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Problem 50

A function f : £ — R is Lipschitz if 3 ¢ > 0 for which |f(x) — f(y)| < clx —y|,V z,y € E,
but whenever |z — y| < 0 we have that |f(z) — f(y)] < clz —y| < ¢d = €,Va,y € E.
Therefore, f is uniformly continuous on E. In order to show that there are uniformly continuous
functions that are not Lipschitz we just have to find or create such a function. Consider
f(z) = /2,0 < & < 1, which is uniformly continious, since every continuous function on a
closed and bounded interval is uniformly continuous, but we can also show that is actually
uniformly continuous, as Vz,y € [0, 1],

@)~ F)l = Vz — Vil = V7~ VillVE — Vi
< \IVE = ViIVE + il = VT = 3]

Therefore, whenever |z — y| < & we have that |f(z) — f(y)| < /]z — y| < V/d = €. Since,
0 does not depend on z,y, f is uniformly continuous. Suppose, that f is Lipschitz then
dc>0:Ve,ye F

(@) = fl _ Ve =il _ Ve = Villve + il
|z =yl |z =yl [z = yllvVe +
1

NV

But the quantity m is unbounded on [0,1] and thus we can make it as large as we

[f(2) = fy)l <z —y| <= c=

want so that there is no ¢ that can exceed it. Hence, f is not Lipschitz.

Problem 53

— From Heine-Borel theorem we know that if a set E is closed and bounded every open
cover of E has a finite subcover.

< Let H be any collection of open sets such that £ C UgeyH. We assume that 3 n €
N:FECcU" H;, H € H,i=1,2,..,n.. Define, H={x € E:2x—¢e <z < x+ e} which is
an open cover for E. By assumption, there is a finite subcover, H; ={z € E:x; —e <z <
rit+e}  ECUL {r€FE :x;—e <z <x+e}. Then, E C (minzx; — €, maxz; +¢€). Therefore,

i=1,..,n i=1,..,n

Vr € E minx; — e < x < maxxz; + €. Hence, E is bounded.
i=1,..,n i=1,..,n

Suppose that E is not closed. Therefore, it doesn’t contain all its limit points. We
assume, without loss of generality that it doesn’t contain one limit point say zo. Let, H =
(—00, g — L) U (29 + +,00) be an open cover for E. Then, there is a finite subcover of H
such that £ C U, (=00, 9 — =) U (zg + £,00) = E C (—00,39 — =) U (z9 + =,00). By
the density of the reals in between (xy — %, z9) 3 o € E which is not covered by the finite
subcover. Therefore, there is no finite subcover of E, a contradiction, because we assumed
that E is closed.

Hence, E is closed and bounded.



Problem 1

The idea is to decompose B into a countable union of disjoint sets and at least one of these
set has to be A(so we can have m(A)), in order to use the countably additivity over countable
disjoint unions property. We can decompose B as B = AN (B — A). The two sets A and
B — A are obviously disjoint and the union is countable therefore,

m(B—A)>0

m(B)zm(Aﬁ{B—A}) disj. cozﬁt.unianm(A)_’_m(B_A) > m(A)

Problem 4

The counting measure is translation invarient because by shifting the elements on a set, by
a constant, doesn’t change the number of elements. Let, {E,}°2, be a countable and disjoint
collection of sets. Furthermore, we know that the union of a countable collection of countable
sets is countable and so U2, E,,) is countable.

Case 1: If all of E,, are empty and so their union and trivially (U2, E,) = > 2 ¢(E,) =

n=1
0.
Case 2: If at least one of the E,, has infinitely many memebers (¢(E,,) = oo) and so the
union. Then, c¢(U2,E,) = oo and >~ ¢(E,) 20 . Therefore, c(U2, E,) =Y 7 c(E,).

Case 3: If all of the E, are finite and non-empty then ¢(U2, FE,) = oo as U F, is a
countably infinte set. Furthermore, >~ E, = oo as a countable infinite sum. Therefore,
c(UZ By) = Zle c(En).

Case 4: If {E, }°°, are finite and say, without loss of generality, the first m out of them are
non-empty, and the rest empty, and let n; = number of elements of FE;. Then, the number
of elements of U2 E, = Up B, US> 1 E, are ny+ ...+ 1, = (U0 E,) =ng+ ...+ Ny,

00 m o) c =0 m fe'e)
Furthermore, 307, ¢(E,) = 0 o(Bn) + 30 ey e(Ba) “ 2 S0 e(Bn) + 300000 0 =
n1 + ... + Ny, Therefore, c(UX E,) => 07 c(Ey).

Hence, the counting measure is countably additive and translation invariant.

Problem 6

We know that the set of rational numbers @ is countable and @ N [0,1] C Q. Therefore,
@ N[0,1] is countable. Furthermore, for any countable sets we know that its outer measure is
0. So, m*(Q N0, 1]) = 0. Also, we can decompose [0,1] as [0,1] = {Q°N[0,1]} U{Q N[0, 1]}.
By the countable sub-additivity of the outer measure me have that

m*([0,1]) = m*({Q°N [0, 1} u{@ N[0, 1}) <m*({Q° N[0, 1}) + m*({@ N[0, 1]}) (1)

But the outer measure of an interval is its length and the outer measure of a countable set
is zero. Therefore, (1) takes the form

m*({Q°N[0,1]}) > 1 (2)



Furthermore, QN [0, 1] C [0, 1] and by the monotonicity of the outer measure

Q°N[0,1] C[0,1] = m*(Q°N[0,1]) <m*([0,1]) =1 (3)
Hence, combining (2) and (3) m*(Q°N[0,1]) =1

Problem 11
We know that o-algebra is closed under compliments and countable unions. Let A be the

o-algebra

00
(a’ ) c l compliment (_ ,(I] c 1 count.union l l (_ a— E:| _ (_ ,(Z) c ‘ compliment [CL, ) c ‘
n=1

(—00,a), (b, 00) € A L (o0, a) U (b,00) € A “"EE [a,0] € A

(00, al, (b,00) € A L (—00,a] U (b, 00) € A “"EE (a,b] € A

(—00,a), [b,00) € A L (—00,a) U b, 00) € A“EE" [a,b) € A
(—00, al, [a,00) € A L (_o0,a] M [a,00) = {a} € A

Hence, if a o algebra A containts intevrals of the form (a,o0) then it contains all type of
intervals.



Problem 18
Let {I)}32, be a countable collection of open intervals that covers E. Then, V € > 0

Zl[k <m +€
k=1

Define O = ;- I. Then, O is open set containing E. By the definition of the outer
measure of O,

Z (Iy) <m*(E)+eVe>0 = m"(O) <m*(E) (4)
k=1

Let {O,}22, be a countable collection of such sets. Then we define G = N, O,,, which
is a G set and so is measurable. Observe, that GG is also an open covering for . By the
monotonicity of the outer measure,

EcG = m*(E) <m*(G) (5)

On the other hand G C O, because if z € G then z is in every set U2 I and so in O. By
monotonicity

m*(G) <m*(0) < m*(E) (6)

Therefore, by (2) and (3) m*(E) = m*(G), where G is a Gy set that contains E. From
the Inner approximation by closed and F, sets, E is measurable if 3 F € F, : F C E :
m*(E — F) = 0. Furhermore, F has a finite outer measure since by monotonicity F' C £ =
m*(F) < m*(E) < oco. Therefore, by excision property

O0=m*(F—FE)=m"(F)—m"(E) = m"(E)=m"(F)



Problem 24
We can decompose E; and Fs as the union of disjoint set and because both of them are
measurable we can use the countable additivity proberty of the measure

Elz{El—EQ}U{ElﬂEQ} - m( )
— m( )

By = {Bs— EYU{E N B} — m(Ey) = m(Bs— Ex) +m
= m(Fy — Ey) =m(Ey) —m

(7)

&

=

)
v\w_m/\_/\_/

(8)

Furthermore, because E;, F» are measurable and so is their union and can decompose it
as the union of disjoint sets where we can apply also the countable additivity property of the
measure

E1 U E2 == {El - EQ} U {El N EQ} U {EQ - El}
m(E1 U EQ) = m(El — EQ) + m(El N EQ) + m(E2 — El)

L By U Ey) = m(Ey) — m(Ey 0 Ey) +m(Ey)

Note: Each of the decomposed sets belong to the g-algebra as they can be formed by unions,
intersections and compliments of the measurable sets F, E5 and so they are measurable.
m
Problem 26
We can write the set {AN Uy, Ex} as Upe, {4 N Ej}. Therefore, by the sub-additivity
property of the outer measure we have

m* (A ﬂQEk) — m*(Q{A N Ek}> < kf;m*(A N Ey) (9)

On the other hand the finite union (J,_,{A N E};} is a subset of the countable union
Ur— {AN E}} and by the monotonicity property of the outer measure

AN E} c [ J{AN By}
k=1 k=1
m* ( U{A N Ek}) >m’ ( U{A N Ek}), for each n
k=1 k=1
= Zm*(A N Ey), for each n ({Ek}iozl countable disjoz'nt)
k=1

The left hand side of this inequality is independent of n. Therefore,

6



m*<U{AmEk}> > " m* (AN Ey) (10)

Combining (6) and (7) we have

m*(@{Aﬂ Ek}) - Eijm*(A N E)

O
Problem 28
Without loss of generality, let {A;}72, be a collection of disjoint measurable sets, if they
were not disjoint we can always construct a disjoint collection. In order to use the continuity
of the measure we need somehow to contstuct either an ascending or descending set. Let,
Cy, = UL, A;, which is obviously ascending. Furthermore, the set | J;°, Cy, is equal to [ J7° | Ay.
Therefore,

o(04)-»(0)

= klim m(Cy) (continuity of measure)
—00



Problem 27
Consider the sequence of measurable functions {f,} such that f,(z) = x(n,)(2), V2 € R.

Observe that {f,} “> f where f(z) = 0,Vz € E = R. Then by Egoroff’s theorem Ve > 0
there is a closed set F' contained in R for which
{f,} 5 fonFand m(R—F)<e

From the uniform convergence of f,, we have that Ve > 0, 3N € N: |f,, — f| < ¢,Vn > N.
Choose m : m > N sufliciently large and because thats true for every € > 0, choose € : 0 <
€ < 1. S0, X(m,o0) < €0n F

X(m,oo) < € <= x € (—00,m)

Therefore, F' must be a closed set subset of {x € R: x € (—o0,m)}.

Fc{reR:ze(—oo,m)} = {reR:ze€ (moo)} CR-F

By the monotonicity of the measure and the result of Egoroft’s theorem we have

m({xéR:xG(m,oo)}) <mMR—-F)<e = o<e
a contradiction, because we choose E to be an unbounded set, with infinite measure.
]

Problem 9
For each ¢ € R consider the set

{reE: fr)<c}CE = m({xEE:f(x)<c}>§m(E):0

— m({er:f(x)<c}>:0

Every set of measure 0 is measurable. Therefore, {x € E : f(z) < ¢} measurable — f
measurable. Consider, a finite collection of disjoint sets { E;}I, such that |J]_, E; = E. Then,

Ozm(E):m<QEi) :anm(Ei) = m(E)=0 Vi=1,2,..,n

Since f is measurable and bounded on E the simple approximation lemma applies. So,
there are simple functions ¢, on E such that ¢ < f < on E. Let a4, 5; be the distinct
values that ¢, take in each Ej;, respectively. Then,

8



= , ) = d — . N —
/Eqb ZZ:;azm(El) 0 an /Ew ;@m(ﬂ) 0
= sup{/E<b:¢simpleand¢§f}:O and inf{/Ew:wsimpleandfgw}zo

So, the upper and lower Lebesgue integrals are equal and by definition f is Lebesgue

integrable and
/f:sup{/gb:gbsimpleandgbgf}
E E

= mf{ / ¥ : 1 simple and f < zb}
E
=0
[
Problem 10
Since f is measurable and A is a measurable subset of E, fx4 is measurable on A. Also,
F has a finite measure and so A has. Then, fx4 is a bouded (since f is bounded), measurable
function on a set of finite measure and so is integrable on A. In addition, F has finite measure.
Consider, a finite collection of disjoint sets {E;}!, such that |J;_, E; = E. From simple

approximation lemma we know that there exist simple functions ¢, 1 such that ¢ < f <1 on
E and let oy, B; be the distinct values that ¢, 1) take in each E;, respectively. Then,

oxa < fxa<ivxsa onE = /E¢XA§[EJCXA§/E¢XA (11)

We re-write ¢ and 9 in their canonical representation ¢ = > " |, cixpg, ¥ = D . BiXE,-
Then,

/ oxa = / ZaiXEiXA = / Z%XEmA = Zaim(Ei NA) = / ¢
E Ei=1 Ei=1 i=1 A

/f:sup{/gb:qbsimple andqﬁﬁf} g/fXA from (1) (12)
A A E

/E@/JXA:/E;:@XE,L-XA:/Eiz:;ﬁiXEmAzgﬁim(EiﬂA)Z/Aw



/f:inf{/¢:¢simple andfgw} Z/fXA from (1) (13)
A A E

From (2) and (3)

[]

/]SfoSAfS/]Efoi[qf:/Jﬂfo
Problem 12

Let By ={z € E: f(z) # g(x)} and E — Ey = {z € E : f(z) = g(x)}, then m(E) = 0.
Since, f = g a.e onE = g measurable. So, g is a bounded, measurable, on a set of finite
measure = ¢ integrable. For the set of measure zero we have on f= on g =0.

f=g on E—E
/fz/ f+ f77%= °/ g+0=/ g+/g=/9
E E—Ej FEy E—Ey E—Ey FEo E

Problem 17
Let E : m(F) = 0 and define {f,} = n be an increasing sequence of measurable functions

O
on E, {f.} X f = 00 and so the Monotone Convergence Theorem applies

/ f = lim fn =lim [ n= lim nm(FE)= lim 0 =0 (14)

n—o0 n—o0 E n—o0 n—oo

]
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Problem 23

f(z) =an, * € [n,n+1)on E = [1,00). Then, we can write f(z) = > 7" apXjnn+1)(T)
where {anx[mnﬂ)} is a sequence of non-negative functions as a,, is a sequence of non-negative
real numbers. Then, from the corollary of the monotone convergence theorem we have

0 00
int of szmple function
f E anxnn+1 E a,m([n,n+ 1)) E G
n=1 n=1

O
Problem 27
From previous homework problem if f,, is a sequence of measurable functions then in f{ fj :
k > n} is also measurable. Define g, := inf{fy : k > n} and g := lim,, o inf{fr : k > n}.
Then, g, is an increasing sequence of non-negative measurable functions and

pw

In — 9

Therefore, the Monotone Convergence Theorem applies

/ = lim gn < lim inf { / gr k> n} (15)

In addition,

gn=f{fi : k>n} < f, = /Egng/Efn — inf{/Egn}ginf{/Efn} (16)

Hence, combing (1) and (2) we have

/liminf{fk:an}:/g< hmmf{/gk:kzn}g liminf{/fk:kzn}
g o0 n—00 E n—00 E

Problem 28
Since, f is integrable so fx¢ is. Then, by definition

/Ech 3:/E(ch)+—/ fxe)” /f+Xo—/f Xc (17)

We only need to show that [, ftxc = [, f"and [, fxc= [, f

11



/ ftxe = sup { / h : h bounded, measurable, with finite support : h < f*xc on E}
E E

= sup { / h : h bounded, measurable, with finite support : A < f* on C}
c

=/ f" (18)

C

Similarly,

/ f xc =sup { / h : h bounded, measurable, with finite support : A < f~y¢ on E}
E E

= sup { / h : h bounded, measurable, with finite support : A~ < f~ on C}
c

- /C I (19)

Therefore, combining (3), (4) and (5) we have

/Echrz/Ef*Xc—/EfxC:/cﬁ—/cf2=/Cf

*IEh< ftxe, h< f"xc,on E then h < f*, h < f~ on C.

12



Problem 29
Consider the function f() = Xpn11)(T) = Xpt1,n+2) ()

o 00 n+1
S t@ =] [ M@ = Xwrren )
n=1 n n=1 n
> n+1 n+1
- Z / X[n7n+1)(517) _/ X[n+1,n+2)(x)
n=1 n n

= \m(n,n+1)) = m(n +1,n+ 2))‘

Hence, the series converges absolutely which implies convergence, too. But the function is
not integrable since

\fl= [+ 7, wheref" = Xjunt1)(2) andf™ = Xjn+1,n42)(2)

/ f+ = / X[n, n+1] Z/ X[n,n+1) = Z 1=00
[1,400) [1,400) [n,n+1] n—=1

xsimple function is integrable and [1,00) = U2 [n,n + 1)

Hence, f[1 ) |f| = 00 = |f| not integrable = f not integrable. So, both of the if
and only if statements are not true, as we found a counter-example that disaproves each of

one direction, which is enough.
O

Problem 37
We need to show that Ve > 0, 3N € N : ‘ | i ‘ < eVn > N, which is equivalent of showing

that lim, . [ B f = 0. The countable collection of measurable set E, = {x € E : |x| > n} is
descening and (_, E,, =0 = m| .~ En) = (. In addition, f is integrable over E, so

is finite a.e. and so bounded. From a previous homework problem the integral of a bounded
function over a set of measure zero, is zero. So, fmoo » [ = 0. Therefore, from the continuity
n=1"—""

of integration

lim/f:/ f:0<:>V6>OE|NENZ’/f
n= JE, Nnz1 En n

13
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n
Problem 9
Consider the sequence of measurable functions f,,(z) = Xjnnt1]2)- Then, f, 2y f=01in
E =R. Then in order f, to converge in measure on R to f, we need Ve > 0

lim m(x ceR: ‘X[n,n—i-l](m)‘ > 6) =0

n—oo

Choose € < 1 then,

n—o0 n—o0

lim m(x € R : |Xmnt1)@)| > 6) = lim m([n,n+1]) =1

Therefore, f, fails to converge in measure on R to f.
Another, counter example is by choosing g,(z) = X[, (), then, g, Hg=0mE=R
Choose € < 1 then,

lim m(:v € R [Xpoo)| > e) = lim m([n,00)) = 0o

n—00 n—oo
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