ H(Uj|U1:jflleN))
JEHS,

< Vvixlon + [Hylon < Now,
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Block 1 Block 2 Block k
¢ 0 Xt c; Oy XN o G X
ﬁl:N Oi}ll:N ~1:NO—>O 1721:N ON—’O ?kl:N
1 [ U2 W UkIJN

Fig. 5. Functional dependence graph of the block encoding scheme for strong coordination. For Block i, (C;, le, C;) is the common randomness shared by
Node 1 and 2 used at the encoder to form U;, where C; = C7 is reused over all blocks.

where (@) holds by invertibility of G, (b) and (c¢) hold by the
chain rule for divergence [42], (d) holds by (11), (¢) holds by
umformlty of U; U'N[FyUF3] = U; uN [Vv|x], and by definition
of p pU ‘Ul/ lx”V in (11).

Remark 29 By Lemma 28 and because |F, U F3|/N =

Vv x|/N Nooo H(V|X), note that the encoding algorithm
of Section VI-A performs a conditional resolvability-achieving
random number generation in each block.

We now show that strong coordination holds for each block
in the following lemma.

Lemma 30: For i € [1,k], we have

]D)(ﬁxiliNy[lzNIIlezNyl:N)
S D(ﬁv.‘IleiNy,liN||6]v1:NX1:Ny1;N)
<o,
where (3/(\,8) =0 (N3/2511V/2)_
Proof: We have
D(ﬁv.liNx,l:Ny,ltN||6]v1:NX1:Ny1;N)
= ]D)(ﬁy‘l:N‘V_I:NX]:NﬁV_I:NX]:N||qy1:N|Vl:le:Nq‘/lszl:N)

= ]D)(ﬁy[l:N‘Vil:NﬁV[l:inlzN | |qyl:N‘Vl:NqV1:NXl:N)

(@)
< Nlog( )«/21n2

MV XY

X I:\/D(pyil:N‘Vil:Nquszl:N||py[1:N|V[1:NpVi1:NX[l:N)

+\/D(ﬁy,l:N‘V,l:NqVI:NXl:N”ﬁy,l:NV,l:Nle:N‘Vl:N)
i i i i

+ \/D(Q}/l:N‘Vl:qul:le:N||ﬁY‘1:NV‘1:NqX1:N|Vl:N) ]

1 o
= Nlog( )V21n2[\/D(q‘/lszl:N”pV‘I:NX_l:N)
HVXY ! !

+\/D(c]V1:N||ﬁV’_1:N) + \/D(c]ylszlzN||ﬁy’_1:NVi1:N)]

(b)
éNlOg(ﬂ ) 21n2 |:2\/5(A+\/]D)(C]lele”plele)}
VXY,

13)

where (a) holds similar to the proof of Lemma 38 in
Appendix A, (b) holds by Lemma 28. We bound the right-hand
side of (13) by analyzing Step 8 of Algorithm 5 as follows:

D(gy iy | Fypvyin)
© D(gpivyiv | Fpinyin)
2 By [D@rivyin B im) |+ Dlayinl|Fyv)
D By v [P@rinyon | Fpi i |+ Dlagin |15y )

d) _
< Noy +Eq LN [D(qTI:N|V1:N||pT1:NW1:N)]

(
9 N5N+ZEqT1, 1V1N|:]D)(QTI|T1] 1V1N||pTJ‘T1] 1V1N)]

j=1
/) ~
= Non +quT1:j_1Vlz/\,[D(QT.HTli.i—lVliN||pT‘.i|T_li./'—1V‘l:N)]
Jj€Vyy
D Noy+ > (log| Y| — H(T/|T I -1v1Ny)
j€Vyiv

(h)
< Noy + [Vyvlon
<2

Noy, (14)

where (a) and (c¢) hold by invertibility of G, and
the data processing inequality, (b) holds by the chain
rule for divergence [42, Th. 2.5.3], (d) holds because
D(qyinlpyin) < D(gyunyun||pyivyin) (by the chain
rule for divlergence and positivity of the divergence) and
because D(qy1:vxun||pyivyin) < Noy by the proof of
Lemma 28, (¢) holds byl the chain rule for divergence, (f)
and (g) hold by (12), (k) holds by definition of Vy . Finally,
combining (13), (14) yields the claim. |

Using Lemma 30, we now establish the asymptotic inde-
pendence of consecutive blocks.

Lemma 31: For i € [2,k], we have,

~ ~ ~ c
D (P v e Py Papove, ) <007
where (3/(VC) =0 (N9/45/1V/4).

Proof: We reuse the proof of Lemma 17 with the
substitutions qpin <= qyiN, gyiN < gxlNyLN, ﬁle:N <~
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PyiN, Pyi:n < Dpytnyin. Note that the Markov condition
i ~ i - A P

Xl.lj\l'Yilf;/ —C — X}:NYI.I:N holds as seen in Figure 5. [ |
Using Lemma 31 we next show the asymptotic indepen-

dence across all blocks.
Lemma 32: We have

k
~ ~ (©)
D(px%::lz(vyllt:]fvll HPX}:NY’_I:N) < (k= 1oy~
i=1

where (3/(VC) is defined in Lemma 31.

Proof: We reuse the proof of Lemma 18 with the
substitutions py1v <= pyuvyiv. Note that the Markov con-

~ 1 - ~ e ~

dition X'V, YN, — C XNy — X*NYIN holds, as seen
in Figure 5. [ ]
Using Lemmas 30 and 32, we now show that strong coordi-

nation holds over all blocks.
Lemma 33: We have

=~ (D)
. . . . <0
(p,(}:.ﬁvyll:.kN||6]X1.kNyl.kN) S oy .

where (51(VD) =0 k3/2N17/8511\,/8 .

Proof: ~We reuse the proof of Lemma 19 with the
substitutions gy1:v <= gxt:Ny1N, PyliN <= DyLNylN. |

We can now state our final result as follows.

Theorem 34: The coding scheme described in Algorithms 4
and 5, which operate over k blocks of length N, achieves
the two-node network strong coordination capacity region of
Theorem 13 for an arbitrary target distribution qxy over
X x Y, where |Y| is a prime number. The coding scheme is
explicit with complexity in O (kN log N).

Proof: We prove that the communication rate and the com-
mon randomness rate are optimal. The common randomness
rate is

IC1l +1Cixkl  Dvixy| +kIVyix\Vyixyl

kN kN
_ Wyixyl n Vvix| = Vvixyl
N g VIXY
Nzoo I(V;Y|X)+7( k' )

k— 00

— I[(V; Y|X), (15)

where we have used [39, Lemma 7].

Next, we determine the communication rate. Observe first
that for any i € [1, k],
|Ci

— = lim —
N—oo N

> H T o
JeEHS,

which can be proved using Lemma 30 similar to the proof of
Theorem 21. Hence, the communication rate is

UENF kI F

lim
N—o0

kN kN
_ vl = Vyixd
N
= pwv: x), (16)

where the limit holds by [39, Lemma 7].
We also have that the communication rate and the common
randomness rate sum to

IV X)+ 1(V; Y|X) =1(V; XY),
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which together with (15) and (16) recovers the bounds of
Theorem 13. This result along with Lemma 33 allow us to
conclude. [ |

Remark 35: The rate of local randomness H (Y |V) used at
Node 2 is optimal. It is possible to extend the converse proof
of [3] and include the local randomness rate Ry at Node 2 to
show that the strong coordination capacity region is

Rsc(gxy)
2 | J (R, Ro, R): R+ R > I(X; V) + H(Y|V),

> 1(
VISR DL R+ Ro+ Ry > I(XY; V) + HY|V)).

VII. CONCLUDING REMARKS

We have demonstrated the ability of polar codes to provide
solutions to problems related to soft covering. Specifically,
we have proposed an explicit and low-complexity coding
scheme for channel resolvability by relying on (i) conditional
resolvability-achieving random number generation and (ii) ran-
domness recycling through block-Markov encoding. As dis-
cussed in the introduction, our coding scheme generalizes
previous explicit coding schemes that achieve channel resolv-
ability but were restricted to uniform distributions or symmet-
ric channels.

Furthermore, by leveraging the coding scheme for channel
resolvability, we have proposed explicit and low-complexity
polar coding schemes that achieve the capacity regions of
empirical coordination and strong coordination in two-node
networks.

Note that all our coding schemes require that the cardinality
of the alphabet of actions at Node 2 (for Sections V, VI) or of
the channel input alphabet (for Section IV) be a prime number.
This assumption could be removed if [39, Lemma 6,7] used
throughout our proofs to establish various rates could be
extended to alphabet with arbitrary cardinalities. Such an
extension of [39, Lemma 6] is provided in [43], however,
the problem of obtaining a similar extension for [39, Lemma 7]
remains open.

APPENDIX A
SIMPLE RELATIONS FOR THE KULLBACK-LEIBLER
DIVERGENCE

We provide in this appendix simple relations satisfied by
the Kullback-Leibler divergence. More specifically, Lemma 36
allows us to characterize the symmetry of the Kullback-Leibler
divergence around zero. Lemma 37 allows us to express
independence in terms of mutual informations. Lemma 38
describes a relation similar to the triangle inequality for small
values of the Kullback-Leibler divergence. Finally, Lemma 39
provides an upper-bound on the difference of the entropy of
two random variables defined over the same alphabet. In the
proofs of the following lemmas, we only need to consider
the case where all the Kullback-Leibler divergences are finite,
since the lemmas trivially hold when any of the Kullback-
Leibler divergences appearing in the lemmas is infinite (see
Section II for the convention used in the definition of the
Kullback-Leibler divergence).
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Lemma 36: Let p, q be two distributions over the finite
alphabet X. We have

D (pllg) < log (ﬂi) V22D @llp).
q

where g = mi)l}q(x).

Proof: ﬁfe result follows from Pinsker’s inequality and
the following inequality [45, Eq. (323)].

1
D (plig) < log (ﬂ—) Vip,q). (17)

q

|
Lemma 37: Let (Xi)ic1,x) be arbitrary discrete random
variables with joint probability px,,. We have

k k
D le:k”Hpr :Zl(xi;xlti—l)-

i=1 i=2

Proof: We have by the chain rule for relative Kullback-
Leibler divergence [42]

k k
DY pxi.ll pri = ZEXI:i—l []D) (pXi|X1:i—l ”pr)]
i=1 i=1

k
= D(pX1;;||pX|:i—1pxi)
1

i—
k

= > I(Xi; Xpio1).
i=2

|
Lemma 38: Let p, q, and r be distributions over the finite
alphabet X. We have

D (plg) < tog (- ) V22 [Vmin® (1), D CT7)

q

+ V/min@ @), D 9]

where g = mi)réq(x).
Proof: Tﬁg result follows from (17), the triangle inequality
for the variational distance, and Pinsker’s inequality. [ ]
Lemma 39: Let p, q be distributions over the finite alphabet
X. Let H(p) and H (q) denote the Shannon entropy associated
with p and q, respectively. Provided that D(p||q) or D(q||p)
is small enough, we have

|
|H(q) — H(p)| < Dlog o)

where D £ /21n 2/min(D(pllq), D(g]| p)).

Proof: The result follows by [46, Lemma 2.7], Pinsker’s
inequality, and because x +> —xlogx is increasing
over 10, e 1. [ |
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APPENDIX B
PROOF OF REMARK 16

We first observe that |Vx|/N Moo H(X). Then, for i €
[1, £,

D(ﬁyil:NIqul:N)

(a) 1 / ~
< Nlog (—)VZ]HZ D(qYI:NprvI:N)
Hay !

(D) 1
< Nlog (—) v/21n 2\/5(1),

Hay

where (a) holds by Lemma 36 in Appendix A with Hapin =
,uf]VY, (b) holds by the chain rule and Lemma 15.
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