Magnetism

1] Pauli‘s paramagnetism (no ordering)
2] Landau diamagnetism (no ordering)
3] 1D Ising mode (no ordering with 7> 0)

Magnetic Phase Transition:
[4] Mean Field Approximation.
[5] Landau theory



Pauli Paramagnetism: Discussion

U Pauli‘s (quantum) paramagnetic: at low 7 with lowest order (7 = 0).
Fermi gas under magnetic field: metals, e.g., Al, Cu in magnetic field

Let’s consider the simplest case: at 7= 0.

Q1: For H =0, how do the electrons occupy the energy level? '\

| N LA
Q2: How does the plot look like under H field (up = +)? -\ I 1

Net magnetic moment! 3_5 \I 1/

(Q3: How can we find out the net moment size?

M:/’lB(N—_N+)/V ﬁ
\

Moo=+ H
(Q4: Which variables determine the N_ and N, value?

e pty =&,
o = Ho— g H

Hy and ppH Fermi vectors: k. and k,

V 4r
N_ =5 (k) N, = %%(hk)



Pauli Paramagnetism: Discussion

U Pauli‘s (quantum) paramagnetic: at low 7 with lowest order (7 = 0).

/

y7p V47z V 4rx
M==%(N_-N N_=——I|hk_ N, =——|hk,

(Q4: Which variables determine the k. and &, value?
Chemical potential: 1 and g,

1/2

om, = Moo+ g = 1 = hk_ = [2me (ILlO + /JBH)]

m =Hyo— :UBH = H, = hk_= |:2me (:uo - ILlBH):|1/2

M:%(N_—NJ ﬂBV47[[(hk) (hk+)3]2&4—”[(’7/‘—)3_(hk+ﬂ

A mo3
L, 4r 3/2 3/2 3/2
- h_fT(zme) [(,uo +ppH )" = (g = ppH ) J For small H, (u,+ u,H)" = 12"
/3
U, 4r 32| 4 HpH Y ?
A2 22| =, =1 S
h™ 3 ) 2m,\ g

_ 3us NH B druzm, (371)1/3 %

2uV e M does not depend on T, since 7= 0

T

F

My = py— ppH

2y,

[_

M=+ s H
e fly =€

|



Pauli Paramagnetism

O Pauli‘s paramagnetic model for metals. Spin-1/2 Fermions (electrons) ideal gas.
Taking the field along the z-axis this reads, the single particle Hamiltonian 1s

e 8l g = 2 (gyromagnetic ratio)
H, =& (k) + A s; H pp the Bohr magneton

O: Grand canonical partition function?

Grand canonical partition function without field

Q (T, )= H D exp| —B(E(k) - pn | = H S exp(-Ben)

{n 01} n 01

Bu

I
Q

Grand canonical partition function with field

Q(T,n)= H Z exp[ (H_—,u)n/;] Z eXp[—ﬂ(H+—ﬂ)”,;]

{nz=0,1} {n:=0.1}

= H{Z Z' exp[(—ﬂglg +IBIUBH)n1§:|}{Zznk exp[(—ﬂé']; _ﬁﬂBH)n,;}}
- H H ZZZE exp(—pe;n;) e

|
-+



Pauli Paramagnetism

O Pauli‘s paramagnetic model for metals. Spin-1/2 Fermions (electrons) ideal gas.
Taking the field along the z-axis this reads.

Grand canonical partition function and grand potential function without field

Q (T, )= H Z z' eXp( ﬁgknk) Q:—kBTan_:—kTVfS/Z(z)

{n 01}

Grand canonical partition function and grand potential function with field

Q(T,n)= H H ZZ exp(— :Bg ) g=— iz TV':fs/z(Z )+f5/2(Z )]

U-I-—ﬂ

_ S PutpugH
We determine the magnetization z, =e ’

106G kT kT _ﬂB
M = V OH ZaHfS/z ) JE Z@H@ Jsn(2,) ZGZ f5/2(Z

=20 Y o () = fia (2)~ fia (=)

%fi(z) —£22)



Pauli Paramagnetism

U Pauli‘s (quantum) paramagnetic model for metals. Spin-1/2 Fermions
(electrons). Field along the z-axis this reads, the grand potential function

Q[T,u)= H H Zz exp(—fen.)  G=-— kp TV [fm(z )Y+ for (2 )} z, — pPuthusH

ka+n

L. 1 0G _ _
The magnetlzatlon M = _;G_H = ;llg {f3/2 (Z+)_f3/2 (Z— )} = /uB (n+ —I’l_)

0: How do we understand the M?

N
The density of Fermions is given by? = 7L f3/ 2 ( )
N 2
n= v 23 {fyz( )+f3/2( )} = :;°f3/2(z)|H=0

The spin susceptibility for zero magnetic field, given by

oM of.,(z 20

=t _ ;UB 7, Y3p\2) f3,(2) _ 3/“13 £.(2)
OH |,,_, ! k,T 0z Ak, T

H=0



Pauli Paramagnetism S

U Pauli‘s (quantum) paramagnetic: at low 7 and low H.

M = IUB{fyz( ) /[3,72(2—)} Z:aﬂ

2'uB PutpfugH
= — +PHp
H ——=f12(2) z,. =e

o Ak,

-+

Expanding the results for small H, gives

S (ZeiﬂﬂBH) = fin |:Z(1 as :B/UBH)] =~ fin(2) £z ﬂ/uBHgf;2 (2)

)z ] 2uy 1
M=7§(2ﬁﬂ3H)'ﬁ/z(z)— k) ; PE

Low temperature, use Sommerfeld expansion, and use the lowest order (?)

: : 2
H - fi,(2) = with z given by n = rEl J3,(2)

.y (In2)" 7> m(m— 1) 7% m(m—1)(m—2)(m—3) (1/2)! = V7 /2,
1 = 1 :
Zligfm 2 m! { " 6 (Inz)’ 360 (In z)* " } (3/2)! = 3Vr/4.
_—f3/2(z) \/_(1112)3/2 _1+%%l(1nz) } :>1nz=[3”f /13]
| ) Ni v 3_n 1/3 ) 472',“;””6 n 1/3 ) 477/1;”46 (3;1}1/3
im /7,(2) ~ = (In2) —z( ” w A )y S 2

Does the M or y depend on temperature? Why? Lowest order: 7=0



Pauli Paramagnetism

 Pauli‘s (quantum) paramagnetic: high 7 limit?

For high temperatures, the following result remains valid, since the expansion
was performed under the assumption of a small H.

for (2 ") = fu, [ 2(1£ BuyH) | = f2(2) %2 ,BﬂBHngz (2)

M =L () f;z(z)}=%(2ﬁyBH)-ﬁ;z<z>—ff; o H fia(2) = 2 H

But we need to use the high temperature expansion for f,, function.

2 3 4 . . 2 B
fm_(z):z—jm+3zm—jm+-.- Wlthzglvenbyn:F-fm(z)
3 2 3 2 2
Lowest order: z = ﬂ M = 21 L.H. na _ Nl H _ oM _ N
3 X
2 k,T A 2 k,T oH |,_., k,T

The magnetic susceptibility y « 1/T is the well-known Curie law.
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Landau Diamagnetism

Landau diamagnetism (quantum):
We have discussed the paramagnetic properties which come from the spin degree
of freedom of electrons. (nuclear spins are 10-3 weaker than the electron spin.)
Electrons have another degree of freedom, 1. e., the orbital degree of freedom.
The electrons, free or bound, move in quantized orbits in the magnetic field.
This will induce diamagnetism, that is the magnetic moment is aligned
antiparallelly to an external magnetic field. (Magnetic susceptibility 1s positive for
paramagnetic and negative for diamagnetic.)
In a physical substance, these two effects compete. Here, we will consider the
pure diamagnetism and 1gnore the spin degree of freedom.
e . Applied field
H - ( p+ eA(r))
A is the electromagnetic four—potentlal e 1s the C
electron charge, magnetic field B=VxA
We consider a uniform external magnetic field B pointing ' icsceid fiid

along z axis, and choose the vector potential, A = (—By, 0, 0) , ,
diamagnetism



1 Landau diamagnetism. Then the Hamiltonian is

Landau Diamagnetism
A = (—By,0,0)

H = — i — eBy)? + [—ih 22 + [ih 2" L (p+edm))
- 2m [~ 0x eBy] [lé‘y] [lé‘z] H:%(ereA(”))

Solutions to the Schrddinger equation are simply plane waves in the x and z

direction combined with f(y),

{_

Note that x is not in this Hamiltonian, so it 1s
w(r)= Kotz f () a cyclic coordinate, and p, is conserved. The
H commutes with p, so H and p, have a

2 2
n 0 —+ l (hkx _eBy)z}f(y) =F f(y) common set of eigenstates, and the
2m dy"  2m eigenstates of p, are just the plane waves.
hk
Define w, = eB/m and let|y, = —= ot 1 ,
(of eB ———2‘|‘ ma) (y yo) f(Y):Ef(y)
2m oy~ 2

This i1s simply the Schrddinger equation for a
harmonic oscillator, jiggling with frequency w_an
situated at position y,which is a function of %,.

272
The eigen energy levels are also for harmonic E :( ]"‘ljh w E=FE + nk;
2 C

oscillator. 2m




Landau Diamagnetism

O Flux quantum. The discrete energy levels are known as Landau levels. They are
highly degenerate.
v' For abox L, that k, is quantized in unit of Ak, = 27 /L. This means that we can
have a harmonic oscillator located every Ay,= 2mh/eBL. Yo = hk,/eB

v" For a box L, the number of oscillators that we can fit into is AL = eBL?/2mh.

Yo
eBL®>
where ® = L2B is the
21th d)o

magnetic flux through the system and &, = 2rwh /e is the flux quanta.
(The result above does not include a factor of 2 for the spin degeneracy).

v' This is also the degeneracy of each level g =

O Grand potential. Without p_, i.e., 2D electron gas in magnetic field. Including
the factor of 2 from electron spin and degeneracy g, we have

Q[ [0+exp(Au=BEGNT Q=¥ Inll-+exp(fu - BEK)]
G=—k T2ngn[l+ze } fugacity z = e, and £; = (j+%jha)c

2 3
: _pe. : xT x P, ~pe;
K&, 1e.,ze 7«1, using ln(1+x):x—7+?—---, we get ln[l—l—ze ﬂg’]zze 7,



Landau Diamagnetism

~pe. pe. 1 eB eBA
In|1+ze” |xze”, ¢ =|j+=|how, o =—, —— A=D
[ ] J (] 2j ¢ ‘" m &= 2rh’

2 g Lo 9 Bhao
gz—kBT2gzoze / :—(kBng)e 2 W =—(kBTgZ)CSCh( > 0)

1—
pho,
2

For f — 0 (high T limit),

2 fha Am(k,TY | 1 (ho, )
~ — _ 4 —_ s 1__ c
v (kBTgZ)Kﬂha)c 12 ] : T ( h j { 24(kBTj ]

— 0, using csch(x) = x~' éx, we get

2 2
k,TY ze
Magnetization M ——l% == ( 2 j ° B == B,
V OB 127\ h k,Tm 127xm
: . oM ze’
Magneticsusceptibility y = B =— - Need to solve z using N = — g
ou
First-order approximation G ~ —z—(k Tj we get N = _9G _zdm —(k,T),
7 \_h ou 7h’

) 2 2
So z= Nzh , then we get Z:_N(ehj : ,M=—N(ehj : B
Amk,T 34\ 2m ) k,T 34\ 2m ) k,T



Interaction Spins: 1D Ising Model

U 1D Ising model: Analytical method
v A chain of N spins, each spin interacting only with its two nearest neighbors and

with an external magnetic field. The energy for a configuration of {s,, s,, ..., Sy}
N N 1
ith the periodic
_ _ _H wit p _
JZ_: ke kz_: K boundary condition Sva =5 N :

v" The partition function is

O (H,T)=).D Zexp{ﬂz Jsksk+l+Hsk)}

S 8

=

1
= y y y CXp {ﬂz |:JSkSk+1 = 7 H(Sk TSk )}} = ? Using matrix P?

S5

. 1
v’ Let’s define a 2x2 matrix P: (s |P|s") =exp |:,B(JSS, + EH(S + S')j

(—1|P|=1) ="V (+1|P|+1) =" b P BT
(+1|P|-D)=(-1|P|+]) =" T ot P



Interaction Spins: 1D Ising Model

O 1D Ising model: Analytical method (s|P|s") = exp |:ﬂJSS’ Ay (s+5')
v" The partition function could be rewritten 2

PUHH) B ]
0,(H.1) =X T Tesp| #3315+, | P

DY) -

=> > Z<S1|P|S2><S2|P|S3> sy |P|s,) P is called transfer matrix.

:Z<S1 ‘PN‘S1> =TrP" :i+N+/1_N tr(Ak):Zi:/Iik

A.and A _are the two eigenvalues of P, with A, > 4

v' The eigenvalues of Pis A, =e’’ [cosh( LH)+ \/ sinh*(BH)+e " J

X —X X

v" The Helmholtz free energy (per spin) is sinhx=2"% " coshx=2"°
F,(H,T)=-kTnQ,(H,T)=—kTn (A} + A" )=2

(2 1 2
—len{}L+ {H[/Lj }} kTN{ln/LJern{H(%Yj ]}N:)oo NkT'In A,

—X

A, > A forall H



Interaction Spins: 1D Ising Model

L 1D Ising model: Analytical method
v The magnetization (per spin) is

%F,(H, T)=—kTln A =—J —kTln [cosh(ﬂH) +Jsinh?(BH)+ e }

A, =e™ [cosh( BH)+Jsinh (BH) +¢ J

1 . e —e
M (H,T):—i £ - N sinh(SH) sinh x = :
' OH \ kT Jsinh? 2
sinh”(SH) +exp(-48J)
e +e”
cosh x = 5
For 7> 0, Mi(H=0T) _ 0;
M,(H, T)/N
A
for T=0, MH=0T) _ +1. I 1.4 S
T'<T, T
(1) No spontanecous magnetization at r
non-zero temperature. 0 > H
(2) Non-zero spontaneous magnetization
at zero temperature. |
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