Quantum statistics

Heat capacity, diatomic gas,
phonons, and photons



Quantum statistics

O Let’s continue to calculate the exact heat capacity coming from vibrational modes.

O A diatomic molecule has one vibrational mode with stiffness K = mw?, where w
1s the frequency of oscillations. First, let’s look at the single particle classical
partition function for this mode, it is
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 The corresponding energy stored in this mode in classical limit is,

<Hvib >c =

U Quantization: quantum oscillator with quantized energy levels
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H = ha)(n +%) n=0,1,2--" Q: What is the partition function?
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Jd The quantum partition function is a summation over all discrete energy levels
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J Quantum (low temperature): The expectation value of vibrational energy is
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J The Ist term is due to quantum fluctuations that are present even in the zero-
temperature ground state. The 2nd term describes the additional energy due to

thermal fluctuations. (Our final goal is the heat capacity)
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 The resulting heat capacity,
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J Rotational modes. Hamiltonian?

1 ; I .
H =—| p>+—2 |=—, L is angular momentum
R [pg sin’ 6?) 21 .

Classical partition function for rotations (continuous), (guess?)
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Equipartition theorem, two rotation modes give two kz7/2
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 Quantum partition function (with degeneracy)
Mo =L 121, 2 = 124(0+1) with £=0, 1, 2,

For each /, we can have different quantum states of L. =—/,---,+/, so degeneracy 2/ +1
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0, =h"/(2Ik;)  Characteristic temperature

U The sum cannot be analytically evaluated. (look at its high/low temperature limit)
U High-temperature limits: T > 6,.,;, the sum can be replaced by the integral
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U Low-temperature limit: T «< 0,.,;, thermal energy too low to excite high energy
levels. Only the first few (e. g., 2) terms dominate
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Typical values of 6,.,; are between 1 to 10 K
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O The resulting heat capacity for rotation, } Crot/kp

o GBS (20, e
rot dT B T

Typical values of 6,.,; are between 1 to 10 K
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 Solid crystal: Bind many polyatomic molecules in 3 dimensions

L A crystal can be considered as one huge molecule consisted of N atoms. Potential

sums over all NV atoms:
.1 o'V
V=V"+=>
257 a%,aaqf' 5

u Py (7)+0(). =Xk

=K, (F-F).
04,04, ,

Periodic structure exerts constraints: 7 = [£d + mb + né], with {£, m, n} a triplet of integers

L Normal modes. A diatomic molecule is an isolated quantum oscillator. For solid,
we will find the normal modes using the following procedure.
v' Different from a diatomic molecule: crystal has the translational symmetry, i.
e., periodic structure, one dimensional (1D), ;,, € [0, Na], N number of atoms.
v" For such periodic structure: The deformation u; () could be expanded using a

Fourier basis. :
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P ikeF
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O Using the Fourier basis, Hamiltonian can be diagonalized to: VN
D, (k)

Conjugate momentum

HV+Z

—|Pa (k)\
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 This Hamiltonian describes 3/NV independent harmonic oscillators of frequencies
(Each oscillator is labeled by its Fourier vector k)

o, (k) =\E&)/m.
O Quantizing each harmonic mode separately gives the allowed values of the

Hamiltonian as |
H!=V" +Zha)a(/€)(nh +§j
ko ’

Integers {n; _} describe the quantum microstate of the oscillators.
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O Since the oscillators are independent (why?), their partition function
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It is the product of single oscillator partition functions such as Z? = T
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O The internal energy is
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(na (E)) 1s the occupation number of oscillators with a Fourier vector k and index &
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d Occupation number: —ﬂEoHZeXp[ Pho, (k)n ]

kan

For the oscillators with fixed & and «, the Boltzmann weight for » number of such oscillators is:
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O Occupation number:

- exp| —Shw (k
() =2t L | e[ -pre®] L
o( oo, (B)) "\ 1-exp| ~phe,(B) || 1-exp[~pho, ()] exp fhe, ()]
This is one special case of a general occupation number of bosons (quantum statistics):
1 with  =—1 for fermi
_ n or fermions, _
<n’€ >n Z—leﬂc‘f(/?) -7 and n = +1 for bosons z = exp(fiu)

Harmonic oscillators = quasi-particles = phonons: one kind of bosons

Particle number is not conserved, chemical potential u = 0.

: 0
Since u = 0, we do not use (N > = In @ to calculate the occupation number.

o(fu)
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Lattice vibrations

l Harmonic potential

independent normal modes (classic waves)

l Quantum mechanics

Harmonic oscillators (n, + 72 )i
Quantum of lattice waves,
in analogy to photons

Phonons

Phonons do not interact with each other, so we call phonon gas. (Why?)

They are independent normal modes



Team Discussion: Dispersion

1
exp [ﬂha)a (lg)] -1

E=E,+Y (n. )ho, (k) (n, (k) =
k,a

The energy € = hw, (E) dispersion, i.e., as a function of k is unknown.
We need to consider some specific models to describe the dispersion relation.

1 Can you guess some simple models for the dispersion?
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 Einstein Model: Simplest, no dispersion. All the oscillators have the same w,.

1
B 3SNho,
n =
) exp| pho, -1 EO=5 +Zh” =~ Z ﬂh%— o P
2 T, /T
C = de =3Nk, (TE j © = Characteristic T —he |k
dT T (l_e—TE/T ) temperature £ = N0 R

L However, the experimentally heat capacity decays to zero much more slowly, as
73. Need a better model with dispersion relation. Q: Propose your model?

(] Debye model: simplest dispersion, linear dispersion relation w(E) = vk, where

B /m is the speed of sound in the crystal.

L, _ hvk
E(T) = Ey+ >0, (k) (n, (k) = E, + Y hoo, (k) S <t Z ﬂhv‘,f
k,a k,a

Only one problem left over: Sum over k vectors. Allowed & vectors?
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U Periodic boundary conditions: for a crystal with size of L xL xL_, the allowed

llest k& vect ?
smallest k vectors are o ( rr O 2;;]

LLL

The number of modes in a volume element d°k is

d. dk, dk. _V

X Yy

- = k = pd’k p: density of states
2r /L, 27/ L, 27/ L, (2x)’ P

Any sum over allowed wavevectors can be replaced by an integral as

th hok B.Z. hvk
12 _ 31
E(T)=E,+ Z S E:E0+_fd/\/'eﬁhvk_1 —Eo+fpdk T
3V s hvk
) N

where the integral is over the Brillouin zone (depends on the specific crystal structure), and
the factor of 3 comes from the three polarizations (two transversal, one longitudinal).
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L The integral dependents on the shape of the Brillouin zone, so it is not possible to
give a simple closed form expression for the energy. However, we can examine its
high- and low-T limits. (Q: Can you guess the high temperature limit?)

L hv
U High-7 limit. Define a characteristic Debye temperature: T, = Mk VT
k k, a
B. 3V 3 g th B
L=k, +j Q) d’x ok _ | Here, a 1s the lattice constant.
= Ey+k,T [ o) &'k = E,+3NkyT  exp(mvk/k,T) -1 1+(wk/k,T)-1 °
For T > T, the integrand is just k,T. Classical energy and heat capacity
are recovered: C =3Nk,
The total number of modes is 3N =3V J- Ak 2r)’ ke

U Low-T limit. For T K Tp ~ /a, the exp(hvk/kgT) is i
very large at the Brillouin zone edge (k ~m/a > T).
The most important contribution to the integral comes O
from small %, so the integral over Brillouin zone can be ¢
replaced by integral from zero to infinite.

m/a k,

—/a
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Low-T limit. For T K Tp ~ m/a, the exp(hvk/kgT) is rla

very large at the Brillouin zone edge (k ~m/a > T).
The most important contribution to the integral comes —_, @ y v
from small £, so the integral over Brillouin zone can be
replaced by integral from zero to infinite. —r/a
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[ Density of states in energy basis: N ~
' = g(k) = ck k=— (nx»ny'nz)

In the momentum space, periodic boundary conditions, the smallest momentums are
2T 2T 2T
Ak, = " (n=1), Ak, = P (n,=1), Ak,= = (n=1),

where L,, L, and L, are the lengths in xyz space and L x L x L=V

Aky Aky Ak,  2m2m2m (27)3

Then, the momentum density of states is p(l;) =

In a small volume d3k, the number of states p(l;)d3l; = (2‘;)3 d3k = (22)3 Amk*dk
Change to energy basis: |k| = ¢/c, then dk = 1/c de,
p(l?)d% = (22)3 Amk*dk = (2Zc)3 Ametde = p(e)de,
Therefore, the energy density of states p (¢) = ey e’ = 2;?;
For w(l?) = vk, the frequency density of states p (w) = 4me? = Y&
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 Debye frequency, vector, and temperature.

2

For phonons, p (w) = 3 where the factor 3 is due to the polarization.

2 32
3V . Vo -
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Debye vector Debye temperature

U Different dimensions: NV atoms and N primitive cells
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Next week

Various Ensembles and Fermi gas
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