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Abstract—The joint design of both transmit constellation and
low-density parity-check codes (LDPC) for the two-user, symbol-
synchronous, binary-input Gaussian multiple access channel is
considered. A transmission scheme is proposed to approach the
symmetric capacity without the use of time-sharing or rate-
splitting by joint decoding of the noisy sum of two LDPC
codewords. This scheme relies on an extension of the classic
belief propagation (BP) algorithm which allows for the simul-
taneous decoding of two LDPC codewords. We use a Gaussian
approximation (GA) of the message distribution to investigate
the convergence of the decoding process and derive a linear
programming technique for joint code design. We also implement
a superposition modulation scheme to achieve higher rate. This
code design is applied to different input constellation choices
which attain the symmetric capacity in different SNR regimes.
It is shown that, quite surprisingly, in the moderate SNR regime
the best performance is obtained by an asymmetric constellation.

I. INTRODUCTION

Joint decoding is a fundamental ingredient of multi-terminal
transmission schemes and generally provides substantial im-
provements over time-sharing and rate-splitting. Despite its
importance from both a practical and theoretical perspective,
the study of optimal codes for joint decoding has not been
represented well in the literature as only a few good code
designs are currently known.

The study of codes for the MAC has focused primarily
on two models: the real adder channel and the GMAC. The
real adder channel is a noiseless channel with binary inputs
in which the output is the real sum of the inputs. For this
model, correct decoding is possible only when any two input
codewords are always distinguishable from their sum. The
construction of block codes and decoding for the two-user
real adder channel is studied in [1] and is extended in [2]
to the real adder channel with any number of transmitters.
Convolutional codes for GMACs are investigated in [3] which
shows that non-uniquely decodable binary convolutional code
pairs exist with a sum rate larger than the time-sharing rate.
The design of LDPC codes for the GMAC is first considered
in [4], although only one construction is mentioned. The
authors of [5] introduce the concept of a “MAC node” for
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the Tanner graph when describing the decoding of LDPC
codes for the GMAC. This node is a third type of node,
together with variable and check nodes, which receives the
channel output and the bit-reliability for a symbol of one
transmitter and produces the bit-reliability of a symbol of the
other transmitter. In [6], the authors propose a soft demapping
method for multilevel modulation on the GMAC based on
LDPC codes and investigate the role of symbol mapping
in this setting. Spatially coupled codes for the binary adder
channel with erasures are studied in [7] where it is shown that
threshold saturation as in the point-to-point erasure channel
also occurs in this model. In [8], spatially-coupled codes for
the GMAC are studied and is shown that threshold saturation
occurs for the joint decoding of two codewords: this result
naturally leads to the design of codes which are universal with
respect to the channel parameters. Although very powerful,
the approach of [8] has not so far been complemented by
numerical evaluations.

In this paper, we consider the joint optimization of both
the transmitter constellation and LDPC codes for a GMAC:
this is, to our knowledge, the first time that these two design
problems have been jointly considered. We consider an ex-
tension of the BP algorithm for the decoding of the sum of
two LDPC codewords corrupted by additive white Gaussian
noise at the receiver. We derive convergence conditions for
this decoding algorithm and propose a numerical optimization
tool for code design based on linear programming. This code
construction is applied to three input constellations which
maximize the symmetric rate in three different signal-to-noise
ratio (SNR) regimes: (i) antipodal input–optimal at low SNR,
(ii) inputs that maximize the minimum distance in the received
constellation–optimal at high SNR, and (iii) an asymmetric
constellation–optimal at moderate SNR. We show that, quite
surprisingly, in the moderate SNR regime, an asymmetric
constellation outperforms symmetric input constellations. Sim-
ulations results are presented to show the effectiveness of the
proposed construction.

II. CHANNEL MODEL AND CODE DESCRIPTION

We study the two-user, symbol-synchronous GMAC in
which the channel output is obtained as

Y N = XN
1 +XN

2 + ZN , (1)
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Fig. 1. Tanner graph of MAC considered in this work: check nodes are
indicated as squares, variable nodes as circles, and the MAC nodes are
indicated with boxes containing the symbol +.

where ZN is an i.i.d. sequence drawn from N (0, σ2
z) and all

additions are over the reals. The channel input Xk, k ∈ {1, 2}
is binary and uniformly distributed, i.e.

Pr(Xk) =

{
1/2 for Xk = xk(0),
1/2 for Xk = xk(1),

(2)

where the support {xk(0), xk(1)} is subject to the power
constraint x2

k(0) + x2
k(1) ≤ 2.

The user k ∈ {1, 2} wishes to communicate the messages
Wk ∈ {1, . . . , 2NRk} to the receiver. The receiver produces
message estimates such that the probability of error vanishes
as the blocklength N goes to infinity.

In the following, we assume that XN
1 and XN

2 are two
binary LDPC codewords in which the symbol 0/1 is mapped
to xk(0)/xk(1). Under this assumption, we jointly optimize
the codes for two users and their respective input constellation
so as to approach the symmetric capacity. For the GMAC,
the symmetric capacity is obtained as an upper bound on the
symmetric rate Rsym as

Rsym ≤ max
xk(0),xk(1)

(3)

min

{
I(Y ;X1|X2), I(Y ;X2|X1),

1

2
I(Y ;X1, X2)

}
where the maximization is over the power constraint.

The joint decoding of LDPC codes for the GMAC can be
represented using a modified Tanner graph as shown in Fig. 1:
unlike a classical Tanner graph, the Tanner graph in Fig. 1 also
contains a MAC node. This node takes as inputs the channel
output and the bit-reliability of one user and produces the bit-
reliability of the other user. The degree of the variable nodes
from each user connected through the MAC node is described
by the joint variable node distribution. This degree distribution,
together with the check node degree distribution, describes a
2-user code ensemble for the GMAC. More specifically, we
define ρ(k)

r and Γ
(k)
r as the check node degree distribution of

type r edges for user k from the edge and the node perspective,
respectively, as

Γ(k)(χk) =
∑
r

Γ(k)
r χr

k, ρ(k)(χk) =
∑
r

ρ(k)
r χr−1

k (4)

for k ∈ {1, 2}. Similarly, we define λ
(1)
l1,l2

as the fraction

of user 1 edges both connected to variable nodes with l1
outgoing user 1 edges and connected through the MAC node
to a variable node from user 2 with l2 outgoing edges. The
polynomial λ(2)

l1,l2
is defined in a symmetric manner for user 2.

Finally, Λl1,l2 is defined as the fraction of variable nodes with
l1 outgoing edges of user 1 and l2 outgoing edges of user 2
as

Λ(χ1, χ2) =
∑
l1,l2

Λl1,l2χ
l1
1 χ

l2
2 , (5a)

λ(1)(χ1, χ2) =
∑
l1,l2

λ
(1)
l1,l2

χl1−1
1 χl2

2 , (5b)

λ(2)(χ1, χ2) =
∑
l1,l2

λ
(2)
l1,l2

χl1
1 χ

l2−1
2 . (5c)

Further, the design rate for user 1 is obtained as

r(1) = 1−
∑

i ρ
(k)
i /i∑

i,j λ
(1)
i,j /i

, (6)

similarly for design rate of user 2, r(2).
Note that the code specified in (4)–(6) generalizes the

constructions in [4], [5], [9] which only consider the case
where Λ is a diagonal matrix, i.e., where nodes of degree
l in the first code collide with nodes of degree l it the second
code over the MAC node. As in these works, we assume in the
following that the codes have the same check node distribution
ρ(1)(χ) = ρ(2)(χ), however, no further assumptions are made
on the codes.

III. CONSTELLATION DESIGN

A closed-form expression of the symmetric capacity of the
binary input GMAC is currently not available but can be
obtained numerically, as for Bernoulli(0.5)-distributed channel
inputs the channel output distribution is given as

PY (y) =
∑

(i,j)∈{0,1}2

1

4
√

2πσ2
Z

e
− 1

2σ2
Z

(y−x1(i)−x2(j))2

,

and, thus, the mutual information terms in (3) can be precisely
evaluated using numerical integration.

By performing the numerical optimization on the r.h.s. of
(3) with binary uniform inputs, we obtain that three different
constellations, up to reasonable numerical precision, maximize
the symmetric capacity for different SNR regimes, as indicated
in Fig. 2. The optimal choice for user 1 is [x1(0) x1(1)] =
[−1 + 1] for all SNRs while the optimal [x2(0) x2(1)] is
obtained as

• Antipodal constellation–low SNR:

[x2(0) x2(1)] = [−1 + 1]. (7)

• Maximum minimum distance constellation–high SNR:

[x2(0) x2(1)] = [−1/2 + 1/2], (8)

• Asymmetric constellation–moderate SNR:

[x2(0) x2(1)] = [0.1571 + 1.4055]. (9)
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Fig. 2. The attainable symmetric rate for the input constellations (7), (8), and
(9) and for Gaussian inputs.

We called (8) the maximum minimum distance constellation
is because the minimum distance between the constellation
points is the maximum. Fig. 2 also plots the capacity under
a power constraint but not constellation constraint, in which
case Gaussian inputs are optimal. Note that the constellation in
(8) does not meet the power constraint with equality. The fact
that the asymmetric constellation in (9) attains the capacity
in the moderate SNR regime shows there exists a choice of
input constellations which aids joint decoding. Indeed any
constellation of the form [x1(0) x1(1)] = [−1 + 1] and
[x2(0) x2(1)] = [∆ ∆ + 1.2484] for ∆ such that the power
constraint is satisfied attains the same rate performance as (9).

IV. GAUSSIAN APPROXIMATION OF DENSITY EVOLUTION

In this section, we study the convergence of the BP al-
gorithm through density evolution (DE): we assume that the
message at the output of a variable node has a Gaussian dis-
tribution while the message at the output of a MAC node has
a distribution given by the mixture of two Gaussian densities.
Under these assumptions, we determine the convergence of a
for the BP algorithm as a function of the code distribution in
(5). In the BP algorithm, there are eight types of messages:
we will denote them as

m
(k)
ij , i, j ∈ {v, c,m}, i 6= j, k ∈ {1, 2}, (10)

where the subscript indicates that the message is from the type
of node i to type of node j and the superscript indicates the
user k. All possible messages m(k)

ij are shown in Fig. 3 where
L indicates the log-likelihood ratio of the channel output.

+

m
(1)
vm

m
(1)
mv

m
(2)
vm

m
(2)
mv

m
(1)
cv

m
(1)
vc

m
(2)
cv

m
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L

Fig. 3. Messages employed in the MAC BP algorithm.

To simplify the analysis of the BP algorithm, we study the
evolution of mutual information during BP decoding by means
of the mutual information transfer function. Here we assume
that the message is a Gaussian random variable with mean

µ. Thus, the mutual information between the message m(k)
ij

and the input constellation point [xk(0), xk(1)] for user k is
defined as I(xk;m

(k)
ij ) in (13) such that 0 ≤ I(xk;m

(k)
ij ) ≤ 1.

Herein, we have

pY (τ |X = x) =
1√

2πσY
exp

(
−τ − µx− c

2σ2
Y

)
, (11)

for

c =
1− (xk(0))2

xk(0)− xk(1)
µ, σ2

Y =
2− 2xk(0)xk(1)

xk(0)− xk(1)
µ.

Note that the messages m
(k)
vc , m(k)

cv , m(k)
vm follow from the

standard approximation of the BP evolution while the MAC
node update rule must be analyzed separately. The relationship
between the messages in Fig. 3 is given as

m(1)
mv = (12)

log

(
e−

1
2σ2

(Y−x1(0)−x2(0))2em
(2)
vm + e−

1
2σ2

(Y−x1(0)−x2(1))2

e−
1

2σ2
(Y−x1(1)−x2(0))2em

(2)
vm + e−

1
2σ2

(Y−x1(1)−x2(1))2

)
,

where m(2)
mv is defined in a symmetric manner.

Since we wish to track the mean of the messages, let
F

(k)
ij (σ2, µvm) for i, j ∈ {0, 1}, k ∈ {1, 2}, be defined as

the mean of the messages from MAC to variable node. Here,
σ2 denotes the noise variance of the channel, and µvm is the
mean of the messages from variable to MAC node for the
other user. The quantity F (1)

00 (σ2, µvm) is defined in (14) at the
top of this page. The other terms are defined in an analogous
manner. Using these definitions, the mutual information I

(k)
mv

can be evaluated as

I(k)
mv =

∑
[i,j]∈[0,1]2

1

4
J
(
F

(k)
ij (σ2, J−1(I(3−k)

vm ))
)
, (15)

where the function J(·, ·) is defined in (13).

Let now I
(k,l)
vc be the mutual information between xk

and the variable-to-check message and I
(k,l)
cv be the mutual

information between xk and the check-to-variable message in
the l-th iteration for user k, respectively. Similarly, let I(k,l)

vm

be the mutual information between xk and the messages from
variable to MAC nodes, and I(k,l)

mv be the mutual information
between xk and the messages from MAC to variable nodes,
respectively. Then the mutual information between x1 and the
messages from variable to check nodes for user 1 is given as

I(1,l)
vc =

∑
i

∑
j

λi,jJ
(
J−1(I(1,j,l−1)

mv )+(i−1)J−1(I(1,l−1)
cv )

)
,

(16)
where

I(1,j,l−1)
mv =

∑
[a,b]∈[0,1]2

1

4
J
(
F

(1)
ab

(
σ2, jJ−1(I(2,l−1)

cv )
))

,

(17a)

I(k,l)
cv = 1−

∑
m

ρmJ
(

(m− 1)J−1(1− I(k,l)
vc )

)
. (17b)

The term I
(2,l)
vc can be derived similarly as (17b). The conver-
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I(xk;m
(k)
ij ) , J(xk, µ) =

1

2

∑
x∈xk(0),xk(1)

∫ ∞
−∞

pY (τ |X = x) log2

(
2 · pY (τ |X = x)

pY (τ |X = xk(0)) + pY (τ |X = xk(1))

)
dτ, k ∈ {1, 2} (13)

F
(1)
00 (σ2, µvm) , E

[
m(1)

mv|X1 = x1(0), X2 = x2(0)
]
= −µvm +

x2(0)x2(1)− x1(0)x1(1)
σ2

(14)

+
1√
π

∫ ∞
−∞

e−z
2

log

 1 + e

√
4µvm+

2(x2(0)−x2(1))2

σ2
z+µvm+

1−x2(0)x2(1)

σ2

1 + e
−
√

4µvm+
2(x2(0)−x2(1))2

σ2
z−µvm−

1−x1(0)x2(1)−x2(0)x2(1)+x1(1)x2(1)+x1(0)x2(0)−x2(0)x1(1)

σ2

 dz

gence conditions for the l-th iteration then become

I(1,l)
vc > I(1,l−1)

vc , I(2,l)
vc > I(2,l−1)

vc , ∀Ivc ∈ (0, 1). (18)

From these conditions on the two-dimensional recursion
in (16) and (17), we obtain approximate conditions for the
convergence of the BP algorithm, which will be exploited for
code design in Sec. VI.

Using the GA of the DE, we can formulate the numerical
optimization of the symmetric rate as in (6):

max
Λl1,l2

Rsym = 1−
∑

l1,l2
l1Λl1,l2∑

l1
l1Γ

(1)
l1

, (19)

subject to convergence conditions

λ2 < exp

(
1

2σ

)( dc∑
m=2

(m− 1)ρm

)−1

, (20a)

F (k)(λi,j , Ivc) > Ivc, ∀Ivc ∈ [0, 1], (20b)

x2
k(0) + x2

k(1) ≤ 2, (20c)

for k ∈ {1, 2}, λ2 =
∑

i λi,2 =
∑

j λ2,j and with

F (k)(λi,j , Ivc) =
∑
i=j

λi,jJ(J−1(I(k)
mv ) + (i− 1)J−1(I(k)

cv )).

Note that (20a) is the stability constraint, (20b) is the DE for
GA in (16) while (20c) enforces the power constraint for the
binary input constellation.

V. HIGHER ORDER CONSTELLATIONS

In this section, we construct a superposition coded modu-
lation based on the binary constellation we introduced in Sec
II to increase the input cardinality and symmetric rate.

For instance a 4-PAM input can be obtained as the super-
position of two binary constellations, that is

XN
1 =

√
P11X

N
11 +

√
P12X

N
12, (21)

XN
2 =

√
P21X

N
21 +

√
P22X

N
22, (22)

where Xij is a binary LDPC codewords mapped to the binary
constellation and under the power constraint

P11 + P12 ≤ 1, P21 + P22 ≤ 1. (23)

BP and capacity region can be derived in a similar way, but
to simplify the optimization procedure, here we only consider
the antipodal constellation, with

P11 = P12, P21 = P22, R11 = R12 = RL1, R21 = R22 = RL2,
(24)

where Rij is the rate of codeword Xij , and RLi is the
different power level. Since we mainly focus on antipodal
constellations, we also define

Rsym1 = R11 +R21, Rsym2 = R12 +R22. (25)

VI. SIMULATION RESULTS

For simulations, the transmission blocklength is N = 104,
and the code optimization in (19), (20) is performed by
using CVX and linear programming. The check node degree
distribution is fixed to a single degree while the variable
node degree distribution is maximized for a maximum degree
distribution equal to 200. The parity check matrix is con-
structed by using the PEG algorithm in [10]. At decoding,
the messages are exchanged through the MAC node at each
iteration; the maximum number of iterations is set to 300. For
message passing schedules, different update rate of two users
are employed to verify that scheduling has no influence on the
overall performance.

Fig. 4 presents the error probabilities of the proposed code
design versus the SNR for the input constellations in Sec.
III. The simulations verify that the antipodal constellation
in (7) has the best performance at low rate, i.e., R ≤ 0.5,
while no code can be successfully decoded for rates larger
than 0.7 with this input constellation. Instead, for higher rates
with R > 0.8, the maximum minimum distance constellation
in (8) attains the best performance, and the gap to capacity
decreases as the SNR increases. For the range of rates in
0.7 ≤ R ≤ 0.8, the asymmetric constellation in (9) attains
a better performance than both the constellations in (7) and
(8). This is rather surprising as it shows that there exists a
specific constellation choice which aids joint decoding, at least
for the proposed code design. Note that the constellation in
(9) arises from the maximization of an information theoretic
quantity under a large blocklength assumption. However, the
performance gain of this constellation can also be verified in
the finite blocklength regime based on numerical simulations
as shown in Fig. 4. The code polynomials for the relevant
codes in Fig. 4 are shown in Tab. I. Although the optimization
algorithm allows for any joint variable node distribution, the
best performance is obtained when the matrix Λ in (5a) has a
diagonal structure.

In Fig. 5 the distance between the performance of our code
designs and the theoretical performance in Fig. 2 is displayed.
It can be seen that we are able to attain the theoretical
performance to within 1dB for most SNRs.

Fig. 6 shows the BER performance for a superposition mod-
ulation antipodal constellation with same total rate Rtotal = 2,
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(b) R = 0.75
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Fig. 4. Error probability for (i) blue – antipodal constellation, (ii) green – asymmetric constellation, (iii) black – maxmin distance constellation. Dashed
lines indicate the theoretical performance in Fig. 2 for the selected rates and solid lines indicate the results from numerical simulations, respectively.
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Fig. 6. BER performance for n = 104, Rsym1 +Rsym2 = 2

but different power allocations. The first level with larger
power PL1 = 0.8 is about 1.5 dB better than the other one with
PL1 = 0.7654. In this case, we cannot guarantee the power
allocation with PL1 = 0.8 can give us the best BER, and the
optimization of the power allocation would be an interesting
issue.

TABLE I
LDPC DEGREE DISTRIBUTION FOR THE TWO-USER GMAC AND THE

RELEVANT SCENARIOS IN FIG. 6

R 0.5 0.75 0.93
antipodal asymmetric max. min. dist.

Γ(x) x10 x20 x60

Λ(x) 0.6322x2
1x

2
2 0.3639x2

1x
2
2 0.1688x2

1x
2
2

0.3236x3
1x

3
2 0.5213x3

1x
3
2 0.6899x3

1x
3
2

0.022018
1 x

18
2 0.0496x12

1 x
12
2 0.0280x12

1 x
12
2

0.0105x19
1 x

19
2 0.0325x13

1 x
13
2 0.1133x13

1 x
13
2

0.0117x100
1 x100

2 0.0176x33
1 x

33
2

0.0151x74
1 x

74
2

VII. CONCLUSION

This paper proposes an implementation of joint decoding
for LDPC codes for the two-user, symbol-synchronous, binary-
input GMAC that maximizes the symmetric rate. We focus, in
particular, on a joint code and constellation design and show
that it is possible to construct good irregular LDPC codes
which attain the theoretical performance to within 1dB for
most SNRs. We show that at low SNR the best performance
is attained by using antipodal inputs at both encoders. For
high SNR, the best performance is attained by a constellation
choice which maximizes the minimum distance among the
received constellation points. For the moderate SNR regime,
we show the interesting result that an asymmetric constellation
is able to outperform symmetric constellations. We also extend
the results to larger constellation alphabets, but only for the
antipodal constellation case.

REFERENCES

[1] T. Kasami and S. Lin. Coding for a multiple-access channel. IEEE
Transactions on Information Theory, 22:129–137, 1976.

[2] S. C. Chang and E. Weldon. Coding for t-user multiple-access channels.
IEEE Transactions on Information Theory, 25(6):684–691, 1979.

[3] R. Peterson and D. J. Costello, Jr. Binary convolutional codes for a
multiple-access channel (corresp.). IEEE Transactions on Information
Theory, 25(1):101–105, 1979.

[4] A. Amraoui, S. Dusad, and R. Urbanke. Achieving general points in the
2-user Gaussian MAC without time-sharing or rate-splitting by means of
iterative coding. In Proc. IEEE International Symposium on Information
Theory (ISIT), page 334, 2002.

[5] A. Roumy and D. Declercq. Characterization and optimization of
LDPC codes for the 2-user Gaussian multiple access channel. EURASIP
Journal on Wireless Communications and Networking, 2007(1):074890,
2007.

[6] J. Wu and H-N Lee. Best mapping for LDPC coded modulation on SISO,
MIMO and MAC channels. In Proc. IEEE Wireless Communications and
Networking Conference (WCNC), volume 4, pages 2428–2431, 2004.

[7] S. Kudekar and K. Kasai. Spatially coupled codes over the multiple
access channel. In 2011 IEEE International Symposium on Information
Theory Proceedings (ISIT), pages 2816–2820. IEEE, 2011.

[8] A. Yedla, P. S. Nguyen, H. D. Pfister, and K. R. Narayanan. Universal
codes for the Gaussian MAC via spatial coupling. In 2011 49th Annual
Allerton Conference on Communication, Control, and Computing, pages
1801–1808. IEEE, 2011.

[9] A. Balatsoukas-Stimming. Design of LDPC codes for the unequal power
two-user Gaussian multiple access channel. telecom.tuc.gr, [Online].
Available: http://www.telecom.tuc.gr/∼alex/MACLDPC.pdf.

[10] Z. Zhou, X. Li, D. Zheng, K. Chen, and J. Li. Extended PEG Algorithm
for High Rate LDPC Codes. In 2009 IEEE International Symposium on
Parallel and Distributed Processing with Applications, pages 494–498,
Aug 2009.


