__ A6 _ 65-0; Aw of — 0;
Qavg = 3 = "t Pavg = At T T Af
AGO d6
o= lim = a=limA_w=d_w
At-0 At dt At-0 At dt
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Comparison between rotational and linear equations

Straight-Line Motion with
Constant Linear Acceleration

Fixed-Axis Rotation with
Constant Angular
Acceleration

a. = constant

X

o. = constant

z

V, =V, +a,t

X

@, = W,, + azt

X = X, +v0xt+%axt2

0=06,+0,,t+ % at’

v.? =v,° +2a (x-X,)

X

o =a0,°+2a,(0-6,)

Z

X—X, = %(VOX +V )t

6 — 6, :%(0)02 +o,)t
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Example:

zy ,=407 rad/s,

=INCINe

®,=207 rad/s,

®,=107 rad/s,
®,=1007 rad/s, EEEEE——

Not enough info to calculate. =

A disc 1s slowing down to stop. The slowing down process takes 10 s,
and the disc makes 100 full revolutions. Find the magnitude of the
initial angular velocity of the disc. Suppose the slowing down has a

constant angular acceleration.

a, = constant

@, = @,, + azt

6 =46, +a)02t+%azt2

o =0,°+2a,(0-6)
1

66, = (a0, +, !

100 revolutions = 200 i
6-0,=200

@w,=0rad/s ¢=10s

®y= "

200 = 0.5 (0 + @,)(10 s)

®,=40m rad/s
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Relating linear and angular kinematics

Distance through which point P on

¢ The lilleal’ VelOCity 1S always tangent tO the ClI’CUlaI' the body moves (angle @ is in rudi_uns)
path called the tangential velocity. Linear speed of point P
. . . (angular speed w is in rad/s)
* The tangential velocity vs angular velocity ) Y]
As A A6 v 7 al )
V=— S=7 V=—71=wr W = — # e
At At r I’ Ci>cle followed ;
/by point P E
[ J [ ) ° ' 9
* The tangential acceleration vs angular acceleration | O./< | s
| I
Av  Aw
a = — = —T =ar a = ar X /
tan At At tan \\\ //,
Any other acceleration? s L
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Relating linear and angular kinematics

* An object traveling 1n a circle, even though it moves el end aneential acceleration components:

*a.,q = wris point P’s centripetal acceleration.

with a constant speed, will have an acceleration. T TR
-- 1ts centripetal (radial) acceleration 1s

Qan —
@ B TN
2 2 /, - //j""-‘-.\z.\
v (rw) 2 2 s o ffr?,a: : \\*-\-.\
VvV = Wr Araqd = — = =Tw Ayqd = TW , Linear —| \\“‘\' : {5‘3“~
r r ,/ acceleration At ey

i of point P “rad
. RN RN — ]’ ¢ 9 >
* Total acceleration: a = a;g,, + ayqq Argn = AT | .
\
\

il = [aton + Ghag =VP@2 20t =raT ot ;
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Relating linear and angular kinematics

* Every point on the rotating object has the same angular
motion (angular displacement, angular velocity,
angular acceleration)

D |

* Every point on the rotating object does NOT have the
same linear motion.

Displacement: s, = 0r Velocity: v, = wr

Acceleration: a, = ar —

Physics at
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EXample‘ A DVD is rotating with an ever-increasing speed. How do the
" centripetal acceleration a4 and tangential acceleration a,,, compare
at points P and Q7

y Direction
of rotation

(A). P and Q have the same a4 and a,,,.

W. O has a greater a,,4 and a greater a,,, than P
(C). O has a smaller a4 and a greater a,,, than P,

(D). P and Q have the same a

but O has a greater a,,, than P,

rad?

a, =ra
2 2
V ra
a, = :( ) :f"(l)z
Vv r
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Compared to a gear tooth on the rear sprocket (on the left, of small
radius) of a bicycle, a gear tooth on the front sprocket (on the right,
of large radius) has

Example:

(A). a faster linear speed and a faster angular speed.

%%

Rear

(B). the same linear speed and a faster angular speed. sprocket

(C). a slower linear speed and the same angular speed.
W). the same linear speed and a slower angular speed.

(E). none of the above 0 =
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New Jersey’s Science & Technology University THE EDGE IN KNOWLEDGE



Rotational kinetic energy

* The linear velocity (of one particle) 1s always tangent to the
circular path: tangential velocity.

* The magnitude 1s defined by the tangential velocity
W = ; or vV = wr

* Kinetic energy (of one particle): K = %mvz
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Rotational kinetic energy

* The linear velocity (of one particle) 1s always tangent to the
circular path: tangential velocity. Distance through which point P on
. . . . the body moves (angle @ is in radians)
* The magnitude 1s defined by the tangential velocity ) ‘-
v

Linear speed of point P
(angular speed @ is in rad/s) i

w = ; or v =auwr 9
g’/,_-
* Kinetic energy (of one particle): K = %mvz I,’/l(}i>c:§lf:)gowed
* An “continuous” object rotating about an axis with an ! N /{e
angular speed m, has rotational Kinetic energy. | %
* Each particle has a kinetic energy of K; = %miviz
* Since v = rw, for each particle: K; = %miriza)iz s N

Physics at NJ1
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Rotational kinetic energy

* The total rotational kinetic energy of the rigid object is
the sum of the energies of all its particles

_ _v 1 2 2 1
KR — ZLKL —_— lemﬂ”l Cl)i =z§miri2w2
l

* We can rewrite this equation:
1

2

1

Kgr = (Zimiriz) w? = Ela)z

L. 1
* Compare 1t with K = E‘mvz.

e I1s called the moment of inertia. [ = z m;r?
i

|

I’ Circle followed

Distance through which point P on
the body moves (angle 6 is in radians)

Linear speed of point P 3
(angular speed w is in rad/s) i
y % H

7

II by point P
!
|
\

-

o .'
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Rotational kinetic energy

* There 1s an analogy between the kinetic energies
associated with linear motion and the kinetic energy
associated with rotational motion.

1 1

Kzgmvz vs  Kp =51a)2
* Rotational kinetic energy 1s not a new type of energy, the e . i
form 1s different because it is applied to a rotating object. P AT D

!i by point P L
!
| /{9
|
\

\

\

* Units of rotational kinetic energy are Joules (J).
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Moment of Inertia of Point Mass

* For a single particle, the definition of moment of inertia 1s
I=mr?

m 1s the mass of the single particle I;"f ¢
r is the rotational radius '

* ST unites of moment of inertia are kg.m?

* Moment of inertia and mass of an object are different quantities.
* Moment of 1nertia depends on both the quantity of matter and 1ts
distribution (through the »° term)

Physics at NJI
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Moment of Inertia of Point Mass

* For a composite particle, the definition of moment of inertia 1s
[ =Y. mr? =mr{ +myry + mgri + murfé + ...

m; 1s the mass of the ith single particle
r; 1s the rotational radius of ith particle.

*The moment of inertia / about an O axis perpendicular to the page?

I = Zmiriz = mb? + Ma® + mb?* + Ma* = 2mb?* + 2Ma*
i

* The moment of 1nertia / about the y axis 1s?
I = Zmiriz = Ma* + Ma* + 0+ 0 = 2Ma?
L
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Exam 1 e Four small spheres, each of which you can regard as a point of mass
p 0.2 kg, are arranged 1n a square 0.400 m on a side and connected by
extremely light rods. Find the moment of inertia of the system about an
axis that passes through the centers of the upper left and lower right
spheres and through point O.
\‘ 0.400 m 02 ke
V= 0.032 kg.m? r=0.2828 m 02kg [~ _
\ N
B.7=0.016 kg.nm’ [ =Y mr? =2(0.200 kg)(0.2828 m)> N |E
— 2 \\
C.71=0.064 kg.m o o0ma0k , ® ®
D. 7=0.320 kg.m? - g m 0.2 kg 0.2 kg

E.7=0.160 kg.m?

ﬁienm & Technology University THE EDGE IN KNOWLEDGE



Moment of Inertia of Extended objects

* Divided the extended objects into many small volume
elements, each of mass Am..

* We can rewrite the expression for / in terms of Am

dm

] = lim réAm; = jrzdm _ .
L y rotation axis

Am;—0 i

* With the small volume segment assumption, dm = pdV
I = [prsdv

* If 1s p constant, the integral can be evaluated with known
geometry, otherwise its variation with position must be known.

Physics at NJl1
,”’X—-——'— New Jersey’s Science & Technology University THE EDGE IN KNOWLEDGE



Example: Uniform Rigid Rod

* The shaded area has a mass dm = p dx, p = M/L.
dm = pdx = (M/L)dx

e The moment of 1nertia 1s

L/2 1 AL
I, —j r’dm = j X —dx— <§x3| L|73L
L/2 2

1,2
I= ﬁML i L
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TABLE 9.2 Moments of Inertia of Various Bodies

(a) Slender rod, (b) Slender rod, (c) Rectangular plate, (d) Thin rectangular plate,
axis through center axis through one end axis through center axis along edge
1= Su? 1= tmr 1= 1M + b?) 1= ims
12 3 12 A

(e) Hollow cylinder (f) Solid cylinder (g) Thin-walled hollow (h) Solid sphere (i) Thin-walled hollow
cylinder sphere
o 2 2 2y 1 dl L L B -
I1=>M(RE + RF) I =3MR 1= MR I = SMR I=3MR

New Jersey’s Science & Technology University THE EDGE IN KNOWLEDGE




Exam 1 e The two objects shown here all have the same mass M = 10 kg and
ple. radius R= 1 m. Each object 1s rotating about its axis of symmetry

(shown in blue) with an angular velocity @ = 2 rad/s. What are
their rotational kinetic energy?

[=%MR2 1= MR?
A.K,=201,K,=20] 1 A B
KR — _I(,U
B.K,=10J,K,=101J 2
VKA=10J,KB=20J
R R
D.K,=20J,K;,=101]
1 1 1 1
Iy = EMR2 = E(10kg)(1m)2 =5 K, = EIa)z = 5(5)(2)2 =10
_ 2 2 1 2 1 2
Ig = MR = (10kg)(1m)“ = 10 Kp =51 =§(10)(2) = 20
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EX ampl e: You want to double the radius of a rotating solid cylinder while keeping
" its kinetic energy constant. (The mass does not change.) To do this, the
final angular velocity of the cylinder must be

1 I = EM}?~

K, = —Iw?
sz

(A) 4 times its 1nitial value.

(B) twice 1ts 1nitial value. 1 ,
Iy =5 MQ2R)*= 41

(C) the same as its 1nitial value.

g} 1/2 of its initial value. . R

K = =422 = 2102
r 27 T2

(E) 1/4 of its initial value. 2
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Parallel-Axis Theorem

* In the previous examples, the axis of rotation coincided

with the axis of symmetry of the object | e
. . o otation — throu
* For an arbitrary axis, the parallel-axis theorem often """ oM
i :

simplifies calculations.

* The theorem states I = I, + MD?

I 1s about any axis parallel to the axis through the center
of mass of the object

[, 1s about the axis through the center of mass

D 1s the distance from the center of mass axis to the
arbitrary axis.
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Example: Parallel-axis theorem for Rigid Rod

Y y
* The moment of inertia about y axis 1s

L/2 i
L, —f rédm = f X —dx——ML2 | i

L/2 |

|

—P‘i—

* Using the parallel-axis theorem, the moment of inertia n_x
about y’is | ”l
-

Y

i

I,, = Iy + MD? :iML2+M(£)2=lML2
yr— M 12 27 73
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Example

Constant angular acceleration 7 rad/s?, point P is 0.5 m from the rotational

axis and 1nitial at rest. What 1s the linear speed of point P when it complete
one revolution?

2 Pearson Education, Inc

Direction
of rotation

a, = constant

a=m wog=0 6-0,=2m w,?
2 _ 2
@, = 0y, +2az(6_90)
=0+ 2n(2m) w, =2T
= 4g°

@, = W,, + azt

0=06,+0,,t+ % at’

v=ro = (0.5)(2r) = 3.14m/s

2 2
0, =0, +2a,(0-

6,)

6-6, Z%(%z +o,)t

|
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Example

A disk with radius R = 1.0 m. is spinning about its center. Initially the disc has an angular
velocity of 100 rev/min, and is slowing down uniformly at a rate of 2.0 rad/s’. By the time it
stops spinning, the total number of revolutions the disk will make 1s?

rev  100(21) a, = constant
0-6,= "1 wo = 100 — = = 10.47 rad/s o =, Tal
1
a = -2.0 rad/s? w, =0 0=0 ot 3ot
o =a0,’+2a,(0-6,)
0} =0,2+20,(0-6,) 0=10.47%2 — 2(2)A8 6-6, =%(a)02 r o)t
AO = 27.4rad AO = 4.36 rev
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