Statistical Mechanics

Week 4



Microcanonical Ensemble

 Ideal gas: continuous microstates

v Hamiltonian is H (p,q) = XN, 2p‘ and E < H(p,q) <E+A
v" Ideal gas, no ‘q’ term in H (p, q), so

.Q(E) — j d3di3Nq — VNJ d3Np
E<H (p,q)<E+A E<H (p,q)<E+A

v" We have identified the integral as the volume of a 3N-dimensional spherical
shell with radius (2mE)'/? and thickness A.
v" The calculation of the integral is complicated (not required), the final result is
T3N/2

-

v’ Using Stirling’s formula, and neglecting terms of order of 1 or /nE ~ [nN in
the large NV limit, results in

4 E 3/2
2 2 2 2 3N

Q(E) = V" (2mE)BN-D/2

2



Gibbs paradox: Team-Discussion

O Entropy: ) et
mem )

S(E,V,N)=Nk,In|V
3N

[1] The above entropy 1s the one we obtained for ideal gas using microcanonical ensemble

method. Any problem?

[2] Consider two distinct gases, initially occupying volumes V, and V, at the same
temperature 7. The partition between them 1s removed, and they are allowed to expand and
occupy the combined volume V' =V, + V,. Consider the following questions:

(a) What is the initial entropy before mixing?
(b) What is the final entropy after mixing?
(c) What is the difference: S¢ —S;?

[3] Two gases are identical with same density, n =

(N, V)
N,/V,= Ny/V,. What is the the difference: Sy —S;? |

(N3, V)




G1bbs paradox

O Mixing Entropy: S(E,V,N)= Nk, 1{%47;;,: E jw}

v The entropy is non-additive, i.e., S(E,V,N) = NS(%,%). E is normalized by

N, but V is not. This difficulty is related to the mixing entropy.
v The 1nitial entropy Si — Sl + 52 = leB (an]_ + 0-1) + Nsz (anZ + 0-2)

momentum contribution to the entropy of the ath gas o, = ln(4ﬂ :’”a : f]a j
v" The temperature is unchanged by mixing, since R
ékT :E1+E2 :E1:E2:§kT.
2%/ N+N, N, N, 2°

v" The final entropy of the mixed gas is
Sf = leBln(V1+V2) + Nszln(V1+V2) + kB(N10'1 + Nzo'z)

v Mixing entropy Sy—S;= Ny kg lnvll + Nykg lnvlz = —Nkg[-2InL +2In"]



G1bbs paradox

O Gibbs paradox:

. |4 |4 N V- N V-
v' Mixing entropy Sy—S;= leBan—1 + Nszan—2 = —Nkg [71 ln;1 + 72 anZ]

v" Solely from the contribution of the coordinates.

v' The Gibbs paradox: the two gases are identical with same density, n = N,/V,
= N,/V,. Since removing or inserting the partition does not change the state
of the system, there should be no entropy of mixing?!

v While the exchange of distinct particles leads to two configurations, a similar
exchange has no effect on identical particles.

e | o 4 ° | e o | o and | e
A | B ™ A A | B A | B
v" We over-counted the phase space associated with N identical particles by the number

of possible permutations (i.e., N/). We make the correction to the microstate number

3N/2
/ (2mE)GN-D/Z2 vy __2m*ie
(3N/2 —1)! N! (3N/2 — 1!

Q) =1V (2mE)BN-1)/2

S=k,InQ=k,[NInV-NInN + NlIne]+ Nk,o = Nk, |:ln%+(7:|

Use Stirling’s formula



G1ibbs paradox
O Corrected entropy:
S = Nk, |In(eV / N)+ o]

v' ¥V has been changed to V/N, the entropy is now properly extensive. The
mixing entropies can be recalculated.

Mixing of distinct gases Mixing of i1dentical gases
V V v v, Vi+V
S =S =Nk, In—+N,k,1 1 | _Q — 17"
;TR 1Ban+ ZBnN2 ( Nk, an"‘Nk nsz Sf Si—(N1+N2)kBlan+N2
VN, VN,
=Nk, In| — — |+ Nk, In| —-—= V V,
(Nl VIJ (Nz sz [Nk lan+NklnN2] 0.

= —Nk, [Nl 4 Nzan}>0 Nl/I/lzNz/I/z:(N1+N2)/(I/1+V2)
N V N ¥V



The canonical Ensemble

J Canonical ensemble

v" Canonical ensemble: the macrostates, specified by M = (T, x), allow the
input of heat into the system, but no external work.

v The system S is maintained at a constant temperature through contact with a
reservoir R. The reservoir is another macroscopic system that is sufficiently
large so that its temperature does not change.

v" The combined system belongs to a microcanonical ensemble of E,, >> E..
v" The joint probability of microstates p(SQR) is
T R
1 forE.+E, =E B
p(S ® R) — . S . R Tot .
Qqeor (Er ) [0 otherwise e

v The probability for microstates of S can be obtained from the sum all
reservoir microstates. The p(S) is related to the entropy of the reservorr,

Q. (E£. —F
p(S):ZP(S®R)= R( 1 =) SR:kanR(ETot _ES)

{R} QS@R (ETot )




The canonical Ensemble

J Canonical ensemble

v" We now exam Sg. Since only the values near E, = E are expected to be
important, and Es < Er,¢, we may perform the expansion near Ep = E ¢

kIn Q, (ETot _ES) =S5, (ETot _ES)

oS, (E
:SR(ETO)_E{%R)} e
R Ep=Ery

E

:SR(ETot)_7S T:TR

v' Therefore, Qg(Eror — Es) = exp[Sg(Erot)/klexp(—E;/kT)

v" The first factor is independent of E and is thus a constant as far as the small
subsystem is concerned.
v" The probability for microstates of S'is (use Es = H(ps, qs),

_ Og(Eros — Es) . exp[Sg(Eror) /K] —H5 (s, q5) _ exp|—H;(ps, qs) /K T]
PEs) = Qser(Eror)  Qser(Eror) =P [ kT ] B Z(T,x)



The canonical Ensemble

(] Partition function

v

v

exp[—BH (s)]
Z(T,x)

p(s) = B =1/kT

We drop the subscript s, since we may now forget about the larger subsystem,
apart from the information that its temperature is 7.

Boltzmann factor: exp[—BH (s)], it quantifies how the probability of a
particular energy state of a system depends on both the energy of that state
and the temperature of the system.

The normalization factor Z(T,x) 1s called partition function. Since
Ysp(s) =1, we get Z(T,x) = )..exp|—FH (s)], sum of Boltzmann factor.
It summarizes all possible ways a system can distribute its total energy among
its constituent particles, and accounts for all the possible microstates.

In other words, partition function Z “contains’ all information. Many physical
quantities can be derived from Z. No need to calculate entropy S first.

Q: Physical meaning of Boltzmann factor?



Team Discussion: Boltzmann factor

(] Boltzmann factor

_exp[—BH(s)]
p(s) = Z(T. %) B =1/kT

v' The normalization factor Z(T,x) is called partition function. Since
Yp(s) =1,weget Z(T,x) = ), exp|—LH (s)], sum of Boltzmann factor.

Q1: What 1s the value Boltzmann factor at 7= 0? Why?

Q2: T increases from 0 to higher?

T'= 0 K, Boltzmann factor = 0 for all states except the one with the lowest energy.

When T increases, higher energy levels have non-zero Boltzmann factor and they
can be occupied.



The canonical Ensemble

[ Partition function exp|—BH (s)]
S) = 2T, %) B =1/kT
v Z(T,x) = Y.cexp[—BH (s)], but for continuous case, such as the ideal gas
3N, 13N
pd>"q
2,V,N) = [ s =7, 0)

v' Partition function is very useful since it is linked to free energy.
v’ Let’s look at the energy probability distribution p(&), we need to change
s (represents a microstate) to H in probability p, sum all s states with H = ¢,

.y
p(€)=Y p()S(H(s)-E) = _Q(&)e
{s} ) 7

Q&) = Z O(H(s)—&): just the number of microstates with energy &
{s}

1 F(&

where we have set F = ¢ — TS, it 1s the Helmholtz free energy.



The canonical Ensemble

O Partition function 1 F(&) ~BF(E)
E) = —¢C — Z — C
p(€) Xp{ T } z,

Q: For what condition, the probability p(¢) 1s a maximum?
When the Helmholtz free energy F 1s a minimum, p(€) is a maximum.

» The probability p(¢) 1s sharply peaked at a E* which minimizes F.
» Thus, in the sum of Z, we only need to keep the largest term

[

. * (2)
Z=3e"xe pE(E) F(T,x)=—k,TInZ
oF oF - ST
dF =-SdT—pdV+udN.  p= —(—J = = VkTC
oV ),y @T N
The internal energy =
_ﬁH(S) __- Y /m _ 8 InZ

=(H) = Z H(s)~

Zaﬂ EY:



The canonical Ensemble: Team-Discussion
0 Example: ideal gas

Q: Can you solve the partition function for ideal gas using canonical ensemble?

3di3N
2r,v,N) = [ Pt exol-p70(p,0)
$4,8'p p 5 | g 2
AN = "[N'z -1 W’ exp{ ﬂz } IH exp|: ﬂi:l Zm}
47rp, dp, S (MkaT jm (v
Jl:[ exp{ Zl m} NI e ﬁ(?j
* 2 —axzd _ \/; /=
Io ve = 403" \/27rkaT
F(T,N)=-k,TInZ =—k,T[NInV -3NInA-In N!]

3/2
2rmkT — _Nk,T ln[K]
h* A4

OF 1 Nk, T
p=- —(—Nk,T)—=—-2
(6ij (=N, )V v

= —kBT[Nan—3N1n/1—N1nE] —NkBTln{e]\I[/(

e
InN!'=NIn(N/e)




The canonical Ensemble: Team-Discussion

1 Example: two-level system

v' The N impurities are described by a macrostate M = (T, N). Subject to the
Hamiltonian 7 = € Y1, n;, the microstates u = {n;}.

- What 1s the partition function?
Q P Z(T,x)=) e/

{s}
N 1 . .
Z(T,N)ZZCXP|:—ﬂEZni:|:( eﬂﬁm)“.( e,BenN] :(1+e—ﬂe)
{n;} i=1 n,=0 1y =0

F(T, N) = —kBTan — _NkBTlIl |:1+e—e/(kBT):|

—e/(kBT)
OF —c/(kgT) € €
S=—2"1 =Nk.In|1+e + Nk, T
oT|, B |: ) ] B [kBT2]1+ee/(kBT)
-F/T
Ne —pe
E_FLTS — E:_aan_Nee

1+e€/(kBT) 2 aﬂ o 1+e—ﬂ6



The canonical Ensemble
 Energy fluctuations

), =) -007 = Treem T | B2 20

z op° op
. OlnZ
Z(T,x)=>) e’ (Hy=-
—a—Z=ZHe_ﬂH, and 622227-(26_%
op = opf "
o __H)y o e KR 2\ g g
(7). = o(1/k,T) T or . <H >c‘kBT &

» Energy fluctuation corresponds to heat capacity (one kind of “susceptibility”): this is the
result of a general “fluctuation-dissipation” theorem. Others, like the particle number
fluctuation corresponds to compressibility.

» Fluctuations (£ or N) are very important for phase transitions. Near phase transitions,
either the compressibility or heat capacity diverge, due to severe fluctuations.



The grand canonical Ensemble: Team-Discussion

L Grand partition function

v Allow chemical work (by fixing the chemical potential u, rather than at a
fixed number of particles), but no mechanical work. The resulting
macrostates M = (T, u, x) are described by the grand canonical ensemble.

Q: Can you guess the possibility and grand partition function?

For canonical ensemble:

(1 T) R S
exp[—BH (s)] HR
p(s) =— T Z(T,x) = Xsexp[—BH(s)]. 6N ) =o'
N (ps)
v" As in the case of canonical ensemble, the system S Hg (hg) Hs (i)

can be maintained at a constant chemical potential
through contact with a reservoir R, at temperature N _
T and chemical potential u. grand partition function

P(S) =exp [,B,uN(s)—,BH(S)}/Q Q(T, I, X) — ZeﬂuN(s)—ﬂH(s)

with a given number of particles

Grouping together all microstates Q(T 10,X) = i ePuN 4 e—ﬁHN(s)
N=0 (S



The grand canonical Ensemble

L Grand potential

v" Because of the sharpness of the distribution for &, the sum in grand partition
function can be approximated by its largest termat N = N* =~ (N), that is,

Q(T, ,x) = lim > e Z(T,N,x) =e”¥ Z(T,N' x) = PN ~pF
—>0 N=0

- ,B(— ,uN*+E—TS)

G(T, u,x)=E—-TS —uN =—k,TInQ  grand potential
v Thermodynamic information is obtained by using
0 0 0 0
g0 ool o, lad @9
oT|, Ot |y Ox, - oVl,s

dG=-SdT - Ndu+J-dx



The grand canonical Ensemble: Team-Discussion

1 Example: ideal gas

v The macrostate is M = (T, u, x), and the microstates {p;, q1, P2, G, ...} have
indefinite particle number (N not fixed).
v Can you derive the grand partition function of ideal gas system?

Q(T 1 X) _ Z eﬂﬂN(ﬂs)_ﬂH(ﬂs)

Hs

3N 3N

pd
N! h3N

Z(T,V,N) = j exp[—BH (p,q)]



The grand canonical Ensemble

1 Example: ideal gas

v The macrostate is M = (T, u, x), and the microstates {p;, q1, P2, G, ...} have
indefinite particle number (N not fixed). The grand partition function is given by

SRR e XA Pl (VY _ [V
T,uVy=>) e — "L lexp| — L= =exp| e —
A= 2, N!I@ W j p{ ﬁsz} 2N (ﬂ) p[ A
. . 00 —ax? \/; 0 n 2 3 4 A
Gaussian functions IO x’e alx=4053/2 ex:;%:1+x+2_!+§+z_!+... A:W
C V
v' The grand potential is G(T, 1,V)=—k,TInQ = —k, Te" =
v" The gas pressure can be obtained directly as b oG] ™
ovl,, = A
Pu
v" The particle number and chemical potential are related: N:—g—g — eﬁV
/uT,V

v By comparing P and N, we get P = kzTN/V. The chemical potential is given by

B N 3 PA’
y—kBTln(l 7j—k3T1n(/l n) =kBT1n(kBTj




The grand canonical Ensemble

O Fluctuation of number of particles

p( = exp [,B,uN ]/Q AT, pu,x) = Z e %eﬁHN(S)
N=0 (s
v" The particle number (by average) in the system
1 0
(Ny = (N* p(s)) =(N*explupN - pH1/Q) ==—2—0=—% 1nQ =N

Qaofu) 0B

v The number fluctuations are related to the variance

1 82 5 2 82 a<N>
2\ _ - |2 —mQ| = InQ=——
(V) = (V7)=(V)* = Q a(pu)? ne (5(@01 Qj 0By aBu)

Compare with the energy fluctuations in canonical ensemble

2\ (1) -y = Ly g ] ) @Mz M
R e



(G1bbs canonical Ensemble

L Gibbs partition function: involving work done by/on the system

v" We can also define a generalized canonical ensemble in which the internal
energy changes by the addition of both heat and work. T fixed, the macrostates
M = (T, J) are specified in terms of the external temperature and generalized
forces acting on the system; the thermodynamic coordinates x appear as
additional random variables. (position for mechanical force F.)

v' The system is maintained at constant force through external elements (e.g.,
pistons or magnets). Including the work done against the forces, the energy of
the combined system that includes these elements 1s H —Jx. (Note that while
the work done on the system 1s +Jx).

v' The microstates of this combined system occur with the (canonical)

probabilities (s,x)=exp[ -pH(s)+pI-x|/ Z(T,N,J)

v’ Gibbs partition function ~ Z(N,T,J) = Z eI x=FH(s)



G1bbs canonical Ensemble
1 Grand potential: Gibbs free energy Z(N.T,J) = Z o BI-x—SH(s)
We defined and calculated the Grand potential SX
G(T,u,x)=E-TS—uN =-k,TInQ
v We define Gibbs free energy, similar to the grand potential
G(N,T,J)=—k,T’InZ, G=E-TS-x-J

v" In grand canonical ensemble we calculated the average number of particle.
Here we can consider the expectation value of the coordinates

0 olnZ olnZ
InQ = =k, T
oBu) (x)

v" We can also define the enthalpy H=FE-x-J

(N) =

IRV A B |

Oln Z
op

H=(H-x-J)=—



G1bbs canonical Ensemble: Team-Discussion
 Example: ideal gas

v" We have established the theoretical framework of Gibbs canonical ensemble,
now let’s try some examples. The simplest example 1s 1deal gas.

(x, E) (/, T) A system in contact with a reservoir at temperature T, and
/\/\/\4__ maintained at a fixed force J.
e M) O: Isothermal? Isobaric? Adiabatic? Free expansion?

v" The ideal gas in the isobaric ensemble is described by the macrostate M =(N, T,
P). A microstate u = {p;, q;} with a volume V.
Q: The partition function?

Z(N.T,8) = " J-x=-PV

Z(N,T,P)=Y e """
s,V



(G1bbs canonical Ensemble

h
o 3 /1 S
 Example: ideal gas J2mmk,T
S e R 5
Z(N,T,P)=| dve”” i~ Liexp| -p> £ 2 ad N7
Jo jN!l;[ W ; 2m ), xeax= 4o
= deVVNe‘ﬁPV 1 = ! "X gx=nl
0 N!/IB,N (ﬂP)N+1/13N JO eXp(X)

v" Now we have the partition function, let’s consider the Gibbs free energy

5 3. ( A
G=-k,TInZ ~ NkBT{lnP—Eln(kBT)+Eln(2ﬂmﬂ
Starting from dG =-SdT +V dP + udN, the volume of the gas is obtained as

y_ 0G| _ Nk,
oP|; P

> = PVZNkBT

The enthalpy H = (E + PV 1s easily calculated from

Hz—agnzngkBT we get C, =dH /dT =5/2Nk,

dH=dQ+ Vdp + udN, dE=dQ-pdV+udN  C,=dH/dT  C, =dE/dT
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