
Magnetism

[1] Pauli‘s paramagnetism (no ordering)

[2] Landau diamagnetism (no ordering)

[3] 1D Ising mode (no ordering with T > 0)

Magnetic Phase Transition:

[4] Mean Field Approximation.

[5] Landau theory



❑ Pauli‘s (quantum) paramagnetic: at low T with lowest order (T = 0).

Let’s consider the simplest case: at T = 0.

Q2: How does the plot look like under H field (up = +)?

Pauli Paramagnetism: Discussion

Fermi gas under magnetic field: metals, e.g., Al, Cu in magnetic field

Q1: For H = 0, how do the electrons occupy the energy level?

Net magnetic moment!

Q3: How can we find out the net moment size?
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Q4: Which variables determine the N- and N+ value?
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❑ Pauli‘s (quantum) paramagnetic: at low T with lowest order (T = 0).

Pauli Paramagnetism: Discussion
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Q4: Which variables determine the k- and k+ value?

Chemical potential: - and +
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❑ Pauli‘s paramagnetic model for metals. Spin-1/2 Fermions (electrons) ideal gas. 

Taking the field along the z-axis this reads, the single particle Hamiltonian is

Grand canonical partition function without field

Pauli Paramagnetism
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Q: Grand canonical partition function?

Grand canonical partition function with field
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❑ Pauli‘s paramagnetic model for metals. Spin-1/2 Fermions (electrons) ideal gas. 

Taking the field along the z-axis this reads.

Grand canonical partition function and grand potential function with field
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❑ Pauli‘s (quantum) paramagnetic model for metals. Spin-1/2 Fermions 

(electrons). Field along the z-axis this reads, the grand potential function
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The magnetization 

Q: How do we understand the M?

The spin susceptibility for zero magnetic field, given by
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❑ Pauli‘s (quantum) paramagnetic: at low T and low H.
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Does the M or  depend on temperature? Why?



❑ Pauli‘s (quantum) paramagnetic: high T limit?
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Pauli Paramagnetism

For high temperatures, the following result remains valid, since the expansion 

was performed under the assumption of a small 𝐻.
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❑ Landau diamagnetism (quantum): 

✓ We have discussed the paramagnetic properties which come from the spin degree 

of freedom of electrons. (nuclear spins are 10-3 weaker than the electron spin.)

✓  Electrons have another degree of freedom, i. e., the orbital degree of freedom. 

The electrons, free or bound, move in quantized orbits in the magnetic field. 

✓ This will induce diamagnetism, that is the magnetic moment is aligned 

antiparallelly to an external magnetic field. (Magnetic susceptibility is positive for 

paramagnetic and negative for diamagnetic.)

✓ In a physical substance, these two effects compete. Here, we will consider the 

pure diamagnetism and ignore the spin degree of freedom.  

diamagnetism

റ𝐴 is the electromagnetic four-potential, e is the

electron charge, magnetic field 𝐵 = ∇ × റ𝐴

We consider a uniform external magnetic field B pointing 

along z axis, and choose the vector potential, റ𝐴 = (−𝐵𝑦, 0, 0) 

( )
21

( )
2

H p eA r
m

= +


Landau Diamagnetism



❑ Landau diamagnetism. Then the Hamiltonian is

     Solutions to the Schrődinger equation are simply plane waves in the x and z 

direction combined with f(y),
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Note that x is not in this Hamiltonian, so it is 

a cyclic coordinate, and px is conserved. The 

H commutes with px, so H and px have a 

common set of eigenstates, and the 

eigenstates of px are just the plane waves.
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harmonic oscillator, jiggling with frequency ωc and 

situated at position y0 which is a function of kx.

The eigen energy levels are also for harmonic 
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❑ Flux quantum. The discrete energy levels are known as Landau levels. They are 

highly degenerate.

✓ For a box L, that 𝑘𝑥 is quantized in unit of ∆𝑘𝑥= 2𝜋/𝐿. This means that we can 

have a harmonic oscillator located every ∆𝑦0= 2𝜋ℏ/𝑒𝐵𝐿. 

✓ For a box L, the number of oscillators that we can fit into is
𝐿

∆𝑦0
= 𝑒𝐵𝐿2/2𝜋ℏ. 

✓ This is also the degeneracy of each level g =
𝑒𝐵𝐿2

2𝜋ℏ
=

Φ

Φ0
, where Φ = 𝐿2𝐵 is the 

magnetic flux through the system and Φ0 = 2𝜋ℏ/𝑒 is the flux quanta.    

(The result above does not include a factor of 2 for the spin degeneracy).

❑ Grand potential. Without pz, i.e., 2D electron gas in magnetic field. Including 

the factor of 2 from electron spin and degeneracy g, we have
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❑ 1D Ising model: Analytical method 

✓ A chain of N spins, each spin interacting only with its two nearest neighbors and 

with an external magnetic field. The energy for a configuration of {s1, s2, …, sN}
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✓ Let’s define a 2×2 matrix P:

✓ The partition function is
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❑ 1D Ising model: Analytical method 

✓ The partition function could be rewritten

P is called transfer matrix.

and are the two eigenvalues of ,  with    + − + −P

1 2

1 2 2 3 1| | | | | |
N

N

s s s

s s s s s s=  P P P

( )tr k k

i

i

=A

✓ The eigenvalues of P is
2 4cosh( ) sinh ( )J Je H H e    −


 =  +
 

sinh ,  cosh
2 2

x x x xe e e e
x x

− −− +
= =✓ The Helmholtz free energy (per spin) is

( )( , ) ln ( , ) ln ?N N

I IH T kTF Q H T kT  + −= − = − + =
for all H + −
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1
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❑ 1D Ising model: Analytical method 

✓ The magnetization (per spin) is

For T > 0,
𝑀𝐼 𝐻=0,𝑇

𝑁
= 0;

for T = 0,
𝑀𝐼 𝐻=0,𝑇

𝑁
= ±1.

 (1) No spontaneous magnetization at 

non-zero temperature.

 (2) Non-zero spontaneous magnetization 

at zero temperature.

2 41
( , ) ln ln cosh( ) sinh ( ) J

IF H T kT J kT H H e
N

   −

+
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2

sinh( )

sinh ( ) exp( 4 )

H
N

H J



 
=

+ −
( , ) I

I

F
M H T
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= −  

  

2 4cosh( ) sinh ( )J Je H H e    −


 =  +
 
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