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Metal films and other metal geometries of nanoscale thickness deposited on an insulating substrate,
when exposed to laser irradiation, melt and evolve as fluids as long as their temperature is sufficiently high.
This evolution often leads to pattern formation, which may be influenced strongly by material parameters
that are temperature dependent. In addition, the laser heat absorption itself depends on the time-dependent
metal thickness. Self-consistent modeling of evolving metal films shows that, by controlling the amount
and geometry of the deposited metal, one can control the instability development. In particular, we
demonstrate the “thermal crowding” effect: additional metal leads to elevated temperatures, which strongly
influence the metal evolution, even if the metal geometries are disjoint. We demonstrate that the
communication of disjoint metal domains occurs via heat diffusion through the underlying substrate. Fully
self-consistent modeling focusing on the dominant effects, as well as accurate time-dependent simulations,
allow us to describe the main features of thermal crowding and provide a route to control fluid instabilities
and pattern formation on the nanoscale.
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Introduction—Self-assembly and directed assembly has
been the topic of numerous recent works, in particular for
nanoscale fluid-based systems [1,2]. While in many cases
self-assembly can be used to produce patterns of interest,
often directed assembly is needed to achieve desired
outcomes such as, for example, an ordered array of nano-
particles. Systems involving metal films, filaments, and
other geometries of nanoscale thickness are of particular
current interest due to the large number of applications
involving plasmonics, of relevance to solar cells, catalysis,
and biomedical applications, etc., as reviewed by many
authors [3–8]. Such metal geometries are commonly
exposed to short-duration (tens of nanoseconds) laser
pulses to bring the material above the melting point.
While molten, metals evolve as (to a first approximation,
Newtonian) fluids, but with strongly temperature-depen-
dent material properties, and are subject to fluid-dynamical
instabilities. Such instabilities, which evolve on a timescale
comparable to that of the applied laser pulses, may lead to
the formation of drops (becoming particles upon solidifi-
cation). The size and placement of such particles are of
crucial importance in applications, and it is important to be
able to control them.
Directed assembly has been explored in the past using

elaborately designed initial metal geometries obtained, for
example, by lithographically imposing sinusoidal pertur-
bations to a metal strip to produce a desired outcome [9].
This method, while ingenious, is costly and may not be
practical. In this Letter we show that pattern formation can

be controlled indirectly, via thermal transport through the
supporting substrate. We call this approach to directed
assembly “thermal crowding” since, as we will show,
adjacent (though disconnected) metal geometries experi-
ence each other through thermal contact. Therefore, simply
by modifying the initial size and placement of simple metal
structures such as filaments, one can direct the evolution
and obtain patterns with desired properties.
Model—Modeling nanoscale metal films and other

geometries exposed to laser irradiation is challenging,
since multiple physical effects must be included, particu-
larly regarding the coupling of thermal effects due to the
laser heating (including phase change) with fluid dynamics.
Our previous work in this area [10–12], which extended
other research efforts, see, e.g., [13–16], constitutes a self-
consistent and asymptotically accurate framework for this
complex problem. The resulting set of equations, governing
the thermal transport and the metal film evolution while
molten, is discretized and solved in a graphical processing
unit-based computing environment, using our open-source,
publicly available code [17]. Our particular focus is on
evolving metal filaments of various sizes; such simple
geometry illustrates the importance of careful coupling of
the fluid dynamics with thermal transport and provides a
straightforward proof of principle of using the initial
configurations of simple metal shapes to control the final
droplet (nanoparticle) size and number. In what follows, we
outline the main features of the theoretical and computa-
tional methods that we use and direct the interested reader
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to Supplemental Material [18] and our earlier works
[11,12] for the details, including, in particular, the careful
asymptotic expansion of the governing equations that leads
to the formulation presented here.
Consider a free surface metal filament of characteristic

nanoscale thickness H ¼ 10 nm, which we will use as a
length scale. Suppose further that the metal is initially solid,
exposed to air above, and in contact below with a thermally
conductive solid SiO2 substrate of depth Hs, see Fig. 1.
Following [11], we choose the velocity scale U ¼ γf=ð3μfÞ
(where γf and μf are surface tension and viscosity at melting
temperature, Tmelt), leading to the timescale, H=U.
Subsequently, we choose Tmelt, μfU=H, and γf as the
temperature, pressure, and surface tension scales, respec-
tively. We note that the specified choices emphasize the
capillary and viscous forces; alternative formulations are
possible (see Ref. [19] for details).
Once in the liquid state, we treat the metal as an

incompressible Newtonian fluid. The most complete model
consists of the Navier-Stokes equations for the molten
metal film, coupled with heat equations for the metal and
substrate, plus appropriate boundary conditions and con-
stitutive equations for the temperature-dependent material
parameters. We assume that metal viscosity depends on
temperature, but that the surface tension, density, heat
capacity, and thermal conductivity are fixed at their melting
temperature values (see Supplemental Material, Sec. VI
[18] for discussion of the temperature dependence of
surface tension, and prior work [12] for that of thermal
conductivity). Note in particular that the model allows for
both spatial and temporal dependence of viscosity through
the dependence of this material parameter on the temper-
ature field. We use Tf , Ts to denote the film and substrate
temperatures, respectively, and define TavgðtÞ to be the
time-dependent spatially averaged filament temperature
(see Sec. V of [18] for a complete definition). For the

remainder of the text, we omit the argument of TavgðtÞ with
the understanding that it is time dependent.
In recent work [11,12] we proposed a simplified model

for this setup based on a long-wave formulation for a thin
metal geometry. The metal film thickness [z ¼ hðx; y; tÞ
where x and y are the in-plane coordinates] evolution is
governed by the following fourth order nonlinear partial
differential equation

∂thþ∇2 ·

�
1

μðTfÞ
h3∇2ð∇2

2hþ ΠðhÞÞ
�
¼ 0 ð1Þ

(see Supplemental Material, Sec. II [18] for the reduction to
this nondimensional form), where ∇2 ¼ ð∂x; ∂y; 0Þ.
Following the time derivative term in Eq. (1) are the
capillary and disjoining pressure (modeling liquid-solid
interaction) terms; μðTfÞ is the temperature-dependent
viscosity (scaled by μf ), modeled via an Arrhenius-type
relationship (see Supplemental Material, Sec. IV [18] for
details).
The model specified by Eq. (1) has been considered

extensively in the context of filament breakup under
isothermal conditions (hence constant viscosity), often
with additional effects such as gravity, to describe the
breakup of macroscopic infinite length [21,22] and finite-
length filaments [19]; see also Supplemental Material,
Sec. I [18] and Refs. [23–28]. Both linear stability analysis
of the isothermal problem, and numerical simulations,
show that the distance between the drops that form on
breakup (as well as their size) is determined by the filament
cross-sectional area, while the instability mechanism itself
is governed by the interplay between capillary effects
and the destabilizing liquid-solid interaction forces speci-
fied by ΠðhÞ, whose range is comparable to the film
thickness [29]. (Analytical progress via linear stability
analysis is not possible for the nonisothermal case.) We
use ΠðhÞ ¼ Ω½ðh�=hÞn − ðh�=hÞm�, with equilibrium film
thickness h�, constant Ω [related to the Hamaker constant
AH by Ω ¼ AH=ð6πγfh3�H2Þ], and exponents n > m > 1,
see, e.g., [10]. Such a conjoining-disjoining form ensures
that the film height approaches a minimum value compa-
rable to h� as dewetting proceeds (we typically use
h� ¼ 0.1, corresponding to 1 nm; while this value is larger
than that expected in experiments [30], this choice avoids
the numerically more expensive simulations that are
required for smaller values of h�, while having negligible
effect on the fluid dynamics). Interfacial potentials for
liquid metals are undoubtedly more complex (and may be
temperature dependent [31]), however, based on our earlier
work and on comparison to experiment [30], we expect that
the present form is sufficient for our purposes.
The heat flow model we developed recently [11] exploits

further the long-wave approximation. The metal has much
higher thermal conductivity than the substrate, and the
temperature variation across the film (in the short, z

FIG. 1. Schematic of two neighboring filaments (both indicated
by the color gradient, with yellow representing maximum height)
and thinner equilibrium film region (dark blue). The gray region
represents the underlying SiO2 substrate. In physical experiments
[20], the in-plane dimensions are measured in hundreds of
nanometers, the typical metal thickness is 10–20 nm, and the
substrate (membrane) thickness is on the order of 100 nm.
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direction) may be shown to be weak. We retain those
assumptions here, but in contrast to our earlier work (and
justified below), we assume that in-plane heat conduction
in the substrate may be relevant, and that heat is lost from
the system only through the lateral substrate boundaries.
This leads to the following system governing temperature

hPef∂tTf ¼ ∇2 · ðh∇2TfÞ −K∂zTsjz¼0 þ hQ̄; ð2Þ

Pes∂tTs ¼ ∇2
2Ts þ ∂

2
zTs; ð3Þ

for the metal and for the substrate, respectively. The
boundary conditions (BCs) include continuity of temper-
ature at z ¼ 0 [continuity of heat flux was already imposed
in deriving (2) and (3)] and appropriate BCs at the domain
boundaries: Tf ¼ Ts at z ¼ 0, ∂zTs ¼ 0 at z ¼ −Hs,
∂xTf ¼ 0 at x ¼ 0; P, ∂yTf ¼ 0 at y ¼ 0; P, and Ts ¼ Ta

(ambient temperature) at x ¼ 0; P, y ¼ 0; P (P ¼ 140).
The parameters, defined by

Pef ¼
ðρcÞfUH

kf
; Pes ¼

ðρcÞsUH
ks

; K ¼ ks
kf
;

represent the film and substrate Péclet numbers, and
thermal conductivity ratio, respectively. Equation (2)
describes the leading order fluid temperature; the terms
on the right-hand side represent the in-plane diffusion, heat
loss to the substrate, and the depth-averaged laser heating
(see Refs. [13,32] and the references therein for more
details on the form of this term)

Q̄ ¼ AðhÞ
h

Z
h

0

FðtÞ½1 − RðhÞ� exp ½−αfðh − zÞ�dz: ð4Þ

Here, α−1f is the absorption length for laser radiation in the
metal film and FðtÞ captures the temporal dependence of
the laser pulse, taken to be Gaussian centered at a specified
time tp and of prescribed width σ (corresponding to tens of
nanoseconds). The factor AðhÞ is a smooth approximation
of Uðh − h�Þ, the unit step function centered at h�, which
turns off absorption as h → h�. In-plane diffusion is also
turned off as h → h�, ensuring that the filaments alone
absorb energy and transfer heat to other filaments only via
the substrate (these adjustments are needed due to the
unphysically large value chosen for h�, which would
otherwise lead to measurable, though spurious, heat trans-
port through the precursor). In general, the reflectivity of
the film on a transparent substrate RðhÞ is determined by
Maxwell’s equations [33], but the resultant form is cum-
bersome; following others [13,32] we approximate it by
RðhÞ ¼ r0½1 − exp ð−αrhÞ�, where parameters r0 and αr are
chosen to ensure good agreement with the exact solution.
Equation (3) describes the substrate heat conduction.

The BCs on Eqs. (2) and (3) impose no heat loss at the
bottom of the substrate (motivated by the experiments on

thin substrates (membranes) discussed below), and insulat-
ing conditions for the metal at its lateral boundaries. We
impose room temperature at the lateral boundaries of the
substrate, leading to the only heat loss mechanism. The no-
heat-loss BC at the bottom of the substrate motivates the
inclusion of in-plane thermal flow in Eq. (3); heat flow in
the z direction is negligible. Additional assumptions used
to derive the fluid dynamical and thermal models can
be found in Supplemental Material, Sec. V [18] and
Refs. [12,13,32,34–36].
Results—We focus on setups relevant to recent experi-

ments [37] involving nanoparticle formation on so-called
“membranes.” Membranes are essentially very thin solid
substrates with overlaid nanoscale metal patterns, obtained
by combining lithographic techniques with chemical etch-
ing of the underlying silicon [37]. An important motivation
for using membranes is that one can observe not only the
final outcome of experiments, but also the time evolution,
since membranes are optically transparent and allow for the
use of dynamic transmission electron microscopy, which
provides unique nanosecond temporal and nanometer
spatial resolution [37]. From the modeling perspective,
the key point is that the bottom boundary of the substrate is
strongly insulating; the membrane setup allows for precise
control of heat flow. [While carrying out experiments on
(thick) SiO2 wafers requires more energy, the model
discussed here describes such experiments accurately as
well; see Ref. [12] for details.]
In our simulations, the initial condition is a metal

filament, or several filaments at a specified distance apart,
with the exact geometry specified in Supplemental
Material, Sec. III [18]. Initially, both metal and substrate
are at room temperature. Then, the laser pulse is applied,
the metal temperature increases (discussed more precisely
in what follows), and when the filament temperature rises
above the melting point, it starts evolving as a Newtonian
fluid. When the laser energy begins to decrease, the
filament temperature decreases as well, and once it drops
below the melting temperature, the evolution stops. The
simulations are carried out using our in-house graphical
processing unit-based code [17]. The computational
method itself is based on finite difference spatial discre-
tization, combined with Crank-Nicolson temporal evolu-
tion within an alternate direction implicit framework; see
Ref. [12] for details. The parameters used in all simulations
are provided in Supplemental Material, Table 1 [18].
Figures 2(a) and 2(b) show the results of two sets of

simulations, whose only difference is the number of
filaments present. Still, the final outcome is very different.
While in both cases the filament melts, for this choice of
parameters no significant instability development occurs in
(a) prior to resolidification, whereas in (b) the evolution is
much more advanced, exhibiting a pearling type of insta-
bility, with the distance and size of the droplets determined
by the filament size and the underlying interplay between
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capillary and liquid-solid interaction forces [19,21,38].
Figure 2(c) shows why: the average temperature is signifi-
cantly higher in the case of two filaments, and furthermore,
the metal temperature in this case remains above melting
for a longer time. Because of the Arrhenius-type depend-
ence of viscosity on temperature, the evolution is also faster
when multiple filaments are present. Animation 1 in
Supplemental Material [18] shows the time and space
dependence of the film and temperature evolution; note
that filaments cool faster toward their ends. The animation
also emphasizes the significantly higher temperature
attained for two filaments compared to one, leading to
the faster evolution and breakup noted above. We remark
that the details of the final outcome depend on the choice of
parameters, including the filaments’ volume and aspect
ratio, see Supplemental Material, Secs. VII and VIII [18];
the concept of thermal crowding (higher temperatures in
the presence of additional metal) is, however, always found
to hold, with faster evolution and breakup for multiple
filaments.
Figure 3 shows the effect that the number of filaments

and their respective spacing has on the collective heating
and dewetting, illustrating that thermal crowding can
strongly influence filament evolution. The comparison of
different rows shows that an increase in the number of
filaments strongly influences their temperatures and,
through the temperature-dependent viscosity, the resultant
dewetting. For example, in Fig. 3(b) the filaments melt, but
not sufficiently even to dewet partially; whereas the
filaments in Figs. 3(e) and 3(h) both show full dewetting

of the interior filaments. Interestingly, the filaments that are
farthest from the center only begin undulation growth
before they freeze in place because they only receive
one-sided diffusive heating from the other filaments. The
interior filaments of Figs. 3(e) and 3(h) then spend more
time in the liquid phase, are hotter, of lower viscosity, and
therefore evolve faster than the outermost filaments; see
also Animation 2 in Supplemental Material [18]. This
simulation also illustrates the relevance of both the number
of filaments and their spacing; in the particular case
considered here, the distance between filaments is more
important since the configuration in Fig. 3(d) (three
filaments at spacing D ¼ 15) remains hot longer than that
in Fig. 3(h) (four filaments at spacing D ¼ 20), consistent
with the information on average temperatures provided by
Figs. 3(j) and 3(k).

FIG. 2. Final configuration of (a) a single metal filament and
(b) two metal filaments placed at a distance of D ¼ 15 apart,
exposed to the same laser pulse. Frame (c) shows the maximum
temperatures for the configurations in (a) (blue solid line) and
(b) (red dashed line), along with the melting line (black). See also
Animation 1 in Supplemental Material [18] for fluid evolution
and temperature fields.

FIG. 3. (a)–(i) Final configuration of two (row 1), three (row 2),
and four filaments (row 3) at distances D ¼ 15 (column 1), D ¼
20 (column 2), D ¼ 25 (column 3). (j) Time evolution of the
average film temperature for (b) blue dashed line, (e) orange
dashed line, and (h) yellow dashed line. (k) Time evolution of the
average film temperature for (d) blue dashed line, (e) orange
dashed line, and (f) yellow dashed line. The melting temperature
Tmelt is shown by the solid black line. See also Animations 2 and
3 in Supplemental Material [18].
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There are two possible reasons for the unbalanced
heating leading to a breakup of internal filaments only:
(i) loss of heat through the domain boundaries, and
(ii) decreased heating of the external filaments by the
internal ones. Insight regarding which of these mechanisms
is most relevant can be gained by carrying out simulations
on larger domains. These additional results, see
Supplemental Material Sec. VI [18], show that the influ-
ence of heat loss through domain boundaries is minimal,
and therefore, one-sided heating governs the evolution and
breakup.
Figure 3(j) shows that increasing the number of fila-

ments, while keeping their spacing fixed, has a fairly
modest effect on the maximum metal temperature; but a
larger number of filaments collectively retains heat for
longer, leading to increased liquid lifetimes and more
complete dewetting. Figure 3(k) shows that increasing
the interfilament distanceD leads to lower filament temper-
atures. In particular, placing three filaments at a distance
D ¼ 15 [Fig. 3(d)] is sufficient to collectively melt and
fully evolve all three into nanoparticles, as opposed to
placing them at distance D ¼ 25 [Fig. 3(f)], which
(although the filaments melt) is insufficient to produce
any nanoparticle formation. Additional information regard-
ing spatial temperature distribution is available in
Supplemental Material, Animation 3 [18], which reveals
the temperature maxima to occur at the center of the
domain, with lower temperatures toward the periphery,
consistent with, e.g., the results shown in Fig. 3(i), where
the central filaments exhibit better-developed undulations
toward the filament centers.
Figure 4 illustrates that filament instability can be

initiated asymmetrically and the number of droplets can
be controlled accordingly. Here, we surround a filament of
length 100 on both sides by filaments of lengths 50 (a) and
75 (b). The presence of the additional short filaments is
sufficient to increase the temperature of the left side of the
long filament and induce breakup; and the number and
location of droplets can be subsequently controlled by
increasing the outer filament length and location. The short
filaments themselves melt; however, asymmetric one-sided
heating is insufficient for their complete breakup.

Additionally, Supplemental Material, Animation 4 [18]
shows that the leftmost droplet solidifies prior to fully
dewetting, illustrating the nontrivial competition between
the edge retraction and the resolidification. Additional
examples of more elaborate filament configurations are
given in Supplemental Material, Secs. IX and X [18] we
also show an example of evolution as a result of application
of multiple laser pulses.
Conclusions—We have illustrated a simple but powerful

method that allows for the coupling of fluid dynamics and
heat transport for metal filaments deposited on thermally
conductive substrates. Our approach is fully self-consistent,
with fluid dynamics influencing and being influenced by
the heat flow. This coupling occurs through temperature
dependence of metal viscosity, whose spatial variation
influences the fluid thickness and, in turn, the amount of
heating absorbed. In the present work, we apply this
method to metal filaments of nanoscale thickness; however,
the concept of thermal crowding may be relevant for
different materials and across different geometries and
length scales. In the context of metals, our results open
the door to various directed- and self-assembly approaches
since it is now possible to control the dynamics simply by
specifying the initial material distribution.
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