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Abstract—Turbo Codes and multiple parallel concatenated
codes (MPCCs) yield performance very close to the Shannon
limit. However, they are not asymptotically good, in the sense of
having the minimum distance grow linearly with the length of
the code. At the other extreme, multiple serially concatenated
codes (MSCCs), for example very simple repeat-accumulate-
accumulate codes, have proven to be asymptotically good, but
they suffer from a convergence threshold far from capacity.

In this paper, we investigate hybrid concatenated coding
structures consisting of an outer MPCC with very simple
memory-1 component encoders serially concatenated with an
inner accumulator. We show that such structures exhibit linear
distance growth with block length and that they have better
thresholds than MSCCs. The results indicate a fundamental
tradeoff between minimum distance growth and convergence
threshold in turbo-like codes.

I. I NTRODUCTION

The invention of Turbo Codes by Berrou et al. in 1993
[1] revolutionized the field of channel coding. Concatenated
coding schemes, consisting of relatively simple component
codes separated by interleavers, became a research focus
and many related schemes were subsequently proposed. Con-
catenated coding schemes can be divided into two main
categories, parallel concatenated codes (PCCs) and serially
concatenated codes (SCCs), introduced by Benedetto et al.
in 1998 [2]. PCCs can perform close to channel capacity,
but their minimum distance might not be sufficient to yield
very low bit error rates at moderate to high signal-to-noise
ratios (SNRs), leading to the so-called error floor problem.
The minimum distance of a PCC can be improved by adding
more branches of parallel concatenation, creating a multiple
parallel concatenated code (MPCC), but upper bounds on the
minimum distance of MPCCs show that these codes cannot be
asymptotically good in the sense that their minimum distance
grows linearly with block length [3].
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SCCs in general exhibit lower error floors than PCCs, due
to their better minimum distance, but they usually converge
further away from channel capacity. While the minimum
distance of single-serially concatenated codes (SSCCs) also
cannot grow linearly with block length [3], [4], multiple
serially concatenated codes (MSCCs) can be asymptotically
good. This has been shown for repeat-multiple accumulate
codes in [5] and [6], where the method in [6] allows the exact
calculation of the growth rate coefficient. However, the con-
vergence properties of SCCs with three or more concatenation
stages are far from capacity. While every additional serially
concatenated encoder increases the minimum distance of the
code, the iterative decoding behavior degrades, making coding
schemes with more than three serially concatenated component
codes impractical.

The main goal of this paper is to identify code ensembles
that exhibit a minimum distance that grows linearly with block
length but still maintains good convergence properties. This
motivates us to look at the distance growth and convergence
properties of hybrid concatenated codes (HCCs). HCCs offer
more freedom in code design and opportunities to combine
the advantages of parallel and serially concatenated systems.
Several different hybrid concatenated structures have been
proposed in the literature, e.g., [7], [8], [9]. Also, in [10],
an inner code was used to improve the distance properties of
an outer turbo code.

In this paper we show that the minimum distance of HCCs
that consist of an outer MPCC serially concatenated with an
inner accumulator grows linearly with block length and that
these hybrid concatenated schemes can have better iterative
decoding thresholds than MSCCs. As a benchmark, we will
compare these HCCs to the repeat-accumulate-accumulate
MSCC.

II. ENCODERSTRUCTURE AND WEIGHT ENUMERATORS

The hybrid code ensembles considered in this paper consist
of a MPCC outer code with 4 parallel branches, serially
concatenated with a (possibly punctured) accumulator. Figure



Fig. 1. Encoder structure for hybrid concatenated codes. A possible puncturing of the inner accumulator is not shown here.

1 depicts four different rateR = 1/4 encoders considered.
In the type 1 and 2 codes, all the code bits from the outer
MPCC enter the inner accumulator, while in the type 3 and
4 codes only three of the four parallel branches enter the
inner accumulator. The type 1 HCC is, in both its asymptotic
distance growth and convergence threshold, identical to the
rate R = 1/4 repeat by 4-accumulate-accumulate (R4AA)
code. For a fixed block length and random interleavers the
distance spectrum is different, however. The outer MPCC of
the type 2 HCC, first introduced in [11], is known to have
better convergence behavior than the outer MPCC of the type
1 HCC, due to the presence of a feedforward (1 + D) branch.
Higher rates can be obtained by puncturing the outer MPCC
or the inner accumulator. In this paper, we consider only
random puncturing of the inner accumulator, since otherwise
we cannot guarantee the linear distance growth property [6].
For the punctured inner accumulator, we define the puncturing
permeability rateδ, 0 ≤ δ ≤ 1, as the fraction of bits that
survive after puncturing. LetR′ be the rate of the unpunctured
code ensemble. Then the rate of the punctured code is given
by R = R′/δ for the type 1 and type 2 codes and by
R = 1/(δ(R′−1−1)+1) for the type 3 and type 4 codes. For
example, for type 3 and type 4 codes with permeability rate
δ = 2/3, the overall code rate isR = 1/3.

To analyze the weight spectrum of HCCs, we adopt the
uniform interleaver approach from [2] and [12]. Let the HCC
consist ofL component convolutional encoders andL − 1
interleavers. After termination, thelth component code is an
(Nl, Kl) linear block code and every encoderCl, exceptC1

which is directly connected to the input, is preceded by a
uniform random interleaverπl. The interleaverπl of length
Kl maps an input of weightwl into all of its

(

Kl

wl

)

possible
permutations with equal probability. Without loss of generality,
we assume that codeCL is always connected to the channel.
Finally, we take the set{1, 2, · · · , L − 1} and separate it
into two disjoint sets: the setSO of all indices l for which

component encoderCl is connected to the channel and the set
S̄O, its complement.

Let AC
w,h denote the Input-Output Weight Enumerating

Function (IOWEF) of a codeC, the number of codewords
of length N in C with input weightw and output weighth.
The average IOWEF of an HCC is then given by

Ā
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=

N1
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· · ·

NL−1
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Āw,h1,··· ,hL−1,h,

(1)
where we call the quantitȳAw,h1,··· ,hL−1,h, with the output
weights of each component encoder fixed, the average Condi-
tional Weight Enumerating Function (CWEF).

Likewise, let ĀC
h denote the average Weight Enumerating

Function (WEF) of a codeC, the number of codewords with
output weighth, i.e.,

ĀC
h =

K
∑

w=1

ĀC
w,h. (2)

Since we are using very simple rate-1 component encoders
with memory one, their IOWEFs can be given in closed form
as [12]

A
1

1+D

w,h = A1+D
h,w =

(

N − h

⌊w/2⌋

)(

h − 1

⌈w/2⌉ − 1

)

. (3)

Finally, using the average IOWEF in (1) along with the union
bound, the bit-error rate (BER) of an(N, K) HCC can be
upper bounded by

Pb ≤
1

2

N
∑

h=1

K
∑

w=1

w

K
Ā

Chyb

w,h erfc

(

√

hREb

N0

)

, (4)

whereEb/N0 is the SNR of an additive white Gaussian noise
(AWGN) channel, and we have assumed BPSK modulation.



III. A SYMPTOTIC M INIMUM DISTANCE ANALYSIS

Following [13], we define the asymptotic spectral shape as

r(ρ) = lim
N→∞

log ĀC
ρN

N
, (5)

where ρ = h
N is the normalized codeword weight. When

r(ρ) < 0, the average number of codewords with normalized
weight ρ goes to zero asN gets large.

Now recall Stirling’s approximation for binomial coeffi-
cients (

n

k

)

n→∞
−→ enH(k/n), (6)

where H (·) denotes the binary entropy function with the
natural logarithm. Then we can write the CWEF of an HCC
as

Āw,h1,··· ,h = exp {f(α, β1, · · · , βL−1, ρ)N + o(N)} , (7)

where α = w
K , is the normalized input weight,βl = hl

Nlis the normalized output weight of the component encoders,
and the functionf(· · · ) is obtained by applying Stirling’s
approximation to the binomial coefficients in̄Aw,h1,··· ,hL−1,h.
Using (7), the spectral shape function can now be written as

r(ρ) = sup
0<α,β1,··· ,βL−1≤1

f(α, β1, · · · , βL−1, ρ), (8)

so if the functionf(· · · ) is strictly negative for all possible
paremeters0 < α, β1, · · · , βL−1 ≤ 1, almost all codes in the
ensemble do not have a codeword of normalized weightρ.
Further, iff(· · · ) is stricly negative for allρ, 0 < ρ < ρ0, and
has a positive supremum forρ > ρ0, it follows that almost all
codes in the ensemble have a minimum distance of at least
ρ0N as the block lengthN tends to infinity, i.e.,ρ0 is the
asymptotic minimum distance growth rate of the ensemble.
To analyze a particular code ensemble, we must solve the
resulting optimization problem.

Example 1. Type 1 HCC:

To simplify the notation, we denote the input weight of the
inner serial accumulator ashp = h1 + h2 + h3 + h4 and its
normalized weight asβp =

hp

N . Since the inner accumulator
is the only component encoder connected to the channel, the
setSO is empty, and from (1) the CWEF of the type 1 HCC
can be written as

Ā
Ctype1

w,h1,...,h4,h =

∏4
l=1

(

K−hl
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)

(

N
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) ,

(9)
which, using (6), results in the function

f(α, β1, · · · , β4, ρ) =
1

4

4
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3

4
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(10)
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Fig. 2. Asymptotic spectral shape for the rateR = 1/4 HCCs in Fig. 1.

The numerical evaluation of (10) and (8) is shown in Figure
2. Although the supremum of (10) is zero forρ < ρ0 =
0.1911, the supremum is only achieved forα, β1, · · ·β4 = 0
and for0 < α, β1, · · · , β4 ≤ 1 the functionf(· · · ) is strictly
negative. Thusρ0 = 0.1911 is the asymptotic minimum
distance growth rate of the ensemble.

The functionf(· · · ) achieves its maximum when the par-
allel concatenated encoders contribute equally to the output
weight of the outer MPCC, namely whenβ1 = β2 = β3 = β4.
Thus we can substituteβp for βi and (10) becomes exactly
equal to the expression for the double serially concatenated
R4AA code.

Example 2. Type 4 HCC:

The type 4 HCC is systematic and again we use (1) to obtain
its average IOWEF. Since the systematic branch (the first en-
coderC1) just performs identity mapping, its IOWEF is given
by AC1

w,w =
(

K
w

)

and zero for all other output weights. Here
the systematic branch (C1) as well as the inner accumulator
(C5) are connected to the channel, soSO = {1}. Again, we
denote the input weight of the inner serial accumulator as
hp = h2 + h3 + h4 and its normalized weight asβp =

hp

3N/4 .
This results in the following average weight enumerator for
the type 4 HCC:

Ā
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)
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(11)
which gives the function
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3

4
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(12)

Figure 2 shows the spectral shape function for the four
different HCCs, along with the Gilbert-Varshamov bound
(GVB) for rateR = 1/4, the asymptotic distance growth rate
of the entire ensemble of block codes. The type 1 scheme
has the largest distance growth rate coefficient of0.1911.
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Fig. 3. Lower bound on the minimum distance of theR = 1/4 HCCs in
Fig. 1.

Replacing one of the parallel concatenated accumulators by
its feedforward inverse (type 2) decreases the distance growth
rate coefficient to0.1793. When only three branches enter the
inner serially concatenated accumulator and the output of the
(1 + D) branch is sent straight through to the channel (type
3), the distance growth rate coefficient reduces to0.1350, and
for the systematic type 4 scheme we obtain a distance growth
rate coefficient of0.1179.

IV. F INITE LENGTH M INIMUM DISTANCE ANALYSIS

The average WEFĀChyb

h can also be used to analyze
the finite length minimum distance properties of an HCC
ensemble. GivenĀChyb

h , the probability that a code chosen
randomly from the ensemble has minimum distancedmin < d
is upper bounded by [5]

Pr(dmin < d) ≤ (Ā
Chyb

0 − 1) +

d−1
∑

h=1

Ā
Chyb

h . (13)

Equation (13) can now be used to obtain results on the
achievable minimum distances of finite length HCCs. In Fig. 3,
we show the bound of (13), where we setPr(dmin < d) = 1/2,
for the R = 1/4 HCCs in Fig. 1 and codeword lengths up to
1000. By settingPr(dmin < d) = 1/2, we expect that at least
half of the codes in the ensemble have a minimum distance
of at leastdmin. The finite length GVB is also plotted for
reference. The results are in agreement with the asymptotic
analysis of the previous section. Examining Fig. 3, we observe
that the best distance growth rate is obtained for the type 1
HCC, and among the four code ensembles considered, the type
4 HCC exhibits the poorest growth rate. We also note that the
growth rate for the type 1 HCC is identical to that of the R4AA
code. Due to their larger minimum distances, type 1 and type
2 code ensembles are expected to show lower error floors
than type 3 and type 4 HCCs, although they might behave
differently in the low SNR regime. The low SNR convergence
behavior of these HCCs is analyzed in the next section.

V. CONVERGENCEANALYSIS

A primary goal of this paper is the design of codes with
linear distance growth and good convergence properties. The
asymptotic minimum distance and finite length analyses in
Sections III and IV, respectively, provide accurate predictions
of the performance of HCCs in the so-called error floor
(moderate to high SNR) region of the bit error rate (BER)

Fig. 4. Decoder for type 1 HCC of Fig. 1.

curve. However, they convey no information about code per-
formance in the waterfall (low SNR) region. Instead, extrinsic
information transfer (EXIT) charts [14] can be used to predict
the convergence behavior of iterative decoding for turbo and
turbo-like codes, assuming an infinite interleaver size.

Let x and y be the sequences of information and coded
bits, respectively, of a codeC. Also let xi andyi be thei-th
elements inx andy. We denote byLC

a(xi) andLC
a(yi) the a

priori values (log-likelihood ratios) of the information bits and
coded bits ofC, respectively. The soft-input soft-output (SISO)
decoder forC computes the extrinsic log-likelihood ratios
(LLRs) LC

e (xi) andLC
e (yi) based on the a priori information

and code constraints.
Now let ICA(x) and ICA(y) denote the mutual information

(MI) of LC
a(xi) and LC

a(yi), defined as the mutual informa-
tion betweenxi and LC

a(xi), I(xi; L
C
a(xi)) (respectively,yi

and LC
a(yi), I(yi; L

C
a(yi))). The average a priori MI for the

elements inx andy is defined as:

ICA(x) =
1

N

N−1
∑

i=0

I(xi; L
C
a(xi))

ICA(y) =
1

N

N−1
∑

i=0

I(yi; L
C
a(yi)).

(14)

In a similar way, we can define the average extrinsic MIsICE(x)

andICE(y) for the extrinsic LLRs. The input-output behavior of
a SISO decoder for codeC is then completely characterized by
two EXIT functions,Tx andTy, which specify the evolution
of the extrinsic MIs as a function of the a priori MIs:

ICE(x) = Tx(ICA(x), I
C
A(y))

ICE(y) = Ty(I
C
A(x), I

C
A(y)).

(15)

In practice, these functions can be obtained by Monte Carlo
simulation for all values0 ≤ ICA(x) ≤ 1 and0 ≤ ICA(y) ≤ 1 by
modeling the a priori information as Gaussian distributed.

In a coding scheme withL component encoders, decod-
ing proceeds by alternating between theL SISO decoders.
The evolution of the extrinsic MI can then be tracked in a
multi-dimensional EXIT chart [15], which can be used to
predict the convergence threshold. Unfortunately, such a multi-
dimensional EXIT chart is hard to visualize. To generate EXIT
charts that are easy to deal with, the EXIT functions of the
L − 1 component encoders of the outer MPCCCs in Fig. 1
can be combined to obtain the EXIT function of the MPCCC.



Thus, the behavior of the HCC structures considered in this
paper can be determined by using a two-dimensional EXIT
chart, displaying in a single figure the EXIT functions of
the outer MPCCC and the inner accumulator. To compute
the EXIT function of the MPCCC we follow the approach
suggested in [16]. As an example, consider the type 1 HCC
in Fig. 1. The corresponding decoder is depicted in Fig. 4.
Following the above definitions, letLCl

a (xi) and LCl
a (yi)

(LCl
e (xi) andLCl

e (yi)) denote the a priori information (extrin-
sic information) forxi andyi for codeCl. Similarly, letICl

A(xi)
,

ICl

A(yi)
(ICl

E(xi)
, ICl

E(yi)
) denote the corresponding MIs. The

EXIT functions for thelth component code (l = {1, . . . , 4})
can then be expressed as

ICl

E(xl)
= T Cl

x
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ICi
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 , ICl

A(yl)



 ,

(16)

where closed form approximations for the functionJ and its
inverseJ−1 can be found in [14], [16]. Note that, for the
type 1 HCC, the four EXIT functionsICl

E(xl)
are identical and

ICl

A(yl)
= IC5

E(x5)
.

The EXIT function of the MPCCC,ICmpccc

E(ympccc)
, can be

computed for all values0 ≤ IC5

E(x5)
≤ 1 by activating

all L − 1 decoders of the MPCCC untilICl

E(xl)
and ICl

E(yl)

have converged to a fixed value. ThenICmpccc

E(ympccc)
is just

equal to ICl

E(yl)
. Finally, the convergence behavior of the

HCCs considered here can be tracked by displaying in a
single plot the EXIT functionsICmpccc

E(ympccc)
= T (IC5

E(x5)
) and

IC5

E(x5)
= T (I

Cmpccc

E(ympccc)
, δJ(

√

8REb/N0)), whereδ represents
the permeability rate if puncturing is employed. A similar
procedure as the one described above can be applied for the
type 3 and type 4 HCCs. In this case, the EXIT function for the
outer MPCCC also depends on the SNR. For the type 2 HCC,
the computation ofICmpccc

E(ympccc)
is a bit more complex, since

the EXIT function of the first encoder in the outer MPCCC is
different.

The resulting EXIT charts are shown in Fig. 5 for type 1
and type 4 HCCs and rate1/4. The dashed curves are the
EXIT functions for the inner and outer codes of the type
1 HCC for Eb/N0 = 2.24 dB, while the solid curves are
the EXIT functions of the type 4 HCC forEb/N0 = 1.03
dB. A vertical step between the lower curves and the upper
curves represents a single activation of the inner decoder,while
a horizontal step between the upper curves and the lower
curves represents an unspecified number of activations of all
the component decoders of the MPCCC until nothing more
can be gained. We observe that the type 4 HCC converges
significantly earlier (1.21 dB) than the type 1 HCC, thanks to
the systematic branch. We also note that the EXIT chart for
the type 1 HCC is identical to that of the R4AA code, where
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Fig. 5. EXIT charts of type 1 HCC (dashed curves) forEb/N0 = 2.24 dB
and of type 4 HCC (solid curves) forEb/N0 = 1.03 dB.

TABLE I
DISTANCE GROWTH RATE COEFFICIENTρ0 VERSUS CONVERGENCE

THRESHOLD FOR DIFFERENT RATE1/4 AND PUNCTURED RATE1/3 HCCS.
rate 1/4 rate 1/3

Code ρ0 threshold ρ0 threshold

Type 1 0.1911 2.24 dB 0.1669 2.85 dB
Type 2 0.1793 2.05 dB 0.1650 2.60 dB
Type 3 0.1350 1.30 dB 0.1172 1.94 dB
Type 4 0.1179 1.03 dB 0.1057 1.40 dB
RAA 0.1911 2.24 dB 0.1323 1.68 dB

the EXIT function forC1 in the figure corresponds now to the
EXIT function of the R4A outer code.

From the minimum distance and EXIT chart analyses, it is
seen that the hierarchy of the codes in terms of convergence
threshold is opposite to their hierarchy in terms of distance
growth, i.e., the best schemes in terms of distance growth are
the worst ones in terms of convergence, and vice versa. In
Table I we give the asymptotic distance growth rate coefficient
ρ0 and the convergence threshold for the four HCCs in Fig. 1
for ratesR = 1/4 and 1/31, where the rateR = 1/3 results
were obtained by modifying the analyses of Sections III and
IV to account for random puncturing of the inner accumulator.
The results indicate the presence of a fundamental tradeoff
between distance growth and convergence properties. This
tradeoff has been also often observed in finite length analyses
of many kinds of concatenated codes: the codes attaining
lower error floors are in general those with poorer convergence
thresholds.

VI. SIMULATION RESULTS

In Fig. 6 we give BER curves for the rateR = 1/4 HCCs
of Fig. 1, together with the union bounds on error probability
obtained from (4). The information block length isK = 1024
bits and random interleavers are assumed. The type 1 and
type 2 HCCs exhibit the best performance in the error floor
region, but they have poor convergence behavior. Convergence
is significantly improved if some bits from the outer code
are not encoded by the inner accumulator. As anticipated by
the EXIT charts analysis, the best convergence is achieved by
the systematic type 4 HCC. On the other hand, this code has
the worst error floor behavior, as anticipated by the distance
growth rate results of Figs. 2 and 3. In the same figure we
show the BER curve and the union bound for the R4AA code.

1The RAA results for rate 1/3 are for the true rate 1/3R3AA code
ensemble, not for the puncturedR4AA code ensemble.
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Note that its performance in the waterfall region is identical
to the type 1 HCC, as predicted by the EXIT charts. Finally,
in Fig. 7 we give BER curves for punctured rateR = 1/3
HCCs, together with their union bounds. The performance of
the R3AA code is also shown. We see that the type 4 HCC is
the best code in terms of convergence, where we observe an
improvement of∼ 0.4 dB with respect to the R3AA. On the
other hand, the type 4 HCC also has the highest error floor.

The union bounds in Figs. 6 and 7 depend on the entire code
ensemble. Therefore, they are dominated by the code with
the smallest minimum distance. This explains the error floor
disagreement in some cases with respect to the hierarchy noted
in Table I. Better agreement is achieved if we compute instead
the union bound for an expurgated ensemble [5] (i.e, only for
those codes withdmin ≥ d, wherePr(dmin < d) = 0.5. The
expurgated bounds are not plotted in the figures, since they are
extremely low. Designed interleavers should be able to attain
such very low error floors.

VII. C ONCLUSIONS

Asymptotically good code ensembles, in the sense that their
minimum distance grows linearly with block length, are less
prone to error floors than code ensembles without this property.
In this paper, we have investigated several rateR = 1/4 hybrid
concatenated codes with very simple component encoders that
have better convergence thresholds than the R4AA code and
are also asymptotically good.

We calculated the asymptotic distance growth rate coeffi-
cient of these hybrid concatenates codes using the spectral
shape function of the ensemble, presented the corresponding
finite length analysis, and determined their iterative decoding
thresholds using EXIT charts. Then simulation results were

given to support the conclusions of the minimum distance and
EXIT chart analyses.

Similar to results of other studies, we observed a trade-
off between convergence thresholds and distance growth rates.
We conclude that it is not possible to optimize both design
criteria at the same time, so that in practice it is necessary
to seek a compromise between error floor performance and
convergence behavior. Hybrid concatenated codes offer more
freedom in designing the encoder structure than multiple
serially concatenated codes, and thus it is possible to design
code ensembles that offer a better tradeoff between minimum
distance growth and iterative decoding convergence behavior.

Finally, we have also observed that the threshold can be
further improved by replacing a fractionλ of the output bits of
the inner accumulator with the corresponding input bits, thus
improving convergence behavior at the expense of distance
growth.
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