CS 661: Simulation Lecture Notes 11

Monte Carlo Simulation

Prof. Marvin Nakayama
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Introduction

e Simulation often used to analyze systems that are not discrete-event
systems

e Monte Carlo simulation

= Basically used to evaluate complicated finite-dimensional integrals

= Input/output relationships are known
e Examples:

= Project management

= Finance, e.g., pricing options

» Cash flows

= Marketing

Monte Carlo Simulation

Monte Carlo Simulation
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Basics of Monte Carlo Simulation

e Suppose we want to compute

= [ g)dr
where g(x) is complicated function.
e Suppose we can write
9(z) = h(z)f(z)
where f is a density function with support [a, b].

e Then
p=[o@dr = [h@@) f@)de = E-A(X)]

» &y denotes expectation under density f

= random variable X has density f

e Goal: Use simulation to estimate

w=["h)f@)de = &[R(X)]

a

e General Approach:

= Generate X1, Xo,..., Xy, |ID having density f.

s Then h(X1),h(X5),...,h(Xy) IID

= Apply classical statistics to h(X1),h(X52),...,h(Xnp)
= Monte Carlo estimator of y is

An) = = 3 A(X).
=1

i(n) = p for large n, by law of large numbers.




Monte Carlo Simulation 11-5

Basic Algorithm for Monte Carlo Simulation

Algorithm: to use simulation to estimate

po= ["h) f@)de = Efh(X)]

Ja

1. Generate X1, Xo, ..., Xn |ID having density f.

2. Monte Carlo estimator of p is
_ 12
p(n) = — > h(Xy)
k=1

3. Approximate 100(1 — «)% confidence interval for u:
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Monte Carlo Integration: Example

e Compute
o= /7 esin(x—lna:) da
2
o Write  as 1
_ [T sin(z—Inx) *
w o= /2 5e de
o)

h(z) = 5€sin(m—lnm)’
f@) = (1/5)Ip7(x) ~ unif2,7]

R Z1_q/25(n) e Thus, generate IID observations of
A(n) + a2 |
Vn X ~ unif[2,7],
where 5 1 n 5 and for each observation X, compute
S = — h(X.) — [ ;
(TL) n—1 kgl [ ( k) U(n)] h(X) — 565|n(X_|n X)
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Monte Carlo Integration: Excel/PopTools Implementation

A B C D E F G H | ] K

1 X 2.276373 PopTools |Mean ‘Variance ‘Lower CL‘ Upper CL |Va|id iterations|Time taken ‘95% Cl HWl
2 hix) | 7.0227] 20.8763] 1.84196] 13.5831] 10000{12sec | 0.0895536]
3

4 Yasai

5 13.4988

e Formulas

s Bl: =2+5%xrand ()
s B2: =5xEXP(SIN(B1-LN(B1)))
= J2: =1.96%SQRT (E2/H2)

© 95% C.I. from 10% replications with PopTools: 7.023 + 0.090

Monte Carlo Integration: Arena Implementation

Create 1 I Assign value Reco\;gl Lf[:gction | Dispose 1
0 \

e Assign Module
= Attribute Name: sample
New Value: unif(2,7)

» Attribute Name: function value
New Value: 5*EP(SIN(sample-LN(sample)))

» Use Expression Builder (right click in New Value slot)

e Record Module
= [ype: Expression

a Value: function value

e 95% C.I. from 10% replications: 6.980 + 0.091
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Monte Carlo Integration: Remarks

e Suppose goal is to compute

1 1
p= [ 9@de = [ h@)f(@)de = EfA(X)]
e Trapezoid method of numerical analysis: estimator is

rog((@—1)/n) +g(i/n)

p(n) = X
i=1 2n
where we evaluated g at n 4 1 points 2, L 2 n
gatn points =, =, 2, ..., T

= When computing d-dimensional integral,
error is O(n~2/%) for trapezoid method.

e With sample size n, MC integration estimator has error Op(n_l/Q),
independent of dimension d.

s MC integration is attractive when d > 4
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Project Management

e Company is going to build new widget
e Widget is produced by assembling part 1 and part 2
e Before production begins on either part 1 or 2,

= Raw materials must be purchased

= Workers must be trained
e Before parts 1 and 2 can be assembled into widget
= Finished part 2 must be inspected

e Want to know if project takes less than 43 days to complete.

e PERT /CPM: Project Evaluation and Review Technique / Critical
Path Method
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PERT Network

Activity Predecessors | Duration (days)
A = train workers — N(6,4)
B = purchase raw materials — N(9,9)
C = produce part 1 A B N(16,25)
D = produce part 2 A B N(7,4)
E = test part 2 D N(10,9)
F = assemble parts 1 and 2 C E N(12,9)
All activity durations are independent.
C,N(16,25)
AN(6,4)
() (1)
D oNmy Ve Ny Yr vz ®
B,N(9,9)

Note: NV'(a,b) = normal with mean a and variance b
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PERT Network

C,N(16,25)
A, N(6,4)
) (1)
2 D, N(7,4) \BJE,N(m,g) @F,N(12,9) @
B,N(9,9)

e Time to complete project:
T = Length of longest path in network
w Path1 = Task A + Task C + Task F
= Path 2 = Task A + Task D + Task E + Task F

s Path 3 = Task B + Task C + Task F
s Path4 = Task B + Task D + Task E + Task F

e Expected time to complete project:

E[T] = &[max(Path 1, Path 2, Path 3, Path 4) |
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PERT Network

e Expected time to complete project:
E[T] = E[max(Path 1, ..., Path 4)]
= &[max(A+C+F,...,B+ D+ E+ F)]
= /_O;---/_Ozomax(a—l—c—l—f,...,b+d—|—e+f)
X P03 (@) Py o)) da--df
where ¢(M,02)(x) is N (11, 02) density fen

» Hence, E[T] = E[h(A, B, ..., F)], where
ha,b, ..., f) =max(a+c4 f,....bdd+e+ ).

e Probability that project takes < 43 days to complete
P(T < 43) = E[I{ max(Path 1, ..., Path 4) < 43}]
oo oo
= / / I{max(a+c+ f ....b+d+e+ f) <43}
— 00 —0o0
X Puao (@ Sup oy (N da- - df
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PERT Network

Monte Carlo simulation approach

e Generate observations of A ~ N (6,4),..., F ~ N(12,9)
e Compute Path1=A+4+C+ F,...,Path4 =B+ D+ E+ F
e Compute T'= max(Path 1, ..., Path 4) and I(T < 43)

e Repeat n times, and compute average and variance of n outputs of
T and I(T < 43) to get confidence intervals

Remarks

e In Arena, NORM(a, b) is normal with mean a and std deviation b.
e Beta distributions are often used instead of normals.

e 1 efficient algorithm to find the longest path in PERT networks.
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PERT Network: Excel/PopTools Implementation

A B = D E E H I gl
1 Activity Mean Variance |Time Path
2 A & 4| 6.697075]
3 B 9 9| 5.592539
ac [ 16, 25| 21.23087
5 D 7 4| 5.562257
6 |E 10 9| 14.71164|
2k 12 9| 8.134199|
8
9 Outputs Mean Variance Lower CL Upper CL Valid iterations Time taken 95% Cl HW
10 Project Time 40.37003 27.76201 30.42332 51.07561 10000 7 sec 0.10327176
11 P{T<43) 0.6565 0.211409 o 2 10000 0.00901193
e Formulas

= D2: =NORMINV(RAND(),B2,SQRT(C2))
» G2: =D2+D4+D7
= B10: =MAX(G2:G5)
= Bll: =IF(B10<43,1,0)
® 95% C.I. from 10* replications with PopTools:

« E[T]: 40.370 £ 0.103
« P(T < 43): 0.696 + 0.009
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PERT Network: Arena Implementation

\ * Assign Task Record Longest Record if less £ / -
Gzl I Times Path than 43 days L\ Rispescyl
0 0

e Assign Module
» Attribute, Task A, NORM(6,2)

» Attribute, Task F, NORM(12,3)

a Attribute, Path 1, Task A + Task C + Task F

» Attribute, Path 2, Task A + Task D + Task E + Task F

n Attribute, Path 3, Task B + Task C + Task F

n Attribute, Path 4, Task B + Task D + Task E + Task F

» Attribute, Longest Path, MX(Path 1, Path 2, Path 3, Path 4)
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PERT Network: Arena Implementation

e Record Module (if less than 43 Days)
= Expression, Longest Path < 43

e Run 104 “replications”

¢ 95% C.l.'s
= Expected Project Length:
40.504 + 0.108
» P(Length < 43 Days):
0.692 4+ 0.010
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Models for Prices of Risky Asset

Yahco! Inc. A A 1 m
454? +0.30 (0.66%)

!

Key Properties:
e Price changes are proportional to current price (exponential growth)
e Prices are positive (limited liability)

e Efficient Market hypothesis
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Random-Walk (RW) Model of Asset Prices
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Asset-Price Model: Example

New price = Current price
X [1 4 expected rate of return + random element ]

e S(t) = Asset price at time ¢ (time unit is years)
e S(t+ &t) = Asset price at time ¢ + &t (6t is a small time interval)

S(t+6t) = S(t){l + uét + a\/ﬁet}
= St) + uS@)st + oS(t)Vote

» 1 = annualized expected rate of return in a short period of time

= 0 = annual volatility of asset price

] €tNN(O,1)

e Microsquash is a computer software firm
= No dividends to stockholders
= Stock currently trades at $100 per share
» Annualized expected return u = 15%
= Annual volatility o0 = 30%

e Model for daily price change of stock
» About 250 trading days per year, so use 6t = 1/250 in
S(t+6t) = S(t) [1 + uét + U\/Eet}
to get next day's price of stock.
» Given today's price S(t), change in price tomorrow,
S(t) [uét + amet], is normal

> Mean S(t) p ot
> Standard deviation S(t) o v/t
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Asset-Price Model: Example Asset-Price Model: Excel
e Simulate stock price over 1 year with ¢t = 1/250 A B c
1 3(0) 100
e Generate stock prices using 2 T 0.15
S(t4+6t) = S() |1 5t Vot oF :
( + ) = ( ) + u + o €t 5 0.002
6
e Examples of sample paths T Day lpiee _
9 1] 103.9124
Time Series of Simulated Stock Prices Time Series of Simulated Stock Prices 1[11 § ;?2?23[112
12 4] 97.88074
e 190 13 5 99.0576
100 ] 140 255 247| 157.5364
256 248 160.0252
_ a0l _ 1301 267 249[ 157 3263
< S 120 ] 258 250 157.261
E s v\"\‘ £ 259
§ ,]\M E 110
& 1 \ WAVAW\W 5 ol Formulas
60 90 4
50 80 . ; : : (] Bg =B8* ( 1 + B$2*B$5 +
0 50 100 150 200 250 0 50 100 . 150 200 250 B$3*SQRT(B$5) *NORMSINV (RAND () ) )
time ime
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Asset-Price Model: Arena

| e E*
Assign new price
3 ¢

Record Final
Price

;;;;;
sssss

A
S Dispose 1 |

e Assign new price module

= Attribute: price

price*(1 + mu*dt + sigma*sqrt(dt)*NORM(0,1))
= Attribute: day

day+1

e Statics module (Elements template): define constants

Random-Walk Model as ¢t — O

e Random-walk (RW) model
S(t+6t) = S(t){l + uot + a\/ﬁet}
e Consider price at fixed time ¢, with t = n dt :
S(t) = S(t—ét){l + uot + a\/ﬁen_l}
= S(t—25t)[1 + ubt + o\/ﬁen_g}
X {1 + pot + a\/ﬁen_l}

S(O)nﬁ:{l + pot + U\/Eei}

where €q, €1,€2,...,€,_1 are [ID N'(0, 1)
e What is distribution of S(t) as 6t — 0 (so n — o) 7
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Distn of Asset Prices Using Random Walk Model

Distribution for Stock Price in One Distribution for Ln(Closing Price in

Year One Year)

0.073- 0.064
2005 0.05
= >

Fou| .038
<< a

8.029 —————— 9-023
2:0.015 Y 0.013
0.000 0.000

2995 77.91 12587 173.83 221.79 269.75 317.72 3.40 3.79 4.19 4.58 4.97 5.37 5.76

Stock Price ($) Ln(Stock Price)

e In Arena, use Statistics module (Advanced Process template) to
output data to filename.dat

e .dat file is binary, can only be opened by Arena’s Output Analyzer
e start Output Analyzer from Windows

» open New .dgr file, and add filename.dat file
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Geometric Brownian Motion Model of Asset Prices

o If X ~ N (a,b?), then eX ~ Lognormal(a, b2)

e Recall that product of many independent random variables is
approximately lognormal by CLT

e Geometric Brownian motion (GBM) model
(AKA lognormal model) of asset prices:

S(t) = S(0) exp (M—U:)t + O’\/EZ]

= S(0) eX(®)
where Z ~ N(0,1) and X(t) ~ N K,u — %2> t, azt}
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GBM and RW With Small 6t Are Consistent

© GBM: S(T") = $(0)eX ™) with X(T) ~ N ([ — %2] T, 6°T).
e Then X(T) = In(S(T)/S(0)) and
ElN(ST)/SON] = (p—%)T,
V[In(S(1)/8(0))] = o°T
e Use simulation to compare random-walk (RW) model to GBM

« Take 7= 1 year, p = 0.15 and o = 0.3, 50y — % = 0.105

= Run many IID reps of S(T") using RW model with 6t = 1/250:
S(t+ 6t) = S(t)[l + udt + a\/&et}

» Compute sample mean and var of In(S(7")/S(0)) across reps

Mean Std Dev
In(S(T)/S(0))| 0.1046 0.2984
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Why is model called geometric Brownian motion?

o Let W = [W(t) : t > 0] be a continuous-time stochastic process.

e Defn: W has stationary increments if distribution of increment
W (t + h) — W (t) depends only on h > 0 and not on ¢.

e Defn: W has independent increments if s1 < sp <t1 <tp
implies W (sp) — W (s1) is independent of W (t5) — W (t1).
e Defn: W is a Gaussian process if its finite-dimensional
distributions are multivariate normal Ny
= for every collection of d > 1 times t1,tp,...,t4,
(W(t1), W(t2),...,W(tg)) ~ Ny
e Gaussian process W defined by its

« mean function m(t) = E[W (t)]
» covariance function c(s,t) = Cov[W (s), W (t)].
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Monte Carlo Simulation

Why is model called geometric Brownian motion?

e Defn: W is a (standard) Brownian motion (written W ~ BM) if
1.W(0) =0
2. W has stationary and independent increments
3. Foreveryt > 0 and h > 0,
W(t+h)—W(t) ~ N(O,h)
e BM W is Gaussian process:
» W(t) =W(t)—W(0) ~N(0,t), som(t) = E[W(t)] = 0.
s c(s,t) = Cov[W(s), W(t)] = min(s,t) since if s < t,

c(s,t) = EW(s)W@)] — E[W(s)]E[W ()]
EW(s) [W(t) =W(s)+W(s)]] — 0
EW () W) -W(9)]] + E[W3(s)]
= E[W()]EIWE)-W(s)] + s =0 + s

Monte Carlo Simulation

Plots of Standard Brownian Motion
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Monte Carlo Simulation

Why is model called geometric Brownian motion?

e Defn: X = [X(t) : t > 0] is BM with drift a and
diffusion coefficient b2 (written X ~ BM(a, b2)) if

X(t) = at + bW (t) with W ~ BM.

s X(t) ~ N(at, b%t) since W(t) ~ N(0, t).
= Standard Brownian motion is BM(0, 1).

e Defn: Y = [Y (¢) : t > 0] is geometric Brownian motion
(GBM) if

V() =X with X ~ BM(a, b2).
e Recall asset-price model
— X(@) o2 2
S(t) = S(0)e with X(t) ~ N [(M - 7) t o t}

s S(t) ~ GBM(u, o2) with drift and volatility parameters x and o.

Monte Carlo Simulation

Plots of BM, BM(1,0.25), and GBM
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Stochastic Differential Equations

e By third part of definition of W ~ BM,
W(t+dt) —W(t) ~ N(O,6t)

e Recall our RW model:
S(t+6t) — S(t) S(t) pdt + S(t) o Vtes

S@) pot + S@) o [W(t+6t) — W(t)]

[iSHl

since

n e ~N(0,1) so/dte ~ N(O,6t)

= W has independent normal increments.

e Equating first and last lines and rearranging gives

S(t+6t) — S(t)
0 = Wt + o [W(t+dt) — W]
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Stochastic Differential Equations

e Recall RW model satisfies

S(t+6t) — S(t)
=0 = Wt + o [W(t+dt) — W]

e Letting 6t — O yields stochastic differential equation (SDE)

as(t)
S pwdt + odW(t)

e Can solve SDE (using It8's formula) to get:
2

S(t) = S(0) exp l(“ — "2) -+ aW(t)]
= 5(0)eX® with X ~BM(u — %, 02),

so X(t) ~ N ({/,L — %2} t, aQt)
e Exactly GBM model of asset prices: RW and GBM are consistent.
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GBM Model of Asset Prices: Excel Implmentation

‘ A B €

1 [S(0) | 100
2 mu 0.15
3 sigma 0.3
4 t | 1
5

6 S(t) | 71.02567|
7

e Recall GBM(p, 02):
St) = S(0)eX® with X ~BM(u— %, 62), so

X(t) ~ N([u—";]t, 02t) L {u—%ﬂﬁa\/&\/(o,l)

e Excel formula for cell B6:
=B1*EXP ((B2-B3"2/2) *B4+B3*SQRT (B4) *NORMSINV (RAND()))
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GBM Model of Asset Prices: Arena Implmentation

Record Diff of Ln
Price

Create 1 IH Assign price Rec;rrciil; il |
0 &

S0
mu

»r- Dispose 1

0

sigma
7

e Assign price module

= Attribute: price
S0*ep((mu-0.5*sigma*sigma)*t + sigma*sqrt(t)*NORM(0,1))
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Estimating Parameters of GBM Model

o GBM model: S(t) = $(0)eX® with X ~ BM(p — %, 02)

e Defn: Continuously compounded rate of return is

S _ o1, >
(sw) = ¥ ~ X (=5

e If ¢ is one day (=~ 1/250 yrs), we can estimate p and o as follows:
= Collect n observations X1, X5, ..., Xy, where
X; =1In(S;/S;_1) and S; is asset price on day ¢
» Compute sample mean X, and variance V;, of X1, X»,..., Xp.
_ 2
» Set Xp, = (p— %)t and Vi, = o2t
and solve for i and o to get estimates
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Estimating Parameters of GBM Model

| A B D R= F G | H
1 GOOG
2 Date Adj Close |(S Ln(S(t)/S(t-1))
3 31-Dec-08 307.65 0.014866997 n
4 30-Dec-08 303.11 0 0.018950485 dt
5 29-Dec-08 -0.009836474 average
6 26-Dec-08 -0.00858602 variance i
7 24-Dec-08 0.016407177 estofmu | -C 6| -0.66039
8 23-Dec-08 9 0.003058158 est of sigma 1 0.54677
9 22-Dec-08 : - 2 -0.043018094
10 19-Dec-08 . 8 -0.000354581
11 18-Dec-08 ; -0.015859138
250 9-Jan-08 ; | 0.033500424
251 8-Jan-08 : 5 -0.027434914
252 7-Jan-08 : 3 -0.011866168
253 4-Jan-08 5 -0.042216456
254/ 3-Jan-08 : 3 0.000204302
255 2-Jan-08 -C 3 -0.009138056
256 31-Dec-07
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Is GBM a good model for asset prices?

2

GBM: S(t) = S(0)eX® with X ~BM(u—%, 0?)
1. Scaled Price Movement

e Because GBM model follows from SDE

as(t)
ONE pwdt + odW(t),

asset has identical return characteristics regardless of its price.

2. Positive Prices (limited liability)
e Because asset prices are lognormal, they are always positive!
3. Efficient-Market Hypothesis

e GBM is Markov process: current price of asset summarizes all
information that can be used to predict its future prices.

e Historical patterns do not provide any extra information.
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Simulating GBM at Multiple Times

e Suppose we want to simulate asset prices
S(t) = S(0)eX®
at m time points, 0 =ig < t1 <to < -+ <1y :

s X ~ BM( —%2, 02>,50X(t) NN({N—%Q}t, 02t)

e Question: How do we simulate this?

e Answer: Use independent increments property of BM (and GBM) to
recursively simulate increments X (¢;) — X (t,_1),t=1,2,...,m.

= For i # j, increments X (¢;) — X (¢;—1) and X (¢;) — X(t;_1)
are independent

- X(8) = X(tio) ~ N ([0 = T (6 = ti), 02t — ;1))
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Simulating GBM at Multiple Times

Algorithm: to simulate GBM at time points 0 = tg < t1 < -+ < tm
1. Foreach: =1,2,...,m, do the following:

2. Generate
2

o
Xi ~ N [(M - 2) (ti —ti—1), o°(t; — ti—l)] ,
where X is independent of X1,..., X,;_1.

3. Set
S(t;) = S(ti—1)eti

Important: It is incorrect to let
2
S(t) = S(0)eZi,i>1, with Z; ~ N Ku — 2) t;, 0215,-] indep

e Then (S(tg),S(t1),...,S(tm)) have wrong covariance.
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Recap of Asset-Price Models: RW and GBM

e Random-walk (RW) model
S(t46t) = S(b) [1 + ubt + a\/ﬁet} with e ~ A(0,1)

= Approximation for small §¢
= As 6t — O, get stochastic differential equation (SDE)

dS(t)
= udt dW (t
S(6) pdt + odW(t)
e Solving SDE yields geometric Brownian motion GBM(y, 02)

2

St) = S(0)eX® with X ~ BM(u—%, o2)

. X(1) ~ Nqu—‘% t, 0215)
a Exact for all ¢, so should use GBM instead of RW model.
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Options: Basic Terminology

e In finance, simulation often used to price options.
e Call Option: Gives holder the right (but not the obligation)
= to buy underlying asset

= by a specified date T' (expiration date or maturity)
= for a specified price K (exercise price or strike price).

e Put Option: Gives holder the right (but not the obligation)

= to sell underlying asset

= by a specified date T (expiration date or maturity)

= for a specified price K (exercise price or strike price).
e European Options: Can only exercise at expiration 7.

e American Options: Can exercise at any time up to 7.

Monte Carlo Simulation 11-44

Options: Basic Terminology

e Payoff for European call option is
(S(T) — K)T = max(S(T) — K,0)
» S(T) = price of underlying asset on expiration date T’
» K = strike (or exercise) price

| Payoff for a European Call Option |

Payoff

Stock Price on
Expiration Date

Exercise Price

e Example: European call option on IBM with strike K = $100

w If S(T) = $120, exercise option and sell stock for $20 profit.
w If S(T) = $90, don't exercise option, so $0 profit.
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Option Pricing: Risk-Neutral Valuation

e Black-Scholes formula for option pricing:

Fair price of option
= Expected discounted option payoff
in risk-neutral world.

e In a risk-neutral world, the expected return of underlying asset is
the risk-free interest rate r.

= Risk-free interest rate r is often taken to be the rate of a
U.S. Treasury bill with the same maturity as the option.

w If asset price S(T") follows GBM, then in risk-neutral world,
2
S(T) = S(0) XD with X(T) ~ N [(r_‘;) T, U2T]

= Key Idea: When pricing options, asset's mean rate of return p is
replaced with risk-free interest rate r in distn for X (7).
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Option Pricing: Risk-Neutral Valuation

e Recall: to price option, simulate underlying asset value in risk-neutral world.
w If asset price S(T') follows GBM, then
2
S(T) = S(0)eX™ with X(T) ~N Kr—(’2> T, JQT}

= Replaced asset’s mean rate of return u with risk-free interest rate r in X (7).

e Black-Scholes: fair price p of European call option with
strike price K and expiration T is
p = EleTT(S(T) - K)T],
which is expectation of discounted payoff ¢ "1'(S(T) — K)T,
where S(T") (and X (T')) defined as above.
e Why do we replace i with » when pricing options?
= 1 is already reflected in the current asset price.

= If we don't replace p with r, then resulting price of option leads to
arbitrage opportunity (risk-free profit).
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Option Pricing: Example

e European call option with maturity at time 7" and strike price K

e To determine fair price p of option, we need
= 7 = risk-free interest rate
m 0 = asset’s annual volatility
s S(0) = asset price at the time of option purchase

» S(T) = asset price (in risk-neutral world) on the maturity date
under GBM:

S(T) = S0)eXT) with X(T) ~N [(r—gj) T, JQT]
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Option Pricing: Example

e Recall: asset price (in risk-neutral world) under GBM:
2
S(T) = S(0)eX™D) with X(T) ~N [(r_‘;) T, U2T]

e Black-Scholes model gives the fair price p of call option as
expected discounted payoff in a risk-neutral world under GBM:

p = &[S - K)T]
= leT(8(0)e* ™) — k)T
— /_O; e T (5(0) e® — K)T ¢(x) do

» ¢ is density function of A/ Kr — ‘772> T, O'QT}

= Fair price p = E[R(X)], where h(z) = e "1 (S(0)e® — K)T
is discounted payoff function and X ~ ¢
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Simulation Procedure

1. Simulate asset prices using GBM in risk-neutral world.

e Given asset price S(0) at time O, generate asset price at time T
as

S(T) = S(0) XD with X(T) ~ N [(r—(f;) T, UQT]

2. Compute discounted option payoff using simulated prices; i.e.,
multiply the option payoff by e ="

e For European call option, discounted payoff is
e T(S(T) — k)t
3. Repeat the simulation many times.

4. Estimated option price = avg of discounted payoffs from step 2.
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Example: Pricing European Call Option

e European call option on MSFT:

s Stock price was $60.66 on August 22, 2001.

= Expiration date: 28 trading days

s Strike price: K = $55

a» Risk-free rate of return: » = 3.27% (3-month Treasury rate)

= Annualized std dev of returns: o = 52% per year.
= Assume MSFT stock price behaves as GBM.

e Goals:

= Use Monte Carlo simulation to estimate fair price for this option.
= Compare to the price of option obtained by Black-Scholes formula.

= American option traded for $6.20 on August 22, 2001.
Compare this to price obtained from Black-Scholes formula.

Monte Carlo Simulation 11-51

Pricing European Call Option: Excel/PopTools

A B & D E ki G H } J

1 5(0) $ 60.66

2r 0.0327

3 sigma 0.52]

4 K 55

5 |dt 0.004

6 days 28|

T 0.112]

3 Mean Variance |Lower CL |Upper CL |Valid iterations Time taken [95% Cl HW

9 [S(T) | $ ?B.le 60.78219) 112.6072| 42.5648| 84.1652] 100005 sec 0.207988372
10 discounted payuf‘fl $ 23.12' 7.522343) 72.5211 0 25.0586 10000 0.16691227]

e Formulas

= B7: =B5*B6

s B9: =B1*EXP ((B2-B372/2)*B7+B3*SQRT (B7) *NORMSINV (RAND()))
» B10: =EXP (-B2%B7) *MAX (B9-B4,0)

® 95% Cl from 10% replications using PopTools: 7.52 + 0.17
s Thus, 95% confident that fair price for option lies between $7.35 and $7.69
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Pricing European Call Option: Arena Implementation

\ . . \ Record
Create 1 >—<‘ Ass'g"aprc',? and Discounted Dispose 1
I pay Payoff

U N

Statics

50

K

r
sigma
ndays

dt
T
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Arena Model for Pricing Option

e Assign Module

= Attribute Name: price
New Value:
S0*ep((r-0.5*sigma*sigma)*T-+sigma*sqrt(T)*NORM(0,1))
= Attribute Name: payoff
New Value: MAX(price-K,0)

e Record Module

= [ype: Expression
Value: ep(-r*T)*payoff

e Statics Module (from Elements template): Can use this to define
constants
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Arena Model for Pricing Option

Histogram
4000
§ 3000 -+
$ 2000 - @ Frequency

g1000 HH
* 0 o HI:'DD:. f—

OO P D P e

Discounted Price

Average| HW [Min| Max | Obs
7.567 |0.18| 0 |52.49 10000
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Black-Scholes Formula

e No need to simulate to determine fair price for this option.
e Black-Scholes formula gives fair price of European call option as

p = /_O:o e T (5(0)e” — K)T Doy o (@) dz
. r—"5 ,0

= 5(0)P(dy) — Ke "o (dy)
where ® = ®g 1 is CDF of N'(0, 1),
_ (R + ()T
dp = /T ;
do = dy—oVT.

= In Excel, can use normsdist to numerically compute CDF &

e For our example, Black-Scholes formula results in price of $7.57
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Pricing Exotic Options

e Exotic options: more complicated than vanilla options from before.
= Payoff may depend on entire path of underlying asset’s price
and not just price at expiration (as in vanilla options).
= Fair price p of exotic option is expected discounted payoff
(under risk-neutral valuation).
= Often, no closed-form formula (such as Black-Scholes) for p,
so must use other methods, e.g., simulation.
e Example: European knockout (or barrier) call option
s Payoff depends on whether asset price goes outside specified
barriers (A, B) at specified discrete times t1,to,...,tm =T
» If asset price goes outside barrier at some time t;, payoff is O.
= Otherwise, payoff at expiration T is (S(T") — K) 7T
= No closed-form formula for p for discretely-monitored barrier.
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Example: European Knockout Call Option

e Expiration in T years, which is m days

s AT = one day ~ 1/250;
T =mAT; t; =iAT is end of ith day.

e K = strike price
e A = lower barrier, B = upper barrier
e S(t) = price of underlying asset at time ¢; given S(0).

e 0 = annual volatility
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Example: European Knockout Call Option

e Assume price of underlying asset follows GBM in risk-neutral world:
S(t;) = S(ti—1) et
o2 2
. Xl,...,XmNNKr—7>AT, a2AT| IID
= Asset price on ith day

S(t) = S(ti—1) e
= S(t;_p) eXi-1 Xi = ...

(2
e r = risk-free rate = S(0) II e,
J=1
e Payoff: I{A < S(t;) < B,Yi<m}(S(T) — K)*
Y { (t:) o FS(T) ) which is a function of i IID (non-standard) normals X1,..., X;
n fA<S(t;) <Bforalli=1,2,...,m,
then payoff is (S(T") — K)T
= Otherwise, payoff is O.
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Example: European Knockout Call Option

e Discounted payoff of knockout option

e " TI{A < S(t;)) < B,V i<m) (S(T) — K)T

= e—TTI{A < 8(0) [[ ¥ < B,Vi < m} (5(0) 1] ¥ — K)+
i=1 j=1

1=
= h/()(l7 . e ,Xm)

= X1,..., Xm |ID with density ¢_ 2 of N (v, ¥2)
Yy = (r — %Q)AT is mean of X;, and ¥2 = o2AT is variance
e Fair price p of knockout option is expected discounted payoff

p=CEh(X1,...,Xm)]
j=

which is m-dimensional integral, where m is number of days.

Algorithm: European Knockout Call Option

1. On each independent replication k = 1,2,...,n,

o Generate Xy, 1, Xg2,..., Xpm ~ N(v,42) 1ID.
e Compute discounted payoff Dy, = h(X}, 1,..., X} ), where

7
(X1 s Xpyn) = e_’"TI{A < 8(0) [ X+ < B,Vi<m
Jj=1
mo +
x (s<o> 1] Xki - K>
J=1
2. Compute 95% Cl for p as [Dy, = 1.96Sy,//n], where
Dp=1sp_1Djand 2 =157 (Dy — Dn)?.
Remark: More efficient to compute S(t;) = S(0) exp(Zé:l X5)

and I{In[A/S(O)] <oy Xp < In[B/S(O)]};

precompute constants; only compute payoff if I{---} = 1.

}
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Knockout Option: Example Knockout Option: Excel/PopTools Implementation
X . X X A B C D E F G
Find fair price p for European knockout call option 1 si0) L
2.0r 0.1
3 sigma 0.3]
T =0.12 (i.e., 30 trading days) = =
6 dt 0.004]
» AT = 1/250 (one day) 7 doys 2
9
e K = $40 (strike price) e S e
12 1] 42.50
o A = $37 (lower barrier) . 5w
1 30) 45.21 [mean  variance [Lower cL [upper cL [valid iterations [Time taken [95% Cliw_ |
e B — +OO (no upper barrier) 42 discounted payoff | 5.14408449g] | 3.228055] 12.30811] o] 11.64431] | 0.068762524|
e S(0) = $42 (current price of underlying stock) ® Pormulas
o ) . [] 812
e 0 = 30% (stock’s annual volatility) =B11+EXP ((B$2-B$3"2/2) *B$6+B$3+SQRT (B$6) *NORMSINV (RAND()))
oy — 10% (risk—free rate) » B42: =IF(MIN(B11:B41)<B5,0,EXP(-B2*B8) *MAX (B41-B4,0))
e 95% Cl from 10% replications: 3.23 £ 0.07
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Knockout Option: Arena Implementation Knockout Option: Arena Implementation
Static Default Value
/\ N dt 1/250
Create 1 \ Assign initid _Decide if need anoth | me O SO 42
price N day g S
! \\_' \ . ' K 40
1 e e Statics Module: |barrier 37
ndays 30
p sigma 0.30
. Di’;ioSrrmctjaj o Dspose 1 r 0 1 0
tarier Payoff - % *
i — discount | ep(-r*ndays*dt)
@ I
Attribute | New Value
e Assign Module: | price SO
inbounds 1
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Knockout Option: Arena Implementation

e Assign Module

= Attribute Name: price
New Value:
price*ep((r-0.5*sigma*sigma)*dt-+sigma*sqrt(dt)*NORM(0,1))
» Attribute Name: inbounds
New Value: inbounds*(price>barrier)
e Record Module for discounted payoff
= [ype : Expression
Expression: discount*inbounds*MAX(price-K,0)

e Results:

Name Average| HW [Min| Max | Obs
discounted payoff| 3.26 |0.18 0 [24.21|2000

= Fair price of option is between $3.08 and $3.44
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Summary of GBM and Options-Pricing Simulations

e Price of underlying asset is GBM(p, 02) with drift parameter z and
volatility parameter o

S@#) = 50)eX® with X ~ BM( ~ 2, 02>

so X(t) ~ N’({,u — %2} t, azt)

e Fair price of option
= Expected discounted option payoff in risk-neutral world

= Replace asset's mean return rate p with risk-free interest rate r

e Can determine option prices using simulation
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Asset-Price Model: Jump-Diffusion Model

e Merton introduced jump-diffusion model for asset prices that
allows for occasional jumps in price

= Jumps model “shocks” to asset
e Suppose that asset price jumps at random times 79,7, . ..
e At jump time 7;
= Size of jump is positive RV Y7, so price is
S(r;) = Y;8(7j—)
» If Y; > 1, then price jumps up.
» If Y; <1, then price jumps down.

e Between jump times, asset price S(t) evolves as ordinary GBM.

e Assume GBM, inter-jump times and jump sizes are independent.
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Asset-Price Model: Jump-Diffusion Model

e What are asset’s prices at random jump times 7,7, ...7
= Given price S(7j_1) immediately after (j — 1)th jump.
= Until next jump (at time 7;), price evolves as GBM
S(rj—) = S(rj_1) e’
: 2
with X; ~ N[(p = %) (75 — mj-1), 02(7j — 75-1)]
= At time 7, jump of size Y occurs:
S(r;) = Y;8(7j—)
e Asset's price at fixed time ¢ is
X(t A) 2 2
S(t) = S(0)eX® [ v; with X ~ BM(u—%, 02)
J=1
2
. X () ~ N([u—%] t, 02t>

s A(t) = number of jumps by time ¢
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Asset-Price Model: Jump-Diffusion Model

e Suppose we want to simulate asset prices
A(t)
St) = S(0)eX® ] v;
j=1
at m fixed time points, 0 = tg < t1 <to < - - < tm :

s X ~ BM( —%2, 02>,sz(t) ~ N({u—%z]t, 02t)

= A(t) is Poisson process with rate A (could instead use NHPP)
Y o~ LN (a,b?) (could instead use any positive RV)
s X,A(t),Y7,Yo,... are mutually independent.

e How do we simulate this?

e Since Poisson process A(t) has independent increments,
= A(t;) — A(t;—1) and A(t;) — A(tj_1) are independent, i 7 j
w A(t;) — A(t;—1) ~ Poisson[A(t; — t;—1)]
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Asset-Price Model: Jump-Diffusion Model

Algorithm: to simulate jump-diffusion model at fixed times
O0=tg <ty < - <tm

1.Foreach:=1,2,..., m, do the following

2. Generate X; ~ N Ku — %2> (t; —ti1), 02(t; —ti_1)

3. Generate # jumps in (t;_1,t;] as A; ~ Poisson[A(t; — t;_1)]
4. Generate jump sizes Y; 1,Y;2,...,Y; 4, ~ LN (a, b2)

5. Set

A
S(t) = S(ti-1) e ] Vi
Jj=1
where empty product = 1

Remark: All X;, A;, Y; ; are mutually independent.
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Option Pricing for Jump-Diffusion Model

e Recall jump-diffusion model of asset prices:
A(t)
St) = S(0)eX® ] y;
Jj=1
2 2
s X ~ BM( -, 02>, so X(t) ~ N({u—%} t, 02t>
= A(t) is Poisson process with rate A, and Y; ~ LN (a,b?)
s X, A(t),Y7,Ys,... are mutually independent.
e To price option on this asset, how do we do risk-neutral valuation?
= Replace p with 7 — Av, so X ~ BM (r e %2, 02>, and
X(t) NN({?" — v — %2} t, 02t>.
= 7 = risk-free interest rate.
» v =E[Y; — 1] = exp{a + b2/2} — 1 = E[jump size] — 1.
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Interest-Rate Models

e Simulation models for stochastic interest rate
e R(t) = interest rate at time ¢
e We consider three models:
= Rendleman and Bartter Model
a Vasicek Model
= Cox, Ingersoll, and Ross Model
e Application: Simulating cash flows for a home mortgage loan.
e Objective:

» Structure simulation models for interest-rate risk

= Compare mortgage loans using simulation
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Rendleman-Bartter Model

e Assumes interest rate R(t) behaves like asset prices:
R(t+6t) = R(t) + pR(@E) 6t + o R(t)Vite
€t ~~ N(O> 1)

» 1 = (constant) mean instantaneous rate of change in interest rate

= 0 = annual volatility of interest rate

= 0t = small time step

e R(t) satisfies SDE
dR(t)
R(t)

which we can solve to get R(t) is GBM.

pdt + odW(t)  with W ~ BM,

e Interest rates change more rapidly when they are high.

e Interest rate volatility is higher when interest rates are high.

Monte Carlo Simulation 11-74

Rendleman-Bartter Model: Example

e Suppose = 0.05, o = 0.30, interest rate at year 0 = 5.125%

e One sample path

8.00%

7.00% 7

6.00% 7

5.00% 7

4.00% T

3.00% 1

Interest Rate (%)

2.00%

1.00% T

0.00% + + +
0 100 200 300 400

Time (months)

e Remark: Notice how volatility depends on interest rates.
When rate is high, volatility also tends to be high.
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Rendleman-Bartter Model: Example
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Mean Reversion

{
: :{ __________________________________ E : :
b~ i E £
£l el .
.'m1 d_.n a®
Median 5% VAR Median SD 5% VAR
5.18% 1,:)6% 8.18% 5.30% 4.70% 15.69%
‘m:“..:“ Forecast: “::.:: ;‘::GI' ”" :‘.m’. 'me:“d' W'I‘::::;Z :“.':‘NII m::m'
I S | | [ ——
€.l |l. 3 S I i
N || e 8 N i :
,,,%. ..,,,....._.. - | '™ ;
Median SD 5% VAR Median SD 5% VAR
538% 10.10% 25.65% 6.03% 64.41% 85.50%

5% VAR (Value-at-risk) is the number z s.t. P(R(t) > z) = 0.05

e Over time, interest rates appear to be pulled back to some long-run
average level.

e This phenomenon is known as mean reversion.
e Causes of mean reversion:

= When rates are high, economy tends to slow down.
Less demand for funds from borrowers, and rates drop.

s When rates are low, more demand for funds and rates tend to
increase.

Rate

High interest rate
\ has negative trend

Reversion

level
Low interest rate

has positive trend

Time
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Vasicek Model

e Vasicek model incorporates mean reversion:
R(t+6t) = R(t) + alb— R@1)]ét + oVite
e Vasicek model written as SDE:
dR(t) = a[b— R(t)]dt + cdW(t) with W ~ BM.
e Remarks:

s b = long-run equilibrium value of interest rate
= parameter a governs speed of adjustment
> Need a > O to insure stability around long-term value
= Interest rates above reversion level have negative trend.
= Interest rates below reversion level have positive trend.
= Magnitude of trend depends on distance from reversion level.
Std. deviation of rate change is constant.
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Vasicek Model

10.00%
9.00% T
8.00% T

7.00% 1 .
Reversion

6.00% 7 Level

5.00%
4.00% 7

Interest Rate (%)

3.00% T

2.00% T
1.00% T

0.00%

Time (months)

e Vasicek model:
R(t+6t) = R(t) + alb— R@)] 6t + oote,
with a = 0.36, b = 6.2%, 0 = 1.52%, R(0) = 5.125%
e Do you see how this model captures mean reversion?

e Can you make any predictions about the mean and std. deviation of
the interest rates 1, 5, 10 and 30 years from now?
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Vasicek Model

Forocast: interest Rate in 1 Your Forecest: IMeres! Rate in & Yoars
2,000 Trials Frequency Chart B Outliers 2,008 Trials Trequency Chart B Outliers

Prabability
Prabability

Mean |SD 5% VoA-R Mean |SD 5% V-A-R

5.43%]1.28%|  7.52% 5.98%I1.76%| 8.97%

Foeecast: Interest Rate in 10 Years
2,000 Trisks Frequency Chart 11 Outfiens 2,000 Trisla

Prabability
Prabability

Mean |SD 5% V-A-R Mean |SD 5% V-A-R
6.08%] 1.83% 9.01% 6.23%] 1.80% 9.15%
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Cox-Ingersoll-Ross (CIR) Model

e In theory, Vasicek model
R(t+6t) = R() + a[b— R@)] 6t + oVéte
allows negative interest rates.
e Cox, Ingersoll and Ross (CIR) model avoids this problem:
R(t+6t) = R(t) + alb— R(t)]6t + o JR(t) Véte
e CIR model written as SDE:
dR(t) = a[b—R(t)]dt + o/R(t)dW(t) with W ~ BM.

e Main difference between Vasicek and CIR models

= In CIR, magnitude of random part depends on current interest rate.

= This ensures that interest rates cannot be negative (as ¢t — 0).
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Cox-Ingersoll-Ross Model Application: Comparing Home Mortgages
10005 e Suppose you are shopping for a mortgage loan for your new house.
Forecast: Interest Rate in 30 Years
zzz:’ 2,000 Trials Frequency Chart 27 Outliers Need to borrow $100,000
g 7.00% - ”
}_:’600% = o o C d . f | ” . h I . . .
R T Y Tk e z . B e Considering four loans (all with zero closing points):
$ 400% .E §
= soo z o w2 » 30-year fixed:
2.00% m L -II I"Ill4 0 y ) o
oo W s sw s noe > Interest rate will be 8.00% for lifetime (30 years) of mortgage.
oo 0 150 2‘00 3{;0 400
e mentl » Adjustable:
Mean 1SD 5% V-AR > Interest rate for first year will be 5.50%
6.19%[1.86%|  9.52% > Interest rate will be adjusted once every year and will be equal to
the interest rate for 1-year Treasury bill plus a margin of 2.00%.
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Application: Comparing Home Mortgages

Application: Comparing Home Mortgages

» 3/1 Fixed - Adjustable:

> Interest rate will be 6.875% for first 3 years

> Then convert to adjustable loan

= 5/1 Fixed - Adjustable:

> Interest rate will be 7.50% for first 5 years.

> Then convert to adjustable loan

Interest-Rate Model:

e 1-year Treasury bill rate follows Vasicek process

= a =0.36
» b= 6.20% (Reversion level)
m 0O — 152%

e Current rate = 5.125%

e Simulate net present value (NPV) of payments (using constant 8%
discount rate) of four mortgages.
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Home Mortgages: Simulation Results for Vasicek Model

NPV of Cash Payments
(30 Year Horizon)

30 year Fixed

02 5/1 ARM

3/1 ARM

1 Year ARM

$73
$84

)
O
a S
=
&

$117

Payments ($000)
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Home Mortgages: Simulation Results for Vasicek Model

NPV of Loan Payments

Mean Std Dev | 2.5% VaR
30-yr fixed| $100,000 — $100,000
ARM $97,705 $7,240 $112,221

3/1 ARM $97,859

$6,299 | $110,383

5/1 ARM $98,929

$5,191 $109,242

What do you conclude?
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Home Mortgages: Simulation Results for Vasicek Model

NPV of Cash Payments
(3 Year Horizon)

30 Year Fixed

02 5/1 ARM

3/1 ARM

1 Year ARM

$18

Payments ($000)
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Home Mortgages: Simulation Results for Vasicek Model

NPV of Cash Payments
(5 Year Horizon)

30 Year Fixed

5/1 ARM

3/1 ARM

1 Year ARM

NPV of Cash Payments
(7 Year Horizon)

30 year Fixed

5/1 ARM

3/1 ARM

1 Year ARM

o

“
”””””

=

A
Payments ($000)
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Home Mortgages: Simulation Results for R-B Model
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Summary of Interest-Rate Models

NPV of Loan Payments
Mean Std Dev | 2.5% VaR
30-yr fixed|  $100,000 — $100,000
ARM $96,075 | $47,022 | $206,726
3/1 ARM $96,774 | $45,765 | $202,443
5/1 ARM $98,540 | $43,397 | $197,646

What explains huge difference between VaR results from Vasicek model
and Rendleman-Bartter model?

e Three models for interest rate risk

= Rendleman-Bartter model

> Interest rates behave like asset prices
= Vasicek model

> Interest rates satisfy mean reversion
= Cox-Ingersoll-Ross model

> Mean reversion and proportional rate changes
e Can be used to simulate cash flows that depend on interest rates.

e Results/conclusions are sensitive to assumptions of underlying model.




