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We study the stability of rivulets on horizontal substrates. The implemented model includes the
effects of capillarity, fluid-solid interaction, and gravity if appropriate, within the framework of the
lubrication approximation. We find that the results compare favorably with those in literature, in the
regime where previous analyses are valid. By isolating the effect of van der Waals interactions for
nanoscale rivulets, and of gravity for macrosize rivulets, we are able to analyze the influence of
these forces on the stability. We discuss in detail the scaling of the emerging wavelengths !distance
between drops formed after the breakup process" with the rivulet cross-sectional area. Perhaps
surprisingly, we uncover close connection between this scaling and the one for the breakup of a
free-space fluid jet !Rayleigh–Plateau instability". Finally, we consider rivulets of finite length and
find that the finite size effects are considerably different from the ones obtained previously for
semi-infinite fluid films. © 2009 American Institute of Physics. #DOI: 10.1063/1.3211248$

I. INTRODUCTION

The stability of thin films and rivulets is a subject of
increasing importance and relevance. Numerous applications
in the field of micro- and nanofluidics,1,2 as well as templat-
ing or lithographic patterning and various types of
coatings3–5 warrant careful and detailed analysis of this sub-
ject. In addition, this problem provides significant math-
ematical and modeling challenges due to the presence of
multiple spatial and temporal scales, as well as the need to
incorporate microscale physics into a continuum fluid dy-
namical model. Thin films on the scales ranging from nano
to macro have been extensively studied by means of experi-
ments, simulations, and analysis.

Particularly interesting issues arise on the short scales,
where the stability is influenced by the competition of the
capillary forces with the ones resulting from liquid-solid
interaction.6–8 In all of these examples, the films are often
unstable and break up, leading to the formation of dry spots.
The instability has been found to be either driven by nucle-
ation at defect sites which are not spatially correlated, or via
spinodal type of instabilities resulting in a spatial
correlation.8,9 Interesting issues arise also during dewetting
of laser-illuminated thin metal films where similar type of
behavior is observed as for more commonly considered
fluids.8,10,11

The analysis of the stability of thin rivulets has also been
studied, although to a significantly lesser extent than that of
thin films. The pioneering study of rivulet instability was
done by Davis,12 who considered a static rivulet on a hori-
zontal substrate. His analysis is based on an energylike inte-
gral form of the Navier–Stokes equations linearized after
perturbing the straight contact lines. This method yields a
sufficient condition for stability in terms of the critical !mar-
ginal" wavenumber as a function of the equilibrium contact
angle. Some years later, Sekimoto et al.13 studied spatial per-
turbations of the rivulet steady state solution !with small

slopes and including gravity" by using a variational principle
that leads to a minimum of surface energy. The stability cri-
terion for a given wavenumber of the perturbation is based
on the appearance of spatially divergent solutions resulting
from the implemented variational method.

Other authors considered the problem of the rivulet in-
stability with additional effects. For instance, Young and
Davis14 studied the rivulet on an inclined plane where grav-
ity produces an axial flow, and Wilson et al.15 are concerned
with its viscoplasticity on a slowly varying substrate.
Duinveld16 considered its stability in relation with ink-jet
printing lines. Brochard-Wyart and Redon7 performed a sta-
bility study based on the analysis of the free energy of the
rivulet. The problem of the rivulet on a plane substrate was
also treated as a particular case of flow in a wedge by
Langbein,17 Roy and Schwartz,18 and Yang and Homsy.19 All
of these works, with exception of Sekimoto et al.,13 consid-
ered a rivulet cross section as an arc of a circle with specified
contact angle, therefore ignoring the effect of gravity.

The stability of rivulets has also been considered in the
presence of axial flow. In those cases, this flow has been
found to have a stabilizing effect.20 Moreover, not only fluid
but also solid rivulets have been considered. For instance,
McCallum et al.21 followed a similar procedure as Davis12 to
account for the stability of a solid rivulet which evolves by
surface diffusion.22

One interesting question is the relation between the sta-
bility of a !infinite-length" rivulet and that of a free-space jet
!the Rayleigh–Plateau problem". One may rightfully wonder
why there should be a connection between these two prob-
lems since breakup of a rivulet is governed by the balance
between the forces due to viscosity, capillarity, and liquid-
solid interaction !and possibly gravity". This contrasts with
the Rayleigh–Plateau problem, where liquid-solid interaction
is absent, and viscous effects do not influence the main fea-
tures of instability development, such as critical wavelength.

PHYSICS OF FLUIDS 21, 082105 !2009"

1070-6631/2009/21!8"/082105/15/$25.00 © 2009 American Institute of Physics21, 082105-1

Downloaded 16 Sep 2009 to 128.235.251.160. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp

http://dx.doi.org/10.1063/1.3211248
http://dx.doi.org/10.1063/1.3211248


However, the geometric similarity of the two configura-
tions have inspired some comparisons in literature. For ex-
ample, Park et al.23 studied experimentally the rupture of
polymer rivulets of micrometric width and found fairly good
agreement with the Rayleigh prediction, but did not discuss
the motivation for this comparison. Kondic et al.11 consid-
ered computationally and experimentally the breakup of na-
nometric laser-irradiated metal films and also found excellent
agreement with the Rayleigh–Plateau prediction. The ques-
tion is how general these results are and to which degree can
the two problems, breakup of a fluid rivulet and of a free-
standing fluid jet, be correlated.

In this paper we consider the stability of rivulets on hori-
zontal substrates within the framework of lubrication model
!see Fig. 1". Although main motivation of this work is to
analyze the effect of finite rivulet length on stability, we find
that it is necessary to review the problem of the infinite-
length rivulet first. This review is appropriate on its own
right since detailed comparison of the existing results is lack-
ing. Therefore, we begin this paper by discussing extensively
previous work in the field !Sec. II". Then, in Sec. III we carry
out linear stability analysis !LSA" of an infinite-length rivu-
let including gravitational effects, as well as partial wetting
effects using disjoining pressure model. We analyze, in par-
ticular, the influence of van der Waals !vdW" forces and
gravity on the stability, and discuss the regimes where earlier
results do or do not describe accurately the rivulet stability.
Numerical simulations of the fully nonlinear problem follow
in Sec. V, where we also study the effect of finite length of a
rivulet on instability. Due to the relevance of rivulet instabil-
ity in the applications at a variety of scales, we consider
separately the stability of macro- and nanosized rivulets.
Macroscale rivulets of thickness comparable to capillary
length are considered in Secs. IV and V, both with and with-
out gravitational effects. The stability of nanorivulets is dis-
cussed in Sec. VI. Some additional problems are outlined in
Sec. VII.

II. STABILITY ANALYSIS OF INFINITE-LENGTH
RIVULETS: REVISITED

As mentioned in Sec. I, the stability of an infinite fluid
rivulet on a solid surface has been investigated by a number
of researchers.7,12,13,17–19 Since these works are based on dif-
ferent theoretical approaches, and have never been compared
against each other, we devote this section to their compari-

son. In the rest of the paper, we will use this comparison to
also relate our own results to the existing ones. One impor-
tant point is that some of the referenced works use the lubri-
cation approach and other ones do not. Therefore, the follow-
ing discussion of those results allows us to analyze the
validity of the lubrication approximation in configurations
characterized by large contact angles.

We first concentrate on the seminal paper by Davis,12

where a linearized hydrodynamic theory for static rivulets
without gravity effects was developed. A rivulet of circular
cross section with given !fixed" radius R, density !, surface
tension ", and contact angle #0 is considered in that paper.
For perturbations with axial wavenumber k !=2$ /%, % being
the wavelength" and growth rate &, Davis obtained the en-
ergy balance equation

&2Ek + &Ev + I = 0, !1"

where Ek is the kinetic energy, Ev is a generalized viscous
dissipation, and I is the interfacial energy,

I = %
#0

$−#0

#!k2 − 1"&'&2 + &'#&2$d# − #'!'#$#0

$−#0. !2"

Here, ' is the interfacial normal speed for normal modes in
units of '" /!R and ! denotes complex conjugation. By ex-
amining the discriminant of Eq. !1", Davis found that a suf-
ficient condition of stability is I(0. For fixed contact angles,
the functional I satisfies the inequality,

I ) #*!#0" + k2R2 − 1$%
#0

$−#0

&'&2d# , !3"

where *!#0" is obtained by solving the following Euler–
Lagrange equations:

'++ + *!#0"' = 0, !4"

'+ + ' cot #0 = 0, + = +0, !5"

'+ − ' cot #0 = 0, + = $ − +0, !6"

and +0=$ /2−#0 !see Fig. 2". Thus, his linearized stability
condition is

k2R2 ( kc
2R2 = 1 − *!#0" , !7"
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FIG. 1. Schematic of a fluid rivulet on a horizontal substrate.
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FIG. 2. Scheme of the circular cross section and angles definition.
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where kc is the critical wavenumber. Fixed contact line prob-
lem was also considered in Ref. 12 but we do not discuss that
configuration in any detail here.

We proceed to find *!#0" by writing the solution of Eq.
!4" in the form

' = A cos s+ + B sin s+ , !8"

with s2=*, and A and B as real constants. Thus, we see that
* can be physically understood as the wavenumber in the
azimuthal direction, +, and then, the marginal condition in
Eq. !7" corresponds to the total !axial plus azimuthal" dimen-
sionless wavenumber equal to unity.

By applying the boundary conditions given by Eqs. !5"
and !6", we obtain a linear system of equations for A and B.
A nontrivial solution is found if the conditions specified by
Eqs. !9" and !10" that follow are satisfied. For *(0, we have

sr tan #0 tan!sr#0" = − 1, !9"

where s=sr!R. For *,0, we have s= isi with si!R, given
by

si tan #0 tanh!si#0" = 1. !10"

The solutions of Eqs. !9" and !10" yield *!#0". This result is
shown in Fig. 3!a", which is coincident with Fig. 4 in Ref.

12. The line dividing the regions of stability/instability given
by Eq. !7" is shown in Fig. 3!b" !see Fig. 7 in Ref. 12".

Langbein17 and Roy and Schwartz18 studied the flow in a
V-shaped surface so that our plane substrate is a particular
case of their more general study. First, we note that Eq. !9" is
equivalent to Eq. !25" in Ref. 17 for a plane substrate, show-
ing that Davis’ theory is recovered from Ref. 17. Also, we
observe that Eqs. !9" and !10" are equivalent to Eqs. !3.15"
and !3.16" in Ref. 18 #see also Eq. !7"$ when applied to a
plane surface. Therefore, the general treatment carried out in
Ref. 18 is equivalent to that by Davis,12 although that was
apparently not clear at the time of publication. The main
difficulty when comparing these three approaches is the
choice of different variables to describe the marginal stability
criterion. For example, instead of using R to define the criti-
cal wavenumber as in Ref. 12, kc is in Ref. 18 given in terms
of the rivulet width

w = 2R sin #0. !11"

Figure 4 shows the stability diagram resulting from Ref. 12,
now plotted in terms of w. This curve is identical to that in
Fig. 5 in Ref. 18, thus showing the equivalence between both
treatments. The dashed line in that figure corresponds to the
approach in Ref. 19, which is discussed below.

A perhaps counterintuitive feature of the stability curve
in Fig. 3!b" is that for #0→0 the rivulet becomes unstable for
all wavenumbers. This result seems to suggest that a fluid
characterized by better wetting properties is more unstable.
However, since R is fixed !and contact angle independent",
the rivulet effectively disappears in the limit #0→0, resolv-
ing the apparent contradiction.24

The limit #0→$ corresponds to a completely cylindrical
rivulet with the contact line along a generatrix. Thus, one is
tempted to compare the results with those of the Rayleigh–
Plateau stability for a freestanding jet. It is shown by Davis12

that his approach is consistent with Rayleigh’s result,
namely, kcR=1, only when there is no contact line contribu-
tion to the energy balance. However, if one considers #0=$,
and assumes “fixed contact line,” then one instead finds in-
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FIG. 3. Comparison of the results in Refs. 12 and 19. !a" Solution of Eqs.
!9" and !10" for real s !*(0" and imaginary s !*,0". !b" Stability diagram:
The solid line corresponds to Ref. 12, our Eq. !7", and the dashed line to
Ref. 19, our Eq. !15".
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FIG. 4. Stability diagram in terms of rivulet width, w: The solid line corre-
sponds to Davis !Ref. 12" theory as in Fig. 3!b", now plotted in terms of the
rivulet width, w. This curve is identical to Fig. 5 in Ref. 18. The dashed line
is specified by Eq. !15" of this paper; see Ref. 19.
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creased stability, kcR='3 /4.12 Figure 3!b" shows that the
same stability criterion is recovered if in the “fixed contact
angle” approach one considers #0=$ and keeps the contact
line contribution in the energy balance, as discussed also in
Ref. 21 for a solid rivulet. We will discuss the comparisons
with the Rayleigh–Plateau theory for general #0 in more de-
tail later on.

Similar to Refs. 17 and 18, Yang and Homsy19 also con-
sidered a V-shaped surface. New ingredients are the inclu-
sion of the axial curvature in the determination of the pres-
sure field,25 as well as the use of a mass conservation
equation for the axial flow.26 Lubrication approximation is
used to determine the internal pressure. As in Ref. 12, the
shape of the rivulet’s cross section is that of an arc of a
circle. A time-dependent equation for the rivulet width is
obtained, and the stability analysis is performed by perturb-
ing contact lines’ positions. The corresponding dispersion re-
lation for the growth rate, &, results in

-!q" = q2 − q4, !12"

where -=&t0 and q=kz0 are dimensionless growth rate and
wavenumber, respectively. The scales depend on #0 as

t0 = Q0
!!#0"

.R

"

!2#0 − sin 2#0"!1 + sin2 #0 − #0 cot #0"
2 sin4 #0

,

!13"

z0 = R'1 + sin2 #0 − #0 cot #0

2
. !14"

Here, Q0
!!#0" is a dimensionless geometric function propor-

tional to the volumetric flow. From Eq. !12", we have that
marginal instability corresponds to qc=1. Thus, the critical
!dimensional" wavenumber, kc, is given by

kc
2R2 = 2#1 + sin2 #0 − #0 cot #0$−1. !15"

Figure 3!b" shows this result !dashed line". The agreement
with Ref. 12 for #0,$ /2 is remarkable, recalling in particu-
lar that the lubrication approximation was used in Ref. 19.
This result encourages us to expect that our own stability
analysis, which is also based on lubrication approximation,
will hold at large contact angles.

As mentioned above, Figs. 3!b" and 4 correspond to a
rivulet of circular cross section with fixed radius of curva-
ture, R. Therefore, the area, A, of the cross section varies
with the contact angle, #0, as A=R2A!#0", where

A!#0" = (#0 −
sin 2#0

2
) . !16"

Thus, we see that A→0 as #0→0 for given R. However, one
would like to consider the influence of contact angle on the
stability without having to deal with vanishing rivulets for
complete wetting. In order to do so, it is useful to define the
dimensionless quantity

/ = kcA
1/2 !17"

instead of kcR as used in Fig. 3!b". Therefore, now we con-
sider the case where A is fixed and, consequently, R→0 as
#0→0. In terms of this combination, the stability boundary

from Davis’ theory12 #see Eq. !7"$ can be written as

/D = 'A!#0"#1 − *!#0"$ . !18"

Figure 5 shows this result, as well as other relevant ones
discussed below. From Eq. !18" #!black" solid line in Fig. 5$
we see that stability is recovered for complete wetting, #0

→0. The limit #0→$ yields /D='3$ /4, as discussed
above.

The corresponding / for Ref. 19 approach is obtained
by eliminating R from Eqs. !15" and !16",

/LH = '2A!#0"#1 + sin2 #0 − #0 cot #0$−1. !19"

This result is also shown in Fig. 5. We note in passing that
for constant A, the maximum growth rate, &m, is given by

&m
LH =

1
4t0

. !20"

This expression will be used later for comparison with our
own and other authors’ results.

We proceed with discussing few more relevant results
from literature. Brochard-Wyart and Redon7 studied the re-
laxation time of sinusoidally distorted contact lines of a rivu-
let with circular cross section. For the viscous regime, they
found the following dispersion relation:

& =
"

3.

#3

wF
1!2" , !21"

where 2=kw, and F is a logarithmic factor of order ten re-
flecting the singularity at the contact line.27 1!2" is given by

1!2" =
2 + 2 tanh!2/2"

1 + 4/22 . !22"

From this result, one finds 2c=kcw*2.4 for F=10, in agree-
ment with Ref. 18 for #=0 !see Fig. 4". This is expected
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FIG. 5. !Color online" Stability diagram for fixed area, A. Different ap-
proaches are compared: /D from Davis !Ref. 12" #!black" thick solid line$,
!b" /LH from Ref. 19 #!red" dashed line$, !c" /BR from Ref. 7 #!blue" dotted
line$, and Rayleigh–Plateau instability of a fluid jet: /Ra !green" dashed-
dotted line for Rjet=R, and /Rb !magenta" dashed-double dotted line for
Rjet=w /2. /S is the approach with gravity from Ref. 13 #!violet" thin solid
line$ for very small area, A=0.001a2.
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since the approach in Ref. 7 is valid for small #. The stability
boundary is given by

/BR =
2c

2

A!#0"1/2

sin #0
. !23"

For small #0, there is an excellent agreement between /BR
and /D, as shown in Fig. 5. For future reference, we also
give the maximum growth rate

&m
BR =

"

.R

#3

6F sin #
1!2m" , !24"

where 2m=kmw*1.421 and 1!2m"*0.379.
Next, we compare the results for the critical wavenum-

ber with the one expected from the Rayleigh–Plateau insta-
bility of a freestanding fluid jet. For that problem, one ex-
pects a breakup to occur for wavelengths longer than %c
=2$Rjet, where Rjet is the jet radius. There are at least two
reasonable choices of an equivalent Rjet in our problem. One
can assume that !a" Rjet is analogous to the radius of the
circle that !best" describes the cross section, Rjet=R, as used
in Ref. 12, or !b" Rjet corresponds to the rivulet half width,
Rjet=w /2=R sin #0, as considered in, e.g., Ref. 23. Then,
using Eq. !16", we find that the corresponding /’s for the
equivalent Rayleigh–Plateau problem are

/Ra =
A!#0"1/2

sin #0
, Rjet = R , !25"

/Rb = A!#0"1/2, Rjet = w/2 = R sin #0, !26"

which are shown in Fig. 5. Both options are equivalent for
#0=$ /2, where they coincide with /D. While the behavior
of option !a" is similar to that of /D for #0→$, it strongly
differs from it for #0,$ /2. On the other hand, option !b" is
closer to /D in this range of contact angles. Since in this
work we are concerned only with #0,$ /2, we use option
!b" in further comparisons.

Finally, we discuss the results by Sekimoto et al.13 which
included gravity effects. In this work, the authors consider
the rivulet steady state solution with small slopes. By using a
variational principle they obtain a stability criterion from the
eigenvalue spectra of spatial perturbations. In this approach,
unstable modes are characterized by spatially divergent solu-
tions. This is somewhat different to the studies discussed
previously, where stability is related to the temporal growth
of the perturbations.

The criterion for stability of the varicose mode can be
derived from their Eq. !4.21" as

'a2 + kc
2tanh( w

2a
'a2 + kc

2)tanh( w

2a
) = 1, !27"

where a='" /!g is the capillary length, and w now refers to
the rivulet width with gravity #i.e., not given by Eq. !11"$. In
this case, the conditions of zero thickness and prescribed
contact angle apply at the contact line, and, consequently, w
is determined by !see, e.g., Appendix B in Ref. 9"

w = a(2 +
A

a2 tan #
)tanh( w

2a
) . !28"

Thus, Eqs. !27" and !28" allow to obtain kc!w" and w!A ,#",
respectively. Here, due to the presence of gravity, the corre-
sponding combination /S is not independent of A since the
shape of the cross section now changes with the area—it
becomes flatter as A increases. Figure 6 shows /S versus #
for different A’s. Note that gravity strongly affects the value
of kc for small #, by decreasing kc as A increases. We will
consider this effect below when vdW forces are included.
Figure 5 shows that for very small A, the marginal stability
line is similar to /D. This follows from the fact that an arc of
a circle becomes a good approximation for the cross section
when gravity effects are weak.

To conclude, we find that existing approaches to stability
of infinite-length rivulets lead to results which are consistent
in their respective ranges of validity. However, one needs to
be careful when using these results due to different scalings
of the problem. Also, one has to bear in mind that there is not
a single way to analyze the stability in terms of the freestand-
ing fluid jet. We will find that proper understanding of the
existing results is crucial when developing the following
model, which includes gravitational effects as well as inter-
molecular forces.

III. LINEAR STABILITY ANALYSIS
OF AN INFINITE RIVULET

In this section we formulate the model that we use to
analyze stability of rivulets. One important difference com-
pared to earlier works is that we include vdW liquid-solid
interaction directly into the formulation. The vdW potential
naturally introduces the apparent contact angle, #, defined by
the requirement that the slope of the free surface far away
from the contact line is equal to tan # !see e.g., Fig. 30 in
Ref. 9". For the purpose of comparison with previously dis-
cussed results, we typically choose #*#0, where #0 is the
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FIG. 6. !Color online" Stability diagram with gravity effects from Ref. 13
for Ã=A /a2=2.0 #!black" solid line$, 1.5 #!blue" dotted-dashed line$, 1.0
#!violet" double dotted-dashed line$, 0.5 #!green" long-dashed line$, 0.1
#!magenta" short-dashed line$, and 0.01 #!red" dotted line$. The arrow indi-
cates the direction of decreasing Ã.
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imposed contact angle of an arc of a circle.12,17,19 The precise
relation between # and #0 is discussed in detail later.

The inclusion of vdW forces is based on the conjoining/
disjoining pressure model !see, e.g., Ref. 9 and the references
therein". This additional contribution leads to variable curva-
ture along the rivulet boundary, and correspondingly the
rivulet cross section can no longer be described as an arc of
a circle, but has to be determined from the governing equa-
tions, discussed next. The departure from the circular shape
in the contact region due to the introduction of these forces
may be substantial in the case of rivulets of microscopic and
nanoscopic size. For macroscopic rivulets, the lack of circu-
larity mainly appears in the bulk region due to gravity ef-
fects, which flatten the profile.

A. Base solution

The mathematical model is very similar to the one used
when considering thin films with vdW contribution.9 For
completeness, here we give the main ideas. We refer the
reader to Ref. 9 also regarding the use of the lubrication
approximation for relatively large contact angles. In the
present framework, this approach is further justified by the
excellent comparison between the previous works using19 or
not12 lubrication approximation.

The governing equation for the fluid thickness, h
=h!x ,y , t", is

3.
#h

#t
+ " $ !h3 $ $2h" + $#h3 $ 3!h"$ − !g $ !h3 $ h" = 0,

!29"

where . is the viscosity and g is the gravity. Here, the first
term stands for viscous dissipation and the other three terms
account for the driving forces, which are surface tension,
vdW, and gravity force, respectively. The disjoining pressure
model here employed is

3!h" = 4f!h" = 4+(h!

h
)n

− (h!

h
)m, , !30"

which introduces 4 !proportional to the Hamaker constant"
and the exponents n(m(1 !note that f!h" is a dimension-
less function". The first term represents liquid-solid repul-
sion, while the second term is attractive, leading to a stable
film thickness h=h!. Within this model, 4=S / !Mh!", where
S is the spreading parameter and M = !n−m" / #!m−1"!n−1"$
!see Ref. 9". The spreading parameter can be related to the
apparent contact angle # via the Young–Laplace condition,
S="!1−cos #".

We take the x-axis along the rivulet, and the y-axis in the
transverse direction. By defining the dimensionless variables
h̃=h /hs, x̃=x /xs, ỹ=y /xs, and t̃= t / ts, with

ts =
3.

"

xs
4

hs
3 ,

Eq. !29" becomes

# h̃

# t̃
+ $ · !h̃3 $ $2h̃" + K $ · #h̃3f! $ h̃$ − D $ · !h̃3 $ h̃" = 0,

!31"

where f!=df /dh̃. The dimensionless constants are given by

D = G
xs

2

a2 , K =
4

"

xs
2

hs
. !32"

We use G=1 when gravity effects are considered and G=0
when they are neglected.

We first concentrate on the x̃-independent solution,
h̃!ỹ , t̃", so that Eq. !31" reduces to

# h̃

# t̃
+

#

# ỹ
+h̃3( #3h̃

# ỹ3 + Kf!
# h̃

# ỹ
− G

# h̃

# ỹ
), = 0. !33"

We consider now #h̃ /#t̃=0. After integrating twice the result-
ing equation and using the boundary conditions h̃0%= h̃0!=0 at
ỹ= 50, where the primes stand for ỹ-derivatives, we obtain

h̃0" + Kf!h̃0" − Gh̃0 + p̃ = 0, !34"

where the constant p̃(0 is the equilibrium pressure28,29

within the fluid !in units of "hs /xs
2". An analysis9,28,30 of the

solutions of Eq. !34" shows that there is a range of pressures
p̃c, p̃, p̃! for which there exists bounded solution, such as
h̃0,min, h̃0!ỹ", h̃0,max=tan #. Within this range, the value of
p̃ is related to the cross section area,

Ã = 2%
0

0

!h̃0!ỹ" − h̃0,min"dỹ , !35"

where h̃0,min corresponds to the so-called precursor film
thickness and it is found as discussed in Ref. 9. A first esti-
mate of its value is given by h̃0,min* h̃!+ p̃h̃! /K!n−m".9,28

Typically, the difference between h̃0,min and h̃! is at most few
percent #see, e.g., Fig. 31!a" in Ref. 9$.

Figure 7 shows the relationship between p̃ and the cor-
responding area, Ã, with !G=1" and without !G=0" gravity
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FIG. 7. Relationship between the pressure, p̃, Eq. !34" and the correspond-
ing area, Ã, of the rivulet cross section for three different contact angles, #.
For G=1 !gravity included, solid lines" p̃ must be greater than a critical
values, p̃c, shown by dotted lines. For G=0 !no gravity, dashed lines", there
is no lower limit for p̃.
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#a typical profile of h0!x" is shown in Fig. 8!a"$. With gravity,
p̃ has to be larger than a certain limit, p̃c, and, consequently,
the maximum drop thickness is bounded. The solution of Eq.
!34" is studied in detail in Appendix B of Ref. 9.

B. Perturbations and the eigenvalue problem

In order to perform LSA of a rivulet, we perturb the base
profile discussed above, h̃0!ỹ", by longitudinal modes in the x̃
direction as follows:

h̃!x̃, ỹ, t̃" = h̃0!ỹ" + 6g̃!ỹ"exp!&̃t̃ + ik̃x̃" , !36"

where 6 is a small parameter, g̃!ỹ" is the amplitude, and k̃
=2$ / %̃ is the !dimensionless" wavenumber, with %̃ being the
wavelength.

By replacing Eq. !36" into Eq. !33", we obtain to O!6"
the following eigenvalue problem:

Lg̃ = − &̃g̃ ,

where L is the linear operator defined by

Lg = c4!ỹ"g̃ỹỹỹỹ + c3!ỹ"g̃ỹỹỹ + c2!ỹ"g̃ỹỹ + c1!ỹ"g̃y + c0!ỹ"g̃ .

!37"

Here, the coefficients ci!ỹ" !i=0, . . . ,4" are defined by

c4!ỹ" = h̃0
3,

c3!ỹ" = 3h̃0
2h̃0!, !38"

c2!ỹ" = − #G + 2k̃2 − Kf!!h̃0"$h̃0
3,

c1!ỹ" = − h̃0
2-3#G + k̃2 − Kf!!h̃0"$ − 2h̃0Kf"!h̃0".h̃0!,

!39"
c0!ỹ" = c0,2h̃0

2 + c0,3h̃0
3 + c0,4h̃0

4,

and c0,j !j=2,3 ,4" are given by

c0,2!ỹ" = 3h̃0!
2Kf"!h̃0" ,

c0,3!ỹ" = k̃2#G + k̃2 − Kf!!h̃0"$ − Kf"!h̃0"#p̃ + Kf!h̃0"$

+ h̃0!
2Kf%!h̃0" , !40"

c0,4!ỹ" = GKf"!h̃0" .

Since the stability of rivulets is relevant to physical
problems on different scales, we consider separately the sta-
bility of macroscopic rivulets !Sec. IV, where the effect of
gravity is also included" and of nanoscale rivulets !Sec. VI".

IV. LINEAR STABILITY ANALYSIS
OF MACROSCOPIC RIVULETS

In this section we focus on rivulets of millimetric or
submillimetric maximum thickness, hapex. In particular, we
analyze the effects of a noncircular cross section either due
to the vdW forces or due to gravity. For these rivulets, it is
convenient to choose capillary length, a, as the length scale
for both horizontal and vertical directions,

xs = hs = a . !41"

Thus, we have G=1 !G=0" if gravity effects are !not" con-
sidered, and K= !1−cos #"a / !Mh!". We also choose a base
set of parameters: n=3, m=2, #=50°, and h!=0.01a, unless
stated otherwise. Different choice of scales will be appropri-
ate for microscopic rivulets discussed in Sec. VI.

A. Rivulets under zero gravity „G=0…
The profile of the rivulet !base solution" is obtained by

integrating Eq. !34" using a fifth order Runge–Kutta method.
The numerical integration is performed forward from h̃0,min,
with h̃0! a small quantity !typically, 10−6", until h̃0! becomes
zero, indicating that the apex has been reached. The position
of this local maximum is taken to define ỹ=0. Since Eq. !34"
is symmetric under reflections !y→−y", it is clear that the
solution will be symmetric. Figure 8 shows a typical rivulet
cross section !base solution" for a representative value of the
pressure, p̃=1, and given values of n, m, #, and h̃!.

The eigenvalue problem is solved using EISPACK rou-
tines. The calculation yields N eigenfunctions and eigenval-
ues, where N is the number of points that discretize Eq. !37"
!N is of the order of 3000", and we choose the even and odd
modes with the highest absolute value of its eigenvalue.
Thus, only two modes are selected, a varicose !symmetric"
mode and a zigzag !antisymmetric" mode.7,13 Figures 9 and
10 show the corresponding eigenvalues and eigenfunctions
for few different pressure values. We see that the zigzag
mode is characterized by a nonpositive growth rate for all k̃’s
!&̃=0 at k̃=0 for both modes", while the varicose mode
shows an unstable k̃ range. The zero growth rate at k̃=0 !for
both the varicose and zigzag modes" is a direct consequence
of volume conservation. We note that as long as the precur-
sor, where all derivatives vanish, is present, we do not find
any effects of the domain size on the LSA results.
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FIG. 8. Cross section of the rivulet for p̃=1 and G=1 !Ã=0.763". Here n
=3, m=2, #=50°, and h̃!=0.01.
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Due to translational invariance of the base solution,
h̃0!ỹ", the varicose mode for k̃=0 is given by h̃0!!ỹ". We have
verified that g̃!ỹ" for k̃=0 and h̃0!!ỹ" !normalized to unity" are
practically indistinguishable, confirming accuracy of the
calculation.

In summary, we find a range of unstable wavenumbers
only for varicose mode of perturbation. Clearly, larger pres-
sures, corresponding to smaller rivulet cross sections, lead to
more unstable rivulets. In what follows, we discuss the quan-
titative features of the agreement between the results ob-
tained here !using LSA with vdW forces" and the results
reported previously in literature !and revisited in Sec. II",
characterized by a circular cross section and by ignoring
vdW contribution to the pressure.

1. Comparison of LSA with circular cross
section theory

Now, we compare our LSA results with those reported in
other works and discussed in Sec. II.7,12,13,18,19 In those
works, the authors do not include vdW forces to account for
partial wetting, but instead consider a moving contact line
whose instantaneous contact angle is fixed and equal to the
static contact angle, #0. Since gravity is not considered in
those studies, the cross section of the rivulet is approxi-
mately circular !due to the use of linearized curvature within
lubrication approximation, the cross section is actually para-
bolic, but for simplicity we refer to it as circular". Then, a
comparison requires the evaluation of the radius, R̃=R /a, of
the osculating circle that best approximates the rivulet profile
obtained by the present model. Figure 11 shows these oscu-
lating circles for different values of pressure p̃. We note that
for smaller p̃’s, the height of the rivulet, h̃apex, increases so
that the ratio r= h̃! / h̃apex decreases. Therefore, as p̃→0, and
for fixed h̃!, we expect to approach the description of a rivu-
let as an arc of a circle, and that the contact angle of the
circle tends to that of a drop profile with vdW forces in-
cluded, that is, #0→#. The same conclusion follows if p̃ is
fixed, and h̃!→0.

We first compare the critical wavenumber, k̃c, as given
by the present model, with earlier results.12,19 Figure 12
shows the results of our LSA calculations for several values
of p̃ ,# and h̃! !symbols" together with the results from Ref.
12 !solid line" and Ref. 19 !dashed line". We see that the
approach toward the above models with circular profiles is
obtained as p̃ decreases !hollow symbols for #=15°, 30°, and
50°". If a thicker equilibrium thickness, h̃!, is used, then a
smaller value of p̃ is necessary to obtain a good agreement
!see plus sign for #=50°, p̃=0.5, and h̃!=5710−2". On the
contrary, for smaller h̃!, larger p̃ yields results close to that

0 2 4 6 8 10 12
k

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

σ

p=5

p=3

p=1
~

~

~

~

~

FIG. 9. Growth rate, &̃, vs wavenumber, k̃, for G=1 with pressures p̃
=1,3 ,5 !Ã=0.763,0.041,0.012". The varicose and zigzag dispersion curves
are plotted as solid and dashed lines, respectively.
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for smaller p̃ !see star sign for #=15°, p̃=0.5, and h̃!=10−3"
Thus, smaller values of h̃! improve the agreement with cir-
cular cross section results.

Figure 13 shows the maximum growth rates obtained
using the LSA developed here together with the results in
Ref. 19, Eq. !20", and Ref. 7, Eq. !24". One difference be-
tween the two referenced approaches is that in Ref. 7 the
energy dissipation rate is roughly approximated using the
extreme values for kw81 and kw91, while in Ref. 19 the
dissipation is treated exactly. We plot the dimensionless com-
binations :m

LH=&m
LH!R. /"" !solid line" and :m

BR

=&m
BR!R. /"" !dashed line" versus #0, which should be com-

pared to our variable := &̃mR̃ /3, where R̃=R /a. We observe
that analogously to Fig. 12, decreasing p̃, for fixed # and h!,
leads to :’s which are closer to the curves !hollow symbols".
Also here, larger h! for a given p̃ leads to larger : !see plus
sign for #=50°, p̃=0.5 and h̃!=5710−2" and smaller h!

yields : closer to the curves !star sign for #=15°, p̃=0.5,

and h̃!=10−3". Although this comparison is not exhaustive, it
shows that our LSA calculations compare well with earlier
predictions.7,19 Note that, in principle, one should not expect
convergence of our calculations to existing theories, but only
agreement in the orders of magnitude and tendencies of the
predictions since the approaches are different.

In summary, the results given here show that under the
condition of zero gravity, the description of a rivulet cross
section by a circle is a limiting case of the model with vdW
forces for small p̃, i.e., for relatively thick rivulets. In this
limit, the predictions of LSA carried out with vdW forces
show good agreement with the previous results where fixed
contact angle was imposed.12,19

B. Rivulets under gravity

Figure 14 shows the effect of gravity on a rivulet of
relatively large cross section area !the corresponding p is
close to pc". Gravity flattens the thickness profile by reducing
the maximum thickness of the rivulet, hapex, and, conse-
quently, increasing the rivulet width, w. Besides, both the
bulk slope and the curvature are smaller for G=1 than for
G=0. Therefore, gravity effects significantly modify the
shape of a rivulet, and thus, a description of a rivulets’ cross
section as an arc of a circle is not appropriate for large Ã’s.

The effect of gravity on the dispersion relations resulting
from the LSA is shown in Fig. 15. We see that gravity re-
duces both the maximum growth rate, &̃m, and the critical
wavenumber, k̃c. For large areas, only very long wavelengths
are unstable.

Figure 16 shows the influence of gravity on the stability
of a rivulet, and is the central figure of this section. Without
gravity !G=0", the critical wavenumber reaches a constant
value for large areas. This asymptotic behavior is well de-
scribed by the result in Ref. 12 !horizontal dotted line in the
figure". This trend of the results is the consequence of the
fact that with gravity neglected, an arc of a circle is a good
approximation of the rivulet cross section for large cross-
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sectional areas. The Rayleigh–Plateau result, Eq. !26", is
shown as dashed-dotted line #see also Fig. 5$.

When gravity is included !G=1", Fig. 16 shows that
much smaller values of kc’s result. Therefore, particularly for
large Ã’s, gravitational effects are stabilizing and lead to sub-
stantially longer wavelength of instability. Figure 16 also
shows the prediction of Ref. 13, calculated using Eqs. !27"
and !28". Reasonably good agreement with our results sug-
gest that for the rivulets considered here, vdW forces are not
crucial in determining stability properties.

An explicit comparison of the results of the LSA includ-
ing gravitational effects with physical experiments31 is pre-
sented in Ref. 32. In that paper we show that the model with
vdW and gravity compares favorably with experiments car-
ried out with rivulets in millimeter range.

V. NUMERICAL SIMULATIONS OF RIVULETS
OF FINITE AND INFINITE LENGTH

In this section, we present fully nonlinear time-
dependent simulations of rivulets, including both vdW forces
and gravitational effects. First, we consider infinite-length
rivulets and compare the results to the LSA carried out in
Sec. IV. Then, we concentrate on finite-length rivulets and
discuss the effect of this finite length on the instability de-
velopment. To set this in perspective, we note that the analy-
sis in Ref. 9 has shown that finite extent of a thin film can
have a profound effect on the instability development. In the
second part of this section we discuss whether a similar con-
clusion can be extended to the rivulet case.

The results in this section are obtained by solving the
nonlinear equation !31". The details of the numerical proce-
dure can be found in Ref. 33 and here we just give an out-
line. The calculations are carried out in a rectangular com-
putational domain defined by 0; x̃; X̃ and 0; ỹ; Ỹ,
divided into cells of size <x̃7<ỹ !typically, we use <x̃=<ỹ
=0.04". Equation !31" is discretized in space using a central
finite difference scheme, and a Crank–Nicolson method is
used for the time evolution. We note that all the results that
follow are fully converged, as verified by grid refinement.
Due to symmetry of the considered problem, we simulate
only one-quarter of a rivulet.

A. Rivulet of infinite length

We analyze here the evolution of the rivulet under two
different types of perturbations, namely, infinitesimal distur-
bance, and localized finite amplitude disturbance, in analogy
to the thin film problem.9

1. Infinitesimal perturbation

We take a numerical domain length, L̃, coincident with
the wavelength of maximum growth, %̃m=1.087 obtained us-
ing LSA for p̃=5. We impose no-flow !or symmetry" condi-
tions at the boundaries, which is equivalent to periodic
boundary conditions for this infinite rivulet configuration.
The free surface is perturbed at t̃=0 as prescribed by Eq.
!36", where 6=10−3, and g̃!ỹ" is given by the corresponding
varicose eigenfunction #see Fig. 10!c"$.

Figure 17 shows the time evolution of the free surface
shape. The breakup !i.e., when the thickness reaches the
value h0,min" is clearly observed in the middle of the domain.
Figure 18 then shows the amplitude, <̃, of the perturbation at
!x̃= L̃ /2, ỹ=0", measured as the difference between the

maximum thickness of the rivulet, h̃apex, and the fluid thick-
ness at that point. For early times, the growth of the pertur-
bation follows an exponential law, as expected for a linear
regime. This exponential law with growth rate &m is also
shown in Fig. 18 !solid line".
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2. Localized finite amplitude perturbation

Here we consider a long rivulet in the domain 0, x̃
, L̃ with L̃9%̃m and impose a localized perturbation at x̃
= x̃0 for t̃=0. The initial condition is a perturbed steady state
solution of the rivulet, h̃0!ỹ", of the form

h̃!x̃, ỹ" = h̃0!ỹ"-1 − B̃ exp#− !x̃ − x̃0"2/=̃2$. , !42"

where B̃ and =̃ are the depth and width of the perturbation,
respectively. Here, we choose B̃=0.2 and =̃=0.4, and obtain
the evolution shown in Fig. 19. We see that the depression at
x̃0=10 increases with time, until a breakup occurs. Then,
another depression appears, and the process repeats, so that
eventually a sequence of drops is formed.

This mechanism of rivulet breakup has previously been
studied in connection with the one dimensional !1D" rupture
of flat thin films !see, e.g., Refs. 9 and 34 and the references
therein". In the film breakup, there are two different types of
instability: spinodal or nucleation instability. These regimes
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FIG. 19. !Color online" Evolution of an infinite rivulet with p̃=5 under a
localized perturbation at x̃0=10 given by Eq. !42". Part !a" shows hapex!x , t"
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are determined by the film thickness, with nucleation being
relevant for thinner films. The main difference between the
final patterns formed by these two mechanisms is the dis-
tance, !̃, between consecutive 1D drops. In the spinodal re-
gime, !̃ is given by the wavelength, %̃m, of maximum growth
rate following from the LSA, while in the nucleation regime
!̃ is not correlated with %̃m.

We have verified, at least numerically, that the nucle-
ation mechanism relevant for thin films is not present in the
rivulet case. This was done by carrying out a number of
simulations such as the one shown in Fig. 19, where we have
varied p̃ and h̃0,min. In all the cases studied !p̃c=0.845, p̃
,6", we find that the distance between the drops resulting
from nonlinear evolution of a rivulet subject to finite size
perturbation is very close to the one given by LSA, i.e.,

!̃ * %̃m. !43"

For example, for the case shown in Fig. 19, we find !̃

*1.090, which is very close to %̃m*1.087. The point that
the nucleation instability mechanism is not present in the
rivulet case has been briefly pointed out in Ref. 21.

B. Rivulet of a finite length

Next, we consider the evolution of a rivulet of finite
length. As in Ref. 9, we choose an initial condition given by
a modulated steady solution of an infinite rivulet

h̃!x̃, ỹ,0" = h̃0,min + H!x"#h̃0!ỹ" − h̃0,min$ , !44"

where

H!x" =
1
$

#arctan q̃!x̃ − x̃1" − arctan q̃!x̃ − x̃2"$ , !45"

and x̃1, x̃2 are the coordinates of the end points so that the
fluid length is L̃= x̃2− x̃1. The x̃-length of the computational
domain is X̃= L̃ /2+1, allowing for the equilibrium film re-
gion ahead of the rivulet. The value of q̃ determines the
width of the transition region between the unperturbed rivu-
let of thickness h̃apex and the equilibrium film region of thick-
ness h̃0,min. We use a relatively large q̃ !typically, q̃=100" to
obtain an initial condition resembling a step function con-
necting h̃0!ỹ" and h̃0,min at the end points of the bulk. We
have verified that varying q̃ !say, 50, q̃,500" has only mi-
nor influence on the results that follow. Note that the initial
condition, Eq. !44", is not a steady state solution of the prob-
lem, and thus, no perturbation is necessary to trigger the
instability.

Figure 20 shows a typical evolution of a finite length
rivulet for pressure p̃=5. We observe breakup process propa-
gating from the rivulet end in a very similar manner as in
Fig. 19, where we considered the effect of a finite size per-
turbation on an infinite rivulet. For the finite length rivulet
shown in Fig. 20, we find that the average distance between
the drops is !̃!*1.03, very close to %m. Similar results are
obtained for other values of p̃.

The numerical simulations allow us to also study the
time scales involved in the breakup process. The time needed
for surface perturbations, such as those used in LSA #see Eq.
!36"$, to grow to a size comparable to the rivulet thickness is
given by t̃s=−ln 6 / &̃m. For the example shown in Fig. 20,
LSA gives &̃m=0.114, so, assuming an “infinitesimal” pertur-
bation of amplitude 6=0.001, we expect the breakup to occur
around t̃=80. However, the breakup due to dewetting from
the rivulet ends proceeds on a faster time scale than the
growth of surface perturbations. Thus, surface perturbations
do not have time to grow before the dewetting process gen-
erates the drops by breaking up the rivulet from the ends.
This dominance of breakup driven by the dewetting from the
ends was observed in recent experiments carried out with
millimetric rivulets of polydimethylsiloxane on glass
substrates.31
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FIG. 20. !Color online" Evolution of a finite rivulet of length L̃=18 !x̃2=9,
x̃1=−9" with p̃=5. Part !a" shows hapex!x , t" profiles at a series of times,
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VI. MICROSCOPIC RIVULETS

In this section, we focus on rivulets of nanometric thick-
ness, where it is appropriate to consider a different scaling of
the problem. On the first place, gravitational effects are not
relevant, so we set G=0 here. On the nanometric scales, the
equilibrium film thickness, h!, used in the vdW model is
comparable to the thickness of the main body of the rivulet,
hapex, and therefore, it makes sense to use h! as an appropri-
ate length scale for the out-of-plane direction,

hs = h!. !46"

The horizontal scale is obtained by setting K=1, which
yields

xs
2 = Mh!

2/!1 − cos #" , !47"

and, consequently, ts= !3.h! /""#M / !1−cos #"$2. An advan-
tage of this approach is that the dependence of the solution
on # and h! is prescribed since they are included in the
scaling of the dimensionless variables. For instance, for
cross-sectional area, we have that

Â =
A

h!
2'1 − cos #

M
, !48"

where the hat ˆ stands for dimensionless variables obtained
when spatial scales xs and hs are defined by Eqs. !46" and
!47".

Using this scaling, we carry out LSA analogously to Sec.
III, but with K=1 and G=0. We focus again on the combi-
nation

/ = kcA
1/2 = k̂cÂ

1/2(1 − cos #

M
)1/4

. !49"

Note that / and /̂= k̂cÂ1/2 are not equivalent now due to the
different scalings used for horizontal and vertical directions.
Thus, the left hand side depends on Â, not only due to the
factor Â1/2 but also through the value of k̂c given by LSA for
a fixed Â. Figure 21!a" shows / for several values of Â with

0,#,$ /2. Figure 21!b" shows that /̂→1 as Â→0. In this
limit, we can write

%c * 2$A1/2( M

1 − cos #
)1/4

. !50"

The dependence of %c on A1/2 is in agreement with the ex-
periments reported by Park et al.,23 who studied rupture of
polymer rivulets with width of 800–2500 nm on a silicon
wafer. This scaling is also observed in recent experiments
with laser-irradiated metal rivulets reported by Kondic
et al.11

Figure 22 compares our LSA results #curve !a"$ for the
critical wavenumber with those discussed in Sec. II. In order
to proceed, we must first calculate the relationship between #
!the contact angle in the definition of vdW forces" and #0
!the contact angle of the osculating circle", as done in Fig. 11
for a particular area. The result is shown in the inset of Fig.
22 for Â=250. In Fig. 22 we see that Ref. 12 predicts smaller
kc’s compared to the LSA reported here; this difference in-
creases for larger contact angles. We expect that this depar-
ture occurs due to the difference between # and #0.

The Rayleigh–Plateau theory, given by Eq. !26" using
#0!#" #curve !c"$, also underestimates the LSA results. We
note that if # is used instead of #0 in that equation #curve
!d"$, a better agreement with LSA is obtained. This predic-
tion is particularly good for #=$ /2, as discussed recently for
nanoscopic rivulets.11 Finally, Fig. 22 shows that the result,7

given by Eq. !23" #curve !e"$, compares well with LSA for
#,$ /4, but overestimates kc for larger angles.

Recently, we became aware of the work by King et al.,35

where the authors derive approximate formulas for the eigen-
value problem via matched asymptotic expansions. Their re-
sult allows one to obtain / in a similar fashion as Eq. !49".
Within their framework, we calculate the critical wavenum-
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ber #see Eq. !4.24" in Ref. 35$, and show it also in Fig. 22.
We find that their result is in close agreement with the other
results discussed so far.

VII. CONCLUSIONS

In this work, we have considered fully nonlinear evolu-
tion of fluid rivulets of finite and infinite length. In contrast
to most of the previous works, we include liquid-solid inter-
action directly into the model and solve the resulting evolu-
tion equation. We then discuss in detail the limiting configu-
rations for which our general results are consistent with the
previously derived ones. In particular, we find that the circu-
lar cross section approach, pioneered by Davis,12 emerges as
a limiting case for rivulets characterized by large cross-
sectional areas !small pressures" without gravity effects.

We carry out both linear stability analysis and fully non-
linear time-dependent simulations of the governing equation.
We find that the results obtained using these two approaches
are in full agreement, and therefore the distance between the
drops that form during nonlinear evolution is closely related
to the early evolution of perturbations as predicted by the
LSA. In addition, we find that the wavelength of maximum
growth rate predicted by the LSA also gives the distance
between the drops resulting from nonlinear simulations
where localized finite amplitude perturbations are imposed
on infinite rivulets. This is in contrast to infinite and semi-
infinite fluid films, where it is known that in the so-called
nucleation regime, the distance between the drops may be
unrelated to the one predicted by the LSA. For finite length
rivulets, our simulations within a certain range of pressures
suggest basically the same picture. Therefore, the ends of a
rivulet act as if they were a localized and very large ampli-
tude perturbation. For both finite and infinite-length rivulets,
the distance between the drops is close to the one predicted
by the LSA within the considered range of pressures.

The separation of results into macroscopic and micro-
scopic rivulets allows two conceptually different views of the
problem. In the macroscopic case, scaled with the capillary
length, we are concerned with millimetric and submillimetric
rivulets where gravitational effects are relevant. Here, vdW
forces prevail only at the contact region and are negligible
elsewhere. However, gravity qualitatively modifies the re-
sults by leading to much longer wavelengths, compared to
the zero-gravity model. For microscopic !or nanometric"
rivulets, gravity is irrelevant and vdW forces are essential all
over the bulk. Thus, the appropriate scale is given by the
equilibrium thickness of vdW forces. This allows us to ob-
tain a simple relationship between the critical wavenumber,
cross section and contact angle, see Eq. !49".

Finally, in this work we have compared explicitly the
results of the theories which in one way or another include
liquid-solid interaction, capillary and viscous forces, and the
Rayleigh–Plateau theory for stability of a freestanding fluid
jet. We find, perhaps surprisingly, reasonably good agree-
ment between these approaches, therefore justifying the use
of the Rayleigh–Plateau theory when only qualitative predic-
tions are required. Even in this case, one has to be careful
regarding the choice of a suitable Rayleigh–Plateau problem

since different definitions may lead to significantly different
results, particularly for large contact angles. If quantitative
values are needed, appropriate physics, including liquid-solid
interaction, needs to be included in the formulation.

An interesting extension of the present analysis is to
consider a curved rivulet, closed in the form of a ring. This
case has some similarity to an infinite rivulet with periodic
boundary conditions, with the addition of azimuthal curva-
ture. It is not obvious what type of evolution one should
expect in this particular geometry. While it turns out that this
problem is far from trivial and more work is required to
understand its main features, here we show few preliminary
results which serve to illustrate some features of this
problem.

To begin with, we consider the evolution of a macro-
scopic ring under gravity with parabolic cross section,

h̃0!r̃" = h̃apex+1 − ( r̃ − r̃0

r̃2 − r̃1
)2,, r̃1 ; r̃ ; r̃2,

with r̃0=3, r̃1=2.5, r̃2=3.5, and h̃apex=0.1. We perturb this
initial condition with radial displacements in the form

h̃!r̃" = h̃0#r̃ − <r̃!>"$ ,

where <r̃= C̃ cos!n>", C̃ is a small amplitude, and > is the
azimuthal angle.

Figure 23 shows the evolution for C̃=10−3, n=8, and
contact angle #=30° !for simplicity we restrict the calcula-
tion to periodic solutions in one-quarter of the ring". Recall-
ing the LSA carried out for a straight rivulet, one expects that
a zig-zag type of the simulations used here is stable, and
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therefore that the ring should converged to a single centrally
placed drop. This is indeed what happens. However, when #
is increased to 50°, the evolution is quite different. Figure 24
shows that for this # the ring breaks up into a drop and two
halves in each quadrant, i.e., a total of eight drops for the
complete ring. These results already indicate that the ring
problem involves further challenges, and that one cannot
simply extrapolate the results of the LSA carried out for a
straight rivulet. This extension of the rivulet problem is pres-
ently under analytical and experimental studies.
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