CS 661: Simulation Lecture Notes 6 Prof. Marvin Nakayama

Generating Random Samples

e Generate observations from probability distributions

= Inverse-transform method
= Convolution method

= Composition method

Acceptance-rejection method
s Other special methods

e Generate stochastic processes
e Generate observations from multivariate distributions

e Be sure to check course webpage for reading assignment and HW
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Introduction

e Methods to generate observation of random variable X ~ F'

= exponential, gamma, normal, etc.
= Generated observation known as random variate

e Methods take one or more unif[0, 1] random numbers and
transforms them into an observation from F’

e Want methods that are exact, fast, and use little storage.
e Why study methods when simulation packages have built-in fcns?

= Stochastic model may have non-standard distributions.

= Variance-reduction techniques may require generating
observations in specific way.

= Simulation packages often slow compared to code written in
high-level programming language.
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Continuous Random Variables

e Generate random variate X having CDF F' as follows :

1. Generate a uniform[0, 1] random number U

2.5t X = F~1(U)

e Assumption: Inverse F~1 exists

» F 1 satisfies F~1(F(2)) =z and F(F~1(y)) =y
weg, if F(z) =22 for 0<z<1,
then F~1(y) = VY for 0<y <1,

e Using inverse and hence ... Inverse-Transform Method
or simply Inversion
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1 F(x)
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Proof of Correctness of Inversion:
e Recall: if U ~ unif[0, 1], then
P(U<y)=y, for yel[0,1]. (1)

e Need to show CDF of random variate X = F~1(U) produced
by inversion is precisely F'(x). For any x € R,

P(X <z) =PFE HU) <)
= P(U < F(z)) (2)
F(x) (3)

where

» Eq. (2) follows by fact that F' is increasing function
= Eq. (3) follows from fact that 0 < F'(z) < 1 and from
Eq. (1)
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Algorithm for Inverse-Transform Method:

e Given: CDF F'(x) or density f(x).

= If density f given, then first integrate to get CDF F.

= Most frequent error: incorrect limits on the integration

e Set F'(X) = U and solve for X in terms of U.

= Make sure that solution X lies in correct range.

Generating Random Samples 6-7

Example : Generate X ~ exp()\) Using Inversion

e Density
[ xe™™ forz >0,
f(x)_{O for x < 0.
e CDF \
)1 —e"™ forx >0,
F(x)_{O for x < 0.

e Set F'(X) = U and solve for X :
1—e™ =vU

e = 1_U
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e Algorithm to generate X ~ expon(\):

1. Generate unif[0,1] random number U

2.Set X = —3In(1—U)

e In Excel, can use the formula
=-LN(1-RAND () ) /LAMBDA

where LAMBDA is a user-defined constant.

e When U is uniform[0,1], so is 1 — U, so can instead define

X = —iln(U)
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Example : Inversion with density f
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e Compute CDF F:

e Density s If O <2 <0.4, then
452/16 f0<z<0.4 a5 2t
f(a) = | 27/16 [fo4<z<08 F(z) = /x udu = — z2
YV =155z if0o8<x<1 32
0 otherwise s If 0.4 <2 <0.8, then
0.4 45 z 27 27 9
"""""""""""""" F(z) = /0 1—6U du + 0-41_6du = 17696_%
s f0.8 <2 <1, then
fx)
0.4 45 0.827
F(z) = /O 16 ut [ 1—6du—|—/08(5 5u) du
5 3
‘ = _= 5r— =
: 5 72 + 5z 5
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e CDF e Solve X = F~1(U):
0 if x <O
4522/32 if0<x<0.4 = If 0 < U < F(0.4) = 0.225, then
F(z) = 45 32
_522/2+5z—-3/2 if0.8<z<1 F(X)=X?=U = X=,22U
1 ifx>1
« If (0.4) =0.225 < U < F(0.8) = 0.9, then
] S —— ; 27 9 16
F0.8) = 0.9 [-rrwwrrrreeemmmmssmmmeeeeeereseess i : F(X)_EX_%_U = X_27 +7
o) w If F(0.8) =0.9 < U <1, then
5 3 2(1-U
F(X)=—X’45X-—-=U = X =1+, 20-=0)
F(0.4) = 0,225 |---orrreeeey 3 2 2 5
| - —1_,/20-0)
- —— > We take X =1 5 so that 0.8 < X < 1 when

09<UK<L1.
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e Algorithm to generate X with density f using inversion:

1. Generate unif[0,1] random number U.
2.1f 0 <U <0.225, set X = 431_%(] and stop.
3.1 0.225 < U < 0.9, set X = 35U + {¢ and stop.

4 1f09<U<1, setX=1-— Mandstop.

e In Excel, can use the following formula:

=IF(A2<0.225,SQRT(32%A2/45),
IF(A2<0.9,16%A2/27+4/15,1-SQRT (2% (1-A2)/5)))

where cell A2 has formula =RAND ()
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Inverse-transform method : Discrete random variables

e Goal: generate random variate X having PMF

Px=2 =2 prx=s) = !

CDF F(x)
LR 1

e Algorithm

1. Generate U ~ unif[0, 1].
2.1f0<U < 3/4, set X = 2 and stop.
3.f3/4 < U < 1, set X =5 and stop.
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e More generally, to generate discrete RV X with PMF
P(XZJJZ) = Di, i=l,2,...,m,

use following algorithm:

1. Generate unif[0,1] random number U

2. Transform U into X as follows:

Jj—1 J
X=xz; if > p<U<> p

e Proof algorithm works ...

Jj—1 J
P(X:xj):P( pi <U< Zpi)

j j—1
= > pi— > pi = Dj
=1 =1
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o Suppose 1 < zp < -+ < T

e Then CDF F' of X is

0, if ©<ux,
F(x) = Zgzlpi, if z;<x<wjpq, j<m-—1,
1, if > am
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F(xg)=1 e Thus, X =z; if F(zj_1) <U < F(z;)
Fx) o If one defines the generalized inverse F—1 by
Ut
| F 1) = min{z : F(xz) > u}
|
F(x,) —
| then ... X = F~1(U)
F(-xz) |
SN i
|
— -1
o) X =F (W)=,
X
_ 1 ad
xl x2 .x3 X4 XS
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Example : simple distribution

e Goal: generate random variate X with PMF
pi =P{X =2x;},i=1,2,3,4

p1 = 0.20, p> = 0.15, p3 =0.25, pg = 0.40

e Algorithm to generate X ~ {p1,...,p4} :

1. Generate unif[0,1] random number U.

2.1f U <py = 0.2, set X < x1 and stop.

3.f U < p1 4+ pp = 0.35, set X < x5 and stop.

4. 1f U < p1+po+p3=0.60, set X < x3 and stop.
5. Else set X < x4 and stop.

e Is this most efficient way of generating the random variate 7

= Amount of time proportional to number of intervals tested.

= Better to consider values x; in decreasing order of p;'s.

e More efficient algorithm :

1. Generate U ~ unif[0, 1].
2.1f U < pg = 0.4, set X < x4 and stop.
3.f U < pg + p3 = 0.65, set X <+ x3 and stop.

5. Else set X <— x5 and stop.

4. 1f U < pg+p3+p1 = 0.85, set X < x1 and stop.
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Example : Geometric distribution

e Geometric distribution with parameter p, 0 < p < 1.
e PMF of geometric random variable X:

P(X=i) =pg ', i>1, g=(1-p)
e X = number of IID trials needed to get first success.

= Each trial has probability p of success.

e CDF of geometric
FGi) = P(X <14)

= 1-P(X >1)
= 1 — P(first ¢ trials are failures)
= 1 - qZ

e In this case we can obtain simple expression for F—1(U).
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e Transformation : X = j iff
F(Gj—-1) < U< F@G) <= 1-¢gl<cvu<i1i-¢
<= qj < 1-U < qj_1
e Since ¢/ | as j 1,
X = min{j: ¢ <1-U}
= min{j: jiIn(g) < In(1—U)}
= min {j 7> 7”1(1 — U)}
In(q)
e Thus,
v Fn(l ~U)

In(1 —p)
where [ -] is round-up function.

® |n Excel, can use the formula =ROUNDUP ( (LN(1-RAND()) /LN(1-P)))

where P is the given parameter (success probability) of geometric distn.
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Example : Binomial random variable

e X ~ binomial(n, p)

= n = integer number of |ID trials (fixed)
p = probability of success in each trial

s X = number of successes out of the n trials

= PMF
pi = P(X =1) = (7?>pi(1_p)n—i, t=0,1,...,n
(2

e Since (?) = n!/[i!(n — i)!], we get the recursion

. . <n—z> P _
bi+1 = i+ 1 1—p bi

e No simple closed-form solution for computing F~1 ... algorithm
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e Algorithm to generate X ~ binomial(n, p) using inversion:

1. Generate U ~ unif[0, 1]

2.Set 7+ O,
P+ (1-p)",
F+ P

3.f U < F, set X < i and stop

4.Set P () (%) P
F+ F+P,
i it+1

5. Goto step 3
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Disadvantages and Advantages of Inversion

Disadvantages:

1. Need closed-form expression for CDF F so can solve for F—1
(or at least we need to be able to numerically evaluate F—1)

2. Speed ... often slow because of number of comparisons required

Advantages:

Inversion often preserves monotonicity and correlation,
which help in

1. Variance-reduction techniques

2. Generating truncated distributions

3. Order statistics
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Convolution method

e Suppose X is sum of independent random variables
Zl, ZQ, ey Zm, i.e.,

X =Z1+Zx+--+Znm
where Z; ~ F; and are all independent.

e Algorithm to generate X :

1. Generate Uy, Up, ..., U ~ unif[0, 1], indep

2. Inverse-transform method : Z; = Fi_l(Ui),
1=1,2,...,m

3.Set X =¥, Z;

e Can replace step 2 with any method to generate Z;
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e Why is this called the convolution method ?

s Let Z1, Z5 be independent with densities f1 and fo, resp.
s let X =214+ 25
Density fx of X is

fx(@) = [ fr(u) folz — u) du

Operation on f1 and f5 called convolution.
= Convolution of f1 and fo denoted by f1 * fo.
= Method samples from density f1 % fo * - % fim.
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Example: Generate Erlang(\,m) Using Convolution
Method

e Problem: Generate random variate with Erlang(, m) distn.

= Sometimes Erlang distn is specified with parameters (3, m),
where scale parameter 5 = 1/\.

e Density f) ,, of Erlang(), m) distn is

m—1
AAz) AT >0

fA,m(fE) = me ) =

eFact : If Z; ~exp(\), i =1,...,m, and independent, then
X=7Z14+2Z>+ -+ Zp is Erlang(\, m)

e All set for convolution method ...
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e Algorithm to generate X ~ Erlang(\, m) using convolution:

1. Generate Uy, Us, ..., Un ~ unif[0, 1], indep
2.Set Z; = —+In(U;), i =1,2,...,m

e In Excel for m = 2, can use formula
=-LN(RAND () ) /LAMBDA-LN (RAND () ) /LAMBDA
where LAMBDA is a user-defined constant.

e Not very efficient when m is large ...
requires m random numbers to generate 1 random variate

e More efficient methods exist
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Composition method

e Goal: Generate observations of RV X with CDF F

e Suppose CDF F' can be written in the form:
m

F(z) = ‘lei Fy(x)
1=

where

»p; >0, X p;=1, ie, (p1,...,pm) is PMF
= each Fj; is CDF from which we can generate random variate

e If each F; has density f;, then density f of X is

TOESWIIC
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e Define a new discrete random variable I as follows:
PUI=j) =pj, 1<j<m
e Let Y be random variable with CDF F};
e Define a new random variable Z as follows :
Z=Y; ifl=j
e CDF G of Z

G(z) = P(Z<z) = P(Z<a, I=j)

1

M3

j
m

= P(Z<z|I=35)PU=j)
=1

J_

= S P <x)p = 3 Fio)p; = Fla)
j=1 j=1
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e Random variables Z and X have same distn ...

e Thus, an algorithm for generating random variate Z will also
result in (correct) random variate X ...

e Generic algorithm to generate X ~ F' using composition when
F(z) = 2% pi Fi(x):

1. Generate I with PMF (p1,...,pm)
(e.g., using inverse-transform)

2.1f I = j, generate Y; ~ F}, indep of I
(inverse-transform or convolution or ...)

3.SetX=Yj
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Example : Hyperexp(\1, a1, Ao, ap) Using Composition

m
F(z) = 3 pi Fila)
=1 e Goal: generate X ~ Hyperexp(\1, a1, Ao, ap) distn.

e Known as composition method e Density f is
. a1 (A1e M%) 4+ a5 (Age™22%) | if z > 0,
e Main problems: f(z) = {01 ( ' ) 2( ’ ) otherwise
1. How to “split” the CDF into pieces? where given A1, A» > 0 and a1, > 0, a1 + an = 1.

i i ? . . .
2. How to decide on the correct pieces? e Density f is already in the form we need (why?)

e Random variable I with

e There are methods for the first problem.
7= { 1, with prob. aq,

e But no definitive answer for the second. 2, with prob. ap =1 — o

Will return to it after an example. e Random variables Y; ~ exp(},), j = 1,2
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e Composition method to generate Composition Method: Splitting
X ~ Hyperexp(A1, a1, A2, a2)

Problem: often only given original density f, and we need to

1. Generate I as follows: figure out how to express it as mixture of other densities f;:
m
(a) Generate U ~ unif[0, 1]. f@) = X pifi()
(b) f U < g, set I «+ 1; =1
Else set I < 2. One approach: vertical split — partition z-axis into intervals
2. Generate X = Y7 as follows: e Step 1: define m — 1 break points
(a) Generate U’ ~ unif[0, 1], indep of U. —co=ag<a;<ar < < am_1<am= o0
(b)If I =1,set X « Y, = —)\—11 In(U"); and partition x-axis into intervals using break points:
Else set X < Yo = —/\—12In(U’). R1 = (ao,al], Ry = (al,ag], ooy Rm = (am_l,am)

@ In Excel can use formula » Useful to define indicator function for set A C R

=IF (RAND () <ALPHA1,-LN(RAND())/LAMBDA1,-LN(RAND())/LAMBDA2) I4(z) = lifze A
where ALPHA1, LAMBDA1, LAMBDA?2 are user-defined constants. A Oifxg A
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e Step 2: define function h;(z) = f(x) I(aiq,ai](x)

6-37
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e Step 4: write
f(z) = hi(z) + ho(z) + -+ + hm(x)
= p1f1(z) + p2fo(@) + - + pm fm(z),

— | L where hi(
ap dap ay a4 ds dg fz(gj) = ¢
Pi
B (x) = f; is density: nonnegative and integrates to 1
|’\| ! s f; has same shape as f over R; but elongated since p; < 1
aq ay a; d4 as dg
i /14()6)
= Note that f(z) = hi(z) + ho(z) + -+ + hm(x) Jal0) ==, area = |
h,(x) area = py
e Step 3: compute
oo a;
pi = [ _hia)de = [ f(z)da || 1
- di-1 a, a a; as a a a, a a3 ay a a
1 @ 3 a4 as 6 () 3 a4 as 6
so0O<p;<landpy+pr+--+pm=1
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Example : Composition with Vertical Split

e Goal: generate random variate having density
0.75X1eM?%  ifx <0,
flx) =
0.25Xpe 2% ifz >0
where A1 > 0 and Ay > O are given constants

e Step 1: Partition z-axis at origin:

Rl = (_007 0]7 R2 - (07 OO)

e Step 2: Split the density [ :
hi(z) = 0.75\1e?® I(_oo,0] (z),

hQ(.’L‘) = 0.25)\26_/\2wl(07oo)(1‘).

e Step 3: Calculate p;'s to normalize h;'s:
p1 = /9 f(x)dz = [O_0.75A1 eM%dx = 0.75,

P2 = I f(x)dex = [§0.25 e *2%dx = 0.25

e Step 4: Write f(z) = p1 f1(x) + po fo(x), where

A = B9 oy v @),
pP1 ’
h

fa(e) = M2 A2 e 2 (g o) (@)

p2
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e Composition algorithm to generate X with density
f(@) = 0752 M7 I g(x) +0.25 06 2" I (g y()

1. Generate I as follows:
(a) Generate U ~ unif[0, 1].

(b)If U < py =0.75,set I + 1;
Else set I «+ 2.

2. Generate X = Y7 as follows:
(a) Generate U’ ~ unif[0, 1], indep of U.
(bB)f I =1, set X «+ Y] = A% In(U";
Else set X + Yo = _le In(U").

® |n Excel, can use formula
=IF(RAND()<0.75,LN(RAND())/LAMBDA1,-LN(RAND())/LAMBDA2)
where LAMBDA1, LAMBDA2 are user-defined constants.
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Composition Method: General Splitting

e Can apply splitting in other ways

e Idea: partition area under density f into regions R;,
t=1,...,m.
» Let p; be area of region R;

p1+p2+ -+ pm = 1 since f integrates to 1
= Define function h; based on region R;

= Normalize h; by p; to obtain density f;
= [hen express

f(x) = p1fi(x) + pafolz) + -+ + pmfm(x)
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Ry
Jx)
\ R
2
R R;

a b c d
hl(x) area = p,

a b c d

h () = fO) = hy(x) = hy(x) = hy(x)
’ area = p,

a b c d
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Composition Method: General Splitting

e Note that
f(x) = hi(z) + ho(z) + h3(z) + ha(z)
e Each h;(x) is not a density since
pi = /hi(x) de < 1
andp1 +p2+p3+ps = 1
e Thus, normalize h; to obtain a density f;:

fit) = M

= f; has same basic shape as h; but elongated since p; < 1

<

e Since h;(z) = p;fi(x), we get
f(z) = p1fi(x) + p2 fa(z) + p3 f3(2) + P4 fa(z)
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Composition Method: General Splitting
. hl(x)
h(%) fi(0) = e Choose partition Rq, ..., R so area under density f is mostly
: contained in R;'s that are right triangles or rectangles
area = — _ .. .
A P area = 1 e Sometimes, most efficient method to generate random variates
. b . . b . 4 from a distribution uses this type of composition.
e Can quickly generate observations from densities that are right
triangles or rectangles (uniform) densities.
() e In our example
h (%)= fx)=h (X) = h (@) = h_(x) S0 = », area = | = Can show that if Z1, Z5 are indep unif[a, b], then
Y7 = max(Z1, Z») has density f1, which is given by
area = p, — 2(x — a)
filz) = ——F L[5(2).
T TN (b—a)= ™
a b c d a b c d . .
= When pg4 is small, we only rarely generate from density f4
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Acceptance-Rejection Method : Continuous

e Method well-suited to generate random variate when its density
function f is easy to calculate.

e Suppose X has density f, which is bounded.

e For now, suppose that support of X is finite interval [a, b].
s f(z) > 0only when a <z <b.

e Enclose density in rectangle R with

» Base having length (b — a)
= Height m, where m = max,<, < f(x)

e Throw down points uniformly in rectangle R.

= Denote these points by *
= Throw away (or reject) any points above the density f

= Accept points below the density f.
Denote these points by ()

@@ @ € |

f(x) @
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Claim: z-coordinate X of accepted point has density f.
Proof:

e Need to show P(X < z) = [T f(t) dt for each x € [a, b].

o let (Z1,7Z5) be (x,y)-coordinate of a random point
distributed uniformly in rectangle R

o Accept (Z1,725) <= Z> < f(Z1).
e Then, for a < z < b,
P(X <z) = P(Z1 <z |accept (Z1, Z2))

_ P(Zy <z, accept (Z1, Z2))
o P(accept (Z1, Z5))
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e Numerator of Eq. (1):

» P(Z1 <z, Zp < f(Z1)) is just the probability that
(Z1, Z>) falls into shaded region below:

a X b

» Because (71, Z5) has uniform distn over R,

P(Z1 <z, Zo < f(Z1)) JEF(t) dt
= 1 P(Z1 <z, Zr< f(Z = 27 2
P(Z> < f(Z1)) S (Zr<@ Zo < f(Z1) area of R 2)
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e Denominator of Eq. (1) is P(accept) = P(Z2 < f(Z1)) Generic Algorithm to Generate X Using
a Since P(Z1 < b) = 1, Acceptance-Rejection Method with Uniform Majorizing
B Function when support is finite interval [a,b
P(Z5< [(21)) = P(Z1<b, 2 < [(Z1)) PP o,
» Putting z = b in Eq. (2), we see that acceptance prob is 1. Generate U1, Us ~ unif[0, 1], independent.
S F(t) dt 1
P(Z> < f(Z = = — _ .
(Z2 < f(Z1)) area of 2 area of R 2. Set gl = a -Il} (b—a)Uq;
since [0 f(t)dt = 1. 2 = mb
3.1f Zo < f(Z1), set X < Z7 and stop;
e Thus, from Eq. (1), Else, discard (Z1, Zo) and return to Step 1.
71 < Z> < f(Z
p(ng):P( 1<, Z> < f( 1)):/;f(t)dt

P(Zy < f(Z71))
as desired.

Not every pair (U1, U>) leads to a random variate X .
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Remarks on Acceptance-Rejection Method:

e As shown on slide 6-51, each iteration has

P(accept) = P( Z12 < f(Z1)) = (areaof R)7 !

- (b—a)m
e Number N of pairs (U7, Us) of uniforms required to generate
X is geometric(1/c) RV:

k—1
PN = k) = 1(1—1> k>
C C

where ¢ = area of R.
e Mean number of pairs required is
E[N] = c= (b—a)ym > 1

e Measure of efficiency of acceptance-rejection method is closeness
of (b —a)m to 1.
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Example : beta(4,3) distn using acceptance-rejection

e beta(4,3) has density
f(z) = 602> (1 —x)?Ijg q)(x)

e Difficult to use inversion. Why?
Acceptance-rejection

e Step 1: Set interval [a,b] = [0, 1].

e Step 2: Calculate m = max{f(xz) : =z € [0,1]}.

= Using calculus can show

> Maximum occurs at x = 0.6
> m = 2.0736
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25

1) |
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e Algorithm 1 to generate X ~ beta(4,3) using
acceptance-rejection:

1. Generate Uy, Up ~ unif[0, 1], independent.

2.5et 71 = Ujy;
Zo = 2.0736 U5

3.1F Zy < f(Z1) = 60Z3(1—7Z1)2, set X + 73
and stop;
Else, discard (Z1, Z5) and return to Step 1.
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(Generalized) Acceptance-Rejection

e Previous A-R method not always applicable or efficient:

= Continuous random variables with infinite support

s (b— a)m very large

a b

e Want more general acceptance-rejection method.
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e Goal: Generate random variate having density f
e Assumption: 3 RV Y with density g such that

= Can generate observations of Y
» J constant ¢ > O such that f(z) <cg(z) Vzx

e Choose smallest such constant ¢ g(x)// \\
/ \
= max {f(x) Tx € R} Jx) g_(_:g) \\
g(aj) — - 7 \\ \\

RREVUN N

e g(x) is known as majorizing density.

e h(x) = cg(x) is known as majorizing function.

e Given Y, if U ~ unif[0, 1] and independent of Y, then
cg(Y)U ~ unif[0, cg(Y)].
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e Generic algorithm to generate X ~ f using acceptance-rejection
with majorizing density g :

1. Generate Y ~ g.
2. Generate U ~ unif[0, 1], indep of Y.

3.Ufcg(Y)U < f(Y), set X <Y and stop;
Else, discard (Y, U) and return to Step 1.

cgtd /N card /[
// N S/ N
)7 gl = \
-/ = ,,," ‘-u\\\\ - 2 i * \\-
REERZIXE A
observations from g accept
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Proof: Analogous to case with uniform majorizing density

e Need to show Y in accepted (Y, U) has CDF F with density f.
e Define event A = { pair (Y, U) accepted }

e Accept: cg(V)U < f(Y) <= U< f(Y)/[cg(Y)]
e Law of total probability yields

P(A) = [T PAIY € (yy+dy) g(y) dy

— [~ P (U < Cf;gg)) o) dy

oo f(y)
N /—Oocg(y)
_ /OO f(w) dy = 1

c

where third steps holds because P(U < z) = z for z € [0, 1]

g(y) dy

)
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e Similarly e So ...
P{Y <z}nA) P(X <z) =P <z|A)
T PHY <z}nA)
= AlY d d =
[ _PAIY € (yy+dy) g(v) dy )
x f(y) _ F(x)/c
= PIU< d -
[ ( B cg(y)) o) dy 1/c
~ I sy -
g\y QED
_ f) . _ F)
= / dy =
—00 C C
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Remarks on Acceptance-Rejection Method

e As shown on slide 6-60, each iteration has

P(accept) = 1
c

where ¢ = max{ggg x € R}

e Number N of iterations required to generate X is geometric RV:

1 1k71
P(N:k:):(l—) k> 1
C C

e Mean number of pairs required is
E[N] = c > 1

e Want c to be close to 1 for algorithm to be efficient.

Example : beta(4,3) distn using acceptance-rejection with
non-uniform majorizing function

e beta(4,3) has density
f(z) = 602° (1 —2)Ig 1y(2)

e Step 1: Specify majorizing density g:

452/16 f0 <z < 0.4
g(z) = {27/16 if0.4<2<0.8
5—-5zx if08<zxz<1

e Step 2: Compute

- max{f(x) z € [0,1]} = 1.2288
g(x)
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25
e Algorithm 2 to generate X ~ beta(4,3) using
______________________ acceptance-rejection with non-uniform majorizing density g:
il cg(x) | |
1. Generate Y ~ g, e.g., using inversion as on slide 6-13.
150 H H B
' 2. Generate U ~ unif[0, 1], indep of Y.
1 'O"' \‘ -
\\ 3.1 1.2288g(Y) U < f(Y), set X + Y and stop;
“\‘ Else, discard (Y, U) and return to Step 1.
05 i f( X ) L
00' 0‘1 0‘2 0‘3 0‘4 Oi5 0‘6 0‘7 0‘8 0‘9 ‘1
X
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More Remarks on Acceptance-Rejection Method

e Tradeoffs with acceptance-rejection...

» Ease of generation from majorizing density g(x)

s Constant ¢ = max% = &[number of iterations]

e Compare two previous methods for beta(4,3)

= Method 1:
9(z) = Ippq1)(z)
= Method 2:
452/16 if0 <z < 0.4
g(z) = {27/16 if0.4<2<0.8

5—-5z if08<zx<1

Method 1:
e Majorizing density:

9(z) = 1[071](90)
ec=2.0736

e Complexity of generation method :

1. Expected number of iterations E[N] = ¢ = 2.0736

2. Number of uniform random numbers per iteration R = 2,

Total complexity = R-E[N] = 4.1472




Generating Random Samples 6-69 Generating Random Samples 6-70

Even More Remarks on Acceptance-Rejection Method

Method 2:
® Majorizing density: : o Acceptance-rejection method only requires computing density
(z) ;?f{éf) I]t 8 f r Sgg 8 function f, not CDF F.
glx) = im0.4 <x < 0.
5—-5z if08<zx<1 = Inversion requires computing inverse F—1

e Sometimes CDF cannot be calculated in closed form, e.g.,

ec= 12288 normal distn

e Complexity of generation method : = CDF @ and inverse CDF ®~1 of A/(0, 1) have polynomial
1. Expected number of iterations E[N] = ¢ = 1.2288 approximations
2. Number of uniform random numbers per iteration R = 2 » In Excel, can use normsdist or normsinv function.
3. Cost of inversion alg (relative to generating one unif) = C7 o For acceptance-rejection to generate X ~ f with infinite

support, choose majorizing density g with no lighter tails than f.
Total complexity = (R+Cp)-E[N] = 2.4576+41.2288C]

Generating Random Samples 6-71 Generating Random Samples 6-72
Example : Truncation e Constant c is
. . : x x)I4(x)/P(Y € A 1
e Suppose can generate observation of RV Y with density g c = max 1) = maxg( ) Ta(@) /P ) =
T g(x) g 9(z) P(Y € A)

e Want observation of X = Y given Y € A

« X is random variable Y truncated to A e Algorithm for truncation with continuous distn:

e Thus, density f(x) of X is given by 1. Generate observation of Y ~ g.
_ g(=) 7 2. Generate random number U ~ unif[0, 1],
f(z) = PY € A) A(z) indep of Y.

e Will use acceptance/rejection technique with g as majorizing 3. U < CJ;%//)), set X <Y and stop;

density Else, discard (Y, U) and return to Step 1.
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e Can simplify this algorithm since
e Hard part here is recognizing that X has “truncated” distn ...
f(q;)—w P f(ﬂﬁ)_l(x)
T P(Y € A)’ T P(Y € A) cg(z) AN » The giveaway pattern that one should be looking for is that
the density f(z) of X has the form
w IfY € A then 200 = 1,(v) =1,
cg(Y) _1
i.e., Y is always accepted in Step 3. fl@) = P g9(x)
Y
» Y & A, then Cfg((y)) =14(Y) =0, for some “nice” density and constant ¢
i.e., Y is never accepted in Step 3.
o _ _ = Example:
o Simplified algorithm for truncation: e~ T
fl@)= " 1101
1. Generate observation of Y ~ g.
2.1fY € A, set X + Y and stop;
Else, discard (Y, U) and return to Step 1.
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Acceptance-Rejection Method : Discrete e Generic algorithm to generate discrete RV X using
acceptance-rejection method :
e Can also apply acceptance-rejection to generate discrete RV
_ , 1. Generate Y ~ {q; : j > 1}.
e Suppose can generate observations of Y ~ {q; : j = 1,2,...}

e Want to use this to generate an observation of
X~{pj:j=1,2,...}

e Define constant c; D
¢ = max—L
J g

2. Generate random number U ~ unif[0, 1], indep of Y.

3.fU < cpTYy’ set X < Y and stop;
Else, discard (Y, U) and return to Step 1.

Remarks :
e Each iteration is independently accepted with probability -
e Thus, number of iterations needed is geometric with mean ¢

e So the closer c is to 1 the better.
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Example : simple PMF using acceptance-rejection

e Want to generate observations of X with PMF
pj = {0.40, 0.25, 0.2, 0.15}

e Know how to generate Y with PMF
¢; = {0.25, 0.25, 0.25, 0.25}

e Define ¢ as follows:
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e Algorithm to generate X ~ PMF p; using acceptance-rejection:

1. Generate random number Uy ~ unif[0, 1]
and set Y «+ [4U1].

2. Generate another random number Us ~ unif[0, 1],
indep of Y.

3.1f Us < py /0.4, set X < Y and stop;

D Else, discard (U1, Us) and return to Step 1.
c = ma><{—=7 L= 1,2,3,4}
95
0.4
= —=1.6
0.25
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Example : truncation
e Define ¢
e Suppose know how to generate Y ~ {q; : j > 1 ~ 1
ta; ! c=max{P j>1l ==
o Let A be some set of indices {j1,72,...,Jn} a; 2keAdk

e Want to generate observations of X = Y given Y € A,
i.e., X is random variable restricted or “truncated” to set A.

e PMF p = {p; : j € A} of X:

pj = PH{Y =3} [{Y € A}

{73(Y=J')— G ifje A,

P(A) T XkeAk
0 otherwise

e Algorithm to generate X using truncation:

1. Generate Y ~ {qj : j > 1}.

2. Generate random number U ~ unif[0, 1],
independent of Y.

3. U < CPTYY’ set X < Y and stop;
Else, discard (Y, U) and return to Step 1.
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pi = 7(3(A)j) = Zkequk ifj €A, = 1 o Simplified algorithm for truncation:
i 9
J 0 otherwise YkeAdk
. 1. Generate Y ~ {gq; : j > 1}.
e Analyze Step 3 a little more closely ...
, 2.1f Y € A, set X «+ Y and stop;
If j € A then Else, discard Y and return to Step 1.
U< Py <— U<1 <= always accept
cqj
. . 1
e Expected number of iterations ¢ = )
If 5 € A then
U < Py <— U<0 <= never accept
cq,
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Generating Random Samples

Generating N (0, 1) variates

Facts :
olf Z ~ N(0,1), thenY = ocZ4+p ~ N(u,c2).

= Therefore will focus on A'(0, 1) random variates only.

e CDF & of N(0, 1) not available in closed form
= 3 polynomial approximations to ® and 1 (in Excel,
normsdist and normsinv), so could use approx inversion.
> In Excel, can generate standard normal using
=normsinv(rand())

Algorithm N1: Acceptance-Rejection technique
~ — —1 —$2/2
e Want to generate X flx) = NeTH

e Slight modification of algorithm on slide 6-41 can generate
1 1 _
Yo~ g(@) = Set Ioo0)(@) + 5S¢ Tjo,00) (@)
e Calculate constant ¢ using calculus:

_ f@ el [2e
= max{g(x). ER} - 1.3

c g(x) %)

\
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e Algorithm for generating normal using acceptance-rejection :

1. Generate random variate Y ~ g(x)
[e.g., using composition, slide 6-41]

2. Generate U ~ unif[0, 1], indep of Y’
3.fcg(Y)U < f(Y), where c = \/2¢/m,

then set X < Y and stop;
Else, discard (Y, U) and return to step 1

e Expected number of uniforms per observation :
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Algorithm N2 : Box-Muller Method to generate normals

1. Generate two independent uniform random numbers
Uq, Uy ~ unif[0, 1].

2.Set X1 + /—2In(Uy) cos(2nU>).
3.Set Xp « /—2In(Uq) sin(27U>).

4. Return X7 and X5 as [ID N(0, 1).

2e
3c = 3,|— ~ 4
T
Claim : X7 and X are independent N'(0, 1) random variables.
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. Joint density Proof of Box-Muller Method
Intuition for Box-Muller Method o i ‘ A\ of (X, X,)
- ‘“ . . . .

e Suppose X1, Xo ~ A(0,1) IID. : %ﬁ,o*:\ A Claim : X7 and X5 are independent AV'(0, 1) random variables.

e Plot (X1, X5) in 2-D space, .
and use polar coordinates (R, ©):

X, = R cos(®) X X 2
X> = Rsin(©) R -
e Can show radius R and angle © indep. l X

e Note that R2 = X% + X% has chi-square distn with 2 d.f.,
which is same as exponential distn with mean 2:

R = J—2In(U;)
e By symmetry of (X1, X5) density, can show © ~ unif[0, 27]:
© = 27U

Proof :

e Have to prove that
P(X1 <z1, Xp <z2)

_ o 1 2, w1 25
= /_OO 2_ﬂ_e du /_OO _27Te dv
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e Polar coordinates: (r,0), r >0, 6 € [0,27).

e Point in 2-D x = (x1, x») can be represented in polar
coordinates (R, ©) satisfying following relations:

r1 = R cos(©) R = \/x%-l—x%
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e In Box-Muller algorithm, Uy and Us 11D unif[0, 1]

s X1 = /—2In(Uy) cos(2nU>)
s Xp = \/—2In(U1) sin(27rU2)

e Express (X1, X5) in polar coordinates:

zo = R sin(®©) o — tan-1 (;EQ) R = X2+ X353 = -2In(Uy),
X
1 e = tan_1< 2) — 27U,
X Xl
2
R (xy,%5) e Compute CDF of random variable ©: for 6 € [0, 27),
Fo(0) = P(©<6)
o — P(2rUs<0)
3 = 0/(2m).
so density fo(0) = 1/(27) and © ~ unif[0, 27).
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e Compute CDF of random variable R:
Fr(r) = P(R<r)

= P(/=2In(Uy) <)
= PU; > e /)
— 1 _ €_T2/2,

so density fr(r) = %FR(T) = reT2/2,
e Since U7 and U are independent, so are R and ©.
e Therefore, joint density of (R, ©):

fre(r8) = fr(r) fo(8) = 217rre—7=2/2

e Now we can work out joint distn of (X1, X5):
P(X1 <z, Xo <z3)

= P (R cos(®) <z1, Rsin(©) <x3)

/ ,/{(r,e): r cos(0)<zq, r sin(0)<zo} fR,@(?“, 0) dr db

. ) )
- —re/2
/ '/{(r,e): r cos(0)<w1, r sin(@)<ws} Drr rdr df

e Change of variables :

u=r7r cos(f), wv=rsin(f), dudv=rdrdd
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e Thus,
P(X1 <z, Xo<xp)

1 2442
//{(uav):Ule, v<wo} %e ° dudv

. xrq L —u2/2 . fei2s) i _,U2/2
= /_OO —27r€ du /_oo _27_‘_6 dv

QED
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Remarks on Box-Muller Algorithm:

e Generates two independent random variates from A/(0, 1) using
two independent unif[O, 1] random numbers Uy and Us

= One uniform per generated random variate.
e However, sin and cos are expensive to compute.

e If U1, Us are successive unif[0, 1]'s from LCG with modulus m,
then (U1, Uy) lies on one of < v/2m lines in unit square.

—2log(Uzk—1) sin(27 Usx)
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Algorithm N3: Marsaglia-Bray method to generate normals

1. Generate U7, Us ~ unif[0, 1] independent.

2. Let Vi = 2U7 —1,

Vo = 20U, -1,
W = VE+ V2
3.IFW <1,

|-
o Set X;« \/=2In(W)- Ji i=1,2
e Stop and return X7 and X5 as IID N (0, 1).
Else
e Discard (U7, Us) and return to step 1.
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(-1,1) (1,1)

(Vi Vy)

(-1,-1) (L,-1)




Generating Random Samples 6-97

Claim : X7 and X5 are independent A'(0, 1) variables

Proof : Outline is as follows:

e Let (V7,V5) be a pair that is accepted by Algorithm N3, i.e.,
W=VP+Vi<1
e Then (V71,V5) is uniformly distributed on unit disk.

e Let (L, W) be the polar representation of (V1,V5), i.e.,
Vi = Lcos(W¥)
Vo = Lsin(W)

Notice ... L = JVZ +VZ = VW
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e Since (V7, V) uniform on unit disk

= L and W are independent
s L2 ~ unif[0, 1], so L has density f7 (1) = 2l for [ € [0, 1]
» W~ unif[0,27], i.e., density fy () = 1/(27)

e Define R = /—4In(L) and © = V.
= R and © are independent
= So joint density fr o(r,0) = fr(r) fo(f).
e Since L has CDF F7(1) = 12, the CDF of R is
Fr(r) = P(y—4In(L) <7)
— —r2/4
= P(L>e )
— 1 _ e—T2/2

r2

so R has density fr(r) = re”
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eO =WV = fo(6) =1/(2n)

e Therefore, joint density fr o(r,0) = %7‘6_7“2/2
e Algorithm N3 sets
1%
X, = —2In(W)\/—1W = Rcos(©)
Vo .
Xo = —2In(W)\/—W = Rsin(©)

e Rest of proof like that for Algorithm N2.

e Efficiency of Algorithm N3
» In Step 3, accept (U1, Up) with probability /4.
n E[# iterations] = 4/7 ~ 1.27
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Renewal Processes

e Model times of events

= Customer arrivals at car wash, post office, etc.

= Jumps in price of risky asset

e Event times: ith event occurs at time 75, ¢ = 1,2,...

e Inter-event times: A; = time elapsed between (¢ — 1)-th event
and i-th event, i.e.,

Ay =T, —T;_q, i=2,3,...
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As : . .
f/ e Equivalent representation : Counting Process [N(t) : t > 0]
Ay Ap, Az | Ay Ag '
""" 'l‘ ’l"‘H'"‘I; s N(t) = # events in [0, t]
T T2 T3 T4T5 Ts t s [N(t) : t > 0] is continuous-time stochastic process taking
P L : values in Z4 = {0,1,2,...}.
N(1) : i b i
o TR ___________ oo __________ e For 0 < s < t, the increment
-3 PR O _______ ._. N(t) — N(s) = 4 events in the interval (s, t].
R DR SN S S . Sample
5 : Lo Path e Defn: A renewal process is a counting process [N (t) : t > 0]
8 I | | in which inter-event times A1, Ao, ... are lID.
2 ------ :-----I—i E E :
N ; : | e Simulating renewal processes is easy !!
0 - L t
Ty To T3 T4 T5 T6
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e Algorithm for generating sample path of renewal process with N(t) =3
inter-event times A1, Ao, As, . .. IID with CDF F: lS)a?ﬁplle —t — =
a
0 T T, 15 T,
1. Initialization: Set ¢ = 1, To = 0.
. N(t) =0
2. Generate A; ~ I, independent of all A;, j <. Sample . ] ]
Path 2 ' , :
0 T, T,
3.5t T; + T;_1 + A;.
4.Set N(t) =i—1 for t € [T;_1,T;). N(t) =2
(t) ? (T5—1,T;) Sample : : : :
Path 3
0 T, T, t 15

5.Set i < i+ 1, and goto Step 2.
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e Suppose N = [N(t) : t > 0] is renewal process.

e Definition: N has independent increments if # of events
occurring in disjoint intervals are independent.
p if s <t <wu<w, then
N(t) — N(s) is independent of N(v) — N(u).
e Definition: N has stationary increments if distn of # of

events that occur in interval depends only on interval’s length
and not its location.

» if (s,t] and (u,v] are two intervals both of length 7, then

P{N(t) — N(s) =k} = P{N(v) — N(u) =k}
PIN(r) — N(0) = k}

e A Poisson process is a special renewal process.
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Poisson process

e Definition: Counting process N = [N(t) : t > 0] is called
Poisson process with rate \ if

(a) N(O) = 0.
(b) N has independent increments.
(c) N has stationary increments.
(d) For small 4t,
P{N(6t) =1} ~ At
e, limgy_yo ANOD=1) — 5
(e) For small ot,
P{N(6t) > 2} = o(dt),

e, limg_yo TANOD22} — g
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Facts about Poisson process:

1. Number N (t) of events occurring in time interval [0, ] is
Poisson random variable with mean \t, i.e.,

P{N(t) =k} = e M(At)F/k!,

2. Expected event rate at time t is A, independent of ¢ :
E[N(t+ ot) — N(1)]

5t—0 ot 6t—0 ot
where we have used properties (d) and (e).

k=0,1,2,....

3. Renewal process [N (t) : t > O] is a Poisson process with rate
A > O iff inter-event times 11D with A; ~ exp(A) for all ¢ > 1.

4. Conditioned on event { N (t) = k}, first k event times
D
(Tla TQa s 7Tk:) = (U(]_)7 U(Q)a ey U(k;))a

where U1, Us, ..., U ~ unif[0, t] lID with sorted values
Yay=Ue = =Uw

1(A3) + 0(1 — A6t) _

A,
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Proof of Fact 4: Conditioned on event { N (t) = k},
first k event times have same joint distn as k ordered 11D unif[O, ¢].
e Distn of first event time T4 given N(¢t) = 1: for 0 < s < t,
P{T1<s|N®) =1}
_P{11<s, N) =1}
- P{N®) =1}
P{ 1 eventin [0,s], O eventsin (s,t]}
P{N()=1}
P{1 eventin [0,s] } P{O eventsin (s,t] }
P{N(@®) =1}
[(As)Te™5/11] [(A(t — £))% (=) /o1]
(At)le=At/11
— % which is CDF of unif[0, ¢].

e Can generalize argument to condition on {N(t) = k}.
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Algorithms for generating Poisson process

Algorithm P1: approximation based on properties (d) and (e):
P{N(t) =1} = Aét, P{N(5t) >2} = o(dt)

1. Initialization:
Sett =0 and N(0) = 0.
Select small interval length §t.
2. Set t < t + It.
3. Generate U ~ unif[0, 1], indep of all previous U's.

4. 1fU < Aot set N(t) < N(t —dt) +1 (1 event);
Else, set N(t) < N(t — dt) (no events).

5. Goto step 2.

Approximation for small 6t; better (exact) algorithms exist.
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Algorithm P2: for generating Poisson process with rate \:
Based on Fact 3 (IID exponential(\) inter-event times A;)

1. Initialization: Set ¢ = 1, Ty = 0.

2. Generate A; ~ exp(\),
independent of all A, j <.

3.5t T; «+ T;_1 + A;.
4.Set N(t) =i —1fort € [T;_1,T;).

5.Set i < i+ 1, and goto Step 2.
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Algorithm P3: for generating Poisson process in [0, t] for fixed t:
Based on Fact 4 (T; ~ unif[0, t] given {N(t) = k})

1. Generate N (t) ~ Poisson(\t).

2.If N(t) = k, generate independent
Uqi,Us, ..., U ~ unif[0, t].

3.5et Tp = 0, and fori = 1,2,..., k, define the ith event
time T; = U(Z-), i.e., the 7-th smallest of the Uj's.

4 Fori =1,2,...,k, let N(s) =i—1fors € [T;_1,T;).
Also, let N(s) = k for s € [T}, t].
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Explanation of Algorithm P3 for Poisson process:

e In step 2, we generate N (t) = k events
s N(t) has Poisson distribution with parameter At by Fact 1.

e Fact 4: given N(t) = k, first k event times (17,75, ...,T})
have same joint distn as k sorted 11D unif[O, ¢].

e Step 3 rearranges Uy, Uy, ..., Uy ~ unif[0, t] 1ID in increasing
order to get sequential event times.
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Nonhomogeneous Poisson process (NHPP)

e For (homogeneous) Poisson process (HPP),
expected rate of events is constant and equal to A

e What if we want to model events where rate is time dependent?

e Example : Rate at which cars arrive to toll booth on George
Washington Bridge is time-dependent
= High during commuting hours
= Lower for non-commuting hours

= Moreover, it is expected to be periodic.

e Modify HPP to be time-dependent by defining
rate function \(¢t) > 0

= A() is event rate at time ¢
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e Defn: Counting process [N (%) : t > 0] is Nonhomogeneous
Poisson Process with rate function \(¢) (NHPP(X(?)) if

(a) N(0) = 0

(b) Independent increments: if s <t < u < v,
then N(¢t) — N(s) indep of N(v) — N(u).
P{N(t+5t§t—N(t)=1} — A1) (

PIN(+5)-N®)>2} _
ot -

(c) limg;—o time-dependence)

(d) lims_y0

e Definition implies expected event rate at time ¢ is

iy EIN(E+6) — N(@)]

= A(?).
5t—0 ot ()

e NHPP also called non-stationary or inhomogeneous Poisson
process.
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Thinning algorithm for generating NHPP

e Choose Amax > A(t) forallt > 0
e Algorithm : Acceptance/rejection for NHPP (A (%))

1. Generate HPP with (constant) rate Amax.

2. Let V7, V>, ... be sequence of event times of HPP.

3. Accept event time V; with probability %,
indep of all other events;
Otherwise, reject event time V.

4. Llet Top =0, and let T3, 7 = 1,2, ..., be the ith event
time of NHPP.

5.Fori =1,2,...,set N(t) =i—1fort € [T;_1,T;}).
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max

e |n step 3,

A(Vi)

accept event time V; with probability
max

<~ Amax UZ < )\(‘/Z) for 1ID UZ ~ Unlf[O, 1]
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e Reference: Lewis, P. A. W. and Shedler, G. S., “Simulation of
Non-homogeneous Poisson Processes by Thinning,” Naval
Research Logistics Quarterly, Vol. 26, pp. 403-413, 1979

e Denote sequence of accepted event times by {7}, : k£ > 1}
e Claim: Accepted sequence of events forms an NHPP( (%))

e Proof sketch:

= Properties (a), (b) and (d) are true for (homogeneous)
Poisson process with rate Amax

= So corresponding properties will remain true even if some
HPP events are dropped.
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» To show property (c¢), let T}, be time of kth event of NHPP,
so

P{T}, € (t,t + 5t)}
= P({V; € (t,t + 5t)} N {V; accepted} )
= P{V, € (t,t +t)} P{V; accepted | V; € (t,t + ot) }

= [)\max(st] {;\(t)l

max

= (D)5t
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Estimating the Rate Function of NHPP
e Difficulty: need to estimate entire function \(t), t > O,
and not just a few parameters.
e One approach: assume function A(t) = a + bsin(ct)

= Estimate parameters a, b, ¢ using least squares.

= Reference: Kuhl, M.E., and J.R. Wilson. (2000). Least
squares estimation of nonhomogeneous Poisson processes.

Journal of Statistical Computation and Simulation, vol. 67,
pp. 75-108.

e Other approaches
= Section 6.12.2 of Law (2015).
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Autoregressive Time-Series Model

e Consider sequence (Y7, Y5, Y3,...) with
1
noe o 1),
! 1-62
Y, = 0V, 146, t=23,...
s 0 is given constant with —1 < 0 < 1.
» €9,¢€3,...are lID N(0,1)

e Then can show Y} NN(O, 1_19 > foreacht =1,2,3,...

e (Y1,Y5,Y3,...) is stationary process with lag-;j correlation
pj = corr(Yy,Yyq;) = 67

e Next generalize to allow for arbitrary mean and variance.
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e AR(1): Autoregressive process of order 1:
(Y1, Y5, Y3, .. .), with

2
Y1 ~ N(:U') 0-6)7
Y = M+9(Yt—1_ﬂ)+€t; t:2737

= 4, 0c and @ are constants, —1 <6 <1
s €0, €3,...are lID N(0,02)

2
oThenﬁwN(u,&) foreacht =1,2,3,...

e (Y1,Y5,Y3,...) is stationary process with lag-; correlation

pj = corr(Vy,Yyq;) = 67
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Algorithm to generate AR(1) time series (Y1, Y5,Y3,...)

1.Set t = 1, and generate Y1 ~ N (u,02/(1 — 62)).
2.Sett+—t+1.

3. Generate ¢; ~ N'(0,02), independent of Y7 and all pre-
vious €;.

4.5et Vi =p+0(Y;—1 —p) + e,
and go to Step 2.

Can generalize to AR(p) time series:
Vi = p+01(Yim1—p) +02(Yeo—p) + -+ 0p(Yip—p) + &

e Often used in economic and finance models.
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Estimating Parameters 4, 0, o of AR(1) Time Series
e Rewrite Y; = pu + 0(Y;—1 —pn) + € as
Vi = (1-0Opu+0Y; 1+ e
= fo + f1Yie1 + &

e Linear regression model with 8o = (1 — @) and 81 = 6,
so use least squares to estimate parameters of AR(1)

o let Y7,Yo,...,Y, 4 be data from hypothesized AR(1).

e Least squares: choose 6 and /i to minimize sum of squared errors

n—+1 5
S = 3 [Mi-1-0)u-0Y,4]
t=2
e Estimate o2 using residuals & = Y; — (1 — ) — 0Y;_1:
A 1 ndl
6 = > &

n—2;=>
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Multivariate Distributions

Example 1:

e Suppose a job consists of 2 subtasks to be completed
sequentially.

e So total time to complete job is
T = X1+ X2
where X1 and X5 are subtask times.
e X1 and X5 may be dependent.

» If first subtask takes an unusually long time,
then same is likely true for second subtask.
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Example 2:
e 3 stocks, e.g., GOOG, INTC, MSFT

e Let X, denote the return of the ith stock tomorrow.

e Often X1, X5, X3 are dependent.

» If GOOG has an unusually large return tomorrow,

then INTC and MSFT are also likely to.

Goal: Generate correlated random vector
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e Suppose X € R% is random vector:

where

» X; and X not necessarily independent for i 7 j

= X not necessarily multivariate normal

e Expectation of X:

X, E[X1] pa
ElX
| X2 elx) = [ SR = | #2 ] =y
X, E[X4] Id
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e Covariance matrix W of X:

Py = E[(X - ux)(X - l’l’X)T]

X1 —p1
X —
=¢£ 25 H2 (X1 —p1, Xo—po, , Xa—pa)
Xdg— K
(X1 —p) (X1 —p1) (X1 —p)(Xo—p2) -+ (X1 — p1)(Xa— pa)
—¢ (X2 —p2) (X1 — p1) (X2 — p2)(Xo —p2) -+ (X2 — p2)(Xg — pa)
(Xd_l/«d)-(Xl—Nl) (Xd—ud).(Xz—MQ) (Xd—ud).(Xd—ud)
Cov(Xy,X1) Cov(Xyp,X2) -+ Cov(Xy,Xy)

Cov(Xp, X1) Cov(Xp,X2) -+ Cov(X2, Xy)

Cov(Xg, X1)  Cov(Xg, X2) - Cov(Xg, Xg)

e Suppose
= A =(a;;:1<i<m,1<j<d)is matrix of constants
s b=(b;:1<i<m)e R™is column vector of constants

= X =(X;:1<i<d) e R%is random vector with
mean it and covariance matrix W

a1l a12 aiq b1 X1

a a a b X
A— | 21 a2 :2d Cb=| 2| x= 2

Aml  am2 Amd bm Xq

e Consider linear transformation AX +b € R™
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e Expectation of AX + b:

ai1 aizp - ayg )| X1 b1 Elxd_ya1; X; + b1]
a a e a X b a

L R R ElAX +b) = | ElPimroziXitba)
Aml am2 - Qg X4 bm .

E[x%y ami X; + bm]

a11X1 + a12Xo 4+ -0+ a19Xg + by >4 1 a1; E[X:] + by
| a1 X1 + aoXo + - 4 apgXy + b2 a .o .
T : — Yi—q a2; E[X;] + b
am1X1 + apaXo + -+ amaXg + bm '

Zgzl Amy E[Xz] + bm

>¢_1a1; X;+ b1

_ | Ty ez X+ b2 = Abxtb
> ami X; + b since E[aY + bZ] = a E[Y] + bE[Z].
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e Covariance matrix of AX 4+ b is Multivariate Normal Distribution

Uaxip = 5[(AX+b-5[AX+b])(AX+b—5[AX+b])T] - 4
e Suppose Z = (Z1,Z5,...,Zy)" € R*with Z ~ N4(0,1),
=& | (AX - Ap,) (AX — AHX)T] i.e., Z is normal random vector with

= mean vector 0

=& AX- AX-— T
[ (X =) (A=) ] = covariance matrix I is d x d identity matrix:

= E[AX—p) X—p) AT ] 10 -0
[ — o1 --- 0
:Ag[(x—ux)(X—MX)T]AT I T
o0 --- 1
= AU, AT :
e Then Z is a vector of IID standard normals
e So AX + b has » Each Z, ~ N(0,1)
= mean Auy +b w Z1,%2,...,Z4 independent

a covariance matrix AWxA T > Z;, Z; normal and Cov(Z;, Z;) = O imply Z;, Z; indep.
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o Define vector Y = (Y7, Y5,...,Yy) " as linear transformation
of Z ~ Ny(0,1I):
Y=AZ+pu

for some constant matrix A and constant vector

» Y has mean A E[Z] + u = p since E[Z] = 0.
= Y has covariance matrix AIAT = AAT = 3.

= Since weighted sums of indep normals are normal, can show
Zgzl ai; Z; + p1
Y = AZ+4p = Zi:la’zi.z’i + op2 | N(u, )

sz=1 agi Zi + pq

» Each Y, ~ N(u;, ;i) € R.
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Algorithm: to generate multivariate normal random vector
Y ~ Ny(p, X)), where

oY = (Yl,YQ,...,Yd)T ERd
e mean vector pt = (1, po, - - ., pg) | € R?
e covariance matrix 3 = (X;; 14,5 = 1,2,...,d) € Rdxd

1. Find matrix A € R%? such that ¥ = AAT, eg., using
Cholesky decomposition or singular value decomposition.

2. Generate d IID NV (0, 1) random variates Z1, Z5, ..., Z4,
and set Z = (Z1,Zo,...,2Z) "

3.Return Y = AZ + p.
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Correlated Variates: NORTA (Normal-To-Anything)

Goal: generate correlated random vector (X1, X»5)
with marginal distributions F7 and F5.

e First, some background ...
e Suppose we want to generate X from univariate CDF F.
e Let ®d be CDF of standard normal RV Z ~ N(0, 1)
e Can express Z = ®~1(U), where U ~ unif[0, 1]
e Hence, W = ®(Z) ~ unif[0, 1] since
W = &) = ol ()] =U
e NORTA transformation to generate X ~ F':
X = Flle@) ~ F
since ®(Z) ~ unif[0, 1].
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e Goal: generate bivariate random vector (X7, X5) " with

= Marginals X1 ~ Fy and X5 ~ F>
s X7 and X5 have correlation pg
= F4 and F5 need not be from same distn family
> e.g., F; could be exponential, and F» could be beta.

e Suppose (Z1,Z>) " is bivariate normal with £[Z;] = 0,
V[Z;] = 1, and correlation p,.
» Marginal distn of Z; is N'(0, 1) for each i = 1, 2.
= Can generate (Z1, Z>) " using algorithm on slide 6-135.

e Then ®(Z1) and ®(Z5) are correlated unif[0, 1] RVs.

e Use NORTA to generate (X1, X5) " as
X1 = FHUe(Z)], Xo = Byl [e(2)]
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NORTA Algorithm: to generate multivariate random vector
X = (X1, Xo,...,Xy) " with given

e Marginal CDF F} for X; foreach i =1,2,...,d
e Correlation p;; = Corr[X;, X;] for each i % j.

1. Find “appropriate” (see next slide) covariance matrix
¥ =(%;;:4,5=1,2,...,d) of multivar normal N4(0, %),
where > ;;, = 1 foralli =1,2,...,d.

2. Generate Z = (Z1, Zo, ..., Zg) T ~ Ny(0,%),
e.g., using algorithm on p. 6-135.

3.Set X; = F, 1(®d(Z;)) foreach i = 1,2,...,d,
and return X = (X1, Xo,..., X"
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Comments on NORTA

e Requires evaluation of normal CDF & and inverse Fi_l of
desired marginal CDF F;
= P has no closed-form expression, and Fi_l may not either.
= Use numerical methods.

e Correlation p;; of pair (Xj, Xj)T generated by NORTA may
not equal correlation 3_;; of bivariate normal (Z;, Zj)T.
= |p;; — ;| often small, but not always.
= pj; is nondecreasing function of >;;.
» p;j and 3;; always have same sign.
» Search algorithm to find 3;; that approx gives desired p;;.

e Correlations p;; do not completely specify joint dist of X.

oFor (Z1,25,...,Z3) " ~ Ny(0,%) with each =;; = 1,
CDF of (®(Z1), P(Z5),...,®(Z,)) " is Gaussian copula.
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Other Copulas
olet W= (Wi, Wo,...,W,;) " be random vector with each
W,; ~ unif[0, 1], where W1, W5, ..., W, may be dependent.

e A copula is the joint CDF C of W:

C(wy,wo,...,wg) = P(W1 <wy, Wa <wp, ..., Wy < wy).

e Each copula defines a dependence structure.
e One way of constructing a copula:
= Start with random vector Z = (Z1, Zo,...,Zy) " having
some joint CDF G with continuous marginal CDFs G;.
s Define vector W with each W; = G;(Z;) ~ unif[0, 1].
= Joint CDF C; of W is then the copula induced by G.
e To construct random vector X = (X1, X5, ... X,;) " with
copula C; and each X; having marginal CDF Fj
s X; = F;1(Gi(Z;)) foreach i = 1,2,...,d.
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AutoRegressive-to-Anything (ARTA)
e Recall AR(1) from slide 6-123: (Y7, Y5, Y3,...), with
o
Yi ~ N (Ma m) )
Yi = p+ 0(Yo1—p) + e, t=2,3,...
® 1, oc and @ are constants, —1 < 0 < 1
e, e3,...are lID N(0,02)
eThenY; ~ N(u,02/(1 —62)) foreacht =1,2,3,...
o Corr(Yy,Yiy ;) = 67
e Choose =0 and 02 =1 — 62 so Y; ~ N (0, 1).

e Apply NORTA to (Y7, Y5,Y3,...) to get time series
(X1, X5, X3,...) with marginal CDF F"

X; = F o)
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References on NORTA, ARTA, and Copulas:

e Cario, M. C. and B. L. Nelson (1998), “Numerical Methods for
Fitting and Simulating Autoregressive-to-Anything Processes,”
INFORMS Journal on Computing, 10, 72-81.

e Biller, B. and S. Ghosh (2006), “Multivariate Input Processes,”
Chapter 5 in Simulation: Handbooks in Operations Research and
Management Science, Vol. 13, S. G. Henderson and B. L. Nelson
(Eds.), Elsevier.

e Nelsen, R. B. (1999), Introduction to Copulas, Springer.

e McNeil A. J., R. Frey, and P. Embrechts (2005), Quantitative
Risk Management: Concepts, Techniques, Tools. Princeton, NJ:
Princeton University Press.




