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Abstract—This paper explores the relationship between two
ideas in network information theory: edge removal and strong
converses. Edge removal properties state that if an edge of small
capacity is removed from a network, the capacity region does not
change too much. Strong converses state that, for rates outside
the capacity region, the probability of error converges to 1.
Various notions of edge removal and strong converse are defined,
depending on how edge capacity and residual error probability
scale with blocklength, and relations between them are proved. In
particular, each class of strong converse implies a specific class of
edge removal. The opposite direction is proved for deterministic
networks, and some discussion is given for the noisy case.

I. INTRODUCTION

Consider a general network communication scenario given
an arbitrary collection of sources and sinks connected via
arbitrary communication links. The sources are independent
and each source is demanded by a subset of sinks, where
this subset can be different for each sink. A general interest
in network information theory is to determine the capacity
of such networks, defined by the set of achievable rates for
each source. As this problem is known to be challenging, we
consider the simpler problem of how the capacity of these
networks change if only a single edge is removed from the
network. This problem has first been studied by [1], [2].
The authors have shown that for acyclic noiseless networks
and a variety of demand types for which the cut-set bound
is tight, removing an edge of capacity δ the capacity of
every min-cut is reduced by at most δ in each dimension.
Further, in [3] it has been shown for a noiseless multiple
multicast demand that this edge removal property also holds
for generalized network sharing [4] and linear programming
[5] outer bounds. In addition, the existence of the edge removal
property has for example been tied to the problem whether
a network coding instance allows a reconstruction with ε
or zero error [6], [7], respectively. Another example is the
connection of edge removal to the equivalency between a
network coding instance and a corresponding index coding
problem [8]. Despite significant progress has been made to
understand the scenarios in which the edge removal property
holds, the solution to the general problem is open.

In this work, we address the connection of edge removal to
the existence of strong converses, a connection that has been
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explored only briefly in [9, Chap. 3]. The strong converse
theorem states that the error probability converges to one
for large blocklengths n if the rate exceeds the capacity.
This is in stark contrast to a weak converse which only
indicates that the error probability is bounded away from
zero if we operate at a rate beyond capacity. The benefit of
strong converses are that they strengthen the interpretation
of capacity as a sharp phase transition. They also allow the
following interesting interpretation: if a strong converse exists
for a given network instance, ε reliable codes (i.e., codes
which allow reconstruction with ε error) must have rate tuples
within the capacity region for ε ∈ [0, 1) and large n. For
example, strong converses have been established for point-
to-point settings, e.g., for discrete memoryless channels and
quantum channels. Recently it has been shown that a strong
converse holds for a subset of discrete memoryless networks
with tight cut-set bounds [10], as deterministic relay networks
with no interference or a certain class of wireless erasure
networks.

In the following, we categorize the notions of edge re-
moval and strong converses into different classes depending
on how edge capacity and residual error probability, resp.,
scale with blocklength and demonstrate the relations between
these instances. In particular, we show that each specific
class of strong converses always implies a specific class of
edge removal, independently whether the network consists of
deterministic or probabilistic links. We also show that the
opposite direction either holds only for deterministic networks
or special cases of memoryless networks. See Fig. 1 for a
summary of our results.

II. MODEL AND DEFINITIONS

Notation: For an integer k we define [1 : k] = {1, . . . , k}.
All logarithms and exponentials have base 2. For sequences
an, bn, we write an

.
= bn if log(an)/n and log(bn)/n have

the same limit as n→∞.

A. Network Model

We begin with a very general network model. Many of
our results apply only for discrete memoryless networks or
deterministic networks, but some basic results apply in much
more generality.
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Consider a network consisting of d nodes, where node i ∈
[1 : d] wishes to convey a message Wi at rate Ri to a set of
destination nodes Di ⊆ [1 : d].1 The channel model consists
of:
• An input alphabet Xi for each i ∈ [1 : d],
• An output alphabet Yi for each i ∈ [1 : d],
• For each time step t, a conditional probability measure

given by

p(y1t, . . . , ydt|yt−11 , . . . , yt−1d , xt1, . . . , x
t
d). (1)

Definition 1: A channel model is memoryless and stationary
if the probability measure in (1) can be written

p(y1t, . . . , ydt|x1t, . . . , xdt)
and these distributions are the same for all t. A channel
is deterministic if the probability measure in (1) is always
deterministic.

For any R = (R1, . . . , Rd) ∈ Rd, an (R, n) code consists
of
• for each node i ∈ [1 : d] and time t ∈ [1 : n], an encoder

φit : [1 : 2nRi ]× Yt−1i → Xi
• for each node i ∈ [1 : d], a decoder

ψi : [1 : 2nRi ]× Yni →
∏

j:i∈Dj

[1 : 2nRj ].

Assume messages Wi for i = 1, . . . , d are independent and
each uniformly distributed over [1 : 2nRi ]. The channel input
from node i at time t is given by Xit = φit(Wi, Y

t−1
i ). For

i ∈ Dj , the estimate of Wj at node i is given by Ŵji =
ψ(Wi, Y

n
i ). Given an (R, n) code, the probability of error is

P (n)
e = P{Ŵji 6= Wj for some j ∈ [1 : d], i ∈ Dj}.

For blocklength n and ε ∈ [0, 1], let R(n)(N , ε) ⊆ Rd be
the set of rates R for which there exists an (R, n) code with
probability of error at most ε. For a sequence εn ∈ [0, 1], let

R(N , εn) =
⋃
n0∈N

⋂
n≥n0

R(n)(N , εn)

where (·) indicates closure. We will assume throughout this
paper that εn has the property that limn→∞− 1

n log(1 − εn)
exists. In other words, there exists α where 1− εn

.
= 2−nα.

For fixed ε, R(N , ε) denotes the capacity region with
asymptotic error probability ε. With some abuse of notation,
define the usual asymptotically-zero-error capacity region as

R(N , 0+) =
⋂
ε>0

R(N , ε).

B. Strong Converses

We define three different versions of the strong converse,
beginning with the usual strong converse.

Definition 2: Network N satisfies the strong converse if
R(N , ε) = R(N , 0+) for all ε ∈ (0, 1).

The following definition originates from [9, Chap. 3].

1We assume for simplicity that at most one message originates at each
node; all results can be easily generalized to the scenario in which multiple
messages originate at each node.
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Fig. 1. Diagram showing the relationships between various strong converses
and edge removal properties. Solid black lines represent implications that
always hold. Dashed blue lines represent implications that we conjecture to
hold for all memoryless networks, but have proven only for two special cases
(namely, deterministic networks and those made up of independent point-to-
ponit links). The dotted red line is an implication that holds for deterministic
networks, but does not hold in general for noisy networks.

Definition 3: Network N satisfies the exponentially strong
converse if, for any sequence εn ∈ (0, 1) for which − log(1−
εn) ∈ o(n), R(N , εn) ⊆ R(N , 0+).

It is equivalent to say that the exponentially strong converse
holds if, for any rate vector R /∈ R(N , 0+), the probability
of error approaches 1 exponentially fast.

Definition 4: Network N satisfies the extremely strong
converse if there exists a constant K depending only on the
network N such that, for any εn satisfying 1− εn

.
= 2−nα for

α > 0, if R ∈ R(N , εn) then R−Kα ∈ R(N , 0+).
In other words, the extremely strong converse holds if,

for rates outside the capacity region, the probability of error
approaches 1 at an exponential rate linear in the distance to
the capacity region.

C. Edge Removal Properties
We consider a modified network N ′ defined as follows:

Start with N , and add two nodes denoted a and b.2 For each
node i in N , add an infinite capacity link from i to a, and
an infinite capacity link from b to i. Finally, add a link from
a to b that can noiselessly transmit kn bits total, where n is
the blocklength of the code and kn/n need not be constant.3

Let R(N , εn, kn) , R(N ′, εn) for this N ′. For any kn, it
is certainly true that R(N , εn) ⊆ R(N , εn, kn). Note that
R(N , εn, 0) = R(N , εn),

Roughly, edge removal properties state that for small kn,
the capacity of network N ′ is not too different from that of
N . To be precise, we define four different versions of this
property, beginning with the weakest.

Definition 5: Network N satisfies the extremely weak edge
removal property if, for any constant integer k,R(N , 0+, k) =
R(N , 0+).

2These are special nodes in that messages do not originate at them. Thus
the capacity region of N ′ has the same dimension as that of N .

3We focus on the single link from a to b, rather than an arbitrary link in
the network. Since node a has complete knowledge of every signal sent in
the network, this link can be used to simulate any other small-capacity link.
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Definition 6: Network N satisfies the very weak edge
removal property if⋂

ε>0

⋃
k∈N
R(N , ε, k) = R(N , 0+).

Definition 7: Network N satisfies the weak edge removal
property if, for any kn ∈ o(n), R(N , 0+, kn) = R(N , 0+).

Definition 8: Network N satisfies the strong edge removal
property if there exists a constant K depending only on the
network N such that for all δ > 0, if R ∈ R(N , 0+, δn), then
R−Kδ ∈ R(N , 0+).

The following proposition justifies the names of the edge
removal properties.

Proposition 1: The strong edge removal property implies
the weak edge removal property, which implies the very weak
edge removal property, which implies the extremely weak edge
removal property.

Proof: We may write⋃
k∈N
R(N , 0+, k) =

⋃
k∈N

⋂
ε>0

R(N , ε, k) (2)

⊆
⋂
ε>0

⋃
k∈N
R(N , ε, k) (3)

⊆
⋂
ε>0

⋂
kn:kn→∞

R(N , ε, kn) (4)

=
⋂

kn:kn→∞

R(N , 0+, kn) (5)

⊆
⋃

kn∈o(n)

R(N , 0+, kn) (6)

⊆
⋂
δ>0

R(N , 0+, δn) (7)

where (2) holds by definition, (3) holds by reversing the order
of the intersection and union, (4) holds since k ≤ kn for
sufficiently large n for any k ∈ N and kn →∞, (5) holds by
definition, (6) holds because the intersection in (5) includes at
least one sequence in o(n), and (7) holds because kn ≤ δn
for sufficiently large n for any δ > 0 and kn ∈ o(n).

Note that if strong edge removal holds, for any R in the
RHS of (7), R − Kδ ∈ R(N , 0+) for all δ > 0. Since
R(N , 0+) is closed, this implies R ∈ R(N , 0+). Therefore,
since the RHS of (6) is contained in the RHS of (7), strong
edge removal implies weak edge removal. Since the RHS of
(3) is contained in the RHS of (6), weak edge removal implies
very weak edge removal. Similarly, since the LHS of (2) is
contained in the RHS of (3), very weak edge removal implies
extremely weak edge removal.

III. DERIVING EDGE REMOVAL PROPERTIES FROM
STRONG CONVERSES

The following theorem states that each of the three strong
converse properties implies one of the edge removal properties.
This result holds for our most general network model.

Theorem 2: For any network:
1) The strong converse implies very weak edge removal.
2) The exponentially strong converse implies weak edge

removal.

3) The extremely strong converse implies strong edge re-
moval.

Statement (2) of this theorem was proved for noiseless
networks in [9, Sec. 3.3]. Our proof is a generalized version
of theirs. We begin with the following lemma.

Lemma 3: For any integers n and k and any ε ∈ [0, 1],

R(n)(N , ε, k) ⊆ R(n)(N , 1− (1− ε)2−k). (8)

Proof: Let R ∈ R(n)(N , ε, k), so there is an n-length
code with rate vector R and probability of error at most ε on
network N ′ with bit-pipe between node a and node b carrying
k bits. We convert this code to one on network N as follows.
Under the code on N ′, let Xab be the message sent on the
link from node a to node b. Recall that Xab ∈ {0, 1}k. Let E
be the overall error event for network N ′. We have

1− ε ≤ P(Ec) =
∑

xab∈{0,1}k
P(Xab = xab)P(Ec|Xab = xab).

There must be some x∗ab ∈ {0, 1}k for which

P(Xab = x∗ab)P(Ec|Xab = x∗ab) ≥ (1− ε)2−k.
Construct a code for network N that behaves exactly like the
original code on network N ′, except that all nodes assume that
node b received the signal x∗ab. Let Pe be the probability of
error for this code. Note that with probability P(Xab = x∗ab),
the code’s behavior will be just as if the code on N ′ were in
effect. Thus

1− Pe ≥ P(Xab = x∗ab)P(Ec|Xab = x∗ab) ≥ (1− ε)2−k.
Therefore R ∈ R(n)(N , 1− (1− ε)2−k).

Proof of Theorem 2: We first show statement (1). Assume
the strong converse holds. Thus⋂
ε>0

⋃
k∈N
R(N , ε, k) ⊆

⋂
ε>0

⋃
k∈N
R(N , 1− (1− ε)2−k) (9)

⊆
⋃
ε̃>0

R(N , ε̃) = R(N , 0+) (10)

where (9) follows from Lemma 3 and the equality in (10)
follows from the strong converse. Therefore, very weak edge
removal holds.

We now prove statement (2). Assume the exponentially
strong converse holds. For any kn ∈ o(n), we have

R(N , 0+, kn) =
⋂
ε>0

R(N , ε, kn)

⊆
⋂
ε>0

R(N , 1− (1− ε)2−kn) (11)

⊆
⋃

εn:− log(1−εn)∈o(n)

R(N , εn) (12)

⊆ R(N , 0+) (13)

where (11) follows from Lemma 3, (12) from the fact that
kn ∈ o(n), and (13) from the exponentially strong converse.
Therefore weak edge removal holds.

We now prove statement (3). Assume the extremely strong
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converse holds. For any δ > 0 we have

R(N , 0+, δn) =
⋂
ε>0

R(N , ε, δn)

⊆
⋂
ε>0

R(N , 1− (1− ε)2−δn) (14)

where (14) follows from Lemma 3. Note that (1− ε)2−δn .
=

2−δn. Thus if R ∈ R(N , 0+, δn), then, by the extremely
strong converse, R−Kδ ∈ R(N , 0+) for some constant K.
Therefore strong edge removal holds.

IV. DETERMINISTIC NETWORKS

For deterministic networks, each of the three implications in
Theorem 2 is in fact an equivalence, as stated in the following.

Theorem 4: For any deterministic network:
1) The very weak edge removal property holds if and only

if the strong converse holds.
2) The weak edge removal property holds if and only if

the exponentially strong converse holds.
3) The strong edge removal property holds if and only if

the extremely strong converse holds.
The proof of this theorem is along the lines of [11, Lemma

2]. We first prove the following lemma.
Lemma 5: Given a deterministic network N , there exists a

finite-valued function η(ε̃) for all ε̃ ∈ (0, 1) and a constant C,
such that, for any sequence εn ∈ [0, 1] with 1 − εn

.
= 2−nα,

and any ε̃ ∈ (0, 1), for sufficiently large n

R(n)(N , εn) ⊆ R(n)(N , ε̃, η(ε̃)− C log(1− εn)).

Proof: For brevity and clarity, we assume that Ri > 2α
for all i. This assumption can be removed by slightly increas-
ing the capacity of the extra edge from a to b.

Fix ε̃ ∈ (0, 1) and define with hindsight

k = d+ log ln
2d

ε̃
− log(1− εn).

We will show that for sufficiently large n, R ∈
R(n)(N , ε̃, 2dk). This will prove the lemma, because 2dk =
η(ε̃) − C log(1 − εn) where η(ε̃) = 2d2 + 2d log ln 2d

ε̃ and
C = 2d.

Since R ∈ R(n)(N , εn), there exists a code with rate R,
length n, and probability of error at most εn. For i = 1, . . . , d,
letWi = [2nRi ] be the message set for the ith message for this
code, and let W =

∏d
i=1Wi be the set of complete message

vectors w = (w1, . . . , wd). Let R =
∑
iRi, so |W| = 2nR.

Since the network is deterministic, whether or not an error
occurs depends entirely on the message vector w ∈ W . Let
Γ be the subset of W of message vectors that do not lead to
errors. Hence |Γ| ≥ 2nR(1− εn).

We employ a random binning argument in which, for each
message i, we partition the 2nRi messages into partitions
of size 2k. In particular, randomly and uniformly choose a
partition Pi(1), . . . , Pi(2

nRi−k), among all such partitions for
which |Pi(w̃i)| = 2k for all w̃i. Defining R̃ = R− k

n ensures
that the bin indices are elements of the set W̃i = [1 : 2nR̃i ].
Note that since Ri > 2α and k/n → α as n → ∞, for
sufficiently large n, R̃i ≥ 0 for all i. We will proceed to show

that R̃ ∈ R(N , ε̃, dk). To achieve the original rate R, we
can increase the capacity of the extra edge by dk bits and
therefore transmit k additional bits for each message. This
proves R ∈ R(n)(N , ε̃, 2dk).

The code on the extended network proceeds as follows.
Each message W̃i for i = 1, . . . , d is transmitted to node a.
Node a then looks for an element of

Γ ∩
d∏
i=1

Pi(W̃i). (15)

If there is no such element, declare an error. Otherwise, let
W = (W1, . . . ,Wd) be one such element. For each i, let
Ii ∈ {1, . . . , 2k} be the index of Wi in the set Pi(W̃i). Node
a transmits (I1, . . . , Id) to node b, which requires dk bits.

At node i, Wi can be determined from W̃i and Ii. Sub-
sequently, the code proceeds as if W were the true message
vector in the original rate R code. When a destination node
produces a message estimate Ŵi, it determines ̂̃W i ∈ W̃i such
that Ŵi ∈ Pi

(̂̃W i

)
. Since by assumption W ∈ Γ, there is no

error as long as (15) is not empty.
For w̃ = (w̃1, . . . , w̃d) let

q(w̃) = P

(
Γ ∩

d∏
i=1

Pi(w̃i) = ∅

)
where the probability is with respect to the random choice
of partitions Pi. In Appendix A, we show that for all w̃,
q(w̃) ≤ ε̃. This proves that there exists at least one code with
probability of error ε̃.

Proof of Theorem 4: Theorem 2 proves that each strong
converse property implies the edge removal properties, so we
only need to prove the opposite directions.

Suppose very weak edge removal holds. For any constant
ε, applying Lemma 5 gives

R(N , ε) ⊆
⋂
ε̃>0

R(N , ε̃, η(ε̃)− C log(1− ε))

⊆
⋂
ε̃>0

⋃
k∈N
R(N , ε̃, k) = R(N , 0+)

where the last equality holds by very weak edge removal.
Therefore the strong converse holds.

Now suppose weak edge removal holds. For any εn with
− log(1− εn) ∈ o(n), applying Lemma 5 gives

R(N , εn) ⊆
⋂
ε̃>0

R(N , ε̃, η(ε̃)− C log(1− εn))

⊆
⋂
ε̃>0

R(N , ε̃,
√
n− C log(1− εn))

= R(N , 0+,
√
n− C log(1− εn)) = R(N , 0+)

where the last equality follows from weak edge removal since√
n−C log(1−εn) ∈ o(n). Therefore the exponentially strong

converse holds.
Finally, suppose strong edge removal holds. Take εn so that

1− εn
.
= 2−nα for some α > 0. Applying Lemma 5 gives

R(N , εn) ⊆
⋂
ε̃>0

R(N , ε̃, η(ε̃) + Cαn)
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⊆
⋂
ε̃>0

R(N , ε̃, (C + 1)αn) = R(N , 0+, (C + 1)αn).

Thus, if R ∈ R(N , εn), by strong edge removal R−K(C +
1)αn ∈ R(N , 0+). Therefore the extremely strong converse
holds.

V. REMARKS ON NOISY NETWORKS

Extending our results for deterministic networks to noisy
networks has proven difficult in general. We conjecture that
two of the three equivalences hold for stationary memoryless
networks, as stated below.

Conjecture 1: For stationary memoryless networks:
1) The very weak edge removal property holds if and only

if the strong converse holds.
2) The weak edge removal property holds if and only if

the exponentially strong converse holds.
We have proven this conjecture (to appear) for the special case
of networks composed of independent point-to-point links; i.e.
the setup of network equivalence [12].

Note that the above conjecture does not include equiva-
lence between the extremely strong converse and strong edge
removal. This is because this equivalence does not hold in
general. Indeed, even for point-to-point noisy discrete memo-
ryless channels, strong edge removal holds but the extremely
strong converse does not. The latter fact is derived from [13],
which characterizes a function α(R) where, if εn is the optimal
probability of error for a code of rate R that is greater than
the capacity C of the channel, 1 − εn

.
= 2−α(R)n. For noisy

channels, the derivative α′(C) = 0, whereas to satisfy the
extremely strong converse we would need α′(C) > 0.
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APPENDIX A
PROOF THAT q(w) ≤ ε̃

Define

A1 =
{
w1 ∈ W1 : |{(w2,..., wd) : (w1,..., wd) ∈ Γ}|

≥ (1− εn)2n(R2+···+Rd)−1
}
.

We have that

(1− εn)2nR ≤ |Γ|
=

∑
w1∈W1

|{(w2, . . . , wd) : (w1, . . . , wd) ∈ Γ}|

≤ |A1|2n(R2+···+Rd)+(2nR1−|A1|)(1−εn)2n(R2+···+Rd)−1.

Thus

|A1| ≥
(1− εn)2nR − (1− εn)2nR−1

2n(R2+···+Rd)(1− (1− εn)2−1)
≥ (1− εn)2nR1−1.

Now, for i = 2, . . . , d, define, for all w1, . . . , wi−1, the set

Ai(w1,..., wi−1) =
{
wi : |{(wi+1,..., wd) : (w1,..., wd) ∈ Γ}|

≥ (1− εn)2n(Ri+1+···+Rd)−i
}
.

Using induction and a similar argument as above, it follows
that for all i and all w1 ∈ A1, w2 ∈ A2(w1), . . . , wi−1 ∈
Ai−1(w1, . . . , wi−2),

|Ai(w1, . . . , wi−1)| ≥ (1− εn)2nRi−i.

Fix w̃ = (w̃1, . . . , w̃d). For each i = 1, . . . , d, define

Qi = {(w1, . . . , wi) :

wj ∈ Pj(w̃j) ∩Aj(w1, . . . , wj−1) for all j ≤ i}.

Note that Qd ⊂ Γ ∩
∏d
i=1 Pi(w̃i), so

q(w̃) ≤ P(Qd = ∅) ≤
d∑
i=1

P(Qi = ∅|Qi−1 6= ∅)

=
d∑
i=1

(2nRi−|Ai(w1,...,wi−1)|
2k

)(
2nRi

2k

)
≤

d∑
i=1

(2Rin−(1−εn)2Rin−i

2k

)(
2Rin

2k

)
≤

d∑
i=1

(2Rin − (1− εn)2Rin−i)2
k

(2Rin − 2k)2k

≤
d∑
i=1

exp
{
−2k−d(1− εn) log e− 2k log(1− 2k−Rin)

}
=

d∑
i=1

ε̃

2d
exp

{
−2k log(1− 2k−Rin)

}
.

Note that 2k
.
= 2αn, so for all i, 22k−Rin .

= 22αn−Rin → 0 by
the assumption that Ri > 2α. Thus 2k log(1− 2k−Rin)→ 0.
Therefore, for sufficiently large n, q(w̃) ≤ ε̃.
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