Proc. VIII European Signal Processing Conference (EUSIPCO-96), Sept. 1996, Trieste, Italy, pp. 1191-1194

SIMPLIFIED DESIGN OF LINEAR-PHASE PROTOTYPE FILTERS FOR MODULATED FILTER BANKS

Jörg Kliewer University of Kiel, Institute for Network and System Theory Kaiserstr. 2, D-24143 Kiel, Germany

e-mail: jkl@techfak.uni-kiel.de

ABSTRACT

In this paper a simplified design of linear-phase prototype filters for almost perfect reconstruction modulated filter banks will be presented. It is based on an improved frequency-sampling design where the frequency response of an easily designable Nyquist filter is shaped such that the prototype constraints will be approximately satisfied. This method does not involve any coefficient optimization and results in a computationally more efficient, faster and more stable design process, which is especially well suited for longer filters.

1 INTRODUCTION

Several methods for designing linear-phase prototypefilters for almost perfect reconstruction modulated filter banks have been developed up to now.

In [1, 2, 3] a nonlinear error function in the frequency domain is constructed, which is then minimized using an unconstrained optimization algorithm. Recently, Nguyen proposed an improved design method [4], where additional time domain constraints are introduced into the design process. However, in nonlinear optimization, the objective function to be minimized exhibits many local minima. Thus the properties of the resulting filter highly depend on the quality and also on the availability of an optimization algorithm. Another disadvantage is the large computational cost being connected with these methods.

Design methods, which are avoiding any nonlinear optimization, suffer from other drawbacks. Closed form designs like [5] are easy to compute, but they often lack design flexibility, since design parameters like transition bandwidth and stopband / passband weighting cannot be chosen independently. The approach described in [6] is based on a Remez design and yields equiripple filters with good stopband attenuation, but does not allow to specify the transition bandwidth for the design. Like the method in [7], which is based on frequency sampling, it is only restricted to wider transition bands.

In this paper, a simple method for designing linearphase approximate square-root Nyquist prototype FIR filters for M-band almost-perfect reconstruction modulated filter banks is proposed, which is related to [7] but is based on an improved frequency-sampling design.

2 PROTOTYPE FILTER SPECIFICATION

The frequency response H(e^{jΩ}) of an ideal real-valued square-root Nyquist lowpass prototype h(n) satisfies the following conditions, where K = 2M for cosinemodulated filter banks with M real subbands [1, 2, 3, 8] and K = M in the complex modulated M-band case [5]: | H(e^{jΩ}) |_2 + | |H(e_{j(Ω−2π/K)}) | |^2 =

1 0 ≤ Ω <^{2π}_K , 0 Ω < −^{2π}_K , Ω ≥^{4π}_K , arbitrary elsewhere, (1)

| |H (e^{jΩ}) | | = { 0 |Ω| ≥^{2π}_K , arbitrary elsewhere. (2) The exact power-complementarity between the prototype and its shifted version for 0 ≤ Ω < 2π/K in (1) removes all amplitude distortion, and the infinitely high stopband attenuation of the lowpass prototype for |Ω| ≥ 2π/K suppresses all aliasing components between non-adjacent subbands, where aliasing in adjacent subbands is cancelled out by the filter bank itself. However, FIR filters cannot satisfy the infinitely high stopband attenuation in (2) and linear-phase FIR filters additionally cannot exactly satisfy the power-complementarity constraint, so that additional distortion is introduced to the output of the filter bank.

3 DESIGN PREREQUISITES

For convenience we define S = (N − 1)/2, where N denotes the filter length. If h(n) = h(N − 1 − n) holds for an arbitrary linear-phase filter h(n), then its frequency response is given by H(e^{jΩ}) = H_0(e^{jΩ})e^{−jSΩ}, where H_0(e^{jΩ}) denotes the real-valued symmetric amplitude response. We show now that H_0(e^{jΩ}) can be expressed by cosine modulation of the filter coefficients h(n), where we limit ourselves to odd-length filters. However, the solution for even-length filters is analogous.

The amplitude response of a linear-phase filter h(n) can be written as

H_0(e^{jΩ}) = h^Tc(Ω) (3)

with the length (N + 1)/2 vectors

h = [2h(0), 2h(1), . . . , 2h(S − 1), h(S)]^T (4)

and c(Ω) = [cos(SΩ), cos((S − 1)Ω), . . . , 1]^T.

Since h(n) is linear-phase, the sampled amplitude response H_{s0}(k) = H_0(e^{jΩk} ), Ω_k =^{2π}_L k, k = 0, . . . , L−1, shows the symmetry H_{s0}(k) = H_{s0}(L−k), where L denotes the number of sampling points in the frequency domain. Thus, it is sufficient to consider only the first L/2 + 1 frequency samples. With

h̃ = [H_{s0}(0), H_{s0}(1), . . . , H_{s0}(L/2)]^T

and the DCT-I matrix

C = [c(0), c(2π/L), · · · , c(π)]^T ∈ IR^{(L/2+1)×(S+1)}, (5) the sampled amplitude response is given in matrix notation by h̃ = Ch. (6)

Similarly, it can be shown, that the inverse DFT is given by h_I = C^Th̃_I, (7)

where

h̃_I = Dh̃, [D]_{ij} = 1 L { δ_{ij} i = 0, i = L/2, 2δ_{ij} i = 1, . . . , L/2 − 1, (8) j = 0, . . . , L/2; δ_{ij} denoting the Kronecker symbol and

h_I = [h(0), h(1), . . . , h(S)]^T. (9)

4 DESIGN METHOD

The design procedure to be proposed here is based on a frequency-sampling design, where the desired frequency response is constructed such that it can be represented almost exactly by a linear-phase FIR filter [9]. This process can be summarized as follows:

1. Design of a for the present arbitrary linear-phase FIR filter g(n) with frequency response G(e^{jΩ}).

2. Modification of G(e^{jΩ}) such that the constraint (1) is approximated in a least-squares sense.

3. Inverse discrete Fourier transform of the sampled modified frequency response yields the impulse response of the desired prototype filter h(n).

4.1 Odd-length filters Starting point is the design of a linear-phase K-th band or Nyquist(K) FIR filter g(n) of odd length N and transition bandwidth b_g , where its amplitude response G_0(e^{jΩ}) satisfies the flatness constraint K−1∑ k=0 G_0 ( e^{j(Ω−k·2π/K)} ) = 1. (10)

The design of such a Nyquist(K) filter with transition bandwidth b_g (0 < b_g < 2π/K) and filter length N can be carried out e.g. with an eigenfilter approach [8], which is used throughout this paper and has been chosen, since it offers more design flexibility. However, it is possible to use other design methods for g(n) here.

The amplitude response H_0(e^{jΩ}) of the desired zerophase square-root Nyquist filter is now represented by

H_0 ( e^{jΩ} ) = { √ G_0(e^{jΩ}) for 0 ≤ |Ω| < Ω_s, G_0(e^{jΩ}) for Ω_s ≤ |Ω| < π,

(11)

with Ω_s = 2π/K+b_g/2, where Ω_s denotes the stopbandedge frequency. The DCT matrix C in (5) can be divided into two submatrices C_1 and C_2 according to C = [ C_1 C_2 ] , where C_1 ∈ IR^{L1×(S+1)}, L_1 = ⌈Ω_sL/(2π)⌉, contains the lower and C_2 ∈ IR^{L2×(S+1)}, L_2 = L/2 + 1 − L_1, the upper frequency rows of C, respectively. With (3) and (6) eq. (11) can now be written as

h̃ = [ √ C_1g C_2g ] , (12)

where g arranged as in (4) denotes the Nyquist(K) FIR filter sequence and h̃ the sampled amplitude response of the resulting square-root prototype. The product C_1g yields the amplitude response for frequencies up to the stopband edge and C_2g in the range Ω ∈ [Ω_s, π], respectively.

Combining eq. (8) and (12) and rearranging of the weighting matrix D yields

h̃_I = [ D_1 √ C_1g D_2C_2g ] , D = [ D_1 0 0 D_2 ]

and D_1 ∈ IR^{L1×L1} , D_2 ∈ IR^{L2×L2} .

Introducing the inverse transform (7) leads to the desired impulse response vector h_I in (9), which can be written with C^T = [ C^T_1 C^T_2 ] as h_I = C^T_1 D_1 √ C_1g + C^T_2 D_2C_2g. (13)

Note that the square-root in (11) and (13), resp., is only calculated in the pass- and transition band up to the stopband edge, where G_0(e^{jΩ}) is always positive. Thus, in the resulting response H_0(e^{jΩ}), the stopband edge is moved only slightly to higher frequencies, which results in a nearly unchanged transition bandwidth b_h ≈ b_g in comparision to that specified in the original Nyquist(K) filter design.

Since the eigenfilter design is optimal in the leastsquares sense, the transfer function G_0(z) exhibits single almost equidistant zeros on the unit circle in the stopband region. Thus, by choosing H_0(e^{jΩ}) = G_0(e^{jΩ}) in the stopband region, this structure can be retained in the resulting prototype filter, which leads to maximum stopband attenuation.

4.2 Even-length filters Unlike in the odd-length case, here it is not possible to start with the design of a Nyquist(K) filter, since evenlength linear-phase filters cannot satisfy the Nyquist condition (10) due to the even symmetry in their impulse response. However, it is possible to design an even-length lowpass filter g(n) = g_0(n − S), which approximately satisfies the reduced frequency-domain condition

G_0 ( e^{jΩ} ) + G_0 ( e^{j(Ω−2π/K)} ) = { 1 0 ≤ Ω <^{2π}_K , arbitr. elsewhere. (14) This can be realized by including this flatness constraint into the objective function of an eigenfilter design [8], which shall be explained in the following. The main idea behind the eigenfilter design is to minimize an objective function, where the minimization process can be expressed as an eigenvalue problem.

The stopband energy can be written with a vector notation for even-length filters similar to (3), (4) as

E_s = ∫_π Ω_s

G^2_0(e^{jΩ}) dΩ = g^TPg (15)

with P = ∫_π Ω_s

c(Ω)c^T(Ω) dΩ ∈ IR^{N/2×N/2},

c(Ω)=[cos(SΩ), cos((S−1)Ω), . . . , cos((S−N/2+1)Ω)]^T and should obviously be minimized in order to achieve maximum stopband attenuation.

The deviation from the relaxed condition in (14) can be expressed in terms of an energy E_f as

E_f = ∫_{2π/K} 0 [ 1 − G_0 ( e^{jΩ} ) − G_0 ( e^{j(Ω−2π/K)} )]_2 dΩ and should be zero in the ideal case. Introducing again a notation as in (3), (4) yields the matrix formulation

E_f = g^TQg (16) with Q = ∫_{2π/K} 0 (1−c(Ω)−c_1(Ω)) (1−c(Ω)−c_1(Ω))^T dΩ,

where c_1(Ω) denotes the length N/2 vector of modulated cosines

c_1(Ω) = [cos(S(Ω − 2π/K)), cos(S(Ω − 2π/K) − 1), . . . , cos(S(Ω − 2π/K) − N/2 + 1)]^T and 1 the unity vector of the same length.

The composite objective function to be minimized is now given by [8]

ϕ = αE_s + (1 − α)E_f^!= min .,

where α, 0 < α ≤ 1 allows a weighting between stopband attenuation and flatness of the amplitude response. With (15) and (16) this results in

ϕ = g^TRg with R = αP + (1 − α)Q. (17)

Since R is positive definit, Rayleigh’s principle can be applied, stating that the vector g, which minimizes ϕ, is the eigenvector corresponding to the smallest eigenvalue λ_0 of R [8].

The further design of the desired square-root Nyquist(K) prototype is again carried out according to eq. (13) with the modifications L_2 = L/2 − L_1 and D_2 = I due to the even prototype filter length.

5 DESIGN EXAMPLES

As a first example, a prototype filter of length N = 512 with K = 64, α = 0.9 and a transition bandwidth of b_h ≈ 0.03π is designed, where the number of sampling points is chosen as L = 1024.

(a)

(b)

Figure 1: Design example with N = 512 and K = 64: (a) Magnitude frequency response, (b) Period of the overall transfer function.

Fig. 1 shows the magnitude frequency response and one period of the overall magnitude transfer function |T (e^{jΩ})| = ∑_{K−1} k=0 | |H(ej(Ω−k·2π/K)) | |^2 for

0 ≤ Ω < 2π/K. Note that the stopband attenuation is getting larger for increasing Ω, which is useful when processing signals with (mainly) lowpass-shaped power spectra. Such a shape of the stopband response leads to a better suppression of high-energy lowpass aliasing components in the upper subbands.

(a)

(b)

(c)

Figure 2: Design example with N = 129 and K = 16: (a) Magnitude frequency response, (b) Period of the overall transfer function, (c) Zero-pattern.

This can also be observed in the next example, where an odd-length prototype with N = 129, K = 16, b_h ≈ 0.1π, L = 1024 and α = 0.5 is designed (Fig. 2). The zero-pattern shows that the single zeros in the stopband region of the unit circle are distributed almost equidistantly, corresponding to minimal stopband energy E_s.

6 CONCLUSION

The design procedure presented in this paper does not depend on a computational expensive optimization routine. This results in a faster and more stable prototype computation, especially for longer impulse responses, where optimization-based approaches often lead to inadequate filters.

Additionally, this method allows an easy implementation. The eigenvector and eigenvalue computation routines for example, which are needed for the first design step, can be found in many numerical packages and libraries.

7 ACKNOWLEDGEMENT

The author would like to thank his advisor Prof. Dr. U. Heute for his helpful suggestions and comments in the course of this research.

8 REFERENCES

[1] J. H. Rothweiler. Polyphase Quadratur Filters – a New Subband Coding Technique. In Proc. IEEE Int. Conf. Acoust., Speech, Signal Processing, pages 1280–1283, Boston, USA, 1983.

[2] J. Masson and Z. Picel. Flexible Design of Computationally Efficient Nearly Perfect QMF Filter Banks. In Proc. IEEE Int. Conf. Acoust., Speech, Signal Processing, pages 541–544, Tampa, USA, 1985.

[3] P. L. Chu. Quadrature Mirror Filter Design for an Arbitrary Number of Equal Bandwidth Channels. IEEE Trans. on Acoust., Speech, Signal Processing, ASSP-33(1):203–218, February 1985.

[4] T. Nguyen. Near-Perfect-Reconstruction Pseudo- QMF Banks. IEEE Trans. on Signal Processing, SP-42:64–75, January 1994.

[5] N. J. Fliege. Closed Form Design of Prototype Filters for Linear Phase DFT Polyphase Filter Banks. In Proc. IEEE Int. Sympos. Circuits and Systems, Chicago, USA, May 1993.

[6] C. D. Creusere and S. K. Mitra. A Simple Method for Designing High–Quality Prototype Filters for M– Band Pseudo QMF Banks. IEEE Trans. on Signal Processing, SP-43(4):1005–1007, April 1995.

[7] G. Wackersreuther. On the Design of Filters for Ideal QMF and Polyphase Filter Banks. Arch. El. Übertr. (AEÜ), Vol. 39(2):123–130, 1985.

[8] P. P. Vaidyanathan. Multirate Systems and Filter Banks. Prentice Hall, Englewood Cliffs, 1993.

[9] P. Jarske, Y. Neuvo, and S. K. Mitra. Improved Frequency Sampling Design of FIR Filters. In Proc. European Signal Processing Conf., pages 691– 694, Grenoble, France, 1988.