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Abstract—Recently, Kumar, Li, and El Gamal proposed a
notion of common information using a variation of a setup
used to define Wyner common information rate. This notion,
known as the exact common information, is the minimum common
randomness required for the exact and separate generation of
a pair of correlated discrete memoryless sources. While exact
common information rate is not known to have a single-letter
characterization, it was shown to equal the Wyner common
information rate for the symmetric binary erasure source in
Kumar - Li - El Gamal - ISIT 2014. The authors extended this re-
sult to establish the equality of the two notions of common
information for general noisy typewriter, Z- and erasure sources
in Vellambi - Kliewer - Allerton 2016. In this work, we investigate
the connection between exact and Wyner common information
rates to derive two new implicit conditions (on the joint source
distribution) that ensure the equality of the two notions.

I. INTRODUCTION

One of the fundamental aims of source coding is to quantify
the amount and role of information in various multi-user
communication problems. Research efforts into quantifying
the information common to two (or more) correlated random
variables indicate that the amount and nature of information
depends on the actual setup and/or application, and that there
is no one universal notion of information. The most common
notion is Shannon’s mutual information, which is the reduction
in the entropy of a random variable due to the knowledge of a
correlated random variable. Gács and Körner envisaged com-
mon information between two discrete memoryless sources
(DMSs) as the rate of randomness that can be simultaneously
extracted from either of the two correlated sources [1]. It was
proven that the Gács-Körner common information between
a pair of sources is more restrictive than and distinct from
mutual information; this notion of common information plays
an important role in the optimal and/or best-known schemes
in many multi-user source coding problems [2]–[4].

Another well known notion of common information can
be traced to Wyner’s seminar work [6] on the Gray-Wyner
problem [5]. The Gray-Wyner problem (see Fig. 1) corre-
sponds to the characterization of the rates of communication
required to communicate a pair of correlated sources to two
receivers with each requiring one of the sources. The Wyner
common information rate between the two sources is the
smallest communication rate R0 on the common channel
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such that the sum rate is kept at its absolute minimum, i.e.,
R0 +R1 +R2 = H(X,Y ). Wyner common information rate
is given by the following single-letter characterization.

W (X;Y ) , min
X↔W↔Y
|W|≤|X||Y|

I(X,Y ;W ). (1)
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Fig. 1. The Gray-Wyner setup.
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Fig. 2. Separate generation of correlated sources.

In addition to the Gray-Wyner problem setup in [6], Wyner
used the setup in Fig. 2 to show that the Wyner common
information rate W (X;Y ) is also the smallest rate of a
uniform random seed that must be supplied to two independent
processors to approximately generate the two DMSs X and
Y separately. In this setup, a Kullback-Leibler-divergence-
based metric was chosen to quantify the precision of the
approximation of the generated sources to the design distri-
bution of the correlated discrete memoryless sources. Owing
to this operational interpretation, Wyner common information
and the achievability scheme in [6] feature commonly in
achievable schemes in strong coordination problems, e.g. [7]–
[9]. Other connections of Wyner common information to lossy
reconstruction problems, and an extension to multiple random
variables were explored in [10], [11]. It must be remarked that
despite the simple formulation in (1), explicit formula/value
for Wyner common information rate is known only for a few
joint probability mass functions (pmfs) [12].

Recently, in [13], Kumar et al. proposed the notion of exact
common information using the setup in Fig. 2 by requiring
the distribution QX̂n,Ŷ n to equal the n-fold product Q⊗nXY of
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QXY , which is the joint pmf of n i.i.d. RVs each distributed
according to QXY . In other words, exact common information
is the smallest rate of a common message that must be shared
by two processors to separately generate DMSs QX and QY
correlated jointly and precisely according to a given QXY .

In [13], Kumar et al. derived the fundamental properties of
exact common information and proved that for the symmetric
binary erasure source, the exact and Wyner common infor-
mation rates coincide. In [14], we presented two sufficient
conditions under which the notions of exact and Wyner
common information coincide. Using these conditions, it was
shown that the exact and Wyner common information rates are
equal for the binary Z-, the general erasure and the general
noisy typewriter sources.

In this work, we derive new connections between exact and
Wyner common information, and establish two new implicit
conditions under which the two notions coincide.

II. NOTATION

All random variables (RVs) in this work are assumed to
be over finite alphabets. Given RVs A,B,C, the conditional
independence of A and C given B is denoted by A↔ B ↔ C.
The support of a RV X ∼ QX is denoted by S(QX). Given
a finite set S, 1S denotes the indicator function on S. For
a vector an ∈ An and ã ∈ A, #an(ã) , |{i : ai = ã}|.
Given a joint pmf QAB over A×B, we define the following
letter-typical sets [15].

Tnε [QA] ,

{
an : sup

ã∈S(QA)

∣∣∣#an (ã)
nQA(a) − 1

∣∣∣ ≤ ε
}
,

Tnε [QA|B ; bn] ,




an : sup

(ã,b̃)∈S(QAB)

#bn (b̃)>0

∣∣∣∣∣

#an,bn (ã,b̃)

#bn (b̃)

QA|B(ã|b̃) − 1

∣∣∣∣∣ ≤ ε




.

III. PROBLEM DEFINITION AND KNOWN RESULTS

Exact common information E (X;Y ) is defined via Fig. 2
with the Kullback-Leibler divergence term set to zero instead.
Given a joint pmf QXY , we say that exact generation is
possible at a rate of R if for every ε > 0, there exists an
n ∈ N, and an RV Wn such that Xn ↔ Wn ↔ Y n and
H(Wn) ≤ n(R + ε). That is, if Wn is conveyed to two
randomized processors, they can separately generate Xn and
Y n jointly correlated according to Q⊗nXY . The exact common
information is then the infimum of all such achievable rates.

Definition 1 ([13]): Given pmf QXY , the exact common
information rate between X and Y is defined to be

E (X;Y ) , lim
n→∞

(
inf

Xn↔Wn↔Y n

H(Wn)
n

)
. (2)

Notice that the size of the alphabet of Wn is allowed to
grow with n, and hence, (2) is not a computable form of
exact common information. We summarily present three basic
properties (Remarks 1-3) of the exact common information
between two random variables. Details of the proof of these
results can be found in [13], [14]. The first property is an
ordering of different notions of common information. The

position of the exact common information is justified by
the fact that while the setups for exact and Wyner common
information are identical, the source generation requirement
for the former is more stringent. The second remark details
the expected result that concatenation cannot decrease exact
common information. Lastly, the third parallels data process-
ing inequality and characterizes the monotonicity of exact
common information with respect to stochastic degradedness.

Remark 1: [13, Prop. 3] Given (X,Y ) ∼ QXY , let G (X;Y )
denote the Gács-Körner common information between RVs X
and Y . Then, G (X;Y ), I(X;Y ), W (X;Y ), E (X;Y ), and
min{H(X), H(Y )} is a list of non-decreasing non-negative
real numbers.

Remark 2: Let (A,B,C,D) ∼ QABQCD, X = (A,C) and
Y = (B,D). Then,

E (X;Y ) ≥ max{E (A;B),E (C;D),W (X;Y )} (3)
E (X;Y ) ≤ E (A;B) + E (C;D). (4)

Further, (4) holds with equality if E (A;B) = W (A;B) and
E (C;D) = W (C;D).

Remark 3: E (X;Y ) ≤ E (X ′;Y ′) if X ↔ X ′ ↔ Y ′ ↔ Y .
In addition to the above properties, in [14], we established

the equality of Wyner and exact common information rates
provided the pmf QXY is such that there either exists:
• a RV W such that X ↔ W ↔ Y , I(X,Y ;W ) =

W (X;Y ), and H(W |X,Y ) = 0; or
• a RV W such that I(X,Y ;W ) = W (X;Y ), and

∑

w∈W
H(X|W = w) ·H(Y |W = w) = 0. (5)

IV. NEW RESULTS

This section contains three new results. The first result
presents a bound on the exact common information between
two random variables based on a decomposition using a
third correlated random variable. The next two results present
implicit conditions on the pmf QXY under which the Wyner
and exact common information notions coincide.

Theorem 1: Let (X,Y,G) ∼ QX,Y,G. Let for g ∈ G,
(Xg, Yg) ∼ QXg,Yg

, QXY |G=g . Then,

E (X;Y ) ≤ H(G) +
∑

g∈G
QG(g)E (Xg;Yg).

Further, if the RV G is such that H(G|X) = H(G|Y ) = 0,
and for each g ∈ G, E (Xg;Yg) = W (Xg;Yg), then

E (X;Y ) = H(G) +
∑
g∈G QG(g)E (Xg;Yg)

= H(G) +
∑
g∈G QG(g)W (Xg;Yg) = W (X;Y ).

Proof: Let ε > 0. Let n0 be a positive integer such that
for ` > n0, P[G` /∈ T `ε [QG]] ≤ ε. Let n > n0 then be chosen.
Let G , {g1, . . . , gk}, and for the sake of notational ease, let
n`,ε , bn(1 + ε)QG(g`)c for ` = 1, . . . , k. Further, define

X(n,ε) , [Gn, (Xg1)n1,ε , . . . , (Xgk)nk,ε ],

Y (n,ε) , [Gn, (Yg1)n1,ε , . . . , (Ygk)nk,ε ],
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where X(n,ε) contains n i.i.d. copies of G, and ni,ε i.i.d.
copies of Xgi , i = 1, . . . , k. Similarly, Y (n,ε) contains n i.i.d.
copies of G, and ni,ε i.i.d. copies of Ygi , i = 1, . . . , k. Let the
joint distribution between these two sources be

QX(n,ε),Y (n,ε)
, Q⊗nG

k∏

`=1

Q
⊗n`,ε

Xg`
,Yg`

. (6)

From Remark 2, it follows that

E (X(n,ε);Y (n,ε)) ≤ nH(G) +
∑
` n`,εE (Xg` ;Yg`). (7)

Suppose that we are given a scheme for generating N
symbols of QX(n,ε),Y (n,ε)

using a message MN that the
controller conveys at no more than N(E (X(n,ε);Y (n,ε)) + ε)
bits conveying a message MN . Since the nN symbols of G
are common to both terminals, it must follow that these nN
symbols are a function of the common message conveyed by
the controller. Using this fact, we can devise a scheme to
generate nN copies of QXY in the following way.
A: If the realization of GnN corresponding to MN is an

element of TnNε [QG], the X-terminal can generate n`,εN
copies of Xg` , ` = 1, . . . , k, which it can reposition
according to the realization of GnN while maintaining
the same order of realization for indices with the same
g`, ` = 1, . . . , k. The Y -terminal operates similarly. An
illustration for a source with k = 2 is given in Fig. 3.

B: If the realization of GnN corresponding to MN is not in
TnNε [QG], the controller simply generates nN symbols
of the two sources and forwards the realizations to both
terminals using at most nN log2 |X ||Y|+ 1 bits.

|{z} |{z} |{z}

· · · · · ·· · ·

XNbn(1+")QG(g1))c
g1

XNbn(1+")QG(g2))c
g2GnN

g1 g2 g1 g1g2 g2 · · ·

· · ·

|{z}
· · ·

g1 g2 g1 g1g2 g2

GnN

|{z} |{z}
· · ·· · ·

· · ·

Y Nbn(1+")QG(g1))c
g1

Y Nbn(1+")QG(g2))c
g2

XnN

Y nN

† †

† †

Reposition (maintaining order)

Possibly Unused Symbols† =

Reposition (maintaining order)

Fig. 3. Repositioning the realizations of X(n,ε),Y (n,ε) according to the
generated GnN to generate nN copies of QXY .

This scheme generates nN copies of the source QXY using
N copies of QX(n,ε),Y (n,ε)

with an additional overhead (due
to the atypicality of GnN ). Hence, we have

nNE (X;Y ) ≤
(
N(E (X(n,ε);Y (n,ε)) + ε)

+ ε (nN log2 |X ||Y|+ 1)

)
, (8)

where we have used the fact that P[GnN /∈ TnNε [QG]] ≤ ε.
Replacing E (X(n,ε);Y (n,ε)) with the bound in (7), taking n
to infinity, and then ε to zero, we obtain

E (X;Y ) ≤ H(G) +
∑
`QG(g`)E (Xg` ;Yg`), (9)

which is the upper bound we set to establish.
Now, if E (Xg` ;Yg`) = W (Xg` ;Yg`) for each component

pmf QXg`
Yg`

, then from Remark 2, we are guaranteed that (9)
holds with equality, i.e., for any ε > 0 and n ∈ N,

E (X(n,ε);Y (n,ε)) = nH(G) +
∑
` n`,εE (Xg` ;Yg`). (10)

In this setting, we can adapt a scheme for exact generation
of QXY . Fix ε ∈ (0, 1

n0
). We can then find a suitably large

m > 1
ε > n0 and an exact generation scheme for generating

m copies of the joint source QXY , where the controller
conveys a message Mm with an average length of no more that
m(E (X;Y )+ε) bits. Since Xm ↔Mm ↔ Y m it must follow
that I(Xm;Y m|Mm) = H(Gm|Mm) = 0, i.e., the controller
knows Gm. We will use this fact to devise a scheme for the
source QX(m′,ε),Y (m′,ε) , where m′ = m(1−2ε)

1+ε .
To derive a scheme that outputs one symbol of

QX(m′,ε),Y (m′,ε) , the controller generates a realization of Mm.
The controller uses the realization to verify if the correspond-
ing realization of Gm is ε-letter typical. If so, it conveys the
typicality of Gm by a bit, and then conveys the realization
of Mm to the two terminals. The two terminals use the
received message and generate Xm and Y m respectively. The
terminals then identify (at least) Gm = f(Xm) = g(Y m).
Since Gm is typical, the terminals can definitely identify
bm(1 − ε)QG(g`)c > m′(1 + ε) copies of Xg` and Yg` ,
` = 1, . . . , k, respectively. Employing the repositioning tech-
nique in Fig. 3 in the reverse direction, we can then identify
one symbol of X(m′,ε) and Y (m′,ε) at the two terminals.

On the other hand, if Gm corresponding to the realization
of Mm is atypical, the controller conveys the atypicality using
a bit, and then generates a realization of (X(m′,ε),Y (m′,ε))
and conveys that in no more than m′ log2 |X ||Y|+ 1 bits.

The above scheme is then an exact generation scheme for
one symbol of QX(m′,ε),Y (m′,ε) , and hence,

E (X(m′,ε);Y (m′,ε)) ≤
(

1 +m(E (X;Y ) + ε)
+ε(m′ log2 |X ||Y|+ 1)

)
,

where we have used P[Gm /∈ Tmε [QG]] ≤ ε. Combining the
above with (9), and letting ε→ 0, we see that

E (X;Y ) ≥ H(G) +
∑
`QG(g`)E (Xg` ;Yg`), (11)

thereby establishing the second part of the claim.
Theorem 2: If QXY =

1S(QXY )

|S(QXY )| , then

E (X;Y ) = W (X;Y ). (12)

Proof: Just as in the proof of [14, Theorem 2], we devise
a two-stage scheme to exactly match the output statistics of the
two sources to Q⊗nXY . The first stage uses a modified channel
resolvability codebook [7], [16] so that the joint pmf of the
source outputs satisfies a nearly-uniform-type convergence
constraint. The second stage then refines the shortcomings of
the first to match the exact generation requirement.

Pick auxiliary RV W and pmf QXWY such that (a)
I(X,Y ;W ) = W (X;Y ) and (b) X ↔ W ↔ Y . To exactly
generate the sources, pick ε > 0, and n large so that

P
[
Wn ∈ Tnε [QW ]

]
> 1− ε, (13)
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and for every wn ∈ Tnε [QW ], Xn ∼ Q⊗nX|W (·|wn) and Y n ∼
Q⊗nY |W (·|wn),

P
[
Xn ∈ Tnε

2
[QX|W ;wn]

]
> 1− ε, (14)

P
[
Y n ∈ Tnε

2
[QY |W ;wn]

]
> 1− ε. (15)

Let ` = |S(QXY )|. Then, due to the structure of QXY ,
H(X,Y ) = log2 `. Let rate R be given by

R = I(X,Y ;W ) + 3ε|X ||Y| (16)
= log2 `−H(X,Y |W ) + 3ε|X ||Y|. (17)

Now, let C , {Wn(i)}2nR

i=1 be a codebook with each codeword
Wn(i), i = 1, . . . , 2nR, generated i.i.d. using Q̃⊗nW defined by

Q̃nW (wn) =
Q⊗nW (wn)1Tn

ε [QW ](w
n)

Q⊗nW (Tnε [QW ])
. (18)

By construction, every codeword in the codebook is ε-strongly
letter typical. Now, define a channel Q̃nX|W (·|·) with input
alphabet Tnε [QW ] and output alphabet Xn by

Q̃nX|W (xn|wn) =
Q⊗nX|W (xn|wn)1Tn

ε
2

[QX|W ;wn](x
n)

Q⊗nX|W (Tnε
2

[QX|W ;wn]|wn)
, (19)

and similarly define the channel Q̃nY |W with input alphabet
Tnε [QW ] and output alphabet Yn by

Q̃nY |W (yn|wn) =
Q⊗nY |W (yn|wn)1Tn

ε
2

[QY |W ;wn](y
n)

Q⊗nY |W (Tnε
2

[QY |W ;wn]|wn)
. (20)

For (xn, yn) ∈ Xn×Yn, define 2nR i.i.d. RVs Zi(xn, yn) by

Zi(x
n, yn) = Q̃nX|W (xn|Wn(i))Q̃nY |W (yn|Wn(i)), (21)

and let µ(xn, yn) , E[Zi(x
n, yn)]. Using the properties of

letter-typical sequences, and (13)-(15), one can show that for
any i = 1, . . . , 2nR, and (xn, yn) ∈ Xn × Yn,

Zi(x
n, yn) ∈

[
0,

2−n(H(X,Y |W )(1−2ε)

(1− ε)2

]
, (22)

µ(xn, yn) ≤ Q⊗nXY (xn, yn)

(1− ε)3
≤ `−n

(1− ε)3
, (23)

E[Z2
i (xn, yn)] ≤ 2−nH(X,Y |W )(1−2ε)

(1− ε)2
µ(xn, yn). (24)

Now, define a (random) pmf Q̃C,nXY on Xn × Yn by

Q̃C,nXY (xn, yn) , 2−nR
∑2nR

i=1 Zi(x
n, yn),

which is the joint pmf of the outputs when a randomly selected
codeword from the random channel resolvability codebook C
is passed through two parallel channels Q̃nX|W and Q̃nY |W ,
respectively. Unlike in the proof of [14, Theorem 2], the
support of the pmfs Q̃C,nXY and E[Q̃C,nXY ] = µ need not lie
within the Tn2ε[QXY ]. Instead, we are only guaranteed that

S(Q̃C,nXY ) ⊆ S(µ) ⊆ (Tn2ε[QX ]× Tn2ε[QY ]) ∩ S(Q⊗nXY ). (25)

Thus, it is possible that the realizations of the pair of sources
emitted by a random codebook are atypical. However, this will

not cause a severe problem because of the specific form of the
joint pmf QXY . Now, let η , 1

(1−ε)3 + ε. Then, we see that
for any (xn, yn) ∈ S(µ),

∆(xn, yn) , η Q⊗nXY (xn, yn)− µ(xn, yn)
(23)
≥ ε `−n, (26)

Similarly, for any (xn, yn) ∈ S(µ),

η Q⊗nXY (xn, yn) + 2µ(xn, yn)
(23)
≤ 3η `−n. (27)

Note that the random pmf Q̃C,nXY is a weighted sum of i.i.d.
RVs, and hence one can use standard bounding techniques to
establish concentration properties of tail events. Now consider
the following tail event for (xn, yn) ∈ S(µ).

P
[∣∣∣ Q̃C,nXY (xn, yn)− µ(xn, yn)

∣∣∣ > ∆(xn, yn)
]

= P



∣∣∣∣∣∣

2nR∑

i=1

Zi(x
n, yn)

2nR
− µ(xn, yn)

∣∣∣∣∣∣
> ∆(xn, yn)




(22)
≤ 2 exp


 − 2−nR

2

(
2nR∆(xn, yn)

)2

var(Z1(xn, yn)) + 2−n(H(X,Y |W )(1−2ε)

(1−ε)2
∆(xn,yn)

3




(24)
≤ 2 exp


−

2−nR

2

(
2nR

(
η Q⊗nXY (xn, yn)− µ(xn, yn)

))2

2−n(H(X,Y |W )(1−2ε)

(1−ε)2
(η Q⊗n

XY (xn,yn)+2µ(xn,yn))
3




(26),(27)
≤ 2 exp

[
− (1− ε)2ε2

2η
2n(R−log2 `+H(X,Y |W )(1−2ε)

]

≤ 2 exp

[
− (1− ε)2ε2

2η
2nε|X ||Y|

]
. (28)

Note that we have used Bernstein’s inequality [17] to bound
the tail event at the third step above. We can then proceed
with a union bound over all pairs (xn, yn) ∈ S(µ) as follows.

P

[ ⋂

(xn,yn)∈S(Q̃C,nXY )

(
Q̃C,nXY (xn, yn) ≤ η Q⊗nXY (xn, yn)

)]

≥ P

[ ⋂

(xn,yn)∈S(µ)

(
Q̃C,nXY (xn, yn) ≤ η Q⊗nXY (xn, yn)

)]

≥ P

[ ⋂

(xn,yn)∈S(µ)

(
|Q̃C,nXY (xn, yn)− µ(xn, yn)|

∆(xn, yn)
≤ 1

)]

≥ 1− 2 |S(µ)| · exp

[
− (1− ε)2ε2

2η
2nε|X ||Y|

]

≥ 1− 2 exp

[
− (1− ε)2ε2

2η
2nε|X ||Y| − n loge |X ||Y|

]
, (29)

which approaches unity as n diverges. Thus, for sufficiently
large n, there exists a codebook C with

Q̃C,nXY (xn, yn) ≤ η Q⊗nXY (xn, yn) for all (xn, yn) ∈ S(Q̃C,nXY ).

Then rnXY , η Q⊗n
XY −Q̃

C,n
XY

η−1 defines a pmf over Xn × Yn.
Further, Q⊗nXY is expressible as a convex combination of two
pmfs Q̃C,nXY and rnXY , i.e.,

Q⊗nXY = η−1Q̃C,nXY +
(
1− η−1

)
rnXY . (30)
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The above equation essentially yields the required two-stage
exact generation scheme. To generate n copies of the X and
Y distributed according to QXY , the controller first generates
an instance of a binary RV V with QV (0) = 1 − η−1. The
controller conveys V to both terminals. If V = 0, the controller
additionally generates an instance of (X̃n, Ỹ n) ∼ rnXY , and
conveys them in dn log2 |X ||Y|e bits. Note that in this case,
each terminal knows both source realizations.

Now, if V = 1, the controller generates nR bits uniformly
at random, and conveys it to both terminals. The terminals
use the bits to identify the appropriate codeword from C, and
generate their source realizations using the chosen codeword
and the respective channels (Q̃nX|W or Q̃nY |W ). On average,
this exact source-generation scheme uses no more than

n−1 + η−1R+
(
1− η−1

) (
log2 |X ||Y|+ n−1

)
bits/symbol.

By allowing n to grow unbounded and then allowing ε to
vanish, we can see that the above quantity approaches the
required limit of I(X,Y ;W ) = W (X;Y ). Thus, we can build
schemes for separate, exact generation of the pair of sources
at rates arbitrarily close to but larger than W (X;Y ). When
combined with Remark 1, the claim then follows.

Theorem 3: Suppose QXY (when viewed as a matrix)
consists only of rational entries and that in each row, the non-
zero entries are identical (but the non-zero entries in different
rows can be distinct). Then E (X;Y ) = W (X;Y ).

Proof: Let ki
li

be the non-zero entry appearing in the
ith row of QXY . Let ` = lcm{li : i = 1, . . . , |X |}. Let
κ = gcd{ki : i = 1, . . . |X |}. Let mi , ki

κ
`
li
∈ N

and Si = S(QY |X=i) for i = 1, . . . , |X |. Let X ′ =

{1, . . . ,∑|X |i=1mi}. Define a noiseless but random channel
QX′|X with input alphabet X and output alphabet X ′ such
that: (a) |S(QX′|X=i)| = mi; (b) H(X ′|X = i) = log2mi;
and (c) H(X|X ′) = 0. An illustration for such a channel is
given in Fig. 4.

Let QX′XY , QX′|XQXY . Then, by definition, X ′ ↔
X ↔ Y . Further, since H(X|X ′) = 0, it is also true that
X ↔ X ′ ↔ Y . Thus by Remark 3 and its analogue for Wyner
common information, it follows that

E (X ′;Y ) = E (X;Y ), (31)
W (X ′;Y ) = W (X;Y ). (32)

For m ∈ N and S ⊆ {1, . . . , |Y|}, let Im,S be a m × |Y|-
dimensional {0, 1}-matrix with ones at locations (i, j) if and
only if j ∈ S. Then, by definition, it can be seen that

QX′Y ≡
κ

`




Im1,S1

Im2,S2

...
Im|X|,S|X|


 . (33)

The claim then follows from (31), (32), and by noticing that
QX′Y meets the structural requirement of Theorem 2.
Since X and Y are interchangeable, the following also holds.

Remark 4: Suppose QXY (when viewed as a matrix)
consists only of rational entries and that in each column,

X

X 0

Y

1

2

4

14

1

1

2

2

3 3

3

4

X X 0

Y 0

1

2

3

1

18
2

9

2

9

1

6

1

6

QXY =

2
664

2
9 0 2

9
0 1

6 0
1
6 0 0
0 0 2

9

3
775 . QX0Y 0 =

1

18

2
664

I4,{1,3}
I3,{2}
I3,{1}
I4,{3}

3
775 .

QX0|X

Fig. 4. An illustration of the splitting of the source alphabet.

the non-zero entries are identical (but the non-zero entries in
different columns can differ). Then E (X;Y ) = W (X;Y ).
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